PHYSICAL REVIEW D 103, 106023 (2021)

Phase diagram of a two-site coupled complex SYK model
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We study the thermodynamic properties of a two-site coupled complex g-body Sachdev-Ye-Kitaev
(SYK) model in the large-N limit by solving the saddle-point Schwinger-Dyson (SD) equations. We find
that its phase diagram is richer than in the Majorana case. In the grand canonical ensemble, we identify a
region of small chemical potential and weak coupling between the two SYKs, for which two first order
thermodynamic phase transitions occur as a function of temperature. First, we observe a transition from a
cold wormhole phase to an intermediate phase that may correspond to a charged wormhole. For a higher
temperature, there is another first order transition to the black hole phase. As in the Majorana case, the low
temperature wormhole phase is gapped, and for sufficiently large coupling between the two complex SYK,
or chemical potential, the first order transitions become crossovers. The total charge is a good indicator to
study the phase diagram of the model; it is zero in the cold wormhole phase and jumps discontinuously at
the temperatures at which the transitions take place. Based on the approximate conformal symmetry of the
ground state, expected to be close to a thermofield double state, we identify the effective low energy action
of the model. It is a generalized Schwarzian action with SL(2, R) x U(1) symmetry with an additional
potential and an extra degree of freedom related to the charge. In the large N and low temperature limit,
results from this low energy action are consistent with those from the solution of the SD equations.
Likewise, a large-g analytical calculation of thermodynamic properties confirms the existence of the
wormbhole phase. Our findings are a preliminary step toward the characterization of traversable wormholes
by its field theory dual, a charged strongly interacting fermionic system, that is easier to model

experimentally.

DOI: 10.1103/PhysRevD.103.106023

I. INTRODUCTION

Traversable wormholes are classical solutions of
Einstein’s equations representing shortcuts in the geometry
that may allow teletransportation among distant regions of
space-time. For that reason, it has been a recurrent research
theme for several decades [1-5]. Unfortunately, these
solutions are considered classically unphysical as matter
in these backgrounds would violate some fundamental
physical principle, such as the null energy condition.

The situation changed recently [6], after it was shown
that, turning on an interaction that couples the two
boundaries of an eternal Bafiados-Teitelboim-Zanelli black
hole, the quantum matter stress tensor has a negative

famgg@ sjtu.edu.cn
fjpzheng@sjtu.edu.cn
“vaios.ziogas @sjtu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2021/103(10)/106023(22)

106023-1

average null energy without violating causality, which
suggests that the wormhole becomes traversable. Other
examples in different backgrounds and dimensionalities,
but with similar features, were found shortly after [7-11].
The next main development came after Maldacena and Qi
[12] (see also Ref. [13], in which the authors perform an
explicit bulk time evolution) constructed a near two dimen-
sional anti deSitter (AdS,) background whose ground state
was a time independent traversable wormhole, termed
eternal traversable wormhole. Its highly entangled ground
state is gapped and close to a thermofield double state
(TFD) [14,15]. For sufficiently weak coupling, the system
has a first order transition from the traversable wormhole
phase to the (two) black hole phase. At a certain critical
coupling, the gap vanishes, and the transition becomes a
crossover. The boundary theory is given by a generalized
Schwarzian action related to a modified Liouville quantum
mechanical problem. Unlike the standard Sachdev-Y
e-Kitaev (SYK) case [16,17], the spectrum for low energies
is discrete, representing the wormhole phase. However, for
higher energies, it is continuous, representing the black
hole phase.

Interestingly, the field theory dual of this eternal tra-
versable wormhole was identified [12] to be the low energy
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phase of a two-site coupled Sachdev-Ye-Kitaev model.
It can be shown that the real time evolution of this model
leads to the formation of a traversable wormhole [18].
Previously, a nonrandom SYK model [19,20] was conjec-
tured to describe similar physics. Indeed, both models share
the same pattern of symmetry breaking [21,22].

The SYK model [23-35] is a toy model for holography
that, based on the same pattern of symmetry breaking from
the full conformal group to SL(2,R) [36,37], is believed to
be dual of a certain near AdS, background [36]. Its main
interest is that, despite being strongly interacting, and
quantum chaotic [32], it is analytically tractable [32].
Distinctive features of the model include the saturation
of a universal bound on chaos [38] typical of fast scram-
blers of information and systems with a gravity dual [38];
the exponential growth [39—41] of low energy excitations,
typical of quantum black holes; and spectral correlations
described by random matrix theory [40—44] that suggests
that quantum dynamics is ergodic for sufficiently long
times. The high temperature limit of the two-site SYK
model [12], dual to two black hole backgrounds, shares
most of these features. However, important differences
arise in the low temperature limit corresponding to the
wormhole phase. The system is no longer quantum chaotic.
The low energy excitations are discrete even in the
thermodynamics limit. This is consistent with the obser-
vation of a transition in level statistics [45], from integrable
in the wormhole phase to quantum chaotic in the black hole
region.

An appealing feature of the SYK model is that, at least
potentially, it could be modeled experimentally [46—48].
That would allow not only the study of novel transport
regimes in strongly interacting quantum dots but also,
through holographic dualities, the experimental test of
certain aspects of quantum gravity. However, this program
is hampered by the difficulty to isolate and handle
Majorana fermions.

In this paper, we study a generalization of the two-site
SYK model with Majorana fermions, dual of the eternal
traversable wormhole [12], to complex fermions with an
extra U(1) symmetry. More specifically, we shall study its
expected field theory dual: a two-site coupled SYK model
with Dirac, instead of Majorana, fermions. Single complex
SYK have already been extensively investigated [49—-53] in
the literature. Qualitatively, they retain most of the inter-
esting features of the Majorana SYK model while being
closer to more realistic models of strongly interacting
electrons. We shall see that, to some extent, this applies
to the coupled charged SYK model. We shall find that the
model is still gapped for low temperatures and weak
coupling, which is a signature of the wormhole phase.
For small chemical potential and low temperature, it has no
charge, which is another feature of the traversable worm-
hole dual to the Majorana two-site SYK model [12].
Likewise, the high temperature phase is consistent with
that of a system whose gravity dual is two black holes.

However, as we increase the chemical potential, we have
identified qualitative differences between the Majorana and
complex cases in the grand canonical ensemble. In a
relatively narrow range of parameters, there exists an
intermediate phase between the cold wormhole and black
hole phase. For weak coupling, this intermediate phase is
separated from the black hole and cold wormhole phases
by two first order transitions. Tentatively, we believe that
this novel phase may be a charged wormhole [18] char-
acterized by a finite charge and a still gap in the spectrum.
However, further research is required to confirm this
point. For sufficiently large coupling, the transitions end
in a crossover.

The paper is organized as follows. In Sec. II, we
introduce the model, its expected ground state, and sym-
metries and derive the Schwinger-Dyson equations for the
Green’s functions in the large-N limit. Based on the
numerical solution of these equations, Sec. III is devoted
to a detailed analysis of the thermodynamic properties of
the model and the resulting phase diagram. Based on the
approximate conformal symmetry of the ground state and
its soft breaking in the low temperature limit, in Sec. IV, we
write down the low energy generalized Schwarzian effec-
tive action and study some of its properties. This is the
region of parameters where a gravity dual may exist. A list
of problems for future research and conclusions are found
in Sec. V.

