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We present a construction of xk-deformed complex scalar field theory with the objective of shedding light
on the way discrete symmetries and CPT invariance are affected by the deformation. Our starting point is
the observation that, in order to have an appropriate action of Lorentz symmetries on antiparticle states,
these should be described by four-momenta living on the complement of the portion of the de Sitter group
manifold to which k-deformed particle four-momenta belong. Once the equations of motions are properly
worked out from the deformed action, we obtain that the particle and antiparticle are characterized by
different mass-shell constraints, leading to a subtle form of departure from CPT invariance. The remaining
part of our work is dedicated to a detailed description of the action of deformed Poincaré and discrete

symmetries on the complex field.
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I. INTRODUCTION

It is commonly expected that the usual description of
space-time as a smooth manifold is no longer reliable as we
approach the Planck scale when quantum effects of the
geometry can no longer be neglected. Since the prehistory
of research on quantum gravity, noncommutativity of
space-time has been advocated as a possible way to
effectively model quantum gravitational effects in regimes
of negligible curvature. A widely studied incarnation of this
idea suggests that the scale of noncommutativity should
be seen as an observer-independent length scale [3] and
that, in order to accommodate such a fundamental scale,
ordinary relativistic symmetries should be deformed into
nontrivial Hopf algebras which, in the limit of vanishing
noncommutativity, should reproduce the usual Poincaré
algebra.

The x-Poincaré algebra is an example of such deforma-
tions which has been intensively investigated for almost
30 years. Such algebra was originally derived by

lAccording to Jackiw [1], the idea of noncommuting space-
time coordinates was first suggested by Heisenberg back in the
1930s. He then discussed it with Peierls, who, in turn, told Pauli,
who told Oppenheimer, who asked his student Snyder to work it
out in detail, and, thus, the first paper on noncommutative space-
time was published in 1947 [2].
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contracting the quantum anti—de Sitter algebra [4,5]. It
was brought to its modern form a few years later in
Refs. [6,7], where, in particular, the role of noncommuta-
tive k-Minkowski space-time was discovered and inves-
tigated. The deformation parameter x has dimensions of
mass, and, in light of the possible role of the x-Poincaré
algebra in describing the symmetries of a flat-space-time
limit of quantum gravity, it is usually identified with the
Planck energy. Such a putative relationship with a semi-
classical limit of quantum gravity renders this model
especially relevant for the search of possible experimental
signatures of Planck-scale physics [8,10]. So far, most of
the proposed observational frameworks having sufficient
sensitivity to capture effects of quantum gravity origin
[9,10] were based on purely kinematical models, like, for
example, the well-known case of measuring the time of
flight of gamma-ray-burst photons of different energies
[11,12]. It has, however, been argued that x deformations
may have a subtle, and, in principle, measurable, effect
on elementary particles, linked to the deformation of CPT
symmetry [13]. For these reasons, we believe that devel-
oping a comprehensive theory of deformed quantum fields
will be beneficial for better understanding known phenom-
ena related to x deformation and possibly shed light on
some new ones that might be of phenomenological rel-
evance (besides, of course, its relevance at a purely
theoretical level).

In this series of papers, of which the present one is the
first, we will formulate the theory of a free, complex
k-deformed scalar field. The next paper in the series will
be devoted to free scalar field propagator and n-point
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functions. We will consider next massive higher-spin
fields and then the quantum deformed Abelian gauge
fields. We will discuss interacting fields in the final, fifth
paper of the series.

The present paper has its roots in the work in Ref. [14],
from which we borrow the notation and most of conven-
tions. However, there are important differences. In particu-
lar, the definition of the scalar field is different here. This
change of definition is a consequence of the assumed nice
behavior of the field with respect to the discrete CPT
transformations and leads to one of the major results of this
paper, that the mass-shell relations of particles and anti-
particles differ from each other, although as a manifold
the mass shell in both cases is the same hyperboloid
in momentum space, as anticipated in Refs. [13,15].
Thanks to this new definition of fields, also the creation-
annihilation operator algebra becomes particularly simple.
In the present paper, we also consistently use the star
product formalism instead of the equivalent formalism of
noncommutative space-time used in Ref. [14].

Various aspects of the theory of x-deformed fields were
discussed in the past. Here, we mention papers that
influenced us [16-27] in working on this project, but we
stress that the crucial aspects of the present construction,
like the doubling of momentum space and insistence on the
proper action of discrete symmetries, are new.

II. PRELIMINARIES

As is well known, there are two complementary pictures
of k deformation. One deals with the presence of non-
commutative space-time with Lie-type noncommutativity,
called xk-Minkowski space [6,7], where the commutator of
coordinates ¥ form the an(3) Lie algebra

i, (1)

with the parameter x defining the “strength” of noncom-
mutativity. Another concerns the momentum space picture,
in which the momentum space is curved and is a sub-
manifold of de Sitter space with curvature 1/x* [28,29],
which is constructed as follows.

Let us consider the following five-dimensional matrix
representation of the Lie algebra (1):

/0 0 1 /0 € 0
=_2lo o0 o] zx=-le o el
K K
1 00 -7 0

where bold fonts are used to denote space components of
a 4-vector (with the exception of the central 0, which is a
3 x 3 matrix) and € is a three-dimensional vector with a
single unit entry, e.g., €' = (1,0,0).

Let us now consider an element &, of the Lie group
AN(3), which, as we will see in a moment, represents a
group-valued momentum:

or = eiki}ieikofco_ (3)

In the representation (2), this group element is represented
by a 5x5 matrix which acts on five-dimensional
Minkowski space as a linear transformation. One finds

cosh® 0 sinhk
K K
exp(ikoi®) = 0 1 0 .
sinh’e 0 coshX
K K
Kk k2
1+ 212 K 212
exp(ik i) = k 1 k ,
_k k| _K
212 K 2K2

where 1 is the unit 3 x 3 matrix, and ¢, can be written in
schematic form

ok m
K K K

A P P

=1 1 3 (4)
B _k p
K K K

where pg, p;, and p, are defined below, while p, =
xsinh® — K and p, = kcosh™® K pho/x,

To describe the manifold of the group AN(3), we choose
a point in five-dimensional Minkowski space, which
becomes the momentum space origin O with coordinates
(0, ...,0,k), and act on it with the matrix &, (4), obtaining

(Pos Pis Pa) = &,0.

On the left-hand side, we have coordinates of a point in the
five-dimensional Minkowski space, being in one-to-one
correspondence with the group element ¢;. The coordinates
(po, pi» p4) are related to the original parametrization
(ko, k;) of the group element as follows:

kK,
Polko. K) = ksinh— + —— eko/x,
K 2
pilko, k) = k;efo/x,

ky k?
palko. k) = kcosh—2 — — gko/x, (5)
K K

There is a natural action of the four-dimensional Lorentz
group on the five-dimensional Minkowski space, which
takes the form
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8,00 = A'pi, 0,pi = 4iPos o,ps =0,

8,00 =0,  S,p;=eup' P, ,p4=0

for infinitesimal boosts and rotation parameters 4; and p;.
Since the Lorentzian momenta components p, and p,
transform as a vector, pj — p? is Lorentz invariant and,
as usual, the representations of the Lorentz group, in the
spinless case that we consider here, are labeled by values
of the mass m? and sign of energy p,. Therefore, the
representations of the Poincaré algebra are characterized by
mass-shell condition p3 — p? = m?.

