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Alice and Boojums are both representative characters created by Lewis Carroll. We show that they
possibly meet in cores of rotating neutron stars. Recent studies of quark-hadron continuity suggest that
neutron superfluid matter can connect smoothly to two-flavor symmetric quark matter at high densities. We
study how this can be maintained in the presence of the vortices. In the neutron matter, quantized superfluid
vortices arise. In the two-flavor dense quark matter, vortices carrying color magnetic fluxes together with
fractionally quantized superfluid circulations appear as the most stable configuration, and we call these as
the non-Abelian Alice strings. We show that three integer neutron superfluid vortices and three non-
Abelian Alice strings of different color magnetic fluxes with total color flux canceled out are joined at a
junction called a Boojum.
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I. INTRODUCTION

Neutron stars, particularly pulsars, provide us with a
unique opportunity to study states of matter under extreme
conditions: highest known baryon density in the universe,
rapid rotation, strong magnetic fields, etc (see, e.g.,
Refs. [1–3] for reviews). In the present work, we address
the combined effect of high-density and rapid rotation;
namely the quantum vortices that appear in the neutron
superfluid and the color-superconducting quark matter.
There are several ongoing observations of neutron stars

such as the ones with two-solar-mass [4–6], probed by
gravitational wave detectors [7,8], and investigated in the
NICER mission [9,10], etc., and they have led to a flurry of
studies about neutron stars in diverse fields of research.
Among such efforts, numerous articles focus on the
equation of state (EoS). The recent development in this
direction was constructing a phenomenological hybrid EoS
with a smooth crossover for the hadron-to-quark phase
transition [1,11–14] rather than a first-order phase tran-
sition as conventionally done in many literatures. The
crossover construction enables neutron stars to have a
sizable quark core inside consistently with the constraints
put by observations. Such construction should not be

regarded as an exotic alternative because there can indeed
be a possibility that a substantial quark core inside a heavy
neutron star is realized as suggested by the model-inde-
pendent analysis [15]. The plausible ground state of such
cold dense quark matter is color superconductor [16,17]
with various patterns of the diquark pairing being known
such as color-flavor locked (CFL) phase [18] in three-flavor
symmetric matter and two-flavor superconducting (2SC)
phase [19,20] in two-flavor symmetric matter.
The idea of crossover construction of the EoS can be

traced back to the concept of quark-hadron continuity
between the CFL phase and the hyperon superfluid phase
[21] (see also [22–26]). The both color-superconducting and
hadronic superfluid phases share the same symmetry break-
ing patterns and low-lying excitations, so these phases can
be connected continuously. The recent breakthrough is an
extension to the case with rapid rotation under which
superfluid vortices are created in hadronic and quark matter
[27–31]. In the CFL phase, superfluid vortices appear
[32,33], but each superfluid vortex is unstable against a
decay into a set of more stable vortices [34,35]. The most
stable vortices are non-Abelian semi-superfluid vortices
carrying color magnetic fluxes and fractionally quantized
1=3 circulation of the Abelian superfluid vortices [34–38].
Thus, an important question was raised in Ref. [27] how
these non-Abelian vortices penetrate into hyperonic matter;
it was suggested in Ref. [27] that one non-Abelian vortex in
the CFL phase should be connected to one superfluid vortex
in the hyperon matter. This work stimulated the discussion
whether there is a discontinuity between the vortices in two
phases [29] or not [30] from the viewpoint of topological
order based on a Wilson loop linking a vortex.
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Aharonov-Bohm (AB) phases of quasiparticle encircling
vortices provide us with further insight into this problem by
comparing these in the hyperonic and CFL phases. It was
shown in Ref. [28] that three non-Abelian vortices, which
carry different color magnetic fluxes with total color
canceled out, must joint at one point to three integer
vortices in the hyperonic matter. Such a junction point
of vortices is called a colorful Boojum [39,40]; originally,
the similar structures found in helium superfluids were
named Boojums by Mermin [42,43] and have been
predicted to occur in 3He superfluids [45] in particular at
the A-B phase boundary [46,47], liquid crystals [48], Bose-
Einstein condensates [49], and quantum field theory [50].
Moreover, in neutron stars, Boojums were suggested to
explain pulsar glitch phenomena, which is a sudden speed-
up in rotation [51].
Thus far, we have discussed quark-hadron continuity

