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No-boundary wave function, Wheeler-DeWitt equation, and path integral
analysis of the bouncing quantum cosmology
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Bouncing models are alternatives to inflationary cosmology that replace the initial big bang singularity
by a “bouncing” phase. A deeper understanding of the initial conditions of the universe, in these scenarios,
requires knowledge of quantum aspects of bouncing models. In this work, we propose two classes of
bouncing models that can be studied with great analytical ease and hence, provide a test bed for
investigating more profound problems in quantum cosmology of bouncing universes. Our model’s two key
ingredients enable us to do straightforward analytical calculations: (i) a convenient parametrization of the
minisuperspace of FRLW spacetimes and (ii) two distinct choices of the effective perfect fluids that source
the background geometry of the bouncing universe. We study the quantum cosmology of these models
using both the Wheeler-de Witt equations and the path integral approach. In particular, we found a
bouncing model analogue of the no-boundary wave function and presented a Lorentzian path integral

representation for the same. We also discuss the introduction of real scalar perturbations.
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I. INTRODUCTION

The inflationary scenario gives rise to significant
improvements to the Standard Big-Bang cosmology
(SBCO)[1-5]. Inflation is credited for solving several issues
of SBC that include the horizon and flatness problems. The
causal mechanism of structure formation that the theory of
inflation offers has made it a proper science of precise and
observationally verifiable predictions. Despite these desir-
able features, inflation is not devoid of serious conceptual
challenges. For instance, if we consider the scalar field
inflation in the context of Einstein gravity, it can be shown
that there is an inevitable singularity before the onset of
inflation [6,7]. Another challenge to the inflationary models
is the trans-Planckian issue[8,9]. The term refers to the fact
that if the universe expanded slightly over 65 e-folds during
inflation, that is a little more than what is required to
resolve certain issues of SBC, then one can show that the
fluctuations which are within the Hubble radius today were
originally at sub-Planckian length scales during the onset of
inflation. The trans-Planckian problem challenges the
validity of “quantum field theory in classical spacetime”
approximation, which is at the heart of analysis of
perturbations in inflationary models. Deficiencies of the
inflationary paradigm, such as these, have inspired the
investigation of several viable alternative models for
the early Universe.
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“Bouncing cosmology” refers to a broad class of
cosmological models characterized by a bounce, i.e., a
smooth transition from a contracting to expanding
phase. Bouncing models aim to resolve the fundamental
problems of SBC without invoking inflation. For instance,
by construction, bouncing cosmologies resolve the singu-
larity problem as it replaces the singularity by a bounce.
Bouncing models also avoids the trans-Planckian problem,
since, in the bouncing scenario, a given length scale of
fluctuation contracts to a nonzero minimum, thereby,
assuring that all wavelengths of relevance to cosmology
today have initially been far greater than the Planck length
during the bounce. Nevertheless, bouncing models resolve
the horizon problem, since, in a typical bouncing scenario,
the sub-Hubble wavelengths of the seed fluctuation modes
exit the Hubble radius and then reenter at a later time to
emerge as a scale of current cosmological interest, just as in
inflation (see, for instance, [10—12]). It is worth mentioning
that there are challenges in bouncing models as well. For a
recent review of progress and problems in bouncing
models, the reader may consult [13].

Our aim, in this work, is to explore the quantum
gravitational aspects of bouncing scenarios. There are,
however, several models of bouncing cosmologies and,
most of them are conceptually disparate [14]. To see this,
recall that the inevitable singularity that arises in homo-
geneous and isotropic cosmologies in Einstein gravity is a
consequence of Hawking-Penrose singularity theorems.
Hence, the several ways of realizing a bounce can be
viewed as essentially corresponding to the several ways of
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bypassing Hawking-Penrose singularity theorems’ assump-
tions. In order to realize a bouncing scenario, therefore, one
might resort to any of the diverse models of unconventional
physics which may include, among other things, concepts
from modified gravity theories[11,15-17], modified matter
[18-21], asymptotically safe gravity [22], string and string-
inspired theories [23-25] and loop quantum cosmology
[26-29]. Consequently, it is not easy to study the entire
family of bouncing cosmologies in a single framework.
Here, we adopt a simple phenomenological approach,
which we can use to study a range of bouncing models
of interest to theoretical cosmology.

Our starting point is the minisuperspace of homogeneous
and isotropic spacetimes, supplemented by an effective
potential U (a) that determines the classical dynamics of
“a,” the scale factor. The functional form of Ug(a) is such
that the scale factor’s classical dynamics gives rise to a
bouncing scenario. We introduce this effective potential
as a proxy for any of the unconventional physics that
can accomplish a bounce. An obvious advantage of this
approach is that we do not have to directly subscribe to any
particular bouncing model. It turns out that for several
models a suitable U.(a) may be chosen to capture its
relevant features effectively. Our strategy then is to apply
principles of quantum cosmology to study the quantum
aspects of our model.

The paper’s structure is as follows: In Sec. II, we briefly
review the minisuperspace model of cosmology and intro-
duce a convenient parametrization of the metric. In Sec. 111,
we introduce two classes of perfect fluid densities that give
rise to a wide range of bouncing cosmologies. We chose
specific forms for these densities such that they generate
effective potentials which, when rewritten in terms of a
suitable variable, transform into either a linear or a
quadratic form. Quantum aspects of these models are then
analyzed in Sec. IV using the Wheeler-de Witt equation and
a recent approach to quantum cosmology, for instance,
prescribed in [30-32]. Followed by that, we introduce a
massive scalar field conformally coupled to the background
spacetime in Sec. V. We conclude with the summary and
discussion of our results in Sec. VI. (We shall henceforth
work in units with ¢ = A = 1, unless otherwise specified.)

I1. MINISUPERSPACE MODEL OF COSMOLOGY:
THE GENERAL SETUP

We consider the minisuperspace of homogeneous
and isotopic FRLW spacetimes with flat spatial sections.
A convenient parametrization for this class of metrics is
given by,

N?2(1)
q(t)?

where p and b are both real numbers and are arbitrary at
this point. We shall, however, fix the values of p and b later,

ds* = —

dr* + q(1)|dx

2 (1)

based on the necessity to have a quadratic action. As we
shall see shortly, the analysis we hope to pursue here
greatly simplifies when the action is a quadratic functional.
Notice that the scale factor is given by a(t) = q(1)"/%.
Moreover, the time coordinate ¢, introduced above, is
neither the cosmic time 7, nor the conformal time 7. The
time coordinate ¢ is related to the cosmic time 7 and the
conformal time # through the following relations,

N (1)dt

N(r)dr B
n=gowor @

q(t)P/?’

If we assume that the function A is a constant, then it is
evident that as the parameters p and b take values such that
p + b =0and p = 0, then the time coordinate ¢ reduces to
n and 7, respectively.

For the metric ansatz presented in Eq. (1), the Einstein-
Hilbert action takes the following form,

SEH = /d4x\/—_gR
3b e[ 1 _
v, (7) [ara+= [W (p+2b-2)

d(1 .\ 2.,
+2E<NQQ)—NCI} (3)

where, the overdot denotes derivative with respect to ¢
and Vj is the spatial volume.! However, unless the action
functional is quadratic in the dynamical variable ¢(¢), it is
difficult to employ the path-integral techniques. Thus, we
demand that the parameter p and b are constrained by the
following relation: 36 + p = 4. This constraint means that
the two independent parameters p and b in Eq. (1) boils
down to a single parameter, which we choose to be b.
After imposing the constraint 3b 4 p = 4, the Einstein-
Hilbert action Sgy, together with the Gibbons-Hawking-
York boundary term for a non-null boundary, acquires the
following form:

1 1
SEH = —/ dx4,/—gR — —/ d3y\/EK
2k Boundary

K
e[ (=zw) oo (%)
== [dt|-== )¢ +3bVs| =
2k 2N N Boundary
1
——/ &ByvVhK
K JBoundary

T

'For a noncompact and flat FRLW universe, the spatial volume
V5 is infinite. We can, however, circumvent potential issues
arising out of infinite V3 by assuming that the spatial slices are
locally flat but, globally compact, like a torus [33,34]. The spacial
volume V3, in such cases, is finite.
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where, we have defined an “effective mass” M =
{(3b%)/(2x)} with k = 82G. Note that, in the second line
of the above equation, the extrinsic curvature terms
evaluated on the ¢ = constant boundary hypersurfaces
exactly cancels the total derivative term, thereby, reducing
Sgy to the final expression. The parametrization of FRLW
metric we presented in Eq. (1) contains several scenarios
that have appeared in earlier works in the literature. These
include the choice b = 1, which has been used to study de
Sitter cosmology in [35] and more recently in [32] to
describe the Lorentzian path integral approach to quantum
cosmology. Additionally, for b =4/3, the above para-
metrization has also appeared in [36] to rewrite the
minisuperspace Lagrangian into a quadratic form.
Finally, b = 2 corresponds to the standard representation
of the metric in terms of the conformal time coordinate.

We have already described the Einstein-Hilbert part of
the gravitational action, along with the Gibbons-Hawking-
York boundary term, for the parametrization of the line
element presented in Eq. (1). We shall now introduce the
matter sector into the picture. The most straightforward
inclusion corresponds to the addition of a perfect fluid, with
energy density p.; and pressure p.g o pesr, for which the
complete action describing gravity plus perfect fluid system
is given by [37],

1 1
Sperfect = 2—/ d*x\/=gR — —/ &ByvVhK
K K .JBoundary

- / d4x\/__g,0eff(51)
_v, / d{ - (‘”’) +NUeff(q)}, (5)

where, we have used Eq. (4) and have defined the effective
potential U as,”

Ueit(7) = =4 pege(q). (6)

As evident from Eq. (5), the Lagrangian resembles that of a
point particle, with generalized coordinate ¢, moving in the
effective potential U (q).