II. COUPLED COMPLEX SYK MODEL

A. Action
The Hamiltonian of the complex SYK model is [49,50]

H =T it yletylaea oy, (1)
@

where {i} ={1<i; <ip<..<iyp <N, 1<iy <
... <iy, <N} and the complex coupling J satisfies

*
Lg/a41---Igli---1g)2

i ecidgpigpieciy = ;

Jiliz.i.i%;i%ﬂ...iq = J[i]izu.i%];[i%ﬂ..Aiq]v
= _ (q/2)P
T =2 o)
gN

where the overbar denotes a statistical average with
zero mean.
The Hamiltonian H has a global U(1) conserved charge

1 A |
— ity i
0 NEj yiy =3, (3)

taking values in (—1/2,1/2). We deform H by adding a
term —NuQ, where u is the chemical potential of the U(1)
charge.
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In this paper, we consider two such SYKs with Dirac
fermions, which we call “left” L and “right” R. The two
Hamiltonians H; and Hy involve the same realization of
the disordered coupling J;, iy and we set the chemical
potentials to be equal, y; = up = u, since we want to
consider two identical copies of the theory. We couple the
two systems using the interaction

1 . P
Hip = ToNP T [Zi(’?l//g‘//k + W*W;JWL) . (4)

where 7 is in principle a complex coupling and || = .'
We choose p =1 for now, but it might also be interesting
to consider p > 1. Therefore, the total Hamiltonian is
given by

Hoa = Hp + Hg + Hiy, (5)

where Hg = (—1)4/2H;.

B. Symmetries
We first discuss the symmetries of the uncoupled model
n=0,
Hp + Hg = Nu(Qp + Og)- (6)

There are two global symmetries U(1), and U(1)g,
which can be combined as

U(l)L = U(1), £ U(1)g, (7)

where U(1), is interpreted as the symmetry of the system
related to the total charge O, = Q; + QOg. Note that, due
to the form of (6), 4 can be thought of as a chemical
potential for Q.

If we totally antisymmetrize the fermions in both left and
right site, we also have a particle-hole symmetry at zero
chemical potential y = 0 [55,56],

Wa < Wg’ ‘]il---iq/ziq/2+1~-i(, - ‘];'kl.‘.i,]ﬂiq/zﬂ.‘.iq’ (8)
for a = L, R. The extra terms coming from the antisym-
metrization are subleading in the N expansion, so they do
not affect our large-N analytic arguments.

There is also an interchange symmetry,

Wy < Wk 9)

A general combination of U(1), x U(1); and the
interchange symmetry (9) gives

'We can actually define 7 with any phase if we perform a phase
rotation in one of the systems, as explained in Ref. [54], but we
keep it general in our analytical treatment.

i S S A (10)
The two-fermion coupling (4) breaks U(1)_ explicitly
down to Z,, while it preserves U(1) +.2 Demanding that the

combination (10) is preserved leads to the following
relation between the fermionic phase in each site:

0 = argy. (11)

We make the convenient choice 0 = —60; = 0.

QR _QL :20,

C. Schwinger-Dyson equations

One of our main goals is to study the thermodynamic
properties of the system. For that purpose, the first step is to
derive the saddle-point equations, termed Schwinger-
Dyson (SD) equations [39], that control the large-N limit
of the Green’s functions and self-energies that enter in the
calculation of thermodynamic quantities. We first perform
the statistical average of the path integral for the total action
related to the Hamiltonian (5). To leading order in N, a
straightforward calculation [16] yields

(2), = / Dy Dy, exp [—Z / v (0, —

x0T (_1)!]/2 2
+Z W/LV/R nwrwh) + gN4 J
q/2
// ab(‘Zw )y (z ’)) } (12)
Wherea:L,RandSLL:SRRZI,SLR:SRL:(—I)q/2.

We now define the Green’s functions,

Gur(e?) = S TWEEW@).  (13)

obeying

G:p(7,7) = Gpul(r, 7). (14)

The interchange symmetry (10), (11) implies that

GLr(7,7) = e Gg (7. 7), (15)
or G g = —Gpg when 6 = /2.
The particle-hole symmetry (8) implies that

Gup(1.7) = =Gpo(2.7), (16)

’In Refs. [22,54], the U (1)_ was broken spontaneously by a
quartic coupling, and Ref. [22] interpreted it as corresponding to a
bulk gauge field in the gravity dual theory.

Alternatlvely, Eq. (11) leads to the Z, symmetry y'! — yh,
w' — —y' being preserved upon choosing 0 = 0, 0, = x, and
n purely imaginary as in Ref. [54].
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at zero chemical potential 4 = 0. Combining (16) with (14)
gives

ReGLL - ReGRR, ImGLR = —ImGRL,
ImGLL = ImGRR = RCGLR = ReGRL =0. (17)

This is for reference only; we do not assume these

symmetries in the following as we want to work at p # 0.
At finite temperature 7 = 1/f, the Kubo-Martin-

Schwinger (KMS) condition (for the thermofield double

state) reads [57]

|

Gab<T) = _Gab(1+ﬂ)’ 7 <0. (18)

Introducing in the path integral (12) the Lagrange
multipliers X,,(z,7’) which enforce the definition (13),
and integrating out the fermions assuming a replica-
diagonal ansatz, we find

(2), ~ / DG DEexp [~N1,], (19)

where

—l o = logdet[6,,(0, —p) + Zzp] + /[’YGLR (7.7) + 0" Gpp (7, 7)]

+3° [ [Ele 06u(e.2) + ()P4 Py (Gon( N Gl ). (20)
Varying the effective action (20) with respect to G, and X, leads to the following saddle-point SD equations,
2000, 7) = =(=1)1PP[G L (7. 7)) PG (e, 1)) + (0: = u)d(z = 7),
Zik(2.7) = =(=1)1 (G (2. 7)) [Gro (7', )97 + 56 (z = 7),
iLL*GLL<T’ 7)+ iLR*GRL(T7 7)=-d(r - 7).
S %G rr(r.7) + 1 p*Gprp(r. ) =0, (21)

where the star  denotes the convolution (f*g)(7y,7;) = [def(z),7)g(7,7,) and we have defined

iuh (T’

7) = Zap(7,7) + (0 = 1)5(z = 7)B0ap. (22)

We also get another set of equations by exchanging L <> R and 5 <> " in (21). For convenience, in the numerical
calculation of thermodynamic properties, we set = —ix and g = 4.

These equations (21) are the analogous to those for the two-site coupled Majorana SYK model [12,18] whose gravity
dual in the limit of low temperature and weak coupling between the left and right sites is the eternal traversable wormhole.

D. Grand potential

In the large-N limit, the grand potential, computed by inserting the solution of the SD equations (21) in the on-shell action

(20), is given by
pQ

+ Trin

N =2In [2 coshﬂ'u}

- (-1 ‘1/2<1——)2/d1 (J2G

where we have regularized the determinant as in Ref. [56].
From this expression, we can compute the rest of the
thermodynamic quantities.

III. THERMODYNAMIC PROPERTIES IN THE
LARGE-N LIMIT AND PHASE DIAGRAM

In this section, we investigate the thermodynamic proper-
ties of the Hamiltonian (5) in the grand canonical ensemble,

(iw+p—2)(io+p—Zpg) — L1 pZg,
(io + p)(iw + p)
(0)92Ge (B — 7)), (23)

Wthh will result in a detailed phase diagram of the model as
a function of the coupling x between the two complex SYKSs
and the chemical potential y. We obtain all the thermody-
namic quantities of interest by solving numerically the SD

equations (21) using standard iterative techniques.

We will be mostly interested in the calculation of the total
charge Q, related to the global U(1) symmetry mentioned
earlier and the grand potential Q(7,«,u) (23) where
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FIG. 1. Grand potential  vs temperature T for « = 0.03 (a), k = 0.05 (b), « = 0.07 (c), with x = 0, 0.02, 0.04, 0.06, 0.08 and for
u =0 (), u=0.05(e), u = 0.09 (f), with x = 0.03, 0.04, 0.05, 0.06, 0.07. The almost constant grand potential is a signature of the
wormhole phase. A finite u suppresses the wormhole phase and eventually induces a new phase transition for sufficiently low
temperatures. As was expected, the increase of «, for a fixed u, enhances the wormhole phase.
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k = |nn|. We shall see that these quantities characterize the
different phases of the model and are easily accessible from
the knowledge of the Green’s functions and self-energies
resulting from the solution of the SD equations (21).
Likewise, the analysis of the exponential decay of Gy
will provide useful information on the gap E, that char-
acterizes the wormhole phase. We initiate our analysis with
the calculation of the grand potential Q (23).