It is easy to check that®

ps> 0. (6)
It follows that the group AN(3) is isomorphic, as a
manifold, to a submanifold of the four-dimensional de
Sitter space. This submanifold is defined by the conditions

-pi+p*+ pi =«

po+ ps=ke/ >0, py=\/K2+pi-p*>0. (7)
On shell, p3 — p* = m?, and the condition (7) takes the

form

po+ Vm? +x*>0. (8)

Observe that this condition does not impose any restrictions
on positive energy states but provides a lower bound on the
negative energy ones: 0 > p, > —vm? + k*. This condi-
tion seemed first to be Lorentz invariance violating [30],
because by acting with the Lorentz boost we can make p,
acquire an arbitrary negative value, but was later shown
to preserve Lorentz symmetry in a nontrivial way [31]. To
understand how it comes about, let us introduce the
antipodal map S(p) defined as

p2 K2

Po+Ps Po+ pa

S(po) = —po +

Kp
Sp - - E)
) Po + P4

— P4,

S(P4) = D4- (9)

Notice that on shell S(w,) = S(y/m?*+p*) is always
negative.

It is worth mentioning in passing that if pj — p*> = m?,
then S(pgy)? — S(p)? = m* and vice versa, so the former
serves as an alternative form of mass-shell relation. As we
will see, both these mass-shell conditions will arise in the
theory of a deformed scalar field.

*There are two solutions of the first equation in (6), but, since
the point O for which p, = 1 belongs to the solution we are
interested in, we choose p, positive.

One checks that this map provides a one-to-one corre-
spondence between the ‘“positive energy” submanifold
po > 0 and the negative energy one, satisfying the con-
straint (8). Indeed, take a positive energy state with energy
po > 0 and momentum p and apply the antipode to it.
We find

2 2
K
> 0.

S(po) + pa = —po +

+ Py =
Po+ P4 Po + P4

We define the action of Lorentz symmetry on negative
energy states by applying it to the corresponding positive
energy one and taking the antipode of the result, sche-
matically:

L>S(p)=S(L>p), po > 0. (10)
With this definition, the orbits of the Lorentz group for both
positive and negative energies belong to the momentum
space. We will describe the Lorentz transformations of the
antipode in Appendix A.

The coordinates p, (5) cover only half of de Sitter
momentum space. It turns out (see below) that, in order
to construct a field with well-defined properties under
discrete space-time symmetries, we have to introduce
another, dual, momentum space defined as an orbit of
AN(3) group emanating from the point O* with coordi-
nates (0, ...,0, —«). These coordinates can be constructed
with the help of a special element 3 [14] that maps
(0,...,0,x) to (0,...,0,—x):

-1 0 O
3= =10 1 0 (11)
0 0 -1
[or &, in Eq. (3) with k; =0, ky = —ink].
We define
& = o3 = et ey, (12)

and acting with this group element on (0, ..., 0, k), instead
of Eq. (5) we get

ky k?
Po* (ko k) = —k sinh—2 — — eko/,

K K
pilko. k) = —k;eko/x,

kK2
pa* (ko k) = —Kcosh?—kﬂekﬂ/" (13)
with
P+ pi = —Kkel/x <0,
pi=—\R+ (P = (0 <0, (14)
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On shell, the condition (14) takes the form

py—Vm?+x*<0 (15)

so that this time it does not impose any restrictions
on negative energy states but provides an upper bound
on the positive energy ones: 0 < pj < Vm? 4 k*. Again,
one solves the apparent problem with Lorentz symmetry
with the help of the antipode, which has the form

*2 2
p K
S(py) =-ro+—5 =55 Pi
0 0 Do+ Py Dot Pa !
Kkp*
S(p*) = — -, S(px) = pi. 16
0= S = (16)

On shell, S(w}) = S(—+/m? + p*?) is always positive.
To formulate the field theory, we must first describe the
algebra of plane waves and differential calculus. We start
with the group elements (also called “noncommutative”
plane waves) &, (3) (associated with the submanifold
po+ps>0) and &; (12) (for the submanifold
Po + p4 < 0). We use the five-dimensional Lorentz covar-
iant differential calculus; see Ref. [14] and references
therein for details. To this end, we introduce the space-

time derivatives 8‘” and an additional derivative in fourth
direction 0, defined by their action on the plane waves:

e = ip,(k)éy, Oaer = i(k — pa(k))2y.
o= ipke  Bad = ile— pi)e.  (17)

Following Ref. [14], we define the Weyl map3 W that
maps group elements (plane waves on noncommutative
k-Minkowski space-time) to ordinary plane waves on
commutative space-time manifold with coordinates x, as

W(er()) = e,(x) (18)
defined by the action of the derivatives
W(,21) (%) = D¢, (x).  W(D,27)(%) = d,el(x)  (19)

with 0, being the standard partial derivative.* The star

product presented here coincides with the one proposed in
[34] and further discussed in Refs. [35-37]. It follows that

*Notice that the choice of Weyl map is not unique (see, for
instance, [16] for a different choice and the discussion in
Ref. [32]) and from this choice depend also the star product
structures. In this paper, we choose to adopt the Weyl map
introduced in Ref. [14], mapping “time-to-the-right” ordered
noncommutative plane waves to standard exponentials of
commutative coordinates, expressed in terms of “embedding”
momenta py(k) (A=0,1,...,4).

An explicit realization of this star product was presented in
Ref. [33].

— Lipxt _ —i(wyt—px
e,(x) = ePn" = e~i(@pi=px),

e;‘,(x) — P — pilwpt=p*x) (20)
with the on-shell relations
wp:\/mz—i—pz, a);;:—\/mz—l—p*z,
pa =V m?* +i2, pi=—-Vm?+ 2 (21)

The Weyl map makes it possible to construct the star
product of two commuting plane waves from the product of
two group elements:

W(ere)) = ey *eqn) = €poq- (22)
In the case of two positive energy plane waves, we have
ere; = eygy (23)

with
(k@ ly=ko+1lp. (k@) =k +e /. (24)

Then, acting with the group element (23) on the reference
vector (0, ...,0,«), we get

1 Pq K
=- +q4) + + :
(P ®q) KPO(‘IO qs) Do+ Pa p0+p4q0
1
(P®q), = ;pi(qo +q4) + qi»
Pq K

1
&) =- + - -
(P Q)4 X P4(flo 44) Do+ pa Pot Pa 90

(25)

Let us use the same construction in the case of the
negative energy plane waves. To this end, we must first
compute the product

3€(pop) = €(po-p)$- (26)
From
W(@ie)) = €} py%eq0) = epag (27)
we find
(" ® 4o = Py(do + 1) + 2L+ &
P®q9)y=-ri(q+q ——+———4.
0 PO ey py
1
(P ®q)= ;pi‘(% +4q4) +q;
1 P'q K
PP®qy=-ri(qo+qs)————=———=9% (28
( )4K4(0 4) PRl (28)
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[To compute this, one starts with Eq. (25), changes the

overall sign, then changes the sign of p replacing it by p*,

and finally changes the sign of q according to Eq. (26).]
Similarly,

*

1 Pq K
P®q)y==-polqy+qy) + + 95
(p® 4= poldy +43) - P4~
* 1 * * *
(pr®gq )i:;pi(QO+Q4)+qw
1 Pq* K
PO q)s==-pilgy+4q - 90
( )4 K 4 - Po+pPs Po+tps’
(29)

Finally, we consider the composition of two negative
energy plane waves (in this case, after moving through the
Q plane wave, we get 32 = 1):

1 PqQ* K
(P ®q)y=-prolay+ ;) + ——— o
0 KO 0 4 p0+p4 p0+p40
(P ®q"); =-pi(gy+q;) +4a;.
1 Pq* K
(P ®q")y=—-rilay+a3) —— -4
P ey py s
(30)

Notice that, remarkably, all the composition laws (25)—(30)
have exactly the same form, so there is no need to
distinguish between them.