Another possible addition to our “gravity-perfect fluid
system” is a nonminimally coupled scalar field of mass m,
such that, the total action takes the following form,

2Although we have restricted ourselves to flat FRLW models,
one can easily extend our analysis to closed as well as open
FRLW cosmologies. In fact, one could imagine that U.q(q)
contains a contribution of the form —kg~>*?" o \/=g% (where
k = 0,=£1 for flat, closed/open spatial slices), to account for the
nonzero spatial curvature.

1 1

Sconformal = _/ dx _gR __/ dSy\/EK
2K K .JBoundary
- / d*x/=gper(q)

1
+ [ |- 50000~ vie) -

— 2 R¢?|,
SR

(7)

where, £ = 0 corresponds to the minimally coupled scalar
field and £ = (1/6) will yield the conformally coupled
scalar field. Using the Fourier transform for the scalar field
¢ and using the fact that the scalar field is real, the scalar
field action takes the following form,

¢

1
Sscalar = / d*x |:_ _gﬂyaﬂg’)aud) - V(¢) - §R¢2:|

/ [k e

3p?
5 q2h (|k|* + m*q )|¢k|2+wq2|¢k|2
3bE 1 dqzdlqﬁklz}

2 2N dt  dt
_3b¢ &k d )
/ /(2 3dt<2/\/|¢"| dt) ®)

Redefining, the scalar field as, ¢ = /V3¢ ¢y, the above
action can be expressed as,

Pk 1 L
Sscalar = Va/df/w [Wq2+26|¢k|2

¢ +3b¢ . dq* d|dy|?

4/\/ dr  dt
( b2§/2)+6bc§ 2¢ 5 5
N ¢*| |

N @23 4 mg >|¢k|ﬂ

3b§V3 / /(f"g Z<2N|¢k|2 2) 9)

Note that, if we wish to remove the second term in the
matter action presented above then, the constant ¢ must be
chosen such that ¢ = —3b¢. In that case, the coefficient
of the third term in the right-hand side of Eq. (9) yields
(b*/2)(—18&% + 3¢), which vanish iff & = 0 or & = (1/6).
Therefore, for conformally coupled scalar field, Sy
simplifies considerably and reduces to the following form,

N
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d
Sconformal = V3 / dt|: 2N < q) +NUeff(q):|

&’k d
vy fan [ 88 (e

3
+V3/ dk {MZ(N—) dq’)k

SALCE L) |¢k|2] (10)

where, the functions u(q), wy(q) and Sy are defined as,

w(g) =q*"  wi(q) = ¢?HK> + m*qP);

b ,, dg*
Sy = —- |2 —. 11
=~ (1)

Thus, the action for the scalar field ¢, as presented
above, is also quadratic and each of the Fourier modes ¢y,
depicts a harmonic oscillator with a time-dependent mass
#(g) and a time-dependent frequency w; (q). Therefore, the
equation of motion obtained by varying ¢y is given by:

d d¢k o
T <ﬂ( ) dT) + (@) =0 (12)
where, dT = Ndt. Furthermore, the momentum

conjugate to ¢ and (;bk are, respectively, given by 7, =
—(M/N')(dg/dt) and m; = (u(q)/2)(dgy/dt). We shall
now determine the Wheeler-DeWitt equation from the
action functional. To this end, we first determine the
Hamiltonian constraint, obtained by varying the action
Sconformal With respect to the lapse function N and then
setting A/ = 1. This yields:

MV, (dg\?
—23<d?) = V3Ue(q)
&Pk [ulq) (dO\? | u(@)wi(q)
+V3/(27z)3{2 (dt)+ Qi| =0.
(13)
where, we have defined:
\/iRe[qzk}; kz 20
= 14
Ok {\/Elm[(;ﬁk]; k. < 0. 14

Expressing ¢ and Qy, in terms of the conjugate momentum
m, and m, followed by promoting them to appropriate
operators, namely, 7, = —iaq and m = —id,, (for ease
of notation and since further confusion is unlikely to arise,
we have henceforth renamed Q; as ¢), we obtain the
following Wheeler-DeWitt equation,

1 o? &k 1 0?
{ZMV g~ Ve @+ Vs [ oo {_W@%
+’%¢,§] }w, (h}) =0, (15)

where, ¥(q, {¢}) is the wave function of the universe
describing the evolution of the scale factor (through ¢(t))
and also the evolution of the matter field ¢, in a coherent
manner.

The first two terms of Eq. (15), which account for the
purely gravitational part, governs the leading order quan-
tum dynamics of the system considered here. We shall treat
the scalar field ¢b;, as a test field at the quantum level. As is
evident from Eq. (15), the dynamics of the gravity sector
is determined by the effective potential U, which in turn
is determined by the effective energy density p.s of the
perfect fluid system. In the next section, we will consider a
family of perfect fluid models that can accomplish the
bouncing scenario in the classical regime. Following that,
we will discuss the associated quantum scenario.

III. EFFECTIVE MATTER CONTENT OF
BOUNCING MODELS: GENERAL ANALYSIS

In the previous section, we discussed the general aspects
of minisuperspace model of cosmology consisting of a
single dynamical variable g(¢). The ansatz for the space-
time metric was chosen such that the gravitational part of
the action reduces to a quadratic functional of the dynami-
cal variable ¢(¢). We also considered the introduction of a
nonminimally coupled scalar field as well as a perfect fluid
with energy density p.;. Therein, we saw that the variable
frequencies of the harmonic oscillator modes of the scalar
field are functionals of g alone, if and only if, the coupling
i1s either minimal or conformal. In this section, we will
discuss the possible forms of the energy density p.g, which
can retain the quadratic nature of the action presented
in Eq. (10).

We start by considering an effective energy density pes
of the following form,

€1 2 <3

pett(@) = po [ﬁ*’ﬁ*‘ﬁ} (16)
where, p, is some energy density scale, (¢, ¢, ¢3) are real
constants, while (ny,n,,n3) are positive numbers, not
necessarily integers. Recall that the scale factor is related
to q(t) via a(t) = q(t)"?/>. Hence, the effective energy
density Ugy(g) that appears in the action presented in
Eq. (10), takes the following form,

Ueit(9) = —¢**2pere (”'?)
— poler gt cygPh2 e 4 oy ghm2-m),

(17)
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In order to facilitate explicit evaluation of the path integral
over ¢, we shall now choose the powers n;, n, and nj
judiciously. Let us start by setting the power of ¢ in the term
involving c;, in the last line of Eq. (17), to be such that
3b—2—(b/2)n; = 0. This yields,

4 2(3b - 2)
- : S A 1
b 6—n;’ " b (18)

Substituting the expression for b, presented above, in
Eq. (17), the effective potential due to the matter field
becomes

2(ny—ny)

Uett = —po |:Cl + g

2(ny—n3)
tesg | (19)

Setting the power of ¢ in the term involving ¢, to identity
and the power of ¢ in the term involving c; to be quadratic,
we obtain the powers n, and n; as a function of n; as,

Uer = —polc1 + c2q + ¢3¢°];
ny =2n; —6. (20)

On the other hand, we could have also taken n, to be
fundamental and have expressed the powers n; and ns in
terms of n,, which yield, b =6/(6—-n,) and n; =
(2/3)(ny + 3) as well as n3 = (2/3)(2n, — 3). Similarly,
choosing 75 to be fundamental, one can express n; and n,
in terms of it: b =8/(6 —n3), n; = (1/2)(n3 +6), and
ny, = (3/2){1 + (n3/2)}. Alist of such convenient choices
of the parameter b and the corresponding constraints
among (n,n,,n3) is given in Table I. We conclude that,
for the choice of parameters, as given in Table I, the action
becomes quadratic in the variable ¢(7) and thus path
integral can be explicitly computed.

So far, our analysis has been fairly general. In what
follows, we will be focussing on scenarios that give rise to
bounce, by choosing the energy density p.;; appropriately.
A generic bouncing scenario may be thought of as being
sourced by two species of matter fields; one of them
satisfying the energy condition, while the other violating
the same. Moreover, the latter is the factor that enables the
bounce. A possible form of p(a), that can realize a

TABLE I. The table shows the choices of the parameter b and
the corresponding constraints among the parameters (ny, n,, n3),
which may be implemented to reduce the effective potential to the
simple quadratic form U.y(q) = —po(ca + c2q + c3¢?).

b Constraint 1 Constraint 2
6—4n] HZI%(nI—Z) l’l3:27l1—6
6—6nz ny =3 (ny +3) ny =3(2n, - 3)
6_8;13 n]:%(n3+6) n2:%(1+%3)

classical bouncing scenario, consists of components of both
positive as well as negative energy densities which, in a
generic situation, takes the following form:

Pr P

a" g’ (21)

peti(a) =

n

where p,7 and pj, as positive real numbers. Note that the
negative energy density terms could either be arising from
an exotic matter field (as, for instance, in [20,21,38]) or
emerging from the corrections to the Einstein-Hilbert
action introduced by a UV-complete quantum gravity
theory (as, for instance, in [15]). We would like to
emphasize that we shall not concern ourself with the origin
of the effective density p.(a) here. We take the point of
view that an appropriate p.s(a) effectively captures most of
the essential aspects relevant to the bouncing cosmology
and, hence, we focus only on its repercussions to quantum
cosmology.