A. Grand potential Q(7 x.u)

We compute the grand potential Q as a function of the
temperature 7 for various « and y by plugging in the action
the Green’s function and self-energies obtained by the
numerical solution of the SD equations (21). The final
expression for the grand potential, after a determinant
regularization [51], is given by (23).

In general, the SD equations for a given temperature can
have more than one solution corresponding to different
phases of the model. The preferred solution is the one with
a lower value of the grand potential.

Figure 1 depicts the temperature dependence of the grand
potential for several couplings x (upper plots) and chemical
potentials u (lower plots). For 4 = 0, results are very similar
to the Majorana case [12]. For very low temperatures, and
finite but small x, the grand potential is almost temperature
independent, suggesting the existence of a gap in the
spectrum. This is the expected behavior in the traversable
wormhole phase where the ground state, approximately
described by a zero entropy TFD state, is separated from
the first excited by a energy gap. As temperature increases,
we observe a kink indicating a first order transition. In the
proximity of the transition, we show the two branches of
the grand potential. The gravity dual of the higher temper-
ature phase is expected to be a two black hole geometry
with an explicit coupling between the two backgrounds.
For sufficiently strong coupling x > 0.125, the first order
transition ends. It is replaced by a smooth crossover of no
evident gravitational interpretation.

The situation becomes more interesting for finite but
small u. For sufficiently small y, the grand potential is
similar to the y =0 case. We still observe a flat low
temperature grand potential, related to a gap in the
spectrum typical of the wormhole phase, that eventually
ends in the first order transition mentioned above. The only
difference is that p slightly lowers both the gap and the
critical temperature. This is expected as physically the
chemical potential effectively increases the energy of
the system that is detrimental of the gap in the wormhole
phase which will vanish at a lower temperature.

However, for u ~0.05, we start to observe a second
transition around x = 0.05. More specifically, as temper-
ature increases, the wormhole phase undergoes a first order
transition to an intermediate phase. At a higher temper-
ature, another first order transition occurs from this
intermediate phase to the black hole phase. That the

£=0.05

-0.183 T

-0.184

-0.185

G -0.186

-0.187

-0.188

-0.189

%1073

FIG. 2. Grand potential Q vs temperature 7 in the region of
parameters k = 0.05 with u = 0.06, ..., 0.088 where the two first
order phase transitions are more clearly observed. We observe
that the transitions become crossovers for sufficiently large p.

transition to the two black hole phase is the one at higher
temperature can be inferred from the slope of the grand
potential which is very similar for all values of the chemical
potential no matter whether the intermediate phase exists or
not. When p increases further, this novel transition becomes
also a crossover, so we can identify regions with two
transitions, two crossovers, and one transition and one
crossover. In general, the window of parameters where the
two transitions are observed is rather narrow.

In Fig. 2, we choose the optimal choice of parameters for
which this second transition is more clearly observed. We
note that, despite the second transition occurring in a
relatively small range of parameters, the region of coex-
istence of the different phases, given by the range of
temperatures in which other branches are present, is still
much smaller than the range of temperatures in which the
intermediate phase occurs. This is a strong indication that
this phase is stable in the grand canonical ensemble.

A technical comment is in order. As was mentioned
earlier, the different solutions of the SD equations only
exist in a determined range of temperatures. As the end
points of each branch are approximated, the numerical
calculation becomes increasing unstable with larger con-
vergence time. We cannot rule out that a given branch
survives for a somehow larger range of temperatures.

B. Energy gap E, and the charge Q

In order to further elucidate the phase diagram of the
model, especially the nature of the intermediate phase, we
study the energy gap and the charge Q related to the global
U(1) symmetry mentioned in previous sections. We start
with a detailed introduction of both concepts.

106023-6



PHASE DIAGRAM OF A TWO-SITE COUPLED COMPLEX SYK ... PHYS. REV. D 103, 106023 (2021)

+£=0.06, 11=0.03 +£=0.06, 11=0.03 £=0.05, 11=0.084
-0.186 0.12 -0.186 0.06 -0.18 0.045
— 0.04
-0.188 01 -0.188 0.05 -0.184]
0.035
-0.19 -0.19 0.04 -0.185
0.08 0.03
-0.192 -0.192 0.03 -0.186 0.025
=] 0.06 5 < o < v
-0.194 -0.194 0.02 -0.187] 0.02
0.04 0.015
-0.196 -0.196 0.01 -0.188
0.01
0.02 _—
-0.1 -0.1 0.1
0.198 0.198 0 0.189 0.005
0 0.2 -0.01 0.1 0
0.005 0.01 0.015 0.02 0.025 0.03 0.005 0.01 0.015 0.02 0.025 0.03 2 4 6 8 10 12 14
T x10
(a) (b) (0
/£=0.05, 11=0.084 +#=0.05, 11=0.068 +£=0.05, 11=0.068
-0.183 r i r 0.18 -0.184 i : 0.06 0.184 r i i 0.14
0.16
0.12
-0.184 -0.1845 0.05 0.1845
0.14
0.1
-0.185 0.12 -0.185 -0.185
0.04
01 0.08
-0.186 : -0.1855 -0.1858
a 008 C « 003§ < 0.06 ©
-0.187 -0.186 -0.186
0.06 004
0.02
-0.188 0.04 -0.1865 -0.1865
0.02
0.02 o1
-0.189 -0.187 3 -0.187] kD)
0
019 . . . . . . 1002 01875 — . . . . 0 0.1875—— . . . . . oo
2 4 6 8 10 12 14 2 4 6 8 10 12 14 2 4 6 8 10 12 14
T x10°% T x10% T %10
(d) () ®
#£=0.07, ©=0.08 £=0.07, 4=0.08
-0.194 -0.194,
-0.196 0.196
-0.198} 0.198
02f -0.2f
-0.202} -0.202F
-0.204 -0.204f
-0.206 -0.206
-0.208 -0.20 -0.02
0.005 0.01 0.015 0.02 0.025 0.03 0.005 0.01 0.015 0.02 0.025 0.03

FIG. 3. Q(T) and E,(T) (left column) and Q(7T) and Q(T) (right column) for different x, x. (a),(b) Only one phase transition,
wormhole to black hole, is observed. (c),(d) Only the lower temperature transition is observed, and the high temperature one becomes a
crossover. The fit to obtain the gap deteriorates rapidly for temperatures above the low temperature transition, so results are less reliable.
(e),(f) Two phase transitions are observed. The fit to obtain the gap in the intermediate region is less reliable. (g),(h) For sufficiently large
U, k, both transitions become crossovers.

1. Charge Q
Following (3), we define the charge,

O = -5 s - (24)
aa_N : WaiWal 2’

where the index a = L, R. Recalling the definition of the Green’s function above,

N &~ (25)

1

1 Gupl€) = 5Nyl (€)yi(0))
Gu(t) == Tzir (0 N
+{e) Z< Valelvul0) = {Gah(—€) = = L5y 0yl (—e)).
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FIG. 4. Left: Q(T) and E,(T) for x = 0.05 and u = 0.072 where the two transitions are clearly observed. The solid line is the gap
obtained by a linear fit of In G . The dashed line is a similar fit, but the exponential decay of G, occurs in a shorter interval, so the
fitting is less reliable. Right: Q(7T) and Q(T). In the wormhole low temperature phase, charge is zero. It jumps at both the low
temperature and high temperature transitions. It increases linearly between the two transitions. This linear increase, related to a constant

entropy, may be a feature of the intermediate charged wormhole phase.