Let us finish this section with the definition of an adjoint
of the plane wave. For the noncommutative plane wave ¢;,

its adjoint éz is defined by the condition
el =ejep =1 31
ke = € =L (31)

from which it follows that

k éS(k) (32)

Accordingly, in the star product formalism, we express
these equations as

e xeh = epre, =1, (33)

from which it follows that
el = es(p)- (34)

The analogous expressions for p} coordinates are easy to
obtain.

ITII. ACTION AND FIELD EQUATIONS

Having discussed all the necessary technical tools in the
preceding section, we can now turn to the construction
of the theory of free complex scalar field. As customary
in noncommutative field theories, we define a notion of
integral on noncommutative space-time via the Weyl (or
quantization) map (18). In particular, we set

]ek( )= / d*xW(ex(%)) _A‘* d*xe’P*,  (35)

Fields on k-Minkowski can be defined in terms of a suitable
“noncommutative” (or, for some authors, quantum group)
Fourier transform [14,32,38-41]. In accordance with our
choice of Weyl map, we adopt the noncommutative Fourier
transform introduced in Ref. [14]:

¢m=/)cwmammm (36)
AN(3)

and its inverse

/ (37)

where the measure du(p) is the AN(3) left-invariant
measure

d*p
Pa/x

du(p) = ; (38)

P+>0 & py=+/K*+pi—p*

and the coordinates p are intended as the “embedding”
coordinates p(k) given by Eq. (5). The definition can be
thus extended to fields of commutative coordinates through
Weyl map

$(x) = W(B(3)). (39)

Explicitly,
¢uw:AMww«m¢@wxw. (40)

Notice that the ¢(x) defined by Egs. (39) and (40) depend
on the choice of Weyl map. In the explicit expression (40),
the dependence is encoded in both the measure of inte-
gration, expressed in terms of embedding momenta p
restricted to the AN(3) manifold, and on the Fourier
“coefficients” ¢(p).

From Eqgs. (22) and (35), it follows that the inverse
noncommutative Fourier transform can be expressed as

W) = [ ehoedi) (41)
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and that the noncommutative product extends to a star
product of fields of commutative coordinates

W(P(R)i(2)) = p(x)»y(x). (42)

In particular, we have the following useful identity:

[wpo = [ sowee. @

The star product here coincides with the one defined in
Ref. [34] (generalized to 4D), which can be checked by
calculating that it gives the identical result for the coor-
dinate functions x*. However, it is not clear if the
construction of the integral or twisted trace presented in
that paper coincides with our definition of the integral.

Using the noncommutative Fourier transform and the
star product, we can formulate the action of free fields on
k-Minkowski space-time as a standard integral action in
terms of (properly defined as above) fields of commutative
coordinates. In particular, we define the action to be an
integral of the bilinear Hermitian expression, in fields
and derivatives, obtained with the help of the star product.
The integral satisfies the exchange properties for the plane
waves [14]:

/ d*xehre, = / d*xefxe, (44)
R4 R*
and the most general expression for the Hermitian action is
1
5= [ (@) + 0,0)+(09)
—m*(¢Txp + pxdp’)]. (45)

In order to compute the variation of the action and to derive
field equations, we have to make use of the x integration by
parts, which is described in detail in Appendix B. Writing
S = %(S] + Sz), where

5, = A () % (0,) ~ i xp (46)

and

5, = / Fx(0,0)% (') — mprd. (47)
R4
we find
1
55, =~ / dx(0,50) % 0"p + (0,) x5
2 [R4
— 25 p — mE %5, (48)

which can be rewritten as

o, =5 [ @ =50k - wygteow
+ 9,(T%59) - % (607 %(0,00 = m) ]
+oj(ew ()} (49)
where
0 = (M), = (0.0} +im2), (50)

I = —(IT;); = (=0;(1 4 iA7'9y)) 9", (51)

_mz i
H? = (H4)l = —1 ’:b (52)
and, analogously,
1 X
68, = §A4 d*x0" px(9,6)" + O*5px (9,p)"
— m2PpxdpT — m*opxgp”, (53)

which can be rewritten as

58, = % / dx{=[6¢*(04(0")" = m?)@"] + D4 (5p»T1*)

= [(0,0" — m®)pwop’] + O (TH) %897}, (54)

where
g = (1), = (A% ) +£(ag)2>¢t (55)
M = ~(11), = =+ (] +i0,0)¢".  (56)
+
;
I = (), = +i (0£)2 ¢’ (57)

Therefore, the field equations have the form

(0,00 =m*)p =0, (L") —m*)¢p" =0, (58)
which, as we will see below, lead to two nontrivially related
mass-shell conditions, describing the same orbit of the
Lorentz group on the momentum manifold.

IV. THE COMPLEX SCALAR FIELD

Now we are in position to formulate the theory of the
deformed free complex scalar field. In what follows, we
will use the strategy adopted in Ref. [14] of developing
the noncommutative field theory in terms of fields on
commutative Minkowski space-time equipped with a

106015-6
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noncommutative
[cf. (31)-(34)]

star product. Using the identity

o=iPY g p=iS(P)Y — oiS(P)x 4 p=ipx — |
to define the adjoint of the plane wave

(e—ipx)% _ e—iS(p)x’ (59)
we can write the adjoint field as

#(3) = / du(p(k))F (P)W(e-50)%). (60)

and one can define

#1(x) = W ((8)) = / ()P ()55, (61)

Changing integration variables in the last expression and
using that S(S(p)) = p, we can rewrite it as

#(@) = / du(p) P (S(p))err,  (62)

5
where we used

’;

du(S(p)) = ~5 du(p). (63)
P
as one can easily check.
It follows, by comparing (62) with (40), that the
condition for ¢(x) to be real is®
¢'(p) = xS (p)(S(p)) (64)
or, equivalently,
¢'(S(p) =k Pio(p). (65)

where we considered that S(p., ) = x*p7!. We will discuss
real fields in the forthcoming paper, and here we will
concentrate on the complex fields only.

According to the properties of the momentum space
manifold described in Sec. II [see especially Eq. (7)],
the left-invariant Haar measure on AN(3) can be rewritten
as the ordinary Lebesgue measure on a restricted

°Notice in passing that the ths of Eq. (63) coincides with the
right invariant on AN, as one can check from the multiplication
of two group elements. If we denote the left-invariant measure we
are using as du;(p), one thus has the property that, under
antipode, du; (S(p)) = dug(p). This property is indeed a mani-
festation of the fact that the antipode map on the manifold
corresponds to the inversion on the group elements.