A reasonable scenario corresponds to the case where the
dominant contribution to the effective energy density near
the bounce is from only two components, namely, (1) a
certain type of “normal matter,” with density scaling as
a " and (2) a certain type of “phantom matter” with
density scaling as a~"-. Motivated by this, we shall
henceforth consider effective densities of the form,

P, P
Pei(a) = === (22)

av  a'-’

with n_ > n_. As we have already pointed out, for
convenient evaluation of path integrals, it is desirable to
choose the values of n, and n_ such that the action of the
gravity-fluid system Spegec [V, g] is a quadratic functional
of g. In light of our analysis leading to Eq. (20) and Table I,
the powers n, and n_ may be chosen such that, we have the
following two classes of effective energy densities:

I 1 1 6
ng)f(a) =Po <—n - —<6+2,,)) ; p@0 = g , (23)
a a 3

m, \ 1 1 8 4
Pett (@) = Po (E - ﬁ) ; pM = PR gb(l)’
(24)

where, n and p, are real constants and, we have scaled
the scale factor such that the bounce happens at a = 1.
The necessary condition for both the above effective
energy densities to describe a bounce is n < 6. It is worth
mentioning that these two classes of energy densities
together cover a wide range of physically relevant bouncing
scenarios. For example, substituting n = 3 in the expres-
sion for pgfi(a), we obtain an effective energy density that
describes a “matter bounce” scenario (denoted by subscript
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“mb”) that may be realized, for instance, in the context
of Horava-Lifshitz cosmology [I5] or by invoking a
noncanonical, ghost field [21]:

(mb) _ 1 1
Peit (@) = po (; - E) . (25)

Further, it is easy to see that the substitution of n = 0 in the
first class of energy density, we obtain p.g(a) = po(1 —a?),
that is relevant for studying de Sitter spacetime in closed
slicing [39-41]. Referring to Table I and Eq. (16), we see

that two cases of energy densities pg%(a) and pg-? (a)

correspond to ¢, =1=—c; with c3=0 and c3=1=—¢;
with ¢, = 0, respectively. Consequently, the corresponding
effective potentials arising out of pgf%(a) and pgf? (a),
respectively, reduce to the following simple forms:

USH (@) = po(1 - q); (26)

U (9) = po(1 = 4. (27)

Hence, we shall henceforth refer to the bouncing models

described by the effective densities pgf)f(a) and pgflf) (a) as

“the linear models” and “the quadratic models,” respec-
tively. Keeping our later purposes in mind, it will be useful
to introduce another constant /,,, which in terms of p, takes

the following form,
a1 2
hiy = 2 k(n = 6)%py (28)

The constant ., may be viewed as the Hubble parameter
associated with the constant energy density p, and will play
a significant role in the subsequent discussion. To sum-
marize, we have essentially brought down the analysis of a
wide class of bouncing cosmologies to that of a particle in

one dimensional quadratic or linear potentials! For com-

pleteness, the effective potentials Uélf}(q) and Ugflf)(q) have

been plotted in Fig. 1. The point corresponding to g = 1
stands for the bounce and the region of parameter space
with ¢ > 1 depicts the classically allowed region.

We shall now look at the classical spacetimes sourced by
the energy densities pég(a) and pgfp(a). The classical
background spacetime can be found by solving the corre-
sponding Friedman equations. If we choose our time
coordinate such that the bounce happens at ¢ = 0, then
the background scale factors corresponding to the linear and
the quadratic models take the following forms, respectively:

ag(t) = (1 + h2)es, (29)

am(t) = {cosh @ h,1t>r_". (30)

FIG. 1.
Uglf)f(q) and the brown dashed graph shows the second kind of

The red graph shows the first kind of effective potential

effective potential Uglflf)(q). The shaded portion, with ¢ > 1,
denotes the classically allowed region, describing a bouncing
universe.

We caution the reader, once again, that the time coordinate ¢
is not the cosmic time. Consequently, the apparent simple
forms of the scale factors in Eq. (29) and Eq. (30) is rather
deceptive, that is to say, the scale factors a(y)(t) and ay)(t)
could, in general, be complicated functions of the cosmic
time 7. As an illustration, in the case of the matter-bounce
scenario described by the effective density in Eq. (25), it
turns out that the time coordinate ¢ coincides with the
conformal time 7 and hence the background scale factor is
given by:

ap) (1) = (14 h3¢%) = (1 + h3p). (31)

However, the same scale factor, rewritten as a function of the
cosmic time 7, acquires a more complicated form:

9n22 AR
a(mb)(’[) = < 43 + 1- 23 )
9h?1’2

2/3
3hsT
3 1 3 —-1. (32
+< yamal R (32)

Generically, the functional dependence of the scale factor on
the cosmic time and the conformal time is significantly
complicated.

In summary, we proposed two classes of bounce-
enabling effective energy densities in this section, namely,
pg%(a) and pgflf) (a). These energy densities have the
desirable characteristic that one can reduce the dynamics
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of the background spacetime, in the presence of these
densities, to that of a particle in one-dimensional quadratic/
linear potential. In what follows, we will provide a quantum
treatment of the bouncing universe, by first solving the
Wheeler-DeWitt equation and then using the path-integral
technique. As we shall shortly see, the specific forms of the

densities pgf)f(a) and pgflf) (a) facilitate easy evaluation of the
path integrals leading to the ground state wave function of
the universe. Hence, we hope that these classes of bouncing
universes furnish test-bed to study deeper aspects of
bouncing cosmologies.

IV. THE GROUND STATE WAVE FUNCTION
OF THE BOUNCING UNIVERSE

In this section, we study the quantum aspects of the
“linear” and the “quadratic” models of bounce introduced in
Sec. III. To this end, we attempt to evaluate the relevant
“ground state wave function of the universe” and its
properties. We shall take two different approaches for this
purpose—(1) using the Wheeler-DeWitt equation and (2) the
path integral approach. We shall also make comparisons of
the results of these two approaches at appropriate junctures.

A. The Wheeler-de Witt equation and its solution

We have already seen that the gravity sector can be
conveniently described by the dynamical variable g(z). The
corresponding Wheeler-de Witt equation for the gravity
sector reduces to the following one-dimensional time-
independent Schrodinger equations for, respectively, the
linear and the quadratic models:

{—(_fqz +ap(1 - q)} ¥ (q) =0, (33)
2
{ ;2 2000 - qQ)} ¥l(g) =0, (34)

where, the factor (16/9) comes from the relation between
bW and b, as presented in Eq. (24). The constant a,,, on
the other hand, can be expressed as f,V; where

9n2 h?

fr=2MVpy = " =T
K2(8—1)4 536—1)4

(35)

Here, we have introduced a new length scale £, = \/x/3,
which corresponds to the Planck length associated with the
quantum nature of the gravitational interaction.

Let us first consider the WdW equation associated with
the linear model. The general solution to Eq. (33) can be
written down in terms of the Airy functions involving two
arbitrary constants. Except for an overall normalization
constant, the other constant can be fixed by imposing
appropriate boundary conditions. Following [42], or

recently [43], one can impose the boundary condition
W(a = 0) = 0, which corresponds to the choice that the
wave function must vanish at the singular point a = 0.
Under this boundary condition, the WdW wave function is
given by:

v (q) = N {Bi(ai! ) Ailar (1 - g)]

- Ai(ed)Bil (1 - )}, (36)

where, N f)l) is a normalization constant. For g > 1, i.e.,
in the classical regime, one is interested in the limit
(a,/¢%) > 1. In which case, we can use the following
expansions of the Airy functions,

, Nz 2 7|

Al(x) WCOS |:—3 (—x)3/2 + 4:| 5 (x < 0, |x| > 1)
. 1 2

Ai(x) Nl exp <—§x3/2>; (x>1) (37)

along with the fact that the expansion of Bi(x) for negative,
but large x is identical to that of Ai(x), while for large
positive x, Bi(x) is exponentially growing, the exact
opposite of the behavior of Ai(x), presented in Eq. (37).
Thus for ¢ > 1 and for large (,/¢3) limit, the asymptotic

expansion of the wave function W) () takes the form:
N(I)

Va2 (g - )e p @a,,) cos Ean(q_ 1)3/2 _ﬂ

cole(-2u) ) o

Notice that there is a noticeable similarity between the
above solution of the Wheeler-DeWitt equation and that
of the ground-state wave function of Hartle and Hawking
(HH), associated with the ‘“no-boundary” proposal [6],
except for an exponentially suppressed term ~ exp (— % a,),
which can be neglected in the semiclassical limit.

It is also possible to impose the Hartle-Hawking boundary
condition on the solution of the WdW equation. This will
result into a particular solution ¥\ that may be regarded as
the natural analogue of the Hartle-Hawking wave function
for bouncing scenario. To this end, we demand that, in the
a > 1 limit, ¥ is an exponentially growing function in the
range g < 1 (see, for instance, [41]). The corresponding
solution is given by:

1
vy (q)~

NO

Al -
Al a9

¥O(q) =

where N is a normalization constant. Given the above
asymptotic expansion of the Airy function, it is evident that
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the above particular solution to the WdW equation allows
both ingoing and outgoing modes in the classical regime, as
fit for the Hartle-Hawking wave function. Thus, in the region
q > 1, the asymptotic expansion of the wave function
¥ (g) for a, > 1 limit takes the form:

N® 2 2
7)exp <§an) cos [gan(q— 1)3/2 —ﬂ .

Y (g)r——=
an/\ (q_l

(40)

While, in the classically forbidden region (¢ < 1) as well,
the wave function is exponentially suppressed. Thus this

Hartle-Hawking wave function differs from ‘Pg)(q) by an
exponentially small correction. In particular, in the context of
de Sitter cosmology, the value of the no-boundary wave
function at a = 0 is an exponentially small, nevertheless,
nonzero quantity. Therefore, the condition that the wave
function exactly vanishes at a = 0 may be regarded as a
convenient approximation for the exact no-boundary wave
function, with the errors being negligible in the semiclassical
limit. In fact, for the numerical evaluation of the ground state
wave function, Hartle-Hawking also assumes the condition
W(a — 0) =0 in their original work [39]. In a similar
manner, in the present context, we may regard ‘Pg)(q) as a
convenient approximation of ‘P(I)(q). The precise connec-
tion of the above wave function ¥ (g) with the no-
boundary proposal will be made clear when we analyze
the above problem using the path integral formalism.