we can express the charge as a function of this Green’s function,

Q IZN:W )= 1NU() (0)) =2 = Guo(0) — 2
aa N - azl//al 2 6—’0N - lruaz € l//al 2 aa 2
S ) = 2=l L S O (-0 = 1+ G0 == Guulp-07) 9
2 N i l//ale 2 €—>0N - wal l//az € 2 aa 2 aa ’
|
leading to [51] increases and keep the charge almost zero. Only the energy
gap decreases as y increases.
1 At the two transitions, for small x and u, the charge
= = (Gyo(0F) = G (B = 07)). 27 ’ H g
Qaa 2 (Gaa(0") = GaalB ) (27) jumps, so it can be employed to detect the transition in the

Since G;;(7) = Ggg(r) is real, we define the total
charge QO as*

Q=011+ 0rr=0:=6G(07) =G (p-07).
(28)

The temperature dependence of the charge is illustrated
in the right column of Fig. 3 for a broad range of
parameters. Interestingly, it trails with great accuracy the
transition in the grand potential. It is almost temperature
independent, and very close to zero, in the low temperature
wormhole phase. Physically, it means that at sufficiently
low temperatures the wormhole ground state is robust to the
presence of a small chemical potential. A finite temperature
or chemical potential increases the energy of the system,
but the interactions are strong enough to balance these

“This charge was called Q. in the previous sections.

system. For larger values of x and g, the transition in the
grand potential becomes a crossover. In this range of
parameters, the abrupt discontinuous changes in the charge
become sharp but smooth, so the study of Q provides a
rather detailed knowledge of the phase diagram of the
model.

In Fig. 4 (right column), we show the temperature
dependence of Q for a choice of parameters where the
two phase transitions are observed with special clarity. In
the low temperature phase, the charge is close to zero, but at
the low temperature phase transition, it jumps to a finite
value. In the intermediate phase, the charge increases
approximately linearly with temperature, so in the inter-
mediate region the entropy is constant. At the high temper-
ature phase transition, toward the black hole phase, it jumps
again. It remains an open question if the jump in the charge
in the low temperature phase transition is associated with a
qualitative change in the wormhole ground state; namely, it
is unclear whether the wormhole geometry is robust and
becomes charged or the finite charge signals a transition to
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FIG. 5. Left-top: Q(T) for y, « in the region of two transitions. The other diagrams represent In G, with G = G;;, G vs 7/f in the
temperature represented by red circles in Q(7'). In the intermediate region, especially close to the low temperature transition, the decay is
linear, and there is still substantial overlap between G;; and G, which suggests that some traversability may persist.

a background with no traversability. The calculation of the
energy gap will shed some light on this issue.

2. Energy gap E,

In the case of Majorana fermions, the coupled two-site
SYK model [12] has a gap E, in the low temperature limit
that is a distinctive feature of the wormhole phase. The
almost temperature independence of the grand potential in
this limit is a strong indication of a gapped system. More
direct evidence of a gap in the spectrum is directly obtained
from the decay of the Green’s functions. In gapped systems,
the decay of G;; or G is exponential with a decay rate

given by E,. Indeed, we shall see G;; and G, have a
similar exponential decay, indicating a similar probability
to stay in each site, which implies a continued tunneling
between the two sites. This is the type of feature expected in
a traversable wormhole. In the low temperature limit, in the
region of parameters where we expect a gap, the Green’s
function is expressed as

Gab (T) ~ e_Engab (T)’

with a = L, R and b = L, R. Numerically, we shall show
that, in this limit, and for sufficiently small p, f;;(7) ~
fLr(7) are nearly constant. We obtain the gap E,, by fitting

(29)
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FIG. 6. Summary of the gap E, as a function of 7 in the region of parameters for which two phase transitions coexist.

the numerical G, to an exponential. This was also one of
the procedures employed for Majorana fermions in
Ref. [12] to identify the low temperature phase as a
traversable wormhole. In the high temperature limit, we
expect a transition, or crossover, to the gapless black hole
phase where the ansatz (29) does not apply. A priori, the
nature of the decay is unclear in the intermediate phase of
finite but small p.

In Fig. 5, we depict results of the decay of the Green’s
function in the three phases. We choose parameters, k =
0.05 and x = 0.072, where the existence of two transitions
in the grand potential, Fig. 5(a), is more clearly observed.
The red circles correspond to the temperatures in which the
decay of the Greens’s function is studied. As was expected,
the Green’s function in the low temperature phase, plots (b)
and (c) in Fig. 5, decays exponentially, and both Green’s
functions have a strong overlap. This is the behavior for
Majoranas in the wormhole phase [12]. In the high temper-
ature phase, the decays is not exponential for G, and
there is virtually no overlap with G;;. This is consistent
with a two black hole phase with an explicit coupling
between them that does not change the gravitational
background.

For intermediate temperatures, between the two
phase transitions, the situation becomes more complicated.
There is still substantial overlap between G;; and Gyp,
especially close to the low temperature transition.
Moreover, the decay is still exponential though in a more
limited range of imaginary times which decreases as
temperature increases. We tend to believe it is still a
wormhole phase but with a worse traversability and,
according to previous results, with a finite charge Q > 0
and constant entropy in this region. However, further
calculations are needed to settle the nature of this inter-
mediate region.

In order to gain more explicit information of the gap E,
we carry out a fitting of the Green’s function by an
exponential in a broad range of parameters. Results
depicted in the left column of Fig. 3 show that for
sufficiently small ¢ and not too large k, E, vanishes
abruptly at the temperature separating the wormhole from
the black hole phase in the same way as in the Majorana
case. Only one transition is observed in this region of
parameters. As we increase y, still for small x, we access
the region where two transitions occur. As was mentioned
earlier, the fitting in the intermediate phase becomes less
reliable. However, we still observe a sharp drop in E,, but it
does not vanish at the transition. In the intermediate phase,
it increases with temperature, very much like the charge
does, and finally vanishes at the higher temperature
transition toward the black hole phase. We stress the fitting
necessary to obtain £, becomes increasingly unreliable as
temperature increases. For instance, the abrupt vanishing of
E,, see Fig. 3(g), for sufficiently large «, is not related to a
thermodynamic transition as the grand potential only
undergoes a sharp crossover at that temperature.

These results in the intermediate region are confirmed in
Fig. 4 (left) for a choice of parameters where the separation
between the two transitions is larger. Taking into account
that the fitting is more reliable in the lower temperature
limit, the existence of a finite gap for temperature slightly
above the first transition suggests that the intermediate
phase may still be described by a wormhole geometry with
limited traversability and a finite charge and constant
entropy. However, we stress this is a tentative explanation;
it may also occur that a finite charge makes the wormhole
phase unstable and the gap in the intermediate phase is not
related to a wormhole geometry. However, this intermediate
phase is not the high temperature black hole phase in
disguise because the grand potential results indicate that
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FIG. 7. Phase diagram of the model as a function of the coupling x and temperature 7 for different x’s obtained from the singularities
of the grand potential. Blue (red) lines represent the critical k corresponding to the low (high) temperature phase transition. The end of
lines indicates that the phase transition is replaced by a crossover. The intermediate phase, that may correspond to a charged wormhole,

is only observed in a limited range of parameters.

this transition occurs at a higher temperature. Therefore, the
nature of the intermediate phase, if it is not a charged

wormbhole, would still be an open question.

Clearly, further calculations are needed to reach a firm
conclusion. For the moment, we conclude this section with
a summary, see Fig. 6, of the detailed dependence of E,(T)
with « and ¢ on a broader range of parameters that includes
the intermediate region between the two transitions. Results
are fully consistent with previous findings for the charge
and grand potential.

C. Phase diagram

We now combine and extend previous results in order to
provide a rather comprehensive description of the system’s
phase diagram for a given coupling «, temperature 7, and
chemical potential p.

The phase diagram for various u’s, extracted from the
grand potential, is shown in Fig. 7 as a function of x and
temperature. Lines indicate first order phase transitions,
and their ends signal that the transition becomes a cross-
over. For sufficiently small u, the phase diagram is
essentially identical to that of two coupled Majoranas

SYK’s where there is a first order phase transition between
the wormhole and the black hole phase that becomes a
crossover for large «.