The same result was obtained in Ref. [42] working with the k
parametrization.

five-dimensional momentum space with (the factor 2« here
is included is for dimensional reasons)
du(p) = 2xd’ ps(pg — p* — pi +k)0(p.)0(ps).  (66)

Let us now consider a field on the mass shell defined by m,
that we can write as (A =0,1,...,4)

) = / &5 p2kS(pap™ + K2)6(ps)0(ps)
x 8(p,p" — m?)(p)e™irx. (67)

One way of splitting the 6(p,p" — m?) into “positive and
negative energy”’ solutions is to rewrite it as

2)9(170 —m)
m*)0(=py—m).  (68)

Using this, we can rewrite the field as
P(x) = p1.(x) + p_(x)
= [ p2000ar* + )00 )0(p1)0( 0, - )
X O(po—m)P(p)e'r"
+ [ & p23(pap’ 620000 )00~ )

x 0(=po —m)p(p)e~r™, (69)

S(pupt —m?*) = 6(p,p* —m

+ 5(p/4pM -

where ¢, (x) and ¢_(x) denote the positive and negative
energy components, respectively, of the on-shell field.
Consider the negative energy part ¢_(x). From the proper-
ties of the antipode map

S(p)S(p") = pur".
S(pa) = pa. (70)
that imply also S(p,)S(p?) = pap?, if we change the

integration variables as p — S(p) and use that S(S(p))=p
and Eq. (63), we can rewrite ¢p_(x) as

b_(x) = / B(p)2x8(S(pa)S(p*) + )

0(S(p+))0(S(p4))5(S(p ) (p")—mz)
x 0(=S(po) = m)p(S(p))e

/dspzxa@p +K2)0(p,)0(ps)

x 8(p,p* —m*)0(=S(py) — m)
x S(p)g(S(p))eSw)x, (71)

where we take into account the property
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0(S(p+)) =0(p7') = 0(p.). (72)

Now, notice that (accordingly to the discussion of Sec. II)
if ps>0&p, >0&p,p" = m?,

= S(p)yg < —m & py > m. (73)

The proof is straightforward, since, on the mass shell,

2 a2 2
—po+P —PoPs  —mM" — PPy
S(P)o = ¢ =

74
P+ P+ 74)

and, thus,

S(p)y < —m = —m* — pops < —mp, = —m(py + ps)
= po > m. (75)

The proof that p, > m implies S(p), < —m is also
straightforward. This shows that, for p, >0 and
ps > 0, ie., on the AN(3) submanifold we are interested
|

in [i.e., on that section of the de Sitter hyperboloid selected
by the measure du(p)], the antipode acts indeed as a
bijective map that splits the positive and negative energy
parts of the manifold belonging to the same mass shell, as
argued in Sec. II and in agreement with the observations
reported in Ref. [31]. Since the map is bijective (one to
one), we can then interchange the 8(—S(p), — m) with the
0(po — m) in the integral and rewrite finally ¢_(x) as

bo(x) =k / & p2x8(pap® + K2)0(p+)0(ps)

X 5(pﬂpﬂ — m2)9(p0 — m)S(pi_)&j(S(p))e—iS(p)x.
(76)

If the field is real, condition (65) holds, and we have
obtained the following result: On the AN(3) measure, the
on-shellness condition naturally splits the field into positive
and negative energy components that are conjugate with
each other, with the antipode playing the role of conjuga-
tion for the plane wave, i.e.,

P(x) = /d:“(P)5(P;4P” —m?)0(py —m)[p(p)e™P* + §T(p)e~S(P)]

Sy - . .
_ / AP 5wy, p)e ) 1§ (@, p)eiSapi-Sen)], (77)

20, pa/x

where in the last row py, is “on shell”: p, = Vm? + k>.

For a complex field, it will be convenient to define the antiparticle states, i.e., the ones associated to the negative energy
part of the field, as the ones associated to the dual (starred) copy of momentum space. We first substitute, for ¢_(x),
p — —p = p*, so that [since S(p*) = S(—p) = —S(p)] it becomes

¢-(x) =k / & p*2x8(py pt + K2)0(=p1)0(=p;) x 8(ppt — m*)8(=py — m)[=S(p2)p(=S(p*))]e’S ¥ )

& ~ (Sl .
= [ S S-S0 ). S(p) ) S, (78)

2wy |py/x

where p; = -V m? + k*. Thus, using Eq. (69), we have the expansion

¢(x>=/d3—”

7 —i(wp1—p-X) -3
Y

Since the mass-shell condition

p-p? =’

or S(po)* = S(p)*=m*> (80)
has the standard classical form, we would like to define
the Fourier components of the complex field as close as
possible as the classical expression [43] in terms of creation
and annihilation operators

d3

D S(p2)P(=S(wy), =S(p*))elS@ii=s®)Ix) (79

2|wp|pi/x

& .
$y(x) ~ / 2p ape" (7Y,
@p
&P i
¢_(x) ~ / 5 bpe!(@r=PX), (81)
P

We postulate
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& o
ap = —==——p(wy,p),
P 2wgpafe’
P
by =Kk ——=—5(
P V 2|wp|PZ
where we include an additional factor (p, has to be
considered on shell: p, = /p> + m> + Vi + m?)

E(p) = (1 + |p*|3)_1/2, (83)

that makes the form of the momentum space action, which
we will make use of later, particularly simple.

Finally, we have, for the on-shell complex field and its
adjoint, the expansions

PP (=S(@p). =S(p")).  (82)

d3

V2w,
3% -1/2
d p |:1 + |p | :| b;*ez(S(w »)t=S(p*)x)

V20@p|

37-1/2
d(x) = {1 + \p+| ] ape= (@pi=PX)

dp
V2w,

3 % -1/2
d |:1 -+ |p+| :| / b *ei(w;t—p*x)
V2| P

() + (). (85)

¢’ (x) =

37-1/2
{1 + Ip+] ] / alf)e—i(s(w,,)t—s(pm

Eqﬁ(T

Since w, > 0 and S(w},) > 0, the field (84) is a combina-
tion of posmve energy particle states and negative energy
antiparticle ones, while in Eq. (85) we have the opposite
arrangement, as it should be. This particular definition of
the field and its adjoint, contrary to earlier approaches
where to define the field and its adjoint only one portion
of de Sitter space was used, allows for simple action of
discrete symmetries; see Sec. VI below for the details.
From Eq. (49), one sees that the equations of motion
(EOM) for the field ¢ are indeed the expected ones.
Furthermore, one can get the EOM also for the dp, aI,,

by, and b;* by applying the EOM to the fields in Egs. (84)

= h4) (%) + ¢ (%), (84)  and (85). We get
|
d3P |P+|3 -12 i@ f—
(0,0" —m?)¢p :/ [1 +-3 } (p.r" —mz)ape i(@pt—px) (86)
A/2 » K
B p* |p+|3]"/2 s
+ [ s (S(p),S(p)¥ = )bl S50 (57)
2|w;| |: K3 H p
|p+|3 -12 N T —i(s S
@by - = [ J_[ } (S(S(p)),S(S(p) = m?) e~ r-Sw (88)
/ i { Llp +|3] I/Z(S(p*)ﬂS(p*)ﬂ_mz)bp*ei(wil—l’*x). (89)
V P

Notice that Eq. (86) is equivalent to Eq. (88) because
one can show that S(S(p)),S(S(p))* = p,p", and analo-
gously Eq. (89) is equivalent to Eq. (87) because
S(p*), = =S(p),-

We find that with the definition of the fields (84) and (85)
the particle, characterized by creation (annihilation) oper-
ator @, (ap), has the mass-shell condition p? —m?> = 0,
while the antiparticle characterized by creation (annihila-
tion) operator by (b ) follows the mass-shell condition
S(p)? —m*=0. These mass shells are identical, so that
both the particle and the antiparticle have the same rest

|
mass, and the mass-shell manifold is in both cases the
same, but when we apply a Lorentz boost to a particle and
an antiparticle at rest with the same boost parameter, they
would end up carrying different momenta and energies.
This leads to subtle deformation of CPT symmetry,
discussed in Refs. [13,15].