We shall now look at the WdW equation for the quadratic
model. The general solution to Eq. (34) can be written
down in terms of the parabolic cylinder functions D, (x).
However, for our purpose it is convenient to work with
another set of linearly independent solutions [ [44], p.314-
p.317], namely, W(a, —x) and W(a, —x). These functions
are constructed from linear combinations of two linearly
independent sets of standard parabolic cylinder functions.
Again, the general solution of the WdW equation will
involve two arbitrary constants and can be written as a
linear combination of W(a, —x) and W(a, —x). In order to
derive particular solutions to the WdW equations, as in the
case of linear potential, we may impose the condition
¥(a = 0) = 0. However, the resulting particular solution
will be different from the Hartle-Hawking prescription by
exponentially small quantities. Thus we directly look for
the particular solution that may be regarded as the analogue
of the no-boundary wave function, which is given by:

P () = N(H)W<§an,—2\\//§§\/a_nq>, (41)

where, N is a normalisation constant. For ¢ > 1, i.e., in
the classically allowed region, the asymptotic expansion of
the above solution in the a,, > 1 limit is given by [44],

N P 4 b2
—)exp <§ an> cos [ga,,é(q) - Z]

\ %an(qz -1

YW (q) »

(42)

where,

¢(g) E%q\/qz -1 —%log<q+ V- 1>' (43)

As evident this particular solution involves both ingoing
and outgoing modes in the classically allowed region, as fit
for a Hartle-Hawking wave function.

It is worth emphasizing that even for a general quadratic
potential of the form U.4(q) = —po(ci + g + c3¢%),
with the coefficients {c;, ¢y, c3} such that classically a
bouncing scenario is feasible, the solution to the Wheeler-
DeWitt equation would have a structure identical to that
presented in Eq. (42). Thus, the results obtained above is
general enough to encompass aspects of all classes of
bouncing models whose effective potentials can be reduced
to a polynomial in ¢, of degree at most 2. Once again, we
see that the asymptotic expression for the wave function has
a close resemblance to that of the Hartle-Hawking wave
function, compatible with the no-boundary proposal. As we
shall shortly see in the next subsection, our path integral
analysis will reveal that this resemblance is not accidental.

B. Path integral approach

Having described the “wave function of the universe” for
the linear and quadratic models using the Wheeler-de Witt
equation, let us now try to study the quantum aspects of
these models using the path integral formalism. Prior to
that, let us briefly review some fundamentals of the path
integral approach to the minisuperspace model.

Recall that the action Sesec[q. V] describing the gravity
sector is given by Eq. (5). Following [35], it is convenient to
use a gauge in which NV = 0 and hence the physical time 7,
defined through the following relation, 7 = [N/d,
becomes T = N/t. For simplicity, but without losing gen-
erality, we will restrict ourselves within the time interval
0 <t < 1, which translates into 0 < 7 < N. We can then
construct a path integral kernel from the gravitational action
Sperfect> With the boundary condition that ¢(T = N) = ¢,
and ¢(T = 0) = gy, as follows:

q(T=N)=q, . N
K(QlyN;QOvO)E/ Dlq] exp le/ ar’
q 0

(=01
* [_% <%>2 + Ueff(é])] } (44)

One can check that the Hamiltonian constraint indeed
generates translation in the physical time coordinate 7,
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such that the kernel K (g, \; qo, 0) satisfies the following
differential equation: HperecK (1. N5 g0, 0) = iOnK (g,
N qp,0). Here, Hperfect 18 the Hamiltonian associated with
the bouncing model with perfect fluid source, given by,

1
7—{perfect = ma%" Vs Ueff(ql) (45)
3
Let us now consider a wave function ¥(g,), constructed
out of a square integrable function y(g,) and the kernel
K(q1,N;qo,0), in the following manner:

Wy = [ [ [ Kl N0, 0wtandao|a (46)

where, the integration over N\ is performed along a contour
C in complex A -plane, which is yet to be fixed. Using the
evolution equation of the Kernel along the lapse function
N, which is generated by the Hamiltonian constraint, as
depicted above, we obtain,

Hoperteet P(91) = /C [ /_ ooiaNK(cn,J\/ :90-0)w(q0)dqo | AN

[Se]

(47)

where, Hpergeee 18 the Hamiltonian defined in Eq. (45).
Therefore, if we further demand that W(g,) should satisfy
the Wheeler-DeWitt equation, i.e., Hpersee ¥(q1) = 0, then
we can perform the integration over the lapse function N
and hence arrive at the following condition,

/_00 K(qlva;LIOvO)W(CIO)dQU
- /_oo K(Ql’NiﬂIo’O)‘l/(CIo)d% =0, (48)

where, N; and \V ; are the endpoints of the contour C. One
way of achieving this condition is to choose the endpoints
such that, the kernel identically vanishes at these points, as,
for instance, is the case for the contours used in [32,35,45].
Another possibility would be to choose the contour of A/
integration to be a closed one [46]. Even though both of
these possibilities mathematically are viable, for the pur-
pose of our current discussion, we shall see that the former
choice is more natural for the structure of the path integral
kernel in both linear and quadratic models. The seminal
work of Hartle and Hartle [39], on the other hand, may be
viewed as an approach based on a contour along the
imaginary axis of the complex A -plane and, therefore,
is usually referred to as the Euclidean path integral
approach. Recently[47,48], however, evidences have
emerged of serious problems with the approach based on
the imaginary line contour. One might argue that the most
natural choice of the contour is the one along the real line.

Moreover, recent investigations based on the real line
contour, dubbed the “Lorentzian quantum cosmology,’
seems to be devoid of the issues encountered in the
Euclidean approach[30,32] and, hence, shall be the basis
of our analysis in this section.

1. The linear model

The path integral kernel for the linear model is essen-
tially the kernel of a one dimensional particle, subject to a
constant force and hence can be evaluated explicitly. The
explicit form of the kernel being,

iM .
K(I)(QLN; q0.0) = meXP [133) 41, QO;M} (49)

where, SS) is just the action Speec|g] evaluated at the
classical solution satisfying the boundary conditions
q(T=0)=¢qy and g(T =N)=gq, > 1. The explicit

form of SS) in terms of g, ¢, and the lapse N is given by,

Sy 1 (41— q0)°
— — — K2
Vs 255(1_%)2 |: N n<QI+QO)N
h4
+€"N3 +2h5/\/]. (50)

In the context of de Sitter spacetime, the original no-
boundary prescription of HH for defining a wave of the
universe corresponds to choosing an initial wave function
w(qo) x 6(qp). Another possibility would be to choose
w(qy) x 8(qy — q), followed by taking g — O limit [45].
However, recent, more careful mathematical considerations
have shown that such approaches lead to physical and
mathematical issues [47-49]. It is worth mentioning that
principles of loop quantum cosmology has been employed
recently to attempt to rescue the no-boundary proposal
[50,51]. On the other hand, a promising approach that
retains the no-boundary wave function, strictly in the
context of canonical quantum cosmology, has been pro-
posed in [31,32]. Therein, the authors choose an initial
state y(g,) that corresponds to a well-defined Euclidean
momentum, in which case, the corresponding perturbations
can be shown to be Gaussian distributed. Motivated by this,
we demand that the initial wave function w(g,) corre-
sponds to that of a momentum eigenstate with momentum
p = —Mwv, where, v = (dq/dT);_o = N~'¢(0). It is then
instructive to define the momentum space kernel as the
Fourier transform of the position space kernel, yielding,

KW (g1, N =Mv.0) = /K(I)(QHN; q0.0)e™ ™"V 30dg,

= eisi:)[‘IIv_M”;N]’ (51)

106008-9



RAJEEV, MONDAL, and CHAKRABORTY

PHYS. REV. D 103, 106008 (2021)

where, Sg) is the action Sperec[9] — Spoundary [90]» evaluated

at the classical solution qg) () which satisfies the boundary
conditions N'~'§(0) = v and ¢(T = N') = ¢,. The boun-
dary term Spoundary[qo] has the form: N~'MV;4(0)g(0)
and, the dot, as usual, denotes a derivative with respect to z.

The solution to the equation of motion of ¢(¢) with the
above boundary conditions takes the following explicit
form:

g(1) = NP2 = NN +v) + N1+ g1, (52)

Motivated by the recent results of [32] in the context of de
Sitter spacetime, where the no-boundary wave function was
realised by choosing the initial momentum to be purely
imaginary, we demand that the v = 2ih,,. With this choice

of the initial velocity v and the classical solution qg)(t),

the explicit form of the classical action S’S) takes the
following form,

W 1 2h i\ 3
ALY ey [— <N + L)
Vi 222(1-272[3 h,

4ih,,

—2h%</\/—|—hin>(q1—l)—7]. (53)

In order to determine the wave function from the path
integral kernel, we need to integrate over the lapse function
N. The integral should be over a contour for which the
kernel vanishes sufficiently fast as one approaches the

endpoints, i.e., the real part of iSﬁ? should take a large
and negative value as we approach the endpoints of the
contour. Taking {N + (i/h,)} as re”, we obtain from
Eq. (53), that Re(iS‘S)) takes large negative values, such
that IC(I)(ql,./\/ ;—Mw,0) vanishes, for large values of r, if
(sin® @ — 3sin@cos? @) < 0. Thus the momentum space
kernel identically vanishes in the asymptotic regions in
the complex N -plane, provided we restrict ourselves
to the following regions: Arg[{N +i/(h,)}] € (0,z/3) U
(2z/3,7) U (47/3,57/3) (These regions have been
depicted in Fig. 2 in dark shades of blue). The saddle
points of S'S), which we shall require shortly, turns
out to be,

ql_l’ (54)

The classical solutions ZIg) () with the above choice for the

lapse function and with » = 2ih,, is given by:

S P )

(55)

FIG. 2. The steepest descent/ascent curves in the complex N -

plane, that pass through the saddle points N (il), for the linear
model are represented by the black curves. The contour-plots for

the function Re[i2£2{(n/6) — 1}2V5'8})] are also presented,
using the color coding scheme given by the right inset, to better
visualize the descent/ascent directions (the plots are for the
parameter values s, = 1 and ¢; = 3). The dark red, horizontal
line is the real line contour over which the integration of the lapse
function needs to be performed to evaluate the no-boundary wave
function. The real line contour can be smoothly deformed into the
union of dashed red contours C(B and CO), thereby, enabling
us to perform saddle point approximation. See text for more
discussion.