As p increases, the transition occurs at lower temper-
ature. For ¢ > 0.06, and a not too large x, we observe two
transitions. The one at high temperature corresponds to the
transition to the black hole phase. However, there is a new
one at lower temperatures which is rather unexpected.
Based on the previous results for the charge and the gap, it
could in principle be a transition from the wormhole to a
charged AdS background with no traversability or to a
charged traversable wormhole with limited traversability.
As was mentioned earlier, results for the energy gap E,
suggest the latter, but more information is needed to clarify
this issue. As u or k increases further, we shall see the two
transitions eventually become crossovers and this inter-
mediate region cease to exist.

In order to gain a further understanding of the phase
diagram, we compute the charge Q in the x — y parameter
space. As is observed in Fig. 8, in the low temperature (left
figure), small-x limit, the dependence of u is very weak,
and only one transition is observed, denoted by red circles,
between a wormhole phase for larger x and a black hole for
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Charge Q in the k¥ — p plane for 7 = 0.008 (left) and 7" = 0.015 (right). The red circles denote the high temperature wormhole

to black hole phase transition, while the green circles denote the novel low temperature phase transition likely between the cold
wormhole phase and a phase of limited traversability that may still correspond with a wormhole though with finite charge. Left:
temperature is low enough for the intermediate phase between the two phase transitions (light-blue to green region) to be observed.
Right: same but for a higher temperature where the low temperature phase transition has turned in a crossover and only the high

temperature transition persists.

lower k. There is an intermediate region in x — u space
where the two transitions mentioned above are observed.
We note that the one for larger « corresponds to a wormhole
phase. The intermediate phase between the two transitions
has a finite charge, and as shown earlier, the gap E, is
still finite, so it may still be a wormhole but charged and
at finite temperature. For sufficiently large yu, the black
hole transition becomes a crossover. At sufficiently higher
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FIG.9. Q(T) for u = 0.07 with x = 0.035, ..., 0.065. For small
k, both transitions, characterized by jumps in the charge, are
observed. However, as k increases, eventually the low temper-
ature transition becomes a crossover. The vertical lines corre-
spond with the temperatures employed in Fig. 8. As was
expected, results of both figures are fully consistent.

temperature (right plot), the low temperature phase tran-
sition will become crossover in the region of 4 where the
high temperature phase transition happens. Therefore, we
only observe a transition to a charged black hole. This is
fully consistent with the phase diagram obtained from the
grand potential.

This picture of the intermediate phase is confirmed
explicitly in Fig. 9 for 4 = 0.07. A fixed and sufficiently
low temperature 7' = 0.008, represented by a blue dotted
vertical line on the left, will intersect the charge curve at
couplings x belonging to the black hole, the intermediate,
and the wormhole phase in agreement with the results of
Fig. 8. Likewise, a red dotted vertical line for a higher
temperature will intersect the charge for couplings « that,
according to Fig. 8, belong to either the crossover between
the chargeless and possibly the charged wormhole or the
black hole phase, which confirms that only one transition
exists. Eventually, as we further increase x, we will see a
similar behavior in the high temperature phase transition
toward a black hole which will become a crossover.

Finally, for the sake of completeness, we study, see
Fig. 10, the gap, the charge, and the grand potential, for
larger values of k and y and the lowest temperature that we
can reach numerically. Interestingly, we observe E,
decreases monotonically and almost linearly with yu, for
a fixed low 7 and different values of x. It eventually
vanishes abruptly for sufficiently large u(x) ~ 0.2, and it is
zero for k =0, which suggests E, is related with the
wormhole phase and that g is only a shift in energy that
reduces its value. This is confirmed by the dependence on u
of the grand potential for k = 0. This is the only case where
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FIG. 10. The grand potential &, the charge Q, and the gap E in the low temperature limit for a broad range of parameters x and k. The
transition in the charge for large Q > 0.2 is not related to the wormhole phase as it also occurs in the single complex SYK [52]. E,

decreases monotonically with the chemical potential.

Q is not completely flat for small i, which is an indication
that £, = 0 in this case. For finite x, we observe a transition
for small « and a crossover for larger .

Another interesting feature is the observed jump in the
charge Q for large values of y > 0.2, which are much larger
than those corresponding to the transitions studied earlier.
Similar results have been reported [52] in single complex
SYK, so we do not think that it has any relation with the
wormhole phase.

IV. LOW ENERGY EFFECTIVE ACTION

In this section, we exploit symmetries of the SD
equations in the infrared limit in order to find out the
low energy effective action of the model.

At low energies w, T < J, the SD equations (21) can be
written compactly as

2“ab (T, T/) = _(_1 )q/z‘]zsab [Gab (T’ T/)]q/z [Gba (T/, T)]q/z_l

—pd(7 =), (30a)
Z[Gah*ibc] = _5ac6(7 - T/)’ (30b)
b
where
—0; +u n )
b = . 31
v < n =0, +u GD)

Ignoring the 7, terms in (30a), the above system of SD
equations (30) possesses the following time reparametriza-
tion and U(1) gauge symmetries,

Gup(1.7) = [fo(0) [ ()] 2NN NG, (£, (2) £, (7)),
(32a)

Zap(0.7) = [fa (@) [ ()] 2NN ENE L (£, (2) 1, (7)),
(32b)

where f,, € Diff(S'), A, ~ A, + 27, and the winding num-
ber n, of the compact gauge parameter A, is conjugate to
the U(1) charge Q,.

A. High temperature

Let us first discuss the high temperature limit where we
expect that the coupling # can be neglected and the SD
equations (21) can be solved by an ansatz in which all
L — R, R — L functions vanish, describing two copies of a
charged SYK model in a thermal state dual to black hole.
Standard arguments [39] imply that, at low energies, the
effective action of the system is

S = Schw(f,Ar] + Schw[fr, Ag], (33)

where the Schwarzian of a single complex SYK model can
be expressed [50,56] in terms of the time reparametrization
and U(1) gauge symmetries in (32),

Schw(f,, A,] = —Nas/dr{tanf“T(T),r}

NK

+5 / dr(Ny(7) +ilafu(?))’ (34)

The coefficient ay is the prefactor of the heat capacity in the
low temperature limit, K is the compressibility, and £ is an
effective parameter that describes the coupling of charge
and gravitational degrees of freedom.

The action above has a [50,58,59] SL(2,R) x U(1)
gauge symmetry. Moreover, there is a global U(1) which
will give to a conserved charge.

For a two complex SYK model, at sufficiently high
temperature S, the grand potential is (twice) the usual for
the complex SYK model [51],

Q

N (o) = G(E)P™" = 2nasp™2, (35)

where we have assumed that the two systems are identical.
In the above, f is the ground state energy, yy = u + 27Ep,
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and G(&) is the Legendre transform of the entropy
G(&) = S(€) —22EQ. The explicit analytical expressions
for £ and Q in the case of the single complex SYK model
can be found in Ref. [51].

Including small corrections due to the coupling between
the two systems can be accounted for perturbatively. We
refer to Ref. [12], for a detailed analysis in the case of
Majorana fermions.

B. Low temperature

In the low temperature limit, we expect that the ground
state is related to the traversable wormhole. In the Majorana
case, it was argued that, in this region, the ground state of
the coupled system is close to the TFD state at a particular
fictitious temperature 3(i7) [12,45] that depends on cou-
pling n between sites. We note that the physical temperature
is completely unrelated to A(n).

The L — R, R — L Greens’s functions can be obtained
simply by analytically continuing the single-sided corre-
lators to complexified time with imaginary part /2 [60].°
Additionally, for small enough 7, based on the approximate
TFD nature of the ground state [12], we can employ
conformal techniques to write down coupling term of
the low energy effective action. Analogously, in the
gravitational picture, the two spacetime boundaries
(L — R) will become causally related in the wormhole
phase. In the following, this idea is applied to investigate
the coupled complex SYK model.