V. SYMMETRIES OF THE ACTION

Let us now check that the above-defined fields transform
properly under Poincaré and discrete symmetries, rendering
the action (45) invariant.
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A. Poincaré symmetry of the action

In order to check the Poincaré invariance of the complex
scalar field action’ (45), it is convenient to rewrite it in the
momentum space where such invariance can be easily
checked. As for the space-time action, the procedure is
much more involved, and it is reported in Appendix C.

Let us note that, in order to turn the space-time action
(45) to a momentum space one, we cannot use the on-shell
field decomposition (84) and (85), because the resulting
momentum space action would contain the mass-shell
conditions as coefficients, which will make the action
identically equal to zero. Therefore, we use as a starting
point the off-shell field decomposition

d*p .
off ( :/ E(p)a, e i(Por=px)
P = | eay

“

where we include the additional factor (83) to make the
momentum space action as simple as possible. In Eq. (90),
we used the left-invariant measure (38) on the group
manifold AN(3), and we restricted the range of integration
in the first term to the positive energy p, > 0 subspace ™
and to the energy p; < 0 subspace ™ in the second term.
This arrangement is analogous to the introduction of the 6’s
in Eq. (69) but without the mass-shell restriction. The
decomposition (90) can be further simplified observing that
since p* is a dummy variable we can instead use the
variables p = —p* in the second integral, so that we have

oty d*p ( @)3)_1/2
¢ ()_/3+P4/K 1+( K

—i(S(po)t—S(p)X))_ (91)

d4p*

LL L e S, (90)
4

x (apye e~ ipor=px) 1 pT o

The adjoint field has the form

(¢°M)f (x) = /3+ l‘f:;’K (1 " <|p’:|>3)—1/2

x (a}e~/(5(r)i=S(®)x) +b_pe—i(por—pX))‘ (92)

Plugging these expressions to the action integral (45)
after tedious computations, adjusting the free functions,
we obtain the momentum space action in the form

"Reference [34] provides a general abstract proof of Poincaré
invariance of the x-deformed complex scalar field action in two
space-time dimensions; here, we show explicitly that the same
holds in the particular of the theory considered here, in four
dimensions.

z)agap

1 d4p

S = / (Pup" -
5+ PalK
S

2
+ (S(p),S(p)* = m?)bybp. (93)

It is clear from the action in the form (93) above that the mass
shell of the “particle” is p*> = m?, while for the “antiparticle”
it has the form S(p)? = m?, as discussed above.

Moreover, it is straightforward to check its Poincaré
invariance. The translations act on a » and b p s phases; for
the translation parameter &, we have

a, — e*“ra,, b, > e*“Pb,. (94)

Next, the action is clearly rotational invariant, if we
assume that a, and b, are scalar functions of the spacial
momenta p. It therefore remains to check the Lorentz
invariance of the action. But since the action (93) has the
form of the standard undeformed momentum space
action, the transformation properties of the creation and
annihilation “operators” are just the standard ones
a, = U(N)a,U™"(A) = a,,, where Ap is the Lorentz
transformed four-vector p. Indeed,

U(A)SU™'(A)

1
= E/M d*p(p,p* — m*)U(N)apa,U™" (A)

N\»— +
] &4
a—

ﬂ & p(S(p),S(p) — m2)U(N)bsb, U (A)

d(Ap)((Ap),(Ap)! = m?)a} ,an,

+ d*(Ap)(S(Ap),S(Ap)* — m*)b} by,

+

=S

This completes the proof of Poincaré invariance of the
action (93).

VI. DISCRETE SYMMETRIES

There are three discrete symmetries: parity P, time
reversal 7, and charge conjugation C. In each case, we
will first shortly recall their action on the undeformed field
with decomposition

¢(l, X) = e—i(a)],t—ipx) + b;€i<{””t_px) (95)

d*p
dp
V2w,
and then generalize it to the case of the deformed fields (84)
and (85). For parity and time reversal, we have space-time

concepts to guide us, and, therefore, we consider these
two first.
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A. Parity
The parity operator P acts on space coordinates as an
inversion x = (f,x) — x’ = (¢, —x). For the complex sca-
lar quantum field, we define the parity operator as

—i(w,1—px)

Peh(t,x)P~!

—Zw PaPP‘

+ Py P~ el@=P%) = (1, —x),  (96)

and using (95) we see that for the creation or annihilation
operators

Papp—l =a_,. 'Pbp'P_l = b—p’ (97)

Turning to the deformed case, we notice first that the
space-time transformation X — —X leaves the defining
commutator (1) invariant and, therefore, is compatible with
the form of x-Minkowski noncommutativity. Furthermore,
the positive and negative energy fields ¢, )(x) can be
considered separately. For the positive energy part, we can
use exactly the same considerations as in the case of the
undeformed field above. Since

S(pos=P)o = S(Po:P)os S(po-—p); = =S(Po:P)i>

this is also true for the negative energy fields, and, thus, we
can readily define

PayP'=a,. — PbyP'=b,  (9)

and

PayP~' =aly,  PHLP =0T, (99)

B. Time reversal

Next, we consider the time reversal 7, which changes
the time direction x = (¢,x) — x’ = (-1, x) and

Thp(t,x) T = ¢p(~t,x). (100)

It should be remembered that the operator 7 is anti-
Hermitian 77 ! = —i, and we have

¥Here and below, we ignore a possible phase factor that may be
present in the definition.

dp
1/2a)

4 Tb el a)pt—px)T—l

Top(t,x)T~' = | —==Taye~iloy=wx)7-!

p Ta T-1 t(upt ipx)

N

+ Thy T e @=P%) = ¢h(—1,x).  (101)

We find that

Ta, 7' =a_,, Tb,T™'=b_,. (102

Let us now discuss the deformed case. We start by
noticing that as a consequence of anti-Hermiticity of 7 the
defining algebra (1) is again invariant, so that we see that
k-Minkowski space is both parity and time reversal
invariant. Turning to fields, we again see that the classical
reasoning can be verbatim repeated in the case of time
reversal as well, and we end up with

Ta, 7' =a_, TbyT ' =b_,  (103)

and

TayT' =d'y,  THL.T'=0,.

e (104)

C. Charge conjugation

The symmetry that exchanges particles with antiparticles
does not have any space-time counterparts, and since it
changes the charge it is called charge conjugation. The
charge conjugation operator C acting on the field produces
its conjugation

Cp(t,x)C~! = ¢ (2, x) (105)
and, therefore,
Chlex)C = [ —EP_ a1 emiton-ive
A /20),,
+ ChHC el @ P%) = gt (1,x),  (106)
and we have
CapC" = bp. (107)

Let us now consider the deformed field. Take the ¢,
component first:

C¢(+) (l, X)C_l
d3

2o,

37-1/2
|:1_’_|p+| ] CapC Iy —i(w,1— sz) (108)
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On the other hand, we have

3 %
d’p {1

37-1/2
|p+| i(w}t—p*

p'x)

bp*e » ,

x =
\/2|a)j‘,| IS
(109)
so that we can conclude that
CapC‘1 = by (110)

Analogously, for the ¢_y component, we have

C¢(_)(X)C_l
3 37-1/2
=/ dp {1 |p+|] Chl.C1i(S(@p)=5(p*)x)
V2|w3] K3 P
(111)
and
d3p |P |3 2 —i(S(w,)t— X
$l,)(x) = m[u Kg aj e~ 5(@)i=S(®)%)
(112)
so that
Ch).C™" = a,. (113)

It should be stressed that this simple transformation rule
of the field ¢ with respect to charge conjugation is a result
of the use of the second (starred) copy of momentum
space and of the particular arrangement of the components
¢+)(x) and ¢I 1) (x). In particular, the field constructed in

Ref. [14] and many other papers on this topic does not
transform nicely under charge conjugation. It should be
added also that the deformed action of discrete symmetries
P, T, and C leads to the form of the CP7 operator ®
anticipated in Ref. [13], although the action of parity and
time reversal differ from that proposed in Ref. [44].