Therefore, we see that the saddle points describe geom-
etries in which the scale factor a(t) = ¢(¢)*/(®=") vanishes

at 1 =10 (since ég?i(t =0) =0) and equals qf/ ©=n) o

t=1 (since g3, (1= 1) = qy).

The Lorentzian contour, namely the real line, is the most
natural choice for the N integration that evaluates the
wave function. Fortunately, from Fig. 2, we see that the
N -integral along the real line is convergent. In order to find
the asymptotic expression for the wave function, however,
we will employ the saddle approximation. The steepest

descent/ascent curves associated with the action :S‘g) are
shown in Fig. 2 along with the saddle points N g) .. The

regions where the real part of iS'g) becomes large and
negative are also presented. The relevant saddle points that
contribute to the evaluation of the integral, according to
Picard-Lefschetz theory [30,32], are the ones that can be
approached by flowing down (i.e., in view of Fig. 2, toward
the direction of darker shades of blue) the original
integration contour. This dictates that the appropriate
contour, to which the real line should be deformed to,

corresponds to CSP + CW. With the relevant saddle points
determined, we can now evaluate the saddle point approxi-
mation of the no-boundary wave function for the bouncing
model, yielding,
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el )
T(I)(ql) ~ 7()#5(:1
o o
|aj\/Scl | VaUl
ot
e 30
+ | ——¢'7a

\/ |8/2\f SS” /V(.?_
<2an) cos[3(q - 1)%2a, -1
x ex 5
3 Va(a,)*(g - 1)

. (56)

which is clearly consistent with Eq. (40).

Having described the derivation of the no-boundary
wave function from the path integral analysis with mixed
boundary condition, let us discuss its interpretation. We

have seen that the saddle point solution qg) . (1) satisfies

Z]g) .(0)=0and Z]S) (1) = gy. Therefore, the correspond-
ing geometry may be imagined as describing an evolution
from a point-sized to a finite-sized universe. This is
reminiscent of the famous Hartle-Hawking saddle point
geometry that appears in the context of Euclidean path
integral approach to de Sitter cosmology [39]. Therein, the
corresponding wave function is usually interpreted as
describing “tunneling from nothing.” One might, therefore,
be tempted to bestow an analogous interpretation on the
wave function ¥ (g, ), with the Hawking-Hartle geometry
replaced by the appropriate generalization of it in the
context of bounce (For representation purpose, in Fig. 3,
we have presented the saddle point geometry correspond-
ing to a matter-bounce scenario). However, we argue
that such an interpretation is questionable. In fact, the
wave function W) (g,) has a form similar to the original

FIG. 3. The saddle point geometry that would be relevant to
Euclidean path integral approach to matter bounce. The surface
denotes the x —# plane, with periodic identification assumed
along the x direction. The orange-colored portion denotes the
Lorentzian part of the geometry, while blue denotes the Euclidean
portion. There is a true singularity at the center of the Euclidean
portion, unlike the Hawking-Hartle geometry which is smooth
everywhere.

Hartle-Hawking wave function precisely because the latter
also has both the expanding and contracting branches of
the de Sitter spacetime. In the latter context, it has already
been found in [32] that the conventional interpretation of
the no-boundary wave function, as describing tunnelling
from nothing, is problematic. In order to appreciate how
this translates to in the bouncing scenario, note that even
though the dominant contribution to the path integral
leading to ¥ (g,) is from the Hartle-Hawking-like saddle
point geometry, corresponding to a spacetime that emerges
from zero size, the off-shell geometries can emerge from
any size. This fact is evident from Eq. (51), where we have
clearly performed a summation over all values of the initial
size g, to define the wave function. In the spirit of [32], and
in the light of Eq. (51) it is more reasonable to interpret
¥ (g,) as describing a transition from the state of a
specific Euclidean momentum. However, it is worth men-
tioning that the bouncing analogue of the tunneling wave
function of Vilenkin [41], which offers a more appropriate
description of tunneling from nothing, can also be con-
structed in an analogous manner.

2. The quadratic model

Having described the linear model in the previous
section, we will now present the scenario in which the
effective potential appearing in the Wheeler-DeWitt equa-
tion for the gravity and the perfect fluid system is quadratic
in the dynamical variable ¢. In this model, the action is
that of a one-dimensional particle moving in a quadratic
potential, for which the path integral kernel can be
evaluated explicitly and takes the following form:

3AMiV,

_ OMYs LisPlanaeN] (57
2sinh G, N)° (57)

KW (g, N;q0.0) =

where, SSI) is the action Speiec[q] [see Eq. (5)] evaluated at
the classical solution satisfying the Dirichlet boundary
conditions: ¢(t=0)=¢q, and ¢(tr=1)=g¢q; > 1. The
explicit form of the action is given by the following
expression,

St 8 3h 3
Sa__ - b (20,0
Vs 95’3(%—1)2{ 4sinh(%hnj\/){cos <2 )

9
x (g1 + q5) — 2%%} +§h3/\/}. (58)

As in the case of linear model, we now demand that
the initial wave function ¥(q,) corresponds to a state of
definite momentum p = —Mw. This implies that the
relevant kernel is the momentum space kernel, with the
following expression,
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KU (g1 N1=Mv.0) = / KW(gy. N5 gy, 0)e=MVs0dg,

= 4 /sech (% hnN> eiS‘gI)[ql,_MU;J\f]’
(59)

. . o) . .
where, as in the linear case, Sil) is the action

Shperfect[q] = Spoundary [¢]- evaluated at the classical solution
qgl) (t), which satisfies the boundary condition N ~1g(0) =
v and ¢(1) = g;, with the boundary term Spondary[q]
having the form: N~'MV34(0)3(0) and, the dot denotes
a derivative with respect to ¢. First of all, the explicit form of
the solution qgl)(t), given the above boundary conditions,
is given by:

(3 3
g (r) = % [3hnq1 cosh <5 h,,Nt)

+ 2vsinh G BN (1 = 1))]. (60)

Following [32] and the analysis in the case of the linear
potential, for the quadratic model we have to choose v =
(3ih,/2) in order to get the no-boundary wave function for
the bouncing model under consideration. With this choice

of the velocity v, the action on the classical trajectory

F]Sl) () becomes:

34 8 9N 3 3h, N
=— 5 ——h,sech
Vi 92(-1)2| 8 4 2

x [(q% +1) sinh(3h; (61)

) 120])

Again, we need to find out the asymptotic regions in the
complex A -plane, where the endpoints of the contours
associated with the N integration must lie, so that the
endpoint contribution to the kernel identically vanishes.

This requires Re[isgl)] < 0, which for large values of ||
demands: Im[A/] > 0. The immediate consequence of this
condition is that, unlike in the case of the linear model, the
N integral along real line contour and hence, the strictly
Lorentzian path integral, is not convergent. Convergence
of the A integration demands that we choose a slightly
modified contour, namely, the continuous curve joining
—c0e™™" to c0e®, represented by the red curve CW
in Fig. 4.

In order to obtain the saddle points, first of all we need to
compute the derivative of the classical action with respect

to the lapse function N, which yields,

FIG. 4. The steepest descent/ascent curves in the complex N -
plane for the quadratic model are represented by the black curves.
The contour-plots for Rel[i(9/8)¢3(n/6 — 1)2V§15‘SI>] is also
presented, with the color coding scheme given in the right inset,
to better visualise the descent/ascent directions (the parameter
values for the above plot correspond to: 4, = 1 and g; = 3). The
dashed purple lines are the branch cuts of the preexponential

factor /sech(3h,N'/2). The horizontal, green line is the real line
contour. However, convergence of the N -integral demands that
we choose a slightly modified contour, namely, the red continu-
ous curve C™, joining —coe™™" to coe®”. This continuous red
contour can be smoothly deformed into the dashed red curve C (),
that pass through the saddle points, thereby enabling us to
evaluate the saddle point approximation. See text for more
discussion.

108y
Vi ON
9, .9, 3h,N
== = h
8h,,+8hnsec < >

X [—(q% + 1)sech <%> + 2iq, tanh (3}2’/\/”

9 3h, N\ T. . 3h, N\ 1?
:gh%sech2< 5 )[qu —|—smh< 3 )] . (62)

Setting the above expression to zero, we obtain,
sinh(3h,N'/2) = —iq, solving which we obtain an infinite

number of saddle points for the action S‘SI) and they are
given by:

cay  (4j=Dai 2 [ .
(63)

At these saddle points, substitution of the respective values
of the lapse function N yields the following expression for

the classical solution qgn(l),
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- i . . /
qﬁﬁ},i)(t) =sin [((4} — )z F2i log<q1 +1/q3 - 1)) 5] :

It can be easily verified that the above solutions
indeed satisfy the necessary boundary conditions, namely,

440.5(0)=0 and g, (1) =g, and this holds for
all je z.

The above analysis determines the saddle points of the
classical action, S‘SU in the complex N plane and the
associated classical trajectory. In order to perform saddle
point approximation of the no-boundary wave function, we
need to first identify the relevant contour, which passes
through the saddle points and have vanishing endpoint
contributions to the kernel. The steepest descent/ascent
curves for iS‘gI) (NV) is depicted in Fig. 4. Besides, the
contours associated with constant values of the Re[isgl)]
have also been depicted, to better visualize the descent/
ascent directions. As prescribed by the Picard-Lefschetz
theory, we can deform the original integration contour ¢
into the red dashed contour C" (see Fig. 4), without
touching the branch cuts of the preexponential factor
sech(3h,N/2) appearing in Eq. (62). Having identified
the appropriate contour, we can now evaluate the
N-integral using the saddle point approximation in the
limit (V3h,/¢3) > 1. The dominant contribution to

the integral comes from the saddle points N, (()Hl and

N (()H_) since the contributions from N 512 are exponentially

suppressed for j > 1. Therefore, the saddle point approxi-
mation of the no-boundary wave function for the quadratic
class of bouncing models, is given by:

)
e’%e"scl

| cosh (3 1, \)|

g (6]1) ~
0,+

)
e"%e’scl

3
VIcosh GrA)[)

&, €08 [Fa,8(q) — 4]

V) (q* = 1)

+

where,

¢(q) E%q\/f —1 —%10g<61 +\q - 1)- (66)

Once again, we see that the result is consistent with that
obtained from the Wheeler de-Witt equation.