Based on these assumptions [18,50,56], we can use
conformal field theory predictions, also for left-right
correlations, together with the effective infrared symmetries
of the SD equations mentioned earlier, to write down the
Green’s functions of our system in the low temperature
limit corresponding to the wormhole phase as follows,’

e—gr
G (1) = Ggg(7) = AW
Guale) = ~Gpu () = B (36)
7)=— )=B——M+

where A and B are undetermined parameters and
0 <7 < p. In the following discussion, we will explore
the consistency between results stemming from this ansatz
and the previous numerical results.

From the dual gravity perspective, this is reflected in the fact
that in the complexified maximally extended black hole space-
times the time on the left part of the wormhole has an imaginary
part /2.

®Here, we are conventionally setting the period of the thermal
circle to 2z, i.e., T ~ 7 + 2z. After reparametrizing ¢ — f(z), the
period will be given by the  mentioned below.

The reparametrization transformation and gauge trans-
formation in the Green’s functions (32),

i iNz)=Ef(z) (D)
(Siih%)2A — ¢E) (sinhZ$)* (37)
7
je=¢T - IN(T)=Ef (7 S~
gy = i€ (coshZD)™ *

leads to the introduction of reparametrization f(z) and
gauge A(r) modes, which are the effective degree of
freedom of the low energy effective action and can be
determined by solving the classical equations of motion.

Following the procedure introduced in Ref. [12], see also
Ref. [56], we can get the specific form of the Schwarzian in
the low energy effective action,

SChW[fu’Aa] - Nag/df{tanhf”T(T),T} —|—¥

x/df(A;(¢)+i5f;(f))2, a (LR}

(38)
and the interaction term
Sint = NK/ drcos(Ap(t) — Ag(7)) cosh(Ef(7)
JL(@)fr(0) \*
~ernto) (L) ()

As a result, the effective low energy action will be
given by

§ = Schw|(f, AL] + Schw[fr, Ag] + Sini,  (40)

The low energy solutions (see the Appendix) in the zero
and low temperature limits corresponding to the wormhole
phase are given by f(7) = f.(r) = fr(r) = f'z and
A(z) = Ap(r) = Ag(z) = constant.

Since the resulting action depends on A’ but not on A,
there exists a conserved charge,

Q = 2NK(=iN(z) + (7)), (41)

which is indeed the U(1) charge Q computed numerically
in the previous section. We recall that numerically we
observe that Q = 0 for sufficiently low temperatures. Given
the solutions above, this is only possible provided that
K = 0 in this region. This is indeed plausible taking into
account that K has the meaning of compressibility and Q is
u independent.

The grand potential € is obtained by inserting the
proposed solutions for f and A back in the action,
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FIG. 11. The gap E in the low temperature limit as a function

of u for different x’s. The fitting E, = Ey(k) — u is in excellent
agreement with the numerical results.

Q/N = agf” + KE 7 — xfA. (42)

The value of f’ can be determined from the charge Q,
associated to translations or simply by taking f’ as a
variational parameter and finding the value that minimizes
the action [56]. A straightforward calculation shows that

AK‘ 2(1-4)

r= ()™ 3)

Since K = 0 in the region for which Q = 0, we recover
the result for the case of Majorana fermions [12],

_ (Ax\aita
f' = (.

Finally, let us now find out the prediction for the gap
according to the effective low energy effective action. From
Egs. (37), Gy, G can be approximated for z > f by

f,(T)A ~ f/Ae—(Af’Jrgf,)f
(sinh @)M

f'(@)*
(cosh @)M

Gy ~ eNI-EF0)

Gy g ~ ieND)=¢1() ~ifem (A +Ef)e (44)

Numerically, we found in the last section, and in Fig. 11,
that for 7 > f

|G| ~ |Grg| m e~ Bom)r, (45)

where E| is gap for u = 0, discussed in detail in Ref. [54]
for a broad range of 7’s. The comparison between numeri-
cal results and analytical predictions predicts E, = Af’
and y = —&f’. The former is indeed the prediction for
Majorana fermions [12], and the latter is the expression
found for one charged SYK model [56] that agrees with an

explicit numerical calculation carried out in the next
section.

In summary, we have found agreement between
the prediction of the low energy effective action and
numerical results in the limit of low temperatures where
the U(1) global charge Q = 0 vanishes. We now address
the intermediate region of temperatures where Q # 0
but the system does not yet seem to be in the black
hole phase. First, it is unclear whether the low energy
effective action is still applicable or whether it is appli-
cable but the solutions of of the equations of motions
employed in the previous case are still valid. However, it
seems necessary to impose explicitly the periodicity con-
dition on the solutions f (7 + fyn) = f(7) + B, (B = f'Bpn)
and A(zr + ) = A(r) where f is the radius of compacti-
fication and /3, is the physical temperature. We recall that
numerically this intermediate phase is characterized by a
finite @ which increases approximately linearly with
temperature. Likewise, the gap E, in this region also
increases with temperature in a similar fashion, though
the fitting is not reliable as the region with an exponential
decay of the Green’s function is rather narrow. Tentatively,
we would expect that if this intermediate phase is still
wormholelike the solutions for f and A employed earlier
will still be valid. In that case, the way to proceed is to
determine £ from the minimization of the action [12] and
then write f” as a function of the critical temperature that
can be used to find out the temperature dependence of the
charge of the gap E,. However, following this procedure,
we have not managed to reproduce the numerical results. It
could be other solutions for f exists that may explain this
intermediate phase or simply that the assumptions made to
derive the effective action are no longer applicable in this
region. We postpone a detailed study of these issues
together with the solution of the associated Liouville
quantum mechanical problem and its derivation from a
gravity dual to a future publication [61].

C. Numerical evaluation of £

In order to gain further insight about the low energy
effective action (40), we carry out the numerical evaluation
of the parameter £ by fitting the numerical Green’s function
(36). We restrict ourselves to the wormhole and intermedi-
ate phase as this ansatz will work only for sufficiently low
temperatures.

In the wormhole phase, we have found that, with great
accuracy, £f' &~ —u, which implies that E, defined in the
previous section to characterize the energy gap between the
ground state and first excited state in the cold wormhole
phase has a simple relation with u, E, = Ey —u where
Ey > p only depends on « and J and therefore it is a more
accurate indicator of the wormhole phase. In Fig. 11, we
depict the result of the u dependence of E, that confirm this
simple relation.
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In the intermediate phase, a similar fitting of the Green’s
function to the ansatz mentioned above points to a relation
—Ef' ~b+ cQu with b~ u and ¢ a numerical factor of
order 1. However, due to the relatively narrow window of
parameters, our results are less reliable than those in the
cold wormhole phase, so this expression for & must be
considered more like a conjecture that requires further
verification.

In any case, it seems that, as in the canonical ensemble,
there is a close relation between £ and the charge Q. The
presence of a finite chemical potential and charge will
reduce the gap induced by the coupling of left and right
SYKs but provided that E; (k) is finite and the total gap E,,
does not vanish, which suggests that the wormhole phase
may still exist. In other words, in the intermediate region,
the charge jumps to a finite value and then increases
linearly with temperature, so this renormalization becomes
increasingly important and eventually will destabilize the
wormhole phase for sufficiently large u or higher temper-
ature. However, if the increase of Q is sufficiently small at
the transition, the gap is finite, and the wormhole phase
may survive.