VII. CONSERVED CHARGES AND SYMPLECTIC
STRUCTURE

In this section, we derive the conserved charges and
symplectic structure associated with our free complex
scalar field theory defined by the action

1 1
S=3 (5145 = [ d4(0)'«(0,0) - m'
1
+5 [ a0 ) — n s

(114)

Both are given in terms of the appropriate boundary
integrals and reflect, respectively, the symmetries of the
theory (charges) and its kinematics (symplectic structure).
Our starting point here will be the variations of the actions
computed above, Egs. (48)—(57). Assuming field equations
in the bulk, these variations are just the boundary terms,
which become conserved charges in the case of field
variations corresponding to symmetries of the action and
Liouville form, for generic variations.

A. Conserved charges

On shell, the variation of the action reduces to the
boundary term, and we define the conserved charges
associated with the field transformation that leaves the
action invariant 8g¢, d5¢" as usual as an integral over the
constant time surface

1 . .
Ps = E/ AT xS5p + S5¢p™*(I17)’

+ Ssp*I1 + (I1) *S50h". (115)
In the case of translational symmetry, for which
S5 = dp = €049, (116)
we find
Pa= %/ dxT\%4 + T2, (117)

where the relevant components of the energy-momentum
tensor are

T\%4 = —0,0x¢p + DppT 11" (118)

and

T504 = = 019 + T %D, " (119)

Now we use the field decomposition (84) and (85) to find
the expression for conserved translational charges P, (117)
in momentum space. After tedious computation, one finds
that the time-dependent terms cancel as they should and the
conserved charges have the form

é(p)zpz} Pa

w,py | K

1 T
Py = —E/d3papapS(wp) {1 -

252
- bpxbg*a}], {] _M} Ps (120)
a)per K
1 £(p)’p’] P4
3,7
—— N AN S Y )
Pl Z/d papaPS(p>l|: wpp+ K
2,2
- bp*b:;*pi {1 _M} &’ (121)
w,p; | K
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Py = —%/d3p(p4 —K){a;ap [1 —5(”7)2"2] P4

®pPy | K
+ 5(17)2[’2 Pa
—bpxbp* [1 -2 = | =2,

o | (122)
pr+

B. Symplectic structure

To compute the symplectic structure of our theory we use
the covariant phase space approach [45—47], which makes
it possible to straightforwardly derive it from the action
preserving all the relevant symmetries. To compute the
symplectic structure, we must return to Egs. (49) and (54).
Defining the Liouville form 0 as a boundary term in the
variation of the action on shell, for generic variation of the
field 8¢, 5¢p" we find

1
0=0,+06,= —EAS Ex(I0%6¢p + 5¢"*(119)7

+ SpxI19 + (119)Tx5¢p). (123)
To find the symplectic form, which will lead to the Poisson
bracket of field coefficients a and b and, in turn, to the
creation and annihilation operator commutators, we have to
compute 60 and express the result using the momentum
space decomposition (84) and (85). We find

: 21,2
50, + 60, = —;/dSpaP A a;[1 —5("“’} P4
w,py | K
£(p)’p*| P4
—E(p)*bl. A by |1 =2 2 (124
( ) P P wpp+ K ( )
which implies the following Poisson brackets:
ok 2 -
{apvaq} = lp41 _g(p)zpzé(p Q), (125)
@DpP+
L -
{bp, by} = zp4 . f(p)zpzé(p q). (126)
@DpP+

VIII. TOWARD QUANTUM THEORY

In this section, we will construct the one-particle states
in quantum field theory. At this stage, we cannot go any
further; in particular, we cannot construct many-particle
states and investigate their properties, because this would
require knowing details of the coproduct properties of
creation and annihilation operators, i.e., how they act on
tensor product of states.

In quantum theory, the Poisson brackets (125) and (126)
become commutators (from now on, we stop distinguishing
p from p*):

n_k_ 2 —
[apv aq] - p4 1 _ é(p)zpz 6([’ q)5 (127)
[oFy
n_ k2 —
[bp’ b‘I] - Pal— g(p)zpz 5(p q) (128)

WpP+

We define the vacuum |0) that satisfies the condition

a,|0) = b,|0) = 0. (129)

Then we define the one-particle and one-antiparticle states

p), = ap|0). (130)

p), = byl0)- (131)
Now we are ready to present the most important result of
this investigations. Consider the state |p), [Eq. (130)]. Its
momentum can be computed by acting with the momentum
operator P; [Eq. (121)] on it. Using the commutational
relation (127), we find
Pilp)a = =S(P)ilP)a- (132)
Analogously, for the one-antiparticle state |p), [Eq. (130)],
using the commutational (128) we get
Pilp)y = pilp)s- (133)
In exactly the same manner, we can use the Hamiltonian
(120) to compute the energy of the one-particle states,
obtaining

Polp)s = =S(@,)Ip)a (134)

and

Polp)y = @, [P),- (135)
Therefore, one-particle and one-antiparticle states belong to
the same mass-shell manifold, since
w2 —pt=m? =S, - S (136)

but p and S(p) are, in general, different points on this
manifold, with a single exception being the case p =
S(p) =0, w, =-S(w,) = m.

Finally, the momentum P, measures, essentially, the
deformed charge of the state

Palp)s = (Vi +m? = x) p),

(137)

and
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Palp), = =(V&* + m* = x)|p),.

Therefore, the one-particle state carries the momentum
—S(p);, while the one-antiparticle state has the momentum
p;- But according to Eq. (113) the latter is the C (and also
CPT) of the former

(138)

Clp), = ChpC™'Cl0) = ChpC™'(0) = ap|0) = [p),. (139)

Therefore, as anticipated in Sec. IV, the charge conjugation
(and CPT) transforms a particle into an antiparticle with
different momentum. This transformation has the remarkable
property that the rest mass of the particle and antiparticle is
the same. The phenomenological consequences of this have
been recently discussed in Refs. [13,15].