within the ideal three-flavor symmetric setup in the limit of
strange (s) quark mass degenerate with up (u) and down (d)
quark masses. In the realistic setup, however, the hadronic
matter is dominated by neutrons, which are composed of
two-flavor u and d valence quarks, and the s-quark masses
are heavy so that they do not participate in condensation.
Neutrons are superfluids, for which pairing in 3P2 channel
are responsible [52–55] (see also Refs. [56,57] and
references therein for recent studies). By contrast, the
conventional 2SC phase does not exhibit the property of
superfluidity because Uð1ÞB symmetry remains unbroken in
this phase. It was, however, proposed recently in Refs. [58]
that the two-flavor color superconductor can be superfluids
if we take into account the 3P2 pairing of d-quarks in
addition to the 2SC pairing, and this novel phasewas named
2SCþ hddi phase. The consideration of the superfluidity
led to the two-flavor counterpart of the quark-hadron
continuity, i.e., the 2SCþ hddi phase and 3P2 neutron
superfluid phase are continuously connected. The two-
flavor continuity is indeed consistent with the crossover
construction of the EoS andmore natural in the sense that we
use the hadronic EoS dominated by nucleons in the most of
the cases; see Ref. [14] for an explicit crossover construction
of the EoS within the two-flavor setup.
Then, a natural question arises that if Boojums are also

present in the two-flavor quark-hadron continuity. The
most stable vortices in the two-flavor dense QCD are
“non-Abelian Alice strings” [59], which are the non-
Abelian counterpart of the so-called Alice strings [60–63].
Thesevortices haveUð1ÞB fractionalwindings alongwith the
color-magnetic fluxes. Three non-Abelian Alice strings are
more energetically favorable than a single superfluid vortex,
so that the latter decays into the former. Quasiparticles
winding around a non-AbelianAlice string pick up nontrivial
(color nonsinglet) AB phases, unlike those of CFL vortices
with color singlet AB phases.
In this work, we show that in the two-flavor quark-

hadron continuity picture, three Alice strings with red, blue,

green color magnetic fluxes in two-flavor quark matter
must join at a junction point to three integer vortices in 3P2

neutron matter, forming a colorful Boojum.

II. TWO-FLAVOR DENSE MATTER

We give a brief synopsis of the two-flavor hadronic and
quark matter at high density [58].
The hadronic phase that we consider is a neutron 3P2

superfluid with the order parameter operator [52,53]

Âij ¼ n̂TCγi∇jn̂; ð1Þ

with a neutron field operator n̂ and the charge conjugation
operator C. Here, the Roman letters (i; j;…) denote spatial
coordinates, and the matrices γi and spatial derivatives ∇j

account for spin and angular momentum contributions in
the 3P2 pairing, respectively. We assume that neutrons
made out of u- and d-quarks can be described as a quark-
diquark system n̂ ¼ ϵαβγðûTαCγ5d̂βÞd̂γ , with the Greek
letters (α; β;…) denoting color indices.
On the other hand, the relevant quark matter is the 2SCþ

hddi phase, where the expectation value of Âij can be taken,
within the mean field approximation, as

Aij ¼ hÂiji ≃ ðΦ2SCÞαðΦ2SCÞβðΦddÞijαβ; ð2Þ

Φ2SC ≡ hϵαβγûTβCγ5d̂γi; Φdd ≡ hd̂TαCγi∇jd̂βi: ð3Þ

Here, the spatial indices i, j of Φdd are suppressed, and
hereafter an appropriate tensor structure is implied. Note
that quantities with (without) hat symbols denote operators
(condensates). The two condensates Φ2SC and Φdd in
Eq. (2) account for the color superconductivity of the
quark matter: Φ2SC is the so-called 2SC condensate, while
the novel feature here is represented by Φdd, which is the
diquark condensate of d-quarks in the 3P2 channel. The
symmetry of QCD relevant to this work is GQCD ¼
SUð3ÞC × Uð1ÞB ∋ ðU; eiθBÞ acting on quark fields q̂ as
q̂ → eiθBUq̂ as a column vector belonging to the funda-
mental representation 3 of SUð3ÞC, under which the
diquark condensates (3) transform as

Φ2SC → e2iθBU�Φ2SC; Φdd → e2iθBUΦddUT: ð4Þ

Since Aij is nonzero in the both phases, the local order
parameters indeed cannot distinguish these two phases,
implying the quark-hadron continuity [58].