Having derived the no-boundary wave function from the
path-integral prescription with an appropriate choice of
the integration contours, let us try to provide a physical
interpretation to the same. Just as we have obtained in the
case of the linear model, the saddle point solution qﬁ{"i(z)
indeed satisfies the relevant boundary conditions, given by:
Z]SZ(O) =0 and qgli(l) = ¢q,. The corresponding geom-
etry, therefore, acquires the interpretation of an evolution
from a point-sized to a finite-sized universe. Once again,
one is reminded off the quintessential saddle point geom-
etry of the Euclidean path integral approach to de Sitter
cosmology [39] and the corresponding wave function of the
universe that is usually interpreted as describing tunneling
out of nothing. However, with the hindsight of our argu-
ments in the case of the linear model, we maintain that such
an interpretation is questionable. This is appreciated once
we observe that even though the dominant contribution to
the path integral leading to ¥ (g,) is from the Hartle-
Hawking like saddle point geometry, corresponding to a
spacetime that emerges from zero size, the off-shell
geometries can emerge from any size. This fact is evident
from Eq. (59), where we have clearly performed a sum-
mation over all values of the ‘initial size’ g, to define
the wave function. A more reasonable interpretation for
¥ (g,), in the spirit of [32] and in the light of Eq. (59),
seems to be that it describes a transition from the state of a
specific Euclidean momentum.

C. Shear instability and its quantum analogue

In Sec. II, we have discussed the metric ansatz, which is
spatially homogeneous and isotropic. As a consequence,
the geodesics comoving with the Hubble flow are free from
any shear. In addition, the effect of any classical shear
perturbations to the background FRW spacetime is to add
an effective fluid with its density scaling as a~°. Therefore,
in the standard cosmology, the effects of shear can be safely
ignored for sufficiently large values of the scale factor. On
the contrary, for bouncing scenarios, the effective energy
density arising from the classical shear will inevitably
become dominant at sufficiently small values of the scale
factor and can potentially affect the bouncing models [52].
We shall shortly discuss how this effect translates to in the
quantum picture.

For a brief review of the classical picture along the lines
discussed in this work, in particular following the metric
ansatz presented in Sec. II, we start with the following
parametrization of the Bianchi I universe,

106008-13



RAJEEV, MONDAL, and CHAKRABORTY

PHYS. REV. D 103, 106008 (2021)

ds> = N(1)?

e a0 {GXP (\[ {6:() =3 Hz(t)})dx

+ exp <\/7 {0,(1) + V30,(¢ )}) dy? +exp <—2\/2§7K€1(t)>dz2} (67)

It follows that g(7)/? is the geometric mean of the scale
factors along the three independent spatial directions.
Substitution of the above metric ansatz in the Einstein-
Hilbert action with a perfect fluid source, i.e., in the action
given by Eq. (5) yields:

d
/dt [_W (_CI) +NUCff(q):| dt
q* (do, q* (do,\?
Vi [ dt —|—=) |. (68
o falie (@) (@) ] o
Variation of the above action with respect to the lapse

function V, and then setting the lapse function N to unity,
we obtain the classical Hamiltonian constraint to read’:

5 e S8 ()]

(69)

(shear)
Sperfect

Further, the variation of the action functional with respect
to @, , yields the classical equation of motion for 8; and 6,

as: 1.91,2  (1/¢%), where ‘dot’ denotes derivative with
respect to z. Using this result in the constraint equation,
we get:

- (fg) — Uest(q) +% =0 (70)

where, py is a constant, related to the proportionality

factor between 6 and (1/¢%). Using the expression of
the effective energy density U, as given in Eq. (6), we see
that the presence of the (py/q*) term in Eq. (70) can be
interpreted as arising from an effective energy density py,
which scales as g3 = a°. If the value of py is sufficiently
large, such that (dq/dt) never vanishes, the bouncing
scenario becomes classically forbidden. In particular,
for the linear model, setting (dq/dr) =0, we obtain,
P0q” — pog*> + pg = 0. Introducing, a new variable x

’If the spatial slices are closed, in addition to the terms in
Eq. (69), we get an extra term given by ¢*/(*="U(8,,6,) and
q /(=1 (9, 6,), respectively, for the linear and the quad-
ratic model, with U(6,, 8,) describing an effective potential for
0, ». For sufficiently small values of the scale factor and 6, ,, one
can reduce the constraint equation to Eq. (69), if we assume that
we can neglect the extra term in comparison to Uegg. This is
possible when 2 < n < 6, for both the models.

I
through the following relation: ¢ = x+ (1/3), the
above algebraic equation translates into, x> — (1/3)x +
{=(2/27) + (ps/po)} = 0. The reduced algebraic equation
would have positive real solution consistent with classical
bounce, provided {—=(2/27) + (po/po)}*> < 4(1/3)°.
Thereby, we yield the following condition for a classical
bounce to occur:

Po 24_7. (71)
Po

On the other hand, for the quadratic model, the relevant
algebraic equation becomes, pog* — pog® +py =0 and
hence real and positive solutions for ¢ will exist, provided
the following inequality holds,

— < — (72)

This finishes our discussion about the effect of shear on the
classical FRW spacetime with a bouncing origin, where the
contribution from the shear must satisfy the conditions
presented in Eq. (71) and Eq. (72) respectively.

We shall now look at the quantum analysis of the
problem and the starting point of the same is the relevant
Wheeler-de Witt equation, which in the present context
takes the following form,

1 [ 1,
{—W (8—c12> +V3Ueff(Q)+2q2V3v ¥(q.6,.0,) =0,
(73)

where, V2 = (9/00,)* + (0/06,)*. Given the above dif-
ferential equation, it is evident that the (0,,6,) sector
and the main gravitational degree of freedom ¢, do not
interact with each other. Hence, it is advisable to look for
separable solutions of the Wheeler-DeWitt wave function
¥(q,6,,0,) of the following form,

¥(q,0,,0,) = W|k\(¢1)€iv3(k161+k292), (74)
where, |k| = \/k} + k3. Then y(g) can be shown

to satisfy the following one-dimensional Schrodinger
equation:

[—#‘/3 <aa—qzz> + V3Ut0ta1(Q):| wi(q) =0, (75)
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Uetf(q) - p_g
q

A

N |

FIG. 5. The typical form of the total effective potential U, =
Ui — (po/q?) has been demonstrated, when a classical bouncing
scenario is allowed. The two classical turning points are marked
q. and g, respectively and the shaded portions with ¢ > ¢. and
q < q. denote the classically allowed regions. The (blue) region
to the left of the plot (0 < ¢ < g.) describes a big crunch
scenario, wherein the classical domain the universe started from
a zero size, reaches a maximum ¢ value, and then reduces back to
zero. While the (red) region to the right (g. < g < o) describes
the bouncing scenario, where the universe reaches a minimum
value of ¢ and then re-expands. Classically, a solution of the
relevant Einstein’s equations describes either of these two
scenarios. However, quantum mechanically, tunneling from
one region to the other is allowed.

where, the total effective potential U, (g) is given by,

Po

U (q) = Uest(q) — el (76)

with the density py = (|k|?>/2). We see that this is consistent
with our classical analysis of the problem. Once again, we
obtain the conditions Eq. (71) and Eq. (72), respectively,
for the bounce to occur in the linear and quadratic models.
The typical form of the total effective potential U (q),
when these conditions are met, is shown in Fig. 5.

Even though the bouncing scenario can be realized
classically for the parameter ranges presented in Eq. (71)
and Eq. (72), it is evident from Fig. 5 that there is also a
region that corresponds to a classical crunch. Classically,
however, a solution to Einstein’s equations will correspond
to either one of the two scenarios. Quantum mechanically,
on the other hand, tunneling is possible from one region
to another. Similar quantum tunneling scenarios in cosmol-
ogy has been previously considered in the literature, for
instance, in the context of a branelike universe [53]. We
reserve the exact analysis of the current problem for a future

publication, however, we present here the WKB probability
T for tunneling from the bouncing regime to the regime
depicting classical crunch:

q-
T = exp (—2/ V3 ZMUtotal(‘I)d61>
q-

= exp [—2V3 2Mp01“}, (77)
where, g_ and ¢. are classical turning points such that,
0 < g. < g (see also Fig. 5). In the light of Eq. (71) and
Eq. (72), it is convenient to define the following param-

eters: o1 = \/(27pg/4po) and o, =/ (4py/po), respec-
tively, for the linear and quadratic models, such that
0 <oy,00 < 1. It is now straightforward to evaluate the
defining integral in the exponential of Eq. (77) and hence
determine I'(oy) and T'(o,) respectively. These can be
expressed in terms of the Elliptic integrals with the
following expressions:

L(o1) & (a1 = ay01) + 07 (B1 + prIncy)  (78)
[(0;) =5 (1-02) (79)

where, the coefficients appearing in the expression
for I'(c;) has the following numerical expressions:
a; = 0.666706, a, = 0.607517, p; = —0.059189, and
P> = 0.028686, respectively. For illustration purpose, for
a fixed value of V3y/2Mp,, the typical behavior of the
transition probability 7 as function of ¢, and o,, for the
linear and the quadratic model are given in Fig. 6. As
evident, when both ¢ and o, are near unity, i.e., when py is
comparable to pj, the tunnelling probability increases.
However, we caution that the WKB tunneling amplitude

> (01,02)
1

FIG. 6. The red graph shows 7 () and the blue dashed graph
shows 7 (a,), with V31/2Mp, fixed to a value of 50 in both the
cases. Note, however, that the WKB tunneling probability cannot
be trusted for oy, 0, % 1, since, in this regime WKB approxi-
mation fails.
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cannot be trusted for o, o, in the neighborhood of 1, since,
there the WKB approximation essentially fails. Moreover,
by virtue of an effect analogous to the “reflection over-the-
barrier” in standard quantum mechanics, the tunneling
probability 7 for 1,0, > 1 is less that 1, despite the fact
that in this parameter range classical bounce is not possible.
This interesting aspect, which is a direct consequence of
quantum cosmology, warrant further study and, hence,
shall be explored in a future publication.