IX. SUMMARY AND CONCLUSIONS

We laid down the basic ingredients for the construction
of a complex field theory on xk-Minkowski space covariant
under the action of deformed relativistic symmetries
described by the x-Poincaré algebra. The guiding principle
which we followed in the definition of the field and its
action was the requirement of an appropriate transforma-
tion of the former under the action of discrete symmetries.
The main upshot of our construction is that the four-
momenta of particle and antiparticles states related by
charge conjugation C are not identical and given by
Egs. (132)—(138). After deriving the equations of motions
from the deformed action, we worked the action of
Poincaré symmetries on the field from both a coordinate
and momentum space perspective and then moved onto the
description of the action of discrete symmetries. The last
part of our work was devoted to the analysis of the
symplectic structure of the theory, which allowed us to
derive the conserved charges associated to the deformed
translation symmetries. This also made it possible to write
down the Poisson brackets of the expansion coefficients
of the field which upon quantization become creation
and annihilation operators. With these, we were able to
characterize the energy and momentum of one-particle and
-antiparticle states and write down the action of discrete
symmetries on them which showed that the CPT operator
maps particle states into antiparticle states with a different
momentum. This important result could have nontrivial
phenomenological consequences which might be relevant
for experimental searches of Planck-scale effects [13,15].

There are several open issues that we are going to
address in the future publications. First, it does seem that
the particle state and its associated charge conjugated
antiparticle one have different momenta, and it is not trivial
to define the real scalar field. We will return to it in the
forthcoming publications. The main open issue at the
quantum level concerns the construction of a Fock space
on which the commutators that we derived for creation and

annihilation operators can act, mapping multiparticle states
given by appropriately symmetrized tensor products of one-
particle states consistent with the nontrivial coproduct and
covariant under the action of the x-Poincaré algebra. This is
notoriously a thorny issue which has not yet found a
satisfactory answer [18,21,24,48-50] and which we hope
we will be able to successfully address within the approach
to field theory proposed in this work. The satisfactory
solution of this problem is the major prerequisite for the
construction of the interacting k-deformed quantum field
theory and k-deformed standard model, which is our
ultimate goal in the research project of which the present
paper is the first step.
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APPENDIX A: LORENTZ TRANSFORMATIONS
OF ANTIPODE

The antipodes were defined in Eq. (9) and are given by
the following expressions:

p2 K'2
S(po) = —po + = = Pas
(Po) 0 Po+ P4+ Po+ Pa !
Kp
S(p) =— . S(ps)=p Al
() =-— = S(p)=ps (A1)

The action of Lorentz boost transformation on the antipode
is defined as [Eq. (10)]

L>S(p)=S(L>p), po > 0. (A2)
Let us investigate properties of this transformation in
the case of a infinitesimal Lorentz transformation with
parameter &

5§Pi = &ipos 55190 = ‘fil’i- (A3)

Remembering that p, is Lorentz invariant using Eq. (A2),
we find
2%'pipg P’
po+ps (po+ ps)

) fipi = Z:iS(Pi),

(A4)

5:8(po) = =&'pi +

where we introduce a momentum-dependent infinitesimal
parameter

gr=¢ (AS)
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Thus, the Lorentz transformation of the zero component of
the antipode is an ordinary Lorentz transformation, with
parameter '.

For the spatial component, we have a more complicated
expression:

KDi
(Po+ P4

__KEipo +
Po+ P

= {iS(po) +

5:S(pi) = 7 Ep;

(Pifjpj - ‘fipz)- (A6)

K
(Po + p4)?

The first term here is again the standard Lorentz trans-
formation with parameter (. The second term is an
infinitesimal rotation of S(p;) with the parameter

/)j = kl‘fkpl
so that, finally,

8:8(pi) = &iS(po) + €7*p;S(py)- (A7)
Since under Lorentz boost transformation of momenta the
components of the antipode transform under a combination
of boost and rotation, it is clear that the components of the
antipode satisfy the same mass-shell condition as the
components of the original momenta.

APPENDIX B: INTEGRATION BY PARTS

In this Appendix, we derive the % integration by parts
formula, which is necessary do derive field equations from
the action (45).

The starting point is provided by the coproduct rules
for the «-Poincaré algebra in the classical basis

(po. pi» pa) [14,51]:

1
APi:;Pi®(P0+P4)+1®Pi, (B1)
1
Apy = P ® (Po+ pa) + ZPk(Po +pa)”!
® pi +K(po+ ps)™" ® po, (B2)
1
Apy=-rs® (Po + pa) — ZPk(Po +pa)”!
® pi—Kk(po+ps)~" @ po. (B3)

Notice that the coproduct relations are an immediate
consequence of Eq. (25). The coproducts tell us how the
momentum operators act on star products of two functions.
Since momenta are space-time derivatives py = i0,
and p; = i0;, these equations tell us how derivatives act
on the star products of functions on Minkowski space,
defining in this way the modified Leibniz rules. In the
calculation below, we use the shorthand notation

pr = AL =100y + py =10y + (k + i0,), where the non-
local operator p, is expressed in terms of the corresponding

derivatives as p, = \/x* — 03 + 0?. Equations (B1)—~(B3)
then imply

O0(dpw) = (00 (By) + (AT P)x(Ow)

+i(AT0,0)* (), (B4)
1
Oi(pxy) = p (0ip)x(A y) + ¢px(Oy),  (BS)
1
A (pey) = (A, 0)(8,p). (B6)
Furthermore, defining the adjoint derivative
(0ah)' =040".  A=(u4+) (BT
and using Eq. (9), we have
ol = kA0, O =0, —iAT'D?,
o) =—-0,, Al =x2A7" (B8)

We now use Egs. (B4)-(B6) and (B8) to obtain the
expressions needed for the integration by parts of expres-
sions of the form (0,¢)"*d"y and (0,y)*(9*¢)". With
some algebra, we find

(00) +(0w) = D[Op) wv] = " (D) s (B9)
Similarly,
(D) +(00w) = (5. (00) )2y
— i0;[(A7'0,000) v
=4 (@) ww. (B10)

Notice that, using this convention, Egs. (B9) and (B10) are
still fine substituting ¢* with any other quantity (because
the above derivations do not use in any way the presence
of the 1 over ¢) and, therefore, can be used regardless of the
combination of fields to which they can be applied.

The Hermitian conjugates of Eqgs. (B9) and (B10) take
the form

Q) +(0:¢) = Ol +(9ih)] = 5w +(PP¢)].  (B11)

.
(Oow) * (Do) = O [w" * (kAT D)) +i0] [y * (AT 0,00

—A%[w*(@%d))]- (BI12)
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Finally, we will also need the following identity:

m2p oy = — <£ —
K

0y . i0
= == (Pl wy) == (P wy)

1) (2 xy) + 25 (2 xy)

+ 55 (gt ay) (B13)

and its Hermitian conjugate

2,1 i, o s 03,
mw*¢:+7(mw*¢)+7(myﬂ*¢)

)

™ (B14)

For the opposite ordering, we have instead

O)*(0:)" = k0i(w*[A7'(9,9)"]) —y* (%)’
(B15)

(Dow ) * (D)™ = Oy (wx[kAT (Doh)])
— i0;(wx[A7'9;(00)"]) — [y*(950)]

+ (% 9y + i%) wx(5¢)'].  (B16)

APPENDIX C: POINCARE SYMMETRY OF THE
ACTION—SPACE-TIME APPROACH

We want to discuss the invariance of the action (45)
under x-Poincaré transformations. As a first step, let us
notice that it is equivalent to

1
§=-3 A dXT%0,00p + px (0,0 ¢)’

2 wp + ). (c1)
This is easy to see using Eqgs. (B15) and (B16) for integrating
by parts the second term, and Eqgs. (B11) and (B12) for the
first term, in the action (45), since the Lagrangians are the
same up to a total divergence. Let us consider infinitesimal
transformations. The basic assumption is that a scalar field
transforms as

0=¢'(x) = ¢(x) = [¢(x') — p(x)] + [p(x') — P(x)]
~6¢(x) + dp(x), (C2)

where d is the differential operator corresponding to
k-Poincaré transformations. In order to show the invariance
of the Lagrangian appearing in Eq. (C1), it is enough to
prove that

L[¢' ()] = Llp(x)] = 6L[p(x)] + dL[p(x)] =0, (C3)

where 8L is the functional variation L[¢ + 6¢] — L[¢p].