III. VORTICES IN TWO-FLAVOR
DENSE MATTER

We classify the vortices that appear in the two-flavor
neutron and quark matter. First, let us discuss 3P2 neutron
superfluid vortices. In terms of the 3P2 order parameter in

YUKI FUJIMOTO and MUNETO NITTA PHYS. REV. D 103, 114003 (2021)

114003-2



Eq. (1), a single integer vortex behaves at large distance as
[54,64–66]

AijðφÞ ∼ eiφAijðφ ¼ 0Þ: ð5Þ

In the weak coupling limit, the 3P2 superfluid is in the
nematic phase [55] with Aijðφ ¼ 0Þ ∼ diagðs; s; 1 − sÞwith
a real parameter s, which is actually determined by the
temperature and magnetic field [56,57]. At higher magnetic
field, half-quantized vortices are the most stable [67], but
we do not consider such a case for simplicity.
Next, let us discuss vortices in the 2SCþ hddi phase

[59]. The simplest vortex is what we call a Uð1ÞB superfluid
or an Abelian vortex, given by

ΦddðφÞ ¼ f0ðrÞeiφΔdd13 ∼ eiφΔdd13

Φ2SC ¼ hðrÞ e
iφ

ffiffiffi
3

p Δ2SCð1; 1; 1ÞT ð6Þ

with the boundary condition f0ð0Þ ¼ hð0Þ ¼ 0 and
f0ð∞Þ ¼ hð∞Þ ¼ 1 for the profile functions f0ðrÞ and
hðrÞ, and ðr;φÞ being the polar coordinates. We have also
assumed a unitary gauge fixing for the diquark conden-
sates. This vortex carries a unit quantized circulation in
Uð1ÞB as encoded in the factor eiφ, and thus is created under
rotation because of the superfluidity. This is topologically
stable due to π1½Uð1ÞB� ¼ Z but is dynamically unstable
against decay into three non-Abelian Alice strings intro-
duced below. The 3P2 order parameter in Eq. (2) behaves at
large distance as

Aij ∼ e3iφAijðφ ¼ 0Þ; ð7Þ

corresponding to three integer vortices in the 3P2 neutron
matter, compared with Eq. (5).
Next, we present a non-Abelian Alice string as the most

stable vortex, behaving at spatial infinity as

ΦddðφÞ ∼ eiφ=3UðφÞΦddðφ ¼ 0ÞUTðφÞ; ð8Þ

UðφÞ ¼ P exp

�
ig
Z

φ

0

A · dl
�
: ð9Þ

The full vortex ansatz is of the form of

ΦddðφÞ ¼ ΔdddiagðfðrÞeiφ; gðrÞ; gðrÞÞ;
UðφÞ ¼ eiðφ=6Þdiagð2;−1;−1Þ;

Ai ¼ −
aðrÞ
6g

ϵijxj

r2
diagð2;−1;−1Þ;

Φ2SC ¼ ðΔ2SC; 0; 0ÞT; ð10Þ

for the red color magnetic flux (r),

ΦddðφÞ ¼ ΔdddiagðgðrÞ; fðrÞeiφ; gðrÞÞ;
UðφÞ ¼ eiðφ=6Þdiagð−1;2;−1Þ;

Ai ¼ −
aðrÞ
6g

ϵijxj

r2
diagð−1; 2;−1Þ;

Φ2SC ¼ ð0;Δ2SC; 0ÞT; ð11Þ

for the green one (g), and

ΦddðφÞ ¼ ΔdddiagðgðrÞ; gðrÞ; fðrÞeiφÞ;
UðφÞ ¼ eiðφ=6Þdiagð−1;−1;2Þ;

Ai ¼ −
aðrÞ
6g

ϵijxj

r2
diagð−1;−1; 2Þ;

Φ2SC ¼ ð0; 0;Δ2SCÞT; ð12Þ

for the blue one (b), with the boundary conditions for the
profiles fð0Þ¼g0ð0Þ¼að0Þ¼0, fð∞Þ¼gð∞Þ¼að∞Þ¼1.
These carry 1=6 quantized color-magnetic fluxes,
F ¼ F 0=6, and 1=3 quantized circulations.
For all the three cases, the 3P2 order parameter given in

Eq. (2) behaves at large distance as

AijðφÞ ∼ eiφAijðφ ¼ 0Þ; ð13Þ

coinciding with Eq. (5) of one integer vortex in the 3P2

neutron matter.