Another path to show the existence of the two transitions
comes from a qualitative estimation of the critical temper-
atures from the effective low energy grand potential. At the
critical temperature, the grand potential of the two phases
must be the same. The black hole high temperature phase is
approximately given by two times (35), and the low
temperature wormhole phase is given by E, In the
intermediate phase, a finite but smaller E, may survive;
Q jumps at the two transitions and becomes linear in
temperature in between. For the intermediate phase to be a
charged wormhole, the zero temperature entropy S(&) must
remain zero. Therefore, for the intermediate phase to be
some kind of charged wormhole, we would suggest that
the critical temperature of the two phase transitions can be
estimated by

|E,| ~4xQEf /T,  4nQEf/T ~2S8(E). (46)

D. Large-g analysis

We conclude this section with a large-g analytical
analysis of the thermodynamic properties of the system
that confirms the existence of the wormhole phase in the
low temperature limit. Regarding the intermediate phase,
we found solutions with a finite charge and a finite gap, at
finite temperature not related to the black hole phase.
However, they are observed in a regime where we cannot
trust some of the assumptions of the calculation. Therefore,
a full analytical characterization of this phase must still be
considered an open problem.

The large-g analysis involves the analytical solution of
the SD equations by proposing solutions based on an
expansion around the free limit ¢ — co keeping only

leading 1/q corrections. There is ample evidence
[12,32,39] that most of the interesting properties of the
SYK model for g = 4 are also present in the large-¢ limit.
For the case of a two-site SYK with Majorana fermions,
related to traversable wormholes, the large-g expansion is
worked out in detail in Ref. [39]. We will adapt this
calculation to our two-site complex fermion SYK model
with a finite chemical potential. For the sake of simplicity,
we will focus on the wormhole region which corresponds to
a specific scaling of g with temperature,  ~ glog g in the
traversable wormhole case [12].

The strategy of the calculation [12] is to find solutions
of the SD equations for small-z < ¢ and large-z > 1
Euclidean time, both in the large-g limit. These solutions
will depend on some unknown parameters that will be fixed
by both imposing boundary conditions and matching the
solutions at a finite z. Let us start with the large-g solution
in the 7 < ¢ limit. Taking into account that we are
interested in the wormhole region, we propose the follow-
ing large-q ansatz:

Gp(r) = G%Leég“ =G}, (1 + égLL + - )

(47)
Grr(7) = G(ZRe%g"R = Gix (1 + égLR + - )
In the free ¢ — oo limit, the solution is given by
Gl(r) = {/j;:ﬂ z Z g (48)
and
Gig = iCe'" (49)

where A, B, and C are constants with A +B =1 and
K = gk, as in the Majorana SYK case, and i = gu. We note
that, since G, (—7) = =G, (B — 7), the above relation also
applies in the 7 — f limit. Moreover, as a consequence of
the equation of motion, G;; = Ggg and G p = —Gp;.
A straightforward calculation shows that g, verifies the
same equations of motion as in the Majorana case [12],

D*gr(r) =2 J2exl90L(0)+910(=7))

aszR(T) = —2‘72[)4_29%(.%1?(T)+9LR(—T>) — gé(f), (50)

with boundary conditions [12],

gr(07) =g, (07) =0,

K

0:91r(07) = 0:g.(07) = -C (51)

and
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911(7) = grr(7) = 0, 70, (52)
with parameters
q 4 C
J*=2J*(AB)!, b=—. 53
2/ AB) vag Y

In the large-¢ limit, we expect b =1, i.e., C = VAB.
Therefore, the solutions of (50) are similar to those of the
Majorana SYK case [12],

2
e%(gLL(T)+gLL(_T>) — @ ,

J?sinh?(a|t| + 7)
2

a

e%(gLR(T)""gLR(—T)) — ,
J*cosh?(alz| +7)

(54)

which implies

a2 eX(T) a2 e)((f)
edLL — , eILr —= s
J?sinh?(a|t| +7) J?cosh?(&|z] + 7)
(55)
where y(—7) = —y(7).

4C ua 7 u . a
— | Fill,l——2-L1 %) -

q {(x 20 —p* 1( 22" "2a ¢ ) 2a+u
4C (12

— +0<—3>,

q T

where we have employed the small-z expansion of 2; ; to
compute v.
The SD equations are simplified in this limit to

(0: =u)Grp +vGry =0, (0, —p)Grg +ivGgg = 0.

(60)
The solutions are given by
GLL (T) = De —(=p)e + Ee™ (v+u)(p-7)
GLR(T) = Fe_(”"‘) Ge (er#) p-t ) (61)

The constants of integrations can be partially fixed by
noticing that in low temperature limit

G, Grg ~ e7e™, (62)

We follow Ref. [12] and assume y = 0 in the wormhole
phase, so

a> a
(

edL — , eILR —=
J?sinh?(alz| +7) J?*cosh?

2

ale[ +7)
(56)

The constant of integrations are partially determined by the
boundary conditions (51) and (52):

a=Jsinhy,  4atanhy = % (57)
It is important to stress that these results assume y(z) = 0
and therefore are only valid in the wormhole low temper-

ature region [39]. We cannot rule out that solutions with

x(7) # 0, that may be related to the intermediate phase,

could exist, but we were unable to find them.

We now study the solutions in the opposite infrared limit
7> 1. In the low temperature region, X, entering in the
SD equations can be approximated [12] by

Zr(7) ~ —ivd(1), (58)

SO

Fil1,1 —2 —
21( +2a +25z’

)

(59)

|
which together with the KMS condition G,,(7) =
Gu(t+p), leadsto D~ F, E~G.
Additional relations are obtained by matching the long
and short 7 expansion. In the ¢ — oo limit, C~ F =~ G,
A~ D, BxE.

Including leading 1/g corrections, A = , B=1-

I\)I'—‘
= |<'>

A=3+%and C= }‘—;‘—;zé ;—2+
Finally, the explicit matching of the short z and long T
expansion yields a=a& and D=E=F=G =3, as

MI—

2,
well as 6 —c = ge P and 6+ ¢ = ge P from
7> 0 and 7 < O regions, respectively. Therefore, we have
o = ge? cosh(fu) and c¢ = ge ™ sinh(Bu), which for
u — 0 agrees with the two-site Majorana SYK case.
Interestingly, the relation between ¢ and ¢ imposes the
restriction ¢ > c.

From the relations (57) and (59), together with a = &
from the matching condition above, we obtain
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FIG. 12. Left: grand potential Q (64) as a function of temperature for g = 56, & = 0.2, 7 = 1 and different ii’s. In the low temperature
limit, Q is constant, in agreement with previous numerical results. Right: the same for a different k = 0.1.

R
2J sinhytanhy = — =&,
J sinhy tanh °C R
q px c
1 =pv= , — = tanh fu. 63
8 pv anh7 _=tanhfu.  (63)

Following closely the procedure of Ref. [12] for
Majorana fermions, we get the grand potential

tanh 7 log =L
pQ = Voloe -4
q tanh y tanh ¥ 2
sinhy o q
-1 —— |l +log——— 64
Ogcoshff) 61( e 02—c2> (64

and also the total charge and the energy gap,
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FIG. 13.

c 2a
p =7 (65)

We study these quantities as a function of temperature for
fixed 1 and k. In the low temperature limit, the results,
depicted in Figs. 12-14, are fully consistent with the
theoretical expectation and previous numerical results for
the wormhole phase. The grand potential € and the gap E,
are finite and temperature independent, and the charge Q
vanishes. The employed approximations are only valid in
this region of very low temperature. For higher temperatures,
we observe that, for a given temperature, there are different
solutions of the equations. Some of these solutions lead to a
finite value of the charge, a sharp drop in the energy gap
and a first order transition in the grand potential. These

0.5 T T T T T

fi=0
i =0.03
/1 =0.06

a(Ey + 1)
o
w

0.01 0.02 0.03 0.04 0.05 0.06 0.07
qT

Left: E, (65) as a function of temperature for ¢ = 56, K = 0.2, 7 = 1 and different /i’s. In agreement with the theoretical

expectation, and previous numerical results, £, is almost constant in the low temperature limit, the effect of 4 is a small shift of the gap,
and the associated critical temperature though the large-g result breaks down close to the transition. Right: the same for ¢ = 0.1.
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FIG. 14. Left: total charge Q (65) as a function of temperature for ¢ = 56, k = 0.2, 7 = 1 and different i = 0, 0.05, 0.1. In the low
temperature region, Q vanishes as is expected in the wormhole phase. Right: the same for & = 0.1.

are features expected in the intermediate phase, which in
principle cannot be related to the black hole phase because
this requires a different scaling of ¢ with temperature [12].
However, we believe that they do not represent physical
solutions that would require for instance a nonvanishing
x(7) partially suppressing the exponential decay of the
Green’s functions related to the sharp drop of the gap in
the intermediate phase. Moreover, according to the numeri-
cal results, the approximation for X; ; in (58) breaks down
already in this range of temperatures. A new ansatz in place
of (58) would modify the effective differential equations in
the 7 > 1 limit, which would lead to further changes in the
Green’s functions. In summary, in the large-q limit, we have
shown analytically the existence of the wormhole phase in
the low temperature limit. Further research is needed to
clarify whether a genuine wormhole phase can exists at
higher temperatures.