The invariance of the Lagrangian is ensured if the
differential satisfies the Leibniz rule with respect to the
* product,

d(p(x)xy(x)) = (dp(x))xy(x) + p(x)*dy(x), (C4)
which is a standard requirement for the definition of a
differential calculus. Two different prescriptions have been
proposed in the literature [14,17,52,53]. We adopt here the
one proposed in Ref. [14] that is based on a differential
calculus that satisfies the “bicovariance” property [54].
In this case, the differential d, generating infinitesimal
k-Poincaré transformations in x-Minkowski space-time,
takes the form

d=i(6"Py+ &L, )>, (C5)

where P, and L, are, respectively, the k-Poincaré trans-
lation and Lorentz generators (in classical basis). These
are defined through their action on noncommutative plane

_ . A _ ia A
waves as Py =-i0, and L, =—35%,0, respec-

K
PotPy’
tively. It can be proved, however (see [14]), that the action
of the Lorentz generator on the field, through the Weyl

map (18), reduces to the standard action

K

1
L;w[>¢(x) = W_I(Luv>¢(5c)) - _Ex[ﬂ*al/] m¢(x)

i
= —Exway]d)(x). (C6)
The parameters é* and @** must obey commutation
relations with # so that d satisfies the Leibniz rule in

Minkowski space-time

ARy () = dp(R)w (%) + P(R)dw(3).  (CT)
The commutation properties of &4 and @** are reported in
Appendix D, and the corresponding relations (D3) and
(D4) between the images of the parameters under Weyl map
and the associate x product lead to

p(x)xe' = ePK3(0)*(x) (C8)

and

P(xX)*" = Qps(0)" xp(x). (€9)
where the matrices K and Q are also defined in
Appendix D.

Two additional properties of the transformation param-
eters (see [14]) are that
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aAé‘B = 6A60/w =0 (CIO)

and that

(d)" = dgs". (C11)

We can now write the image of d under the Weyl map as

dep(x) = e*x 0, p(x) + %a)"”*x[ﬂay]qb(x). (C12)

Using relations (C8) and (C9), the Lorentz action (C6),
and relations (B4)—(B6) and (B8), one can prove that the
Leibniz rule (C4) is satisfied.

We can now prove the invariance of the Lagrangian for
Eq. (C1). Considering that from Eq. (C2) 6¢(x) = —d¢p(x),
the functional variation of the Lagrangian gives
SL[¢p(x)] =

—(dp(x))"%0,0p(x) = §' (x)*0,, 0" debx)

*(0,04(x))" = p(x)*(0,0"dp(x))"

()" *p(x) + ¢ (x) *dgp(x)]

()% (x) + () > (dep(x))"].
(C13)

)
(x))
m=[(dep
m=[(dep

Given that the action (C6) of L, is the same as the standard
one, and (C10), it is straightforward to prove that
[0#0,,d] = 0. Indeed, the only part of d on which the
derivatives act is the standard Lorentz term o x,d,, so that
the derivation is the same as in the standard case:

|

1
0,0tdp(x) = € %0,0,0"p(x) + Ea)/’”*aﬂa"xv,aﬁ]qﬁ(x)

— And, D, P(x) + %wp"*x[pagﬁ”@”(ﬁ(x)
+ a)/’”*ah,,ﬁﬁ]qﬁ(x)

= d0,0"p(x). (C14)

Then, using the properties (C11) and (C4), it follows
immediately that 5L[¢(x)] = —dL[p(x)]. We show as an

example the derivation for the second row of Eq. (C13).
Using the result (C14), we rewrite it first as

—(dep(x))*(0,0"$(x))" = p(x)*(d0, *¢p(x))".

We now use properties (C11) and (C4) to rewrite it as

= (dp(x))*(9,0"p(x))" = (x)%d(0,0"$(x))"
= —d[p(x)*(0,0"¢(x))"].

We have thus shown under which hypotheses the action
is x-Poincaré invariant. To conclude, let us discuss briefly
what the condition (C2) implies for the transformation of
the field. If we consider the Fourier transform of the field
generically as

d(x) = '« / dﬂ(p)cfﬁ(p)aAe‘i”'x+%w””* / du(p)p(p)xy,0, e~ ™

. , . 9
= —ie’* / dﬂ(p)rﬁ(p)pAe‘”""—%w"”* / dp(p)p(p)py o7

—/dﬂ(p) (—ipArib(p)eA +%Pw a

The field variation 6¢p = —d¢ implies that formally we can state

~ ~ 1 0
() = (ie*pad(p) = 307,

The last relation is very similar to its classical analog, which is given by9

N o § i d
(A a)p(p)U(A. a) = N DPG(A p) ~ p(p) + ie* pd(p) — %w"”p[,,

°We are here using notations such that for a finite Poincaré transformation ¢'(x') = U~

—dep(x).

d(x) + 6¢p(x) + dp(x), so that U™ (A, a)p(x)U(A, a) ~ 5¢p(x) =

) = / du(p)(p)eiv™. (C15)
then
apu] ~(p)a)ﬂy> *e I,
57 )) x. (C16)
57 ). (C17)

YA, a)p(Ax + a)U(A, a) =
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APPENDIX D: PROPERTIES OF THE
NONCOMMUTATIVE PARAMETERS ¢4 AND o

The properties of the noncommutative parameters are
derived in Ref. [14]. For the translation parameter, they
amount to

[, 4] = (x1)4 8%,

where
/0 0T 1 /0 nl 0
~ I N
XO = —; 0 03><3 0 R X :; n 03)(3 n|,
1 0" o0 0 -nT 0

where n is a unit vector in standard basis. In terms of plane
waves, they satisfy the relation

eeter! = ePKy(p(k)), (D1)
with
P _ T
1 Pat PotDa4 Poim p Po
K(p) =~ —Pp k13,3 P |
: p’ T
— _Kk
Po = 55vpa PotD4 p P4
p’ T p’
1 2 PotPa p —Po+ PotP4
-1 — K K
K= (p) = K potps P Ky potps P
—Po -p’ P4

Notice that X* and K (p(k)) matrices coincide, respectively,
with the 5D representations of * and ¢, given in Egs. (2)
and (4), in agreement with the fact that é&* form a
representation of x-Minkowski algebra. For the Lorentz
parameter, the commutation properties are given by

eparvet = o Qhe(p(k)), (D2)
with
Q%(P) = [/;TZ](P)

and

K __ _ P
T(p) — ( 2 PotP4 1 2 PotPa ) )
0 1

Using the (inverse) Weyl map (22) with Egs. (D1) and
(D2), we obtain the corresponding properties for the x
product between the parameters and the plane waves:

e, xe* = Kj(p)ebxe,,
eA*ep = (K‘l)g(p)ep*eB (D3)
and

e, " = Qo (p)axe,,

w'xe, = (Q_l)%(p)ep*a)/’”. (D4)
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