IV. VORTEX CONTINUITY AND BOOJUMS

As mentioned earlier, the idea of the vortex continuity
was originally proposed in Ref. [27]. Their discussion of
the vortex continuity was based on quantity called the
Onsager-Feynman circulation whose definition is given by
C ¼ H

v · dl ¼ 2πn=μ with n and μ being the winding
number and chemical potential of the condensate, respec-
tively. The circulations of vortices in the hadronic and
quark phase are turned out to be identical, so, it led to the
observation that a single hadronic vortex would be
smoothly connected to a single non-Abelian vortex. One
can also calculate the circulation for our case: The
circulation of a neutron 3P2 vortex is Cnn ¼ π=μB with
μB being the baryon chemical potential. The circulation of a
non-Abelian Alice string is given by CNA¼π=3μq¼π=μB,
where μq ¼ μB=3 is the quark chemical potential. The
circulations in the both phases coincide with each other,
Cnn ¼ CNA. Equivalently, the expressions for the neutron
superfluid order parameter in Eqs. (5) and (13) coincide
with each other. Thus, at a glance one might think that a
single non-Abelian Alice string would be connected to a
single integer 3P2 vortex. It is, however, not true as
shown below.
In order to investigate how vortices are connected, we

employ the (generalized) AB phases of quarks encircling
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around vortices. When the neutron field n̂ encircles around
a single integer vortex given in Eq. (5), it receives a phase
factor (generalized AB phase) expðiφ=2Þ at angle φ, and
after the complete encirclement it obtains expðiπÞ ¼ −1.
Then, we next take quarks as probe particles and calculate
the AB phase that the quarks receive. Since we have
assumed the neutron operator as n̂¼ϵαβγðûTαCγ5d̂βÞd̂γ, light
quarks q̂ ¼ û; d̂ obtain the phase Γu;d

nn ðφÞ≡expðiφ=6Þ
when they encircle the neutron vortex at angle φ:

q̂ðφ ¼ 0Þ → q̂ðφÞ ∼ Γu;d
nn ðφÞq̂ðφ ¼ 0Þ: ð14Þ

Thus, at the quark level, the generalized AB phase forms a
Z6 group. The heavy quark field ŝ receives no phase around
the vortex, i.e., Γs

nnðφÞ≡ 1. We explain our notation that
Γψ
nn is the generalized AB phase around neutron 3P2 vortex

probed by particle ψ ¼ û; d̂; ŝ.
Let us turn to quark matter and calculate phase factors of

quarks around the Alice string. For any φ ≠ 0, the light
quark field (q̂ ¼ û; d̂) and heavy quark field (ŝ) are given
by a holonomy action as

q̂ðφÞ ∼ eiθBðφÞUðφÞq̂ðφ ¼ 0Þ; ð15Þ

ŝðφÞ ∼UðφÞŝðφ ¼ 0Þ; ð16Þ

respectively, whereUðφÞ is defined in Eq. (9). Here, we use
the following shorthand notation for the generalized AB
phase. The field ψ̂ð¼ q̂; ŝ;…Þ of color βð¼ r; g; bÞ encir-
cling around the flux tubes of the αð¼ r; g; bÞ color
magnetic flux acquires the AB phase denoted by Γψ

αβ:

ψ̂βðφ ¼ 0Þ → ψ̂βðφÞ ∼ Γψ
αβðφÞψ̂βðφ ¼ 0Þ; ð17Þ

where the index β is not contracted. The AB phases of a
heavy quark encircling flux tubes are

Γs
αβðφÞ ¼

r

g

b

r g b0
B@

reþiφ=3 e−iφ=6 e−iφ=6

ge−iφ=6 eþiφ=3 e−iφ=6

be−iφ=6 e−iφ=6 eþiφ=3

1
CA ; ð18Þ

where, as explicitly indicated above, the row (α ¼ r, g, b)
denotes the color of the flux tubes, and the column (β ¼ r,
g, b) denotes the colors of the heavy (s) quark encircling
them. Thus, the heavy quark field s forms a Z6 group
around the Alice string.
When the light quarks u, d encircle the Alice string, they

also receive Uð1ÞB transformation eþiφ=6 as well as the AB
phase that they have in common with those of the s-quarks.
Therefore, the generalized AB phases are