V. CONCLUSIONS

We have studied a coupled two-site SYK model with
Dirac fermions. Many of the features of this model are
qualitatively similar to the analogous model with Majorana
fermions. For sufficiently small chemical potential, the
ground state is gapped with a value that decreases with the
chemical potential. It is likely dual to an eternal traversable
with zero charge wormhole despite the presence of a finite
chemical potential. As temperature increases, and for a
small coupling between the two SYKSs, eventually we
observe a first order transition from the wormhole phase
to likely the black hole phase. As the coupling increases,
the first order transition eventually becomes a sharp
CrOSsOver.

As the chemical potential increases, we have found there
is an important qualitative difference with respect to the
Majorana case: we have identified a range of weak
couplings and not too small chemical potentials for which

an intermediate phase, tentatively termed the charged
wormhole phase, occurs. There is still a gap in the spec-
trum though the charge, which was zero in the wormhole
phase, becomes suddenly finite. It is separated from the
black hole phase by a first order transition at higher
temperature. At this second critical temperature, the charge
undergoes an additional abrupt increase. These transitions
become crossovers for sufficiently large chemical potential
or strong coupling between the left and right complex
SYKSs. The thermodynamic features of the model, obtained
from the numerical solution of the SD equations, are in
qualitative agreement with results obtained from a low
energy effective model based on the approximate con-
formal symmetry of the ground state, close to a charged
TFD state. This effective model is a generalized coupled
Schwarzian action with extended SL(2,R) x U(1) sym-
metry that reflects the additional charge degree of freedom.
Finally, we enumerate a few natural extensions of this
work. A detailed study of the gravity dual of this model
could shed additional light on the nature of the intermediate
phase. More specifically, it would be interesting to derive
the low energy effective action and the associated Liouville
quantum mechanical problem starting from the gravity dual
or to extend the novel boundary conditions in AdS, [62],
dual to a single complex SYK, to our coupled complex
SYK model. It would also be worthwhile to compute
transport properties such as the conductivity in order to
further characterize the field theory dual of the wormhole
phase. For that, it would also be necessary to generalize
the model to higher spatial dimensions. That could bring
closer an experimental realization of the physics of the
SYK model and its gravity dual. Other venues for further
research include the extension of these results to super-
symmetric SYK models, nonrandom SYK models, and a
detailed description of the real-time formation of a travers-
able wormhole [18,63].

106023-19



GARCIA-GARCIA, ZHENG, and ZIOGAS

PHYS. REV. D 103, 106023 (2021)

ACKNOWLEDGMENTS

We thank FEtienne Lantagne-Hurtubise, author of
Ref. [54], for illuminating discussions. We acknowledge
financial support from a Shanghai talent program, from the
National Natural Science Foundation of China (NSFC)
(Grant No. 11874259), and from the National Key R&D
Program of China (Project No. 2019YFA0308603). V. Z. is
supported by the China Postdoctoral Science Foundation
(International Postdoctoral Fellowship Program 2018).

Note added.—Recently, the paper [54] was posted in the
arXiv that investigates the same model, though most of the
calculations were focused on the case of zero chemical
potential. As far as we know, the intermediate phase was
not identified in the model we investigate, though a similar
intermediate phase, termed the small black hole phase, was
found in a related model. For related work on this model,
see also the recent papers [64,65].

APPENDIX: PLAUSIBILITY OF THE
ANSATZ fL =fR AND AL =AR

Applying an infinitesimal transformation on f, as
in Ref. [12]

Sf, =€y +e el +e_e i,

Sfr =€y —€,er —e_el/r (A1)
and the transformation for A,
oA, = —i&6f,, (A2)

similar to the one copy, the effective action is invariant, and
the corresponding Noether charge will be

1 1
Qo/N = Qo(fr.AL) + Qo(fr.Ar) + <—,+—,)Ic
fr fr

(A3)
ifL ifr
Q./N =0 (fL.AL) = Q. (fr-Ag) + <e,—e,>lc
fr Ir
(A4)
—ifL —ifr
Q_/N =Q_(fr.AL) = OQ_(fr.Ag) + (e—,—e—/>lc
S IR
(AS)
with
11 112
Qo(f.A) :—as<f/+];—,2—%> (A6)
/! 111 112
0. (f.A) = —ag (—i% +§—,2 —%) (A7)

1/ 1 112
018 =-as (4L L0) iy
FLOFR) \A ety 0t
IC:2AK<W> oL ~fr(w)
x cos(Ar(u) = Ag(u)). (A9)

where Qy, O, and Q_ correspond to variations with €, €.,
and e_, respectively. So, the zero charge condition O, =0
and Q_ = O will be satisfied if f; = f. However, it cannot
give the constraint on the relation between A; and Ay, since
the variation of A, is not independent. And we need to see
whether there is another way to impose the variation to give
the constraint.

Assuming f; = fr, the invariance of the action under
the transformation of f, and A, requires

5y (Ny(e) +iEfu(x))?

a

=2 (AL(2) + iEf (7)) (BN (z) + +iEdf4(z)) = 0

a

(A10)

5cos (AL (7) — Ag(7))

= —sin (AL (7) = Ap(7))8(AL(7) = Ag(r)) = 0. (All)
These two equation would be satisfied if A; = Ay and
6A; = —6Ag = €(t) where ¢(7) is an arbitrary infinitesi-
mal function. We also need to check whether these relations
are consistent with the zero charge condition. As we can see
in the former equation above, the charge given by the
variation 6A; = —6Ax = ¢(z) will be zero trivially, but we
still need to check the charge from Jf.

To check the self-consistency of those relation, now we
impose the variation

SfL = ey +eselt +e_er,
Sfg = €9 — €y elr —e_e™r 5N, = —5Ag = €(1);

(A12)
then, the charge will become

Qy/N = K[(AL = Ag) +i€(fL = fR)]  (Al3)

Qo/N = Qo(fr.AL) + Qo(fr. Ag) + (L/+i,>lc
S Ik
(A14)

ify ifg
O /N =0, (fiAL) = O (Fro Ak) + (e—, _ e—,) e
T
(A15)
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=ifL —ifr
Q_/N =0_(fr.AL) — O_(fr.-Ar) + (e_/_e_/)lc
fro Ik
(A16)
with
11 112
Qo(f. A) = iKE(N +iEf") —as(f’ +F_%>
(A17)

1 11 112
Q. (f.A)=e" [iKS(A’ +iEf') —as <_i%+;_,2_f;_,3>}

(A18)

11 i 112
£ f )}

O_(f.A) =e i/ {iKE(A’ +iEf) - aS(

’7 f/2 _F
(A19)
B FL)fR() N\ et -faw)
Ic =2Ak <w e ’
x cos(Ap(u) — Ag(u)), (A20)

where Q,, Qp, O, and Q_ correspond to variations with
€(7), €9, €4, and e_, respectively. Obviously, 7; = tg, and
A = Ag is satisfied if imposing Q, = O, = Q_ = 0. The
condition Oy = 0 is just a consequence that no additional
matter is considered in our case [12].
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