V. INTRODUCING MATTER FIELD

So far, we have discussed the quantum cosmology of a
universe with the matter source being a perfect fluid with
energy density pes(a), given by Eq. (23) and Eq. (24),
respectively, such that the action functional becomes at
most quadratic in the dynamical variable g. However, there
can be further fundamental fields living in the spacetime,
and for simplicity, we choose a single conformally coupled
scalar field. This will drive home the essential features
arising out of addition of such matter fields in the quantum
analysis of the bouncing model. Thus our starting point will
be the Wheeler-DeWitt equation presented in Eq. (15), on
which we will apply the WKB expansion and hence shall
determine the behavior of the matter fields in the classically
allowed and in the classically forbidden regions explicitly.
First of all, we will provide the key equations arising out of
the WKB expansion of the Wheeler-DeWitt equation in the
next section.

A. Wheeler-DeWitt equation with matter
and the WKB expansion

As we have already remarked, we shall be treating the
matter field ¢, which is a conformally coupled scalar field
appearing in Eq. (10), as a test field in a given background.
The precise sense in which one can perform this analysis is
through WKB expansion and it will be convenient for our
purpose to follow the approach of [54,55]. The starting
point being the following ansatz for the Wheeler-DeWitt
wave function ¥(q; {¢}) as a solution to Eq. (15), with
the effective potentials of the form given in Eq. (26) or
Eq. (27):

Vi (b)) =ep |2 Asia o). 60
p j=0

We now demand that ¥(q;{¢.}) solves the Wheeler-
DeWitt equation at all orders in ff,. At the first three
leading orders, namely ¢,*, £,% and £}, implies:

h2
G-1

(9,55)° + (1-¢)=0; (82)

(aqS(()II))Z + <E> f”l)4 (1 _ qz) =0; (83)

9) (#
2i(9,S
0055 ¢, 190
& 1 1
V. [ (=5 30 Pl (1} )
(84)
where the function {(q, {¢;}) is defined as,
cla () =SB vsiaton. (s5)

The first equation 0y Sy = 0, arising from setting the
coefficient of f;“ to zero, merely tells us that the zeroth
order contribution to the action, i.e., S, is independent of
the matter degrees of freedom ¢,;. In addition, Eq. (82)
and Eq. (83) are the Hamilton-Jacobi equations for the two
scenarios of interest, as discussed in earlier sections.
Finally, one can introduce the time coordinate ¢ in the
present formalism via the following relation:

2(9,50) _ dg
b2 dt’

(86)

With this definition, it is easy to see that Eq. (82) and
Eq. (83) are equivalent to the classical constraint equation,
given by Eq. (13), with the matter field neglected.
Moreover, the third equation, namely Eq. (84), takes form
of the following time-dependent Schrodinger equation:

) B d3p 1 5
104 =Vs (2n)? <_ 2u(q(t)) %,

a3 la0)} )¢ (87)

where, ¢(t) corresponds to the classical solutions of the
purely gravitational part arising from Eq. (82) and Eq. (83),
respectively. Therefore, Eq. (87) mathematically describes
the paradigm of quantum field theory, with ¢, being the
Fourier modes of the field in a time dependent background
spacetime, which has been discussed extensively in the
literature (see, for example, [56-59]). It is instructive to
take the following Gaussian ansatz for the solution of
Eq. (87),

3

clastod o Vs [ 25 (i 22| o9

For the above ansatz to solve Eq. (87), the function u;(7)
must satisfy the following differential equation:
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i’lk + % l:tk ‘l‘ C()%Mk = 0, (89)

where, u(1) =pu(q(t)), ()= wi(q(r)) and the dot
denotes a derivative with respect to the time coordinate ¢
introduced in Eq. (86). Since, we want the solution for
C(q(t);{#r}), presented in Eq. (88) to depict a stable
situation, the real part of the argument of the exponential
must be negative [40] and thus, in addition to Eq. (89), the
solution u; must satisfy the following condition:

RePﬂ@)E% <0, (90)

U

In summary, we find that the leading order solution in £}, of
the Wheeler-DeWitt equation can be written as:

Vs
NG

with Sy(q) satisfying Eq. (82) or, Eq. (83) depending on the
nature of the effective potential and ¢ satisfies Eq. (87). In
the subsequent sections, we will analyze the nature of the
solution u;, which sits in the function {(q(7);{¢}) to
completely understand the behavior of ¥(q, {¢}). Since
the effective potentials U, (q) has classical turning points,
pertaining to the bouncing models we are considering, it
will be convenient to analyze the WKB solutions in the
classically allowed and forbidden regions separately.

V3
i—3S0(q)
/% é’

¥Y(g.{d}) »

(¢:{¢e}).  (O1)

B. Classically allowed region

For the bouncing models under consideration, the
classically allowed region corresponds to the following
range of the dynamical variable: 1 < g < co. As evident
from Fig. 1, the effective potentials appearing in the

Wheeler-DeWitt equation, i.e., Ug:)f(q) and Ugflf) (q),
respectively take negative values and therefore, the sol-
utions to Eq. (82) and Eq. (83), respectively, takes the form:

q(>1)
s, (q) = +,23 / =g
4 q(>1)
SLa) = 35,65 [ V- —aPag. 9

Here, we have used the definition of f,, from Eq. (35).
From Egq. (86), it follows that for (9,S;) <0, we have

(dg/dr) > 0, ie., as the action decreases with ¢, the

universe expands. Thus we notice that, S(()I D

sponds to the expanding phase, while, S((){f) (g) corresponds

to the contracting phase of the bouncing universe. Keeping
this in mind, we integrate, Eq. (92) and then substituted the
same in Eq. (91), to obtain the general solution to the
Wheeler-DeWitt equation at O(Z7) as:

(gq) corre-

5

Za, (g-1)3
P ) w Al ooV )
- e—%a,,(q—l)% 0
+ AL m(— (g:{Pi});  (93)
YO (g {i}) ~A<H>ﬂc‘m< b))
TR
e~ Yaé(q)

LA W (g {de}).  (94)

CACGERI

In the above solutions of the Wheeler-DeWitt equation

with matter fields, A(il) and A(iH) are arbitrary constants,

a, = V3f,, with f, defined in Eq. (35) and &(q) is a
function of the expansion parameter g, given by Eq. (43). In
order to fix the unknown constants, we may impose the
boundary condition that in the absence of the conformally
coupled scalar field, the Wheeler-DeWitt wave function
must take the form presented in Eq. (56) and Eq. (65),
respectively for the two choices of the effective potential.
This yields the following conditions on the unknown
coefficients: A = A0 = A0 and A" = A1) = AW
As emphasized above, these conditions ensure that the
wave functions reduce to that of the Hawking-Hartle
prescription when matter fields are neglected.

What remains, is to find out the appropriate solutions
(1) to Eq. (87). As remarked earlier, we shall take {(7) to
be of the Gaussian form presented in Eq. (88) and hence the
task of finding a solution for {(¢) boils down to finding a
solution for u;(r) from Eq. (89). Let us denote the

independent solutions to Eq. (89) for the two effective

potentials, as u,(cl)i and u,iul, respectively. These in turn will

provide us the functions ¢ (il) and ¢ f) , used in Eq. (93) and
Eq. (94), respectively. Thus the time dependent harmonic
oscillator equation, Eq. (89) for the functions ug)i and uini)

take the following form:

(1 Y, N2 [
il + gl ol =0 ©9)
o AW ()2 (1)
Up + +/¢—H) Uy + [wk,i] upy =0, (96)

where, the time dependent mass function () and the time
dependent frequency function w,(z) has the following
expressions, for the two choices of the effective potentials,
appearing in the Wheeler-DeWitt equation:

M (s) — 2 2\t
pV (1) = (1 + hyt?) oo

4(n-3)
ol (10 = (1+ B2A) 0 12 + m2(1 + B2, (97)
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3 2(n-2)

uW (1) = {cosh (5 hnt)] <n_6>;

_4(n=2)

w1 (1)? = {cosh (%hnt)] "
3 =

x ¢ k* +m?|cosh Eh"t . (98)

The solutions to Eq. (95) and Eq. (96), which may lead to a
stable wave function for the Wheeler-DeWitt equation
are obtained by imposing the additional condition as in
Eq. (90) on u;. We shall now study various properties of
the function u;, leading to stable Wheeler-DeWitt wave
functions.

For notational convenience, we shall momentarily ignore
the subscripts (I) and (II) until absolutely necessary. We
closely follow the strategy described in [60], where solution
generating technique of a time-dependent harmonic oscil-
lator has been studied in great detail. The general solution
to a time-dependent harmonic oscillator equation of the
form Eq. (89) can be written in terms of a complex function
v () as follows:

u (1) = v (1) + Brog(1), (99)
where, B, is a constant and can be treated as the ratio
between two Bogoliubov coefficients among the mode
functions u; and v;. Additionally, we consider the func-
tions v, and vy as linearly independent solutions of
Eq. (89), that satisfies the following Wronskian condition:
(100)

ip(1)[vpor — vi] = 1.