Γu;d
αβ ðφÞ ¼ eiφ=6Γs

αβðφÞ ¼

0
B@

eiφ=2 1 1

1 eiφ=2 1

1 1 eiφ=2

1
CA: ð19Þ

Thus, the light quarks u, d form a Z2 group around the
Alice string.
From the above calculations of generalized AB phases

around the vortices, one can immediately conclude that one
integer vortex in the 3P2 phase cannot be connected to one
Alice string with any color flux. We can check this by the
fact that the AB phases of the light quarks do not match
between the hadron and two-flavor quark matters:

Γu;d
nn ðφÞ ≠ Γu;d

αβ ðφÞ for any α; β ¼ r; g; b ð20Þ

and the same for heavy quarks:

Γs
nnðφÞ ≠ Γs

αβðφÞ for any α; β ¼ r; g; b: ð21Þ

Only possibility is that a bundle of three integer vortices
in the 3P2 neutron matter can be connected to a bundle of
three Alice strings with different color fluxes r, g, b. In this
case, the (generalized) AB phases for both phases com-
pletely coincide:

½Γu;d
nn ðφÞ�3 ¼ Γu;d

rβ ðφÞΓu;d
gβ ðφÞΓu;d

bβ ðφÞ for β¼ r;g;b ð22Þ

for the light quarks u, d of the color β, and

½Γs
nnðφÞ�3 ¼ Γs

rβðφÞΓs
gβðφÞΓs

bβðφÞ for β ¼ r; g; b ð23Þ

for the heavy quark s of the color β. We thus reach the
picture of Boojum illustrated in Fig. 1.
So far we have assumed that two-flavor dense QCD is in

the so-called deconfined phase in which non-Abelian Alice
strings can exist. On the other hand, if it is in the confined
phase, non-Abelian Alice strings must be confined either to
doubly quantized non-Abelian strings around which all AB

3P2 superfluid vortices non-Abelian Alice strings

FIG. 1. A schematic figure of the Boojum. Three 3P2 neutron
vortices in the hadronic phase are joined to three non-Abelian
Alice strings in the color-superconducting phase. We also show
the Aharonov-Bohm phase around each vortices.
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phases are color singlet, or to Uð1ÞB Abelian strings [68]. In
the context of quark-hadron continuity in Fig. 1, three non-
Abelian Alice strings in the two-flavor quark matter is
confined to one Uð1ÞB Abelian string. Thus, three integer
vortices in the 3P2 neutron superfluid are combined to one
Abelian string in the two-flavor quark matter.
The mismatch between the AB phases of a single

hadronic vortex and a single non-Abelian vortex tells us
that if we try to connect them, it might lead to the
discontinuity. The Boojums are therefore needed to main-
tain the continuity. Our discussion have been carried out on
the level of the operator in this work. There can be a
possibility that the AB phase may receive the nontrivial
contributions and the phase may be dynamically screened if
we take the expectation value under the vacuum, which
may lead to the different result, but we believe our present
study already captures the important feature and the further
nonperturbative analysis is the beyond the scope of
this work.

V. SUMMARY

In summary, we have found that the Boojums between
the non-Abelian Alice strings in the two-flavor quark
matter (the 2SCþ hddi phase) and the 3P2 neutron vortices
in the hadronic matter. As previously suggested in the

three-flavor case, Boojum structures are ubiquitous in
quark-hadron continuity. Neutron stars are rapidly rotating
object so that they are accompanied typically by about 1017

of vortices. The vortices are believed to play a crucial role
in pulsar glitches, and it would be a interesting and
important question how our work influence such events.
The problem of the quark-hadron continuity is not only

of the phenomenological relevance, but also tightly related
with the fundamental problem of the gauge theory, par-
ticularly, the phase structure of gauge theory with funda-
mental Higgs field. The idea that the Higgs phase and the
confinement phase is indistinguishable, which is com-
monly referred to as Fradkin-Shenker theorem [69–71],
is a baseline for the idea of quark-hadron continuity, and is
still under a debate nowadays [31]. Since the nonperturba-
tive studies of gauge theories are still limited at present, we
believe that the quark-hadron continuity in the bulk matter
and vortices from the neutron star phenomenology should
serve an important clues.
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