For the solution wu;, presented above, we obtain:
Relip(t) (ie/uy)] = {(|Bx|> = 1)/2|u;[*}. Thus imposing
the stability condition as presented in Eq. (90), on the
solution u;, we obtain,

B> < 1. (101)
It is worth mentioning that one can also express the functions
v (#) that satisfy Eq. (100) in terms of two real functions
2(7) and O, (1) as follows: v, (1) = y.(t)e ("), Here, the
phase factor ©(¢) is related to the amplitude y(z) through
the following relation: ©,(r)={1/2u(t)y3(¢)} and the
amplitude y,(z) satisfies the differential equation of a
time-dependent harmonic oscillator with a source term,

{1/4u(t)?r3(¢)}. With this notation, general solutions

1) (In) .
u, and u; ; can be written as,

LI LI (LI LII) (LI ;e
" (1) = M (1) O 1 B ()i 0

El

(102)

and the stability condition further implies the following

restriction on the function Bklf : |B (LD12 < 1. Since the
function ¢(¢), depicting expansion of the universe must

be continuous at the bounce, i.e., at g =1, it follows

that:  ¢1" (g = 1:{e}) = (M0 (g = 1:{¢h}) [40,61].
This condition translates to
B! =B = B, (103)

and all of these coefficients must have an absolute value less
than unity. Thus a general solution to the Wheeler-DeWitt
equation up to O(fg), in the classical regime is given by
Eq. (93) and Eq. (94), respectively, with the (7) given by
Eq. (88) and Eq. (102), keeping in mind the condition
|Bi|* < 1, for stability. This completes our analysis of the
solution to the Wheeler DeWitt equation in the classically
allowed region. Next, we shall see how a similar analysis can
be performed for the classically forbidden region as well.

C. Classically forbidden region

For completeness we present here an analysis of the
wave function with matter field in the classically forbidden
region. For the bouncing models we are considering,
the classically forbidden region corresponds to the range

0 < g < 1. In this range, the effective potentials Ugf%(q)

and Ugflf)(q) take positive values, as shown in Fig. 1. Thus
using the same parametrizations as in the case of classically
allowed region, the solutions to Eq. (82) and Eq. (83) can,
therefore, be written as,

(104)

Note that the action S0 \ (q) is related to S(I Il)( ), derived
in the previous section, through analytic continuation of the
dynamical variable g(¢). Similarly, the time coordinate ¢
must also be analytically continued, and hence following
Eq. (86), it is convenient to define the Euclidean time
coordinates 7. in the following manner:

ﬂ _ .2(aq‘§0,i) ] (105)
dTi b

It then follows that the Euclidean time coordinates 7.
defined above corresponds to the Wick rotations of the
original Lorentzian time coordinate ¢, such that: t — iz, and
t — —ir_. Performing the Wick rotation and analytic con-
tinuation to the complex ¢ plane, we can now write down the
general solution to the Wheeler-DeWitt equation to O(¢£Y),
in the classically forbidden region (i.e., 0 < g < 1) as,
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(@ o)~ A0 S )
o dm-gf
At ). (06)
WO (g () = A g )
T
£A0 S g, (100
N
where, the function &(g) is defined as: &(q) =

(1/2)[g\/1 — g* —cos™'(q)]. Further, the matter wave
functions ¢ i’m in the classically forbidden region in terms

of the Euclidean time coordinate becomes,

3 _ (LD
~(L11) d’k wm Hht o
£y (14) xexp [/ <iﬂ ’ ¢ )|, (108)
S ey T i

where the prime denotes derivative with respect to the
appropriate Euclidean time coordinates 7., and, the functions

L‘t,g)i and L‘t,((Hi) are solutions of the Euclidean versions of

Eq. (95) and Eq. (96), respectively. For large values of «,,, we
expect the wave functions ¥V to exponentially decay to
zero as g — 0. Hence, we demand that the unknown
coefficients should be such that, AN = A = (. This
implies that the only Wick rotation relevant to the matter
sector of the no-boundary wave function is ¢ — ir,.
Therefore, for notational convenience we shall henceforth
avoid the subscript “4 and express WV in the classically
forbidden region as:

3
2

IR

YO (g; {i}) A ———— L0 (g {i});  (109)
@1 - )

WD (g {h}) m AW —E e (g (g} (110)

[an(l )]%

where, ZMV (7) is given by Eq. (108), keeping in mind that
only the “positive” branch of the solution is allowed.
Momentarily dropping the superscripts (I) and (II) for
notational convenience, following our analysis for the
classically allowed region, we can express the general
solution it; appearing in Eq. (108) in terms of two linearly
independent solutions 7, ; and 7;, of the time-dependent
harmonic oscillator as:

iy = Ty + By (111)
Here, B, is the ratio of the two Bogoliubov coefficients
appearing from the rotation between the basis vectors ii;

and ;. Following the analysis of the previous section, we
may express the basis solutions 7, ; and ¥ , in terms of two
real functions obtained by the Euclidean continuation of the
solutions in the previous section, yielding,

i1 (7) Zﬂ?k(f)eé"<r)v

where, 7,(7) =y (it) and ©,(7) = {1/2u(it)zi(z)}. In
terms of these two real functions along with the complex
function By, the stability condition presented in Eq. (90), for
the classically forbidden region takes the following form:

Reuis) 2]

— (B

For the real function },(z), we may choose an initial
condition, such that for some value of the Euclidean time
71, {7 (71)/2(r1)} = 0 and therefore, the stability con-
dition presented in Eq. (113), at the Euclidean time 7,
translates to:

O, (r

= 7i(7)e™%; r2(7) (112)

®k/( )(e*® DBy 2~ 1) ) 0
) + Re[B,])” + Im[By)?
(113)

B2 < o480 ) (114)

where we have retained the superscripts for clarity.

Additionally, the continuity at the classical turning point

imposes the condition [40,61]: B (Lm _ (I o) . This implies

that we cannot specify the matter—sector wave function
uniquely, but only up to the constants 1_3( U A special

choice of Bk " that corresponds to the condition that the
solution i, (7) vanish at ¢ = 0 is given by

B]((I.II) — _o 20" (x) (115)

where, 7 is defined via ¢(zo) = 0. This choice may be
considered as the generalization of the Euclidean vacuum
introduced by Hartle and Hawking in the context of de Sitter
spacetime. An interesting special case occurs when
0,(79) = oo for all values of k. If this condition is satisfied,

we can choose 7; = 7 and, therefore, Eq. (114) implies

B,((I'") =0, which in turn implies that a unique wave

function exists.

VI. DISCUSSION

Bouncing cosmologies, generally, aim to solve the
fundamental issues of the SBC without resorting to the
inflation mechanism. Moreover, certain shortcomings of
the inflationary paradigm, such as the ‘TransPlanckian’ and
the singularity problem, can be bypassed in a bouncing
scenario. Consequently, cosmological models with a

106008-19



RAJEEV, MONDAL, and CHAKRABORTY

PHYS. REV. D 103, 106008 (2021)

bounce, as against a singularity, are gaining interest as
viable alternatives to the much-celebrated inflationary
models. In light of this, we attempted to analyze the
quantum aspects of bouncing cosmologies, which will
be of relevance, especially, to the study of quantum seeds
of structure formation.

Since there are several, conceptually disparate, routes to
realize a bounce, it is practically difficult to adopt a single
framework to study the set of all bouncing models in its
entirety. Therefore, we employed a phenomenological
approach, that accommodates the essential aspects of a
wide class of bouncing models, while at the same time,
render analytical calculations tractable. There are two key
aspects to this approach; one concerns the kinematics,
while the other concerns the dynamics of the set of
bouncing universes of our current interest. A convenient
parametrization of the FRLW spacetime in terms of the
variable ¢(7), as given in Eq. (1), together with the
condition p =4 — 3b, is the kinematic ingredient of our
scheme. Two classes of effective perfect-fluids that source
the background FRLW spacetime, which are described by

their respective energy densities pgfz: and pgf) , constitute the

second, dynamical aspect. The aforementioned, specific
parametrization of the FRLW metric was so chosen, such
that it leaves the gravitational part of the action a quadratic
functional of ¢(7). On the other hand, the specific form of
the energy densities pggf and pgclf), as presented in Eq. (23)
and Eq. (24), were so chosen such that: (1) the classical
solutions of the corresponding equations of motion
describe bouncing scenarios and (2) for an appropriate
choice of the parameter b, the perfect-fluid part of the
action is a linear/quadratic functional of ¢(¢), for densities
pg% and pgflf) , respectively. Hence, we refer to the class of

bouncing universes described by pg)f as the ‘linear model’

and that by pgc? as the ‘quadratic model’. The kinematic

and dynamic aspects of our approach, together, enable us to
study two wide classes of bouncing cosmologies with
considerable analytic comfort.

We explored the quantum aspects of our model using the
framework of minisuperspaces. To this end, we have
followed two different approaches: (1) using the appro-
priate minisuperspace Wheeler-de Witt equations and
(2) using the minisuperspace path integral. Thanks to the
specific choice of the dynamical variable g(r) and the
density of the effective fluid, we can find the solutions of
the gravitational Wheeler-de Witt equation, for both classes
of bouncing models we introduced, analytically. These
solutions encode the initial conditions of the universe and
hence, is of importance to early universe cosmology. In the
context of de Sitter spacetime, a particular solution to the
corresponding Wheeler-De Witt equation, namely, the no-
boundary wave function, is widely utilized in cosmology
for its several appealing features. On account of this, it is

worthwhile to investigate the properties of the natural
generalization of the no-boundary wave function for
bouncing cosmologies. We presented the explicit expres-
sions for the gravitational part of the bouncing-model
counterpart of the no-boundary wave function, which are
denoted by ¥ (g) and ¥ (g), respectively, for the linear
and quadratic models.

The no-boundary wave function was originally envi-
sioned as arising out of a Euclidean path integral over
compact and regular metrics. Recently, it has become clear
that, when one attempts a more rigorous calculation, such
a Euclidean path integral is ill-defined and divergent.
Moreover, even though a well defined, convergent
Lorentzian path integral, with the initial condition corre-
sponding to a zero-sized universe, can give rise to the no-
boundary wave function, it leads to unstable perturbation.
These issues can, however, be circumvented by imposing
an initial condition corresponding to a well-defined
Euclidean momentum associated with the scale factor.
Motivated by this, we investigated the extension of this
new path integral approach, to the case of bouncing
cosmologies. We found that the dominant contribution to
the bouncing-model counterpart of the no-boundary wave
function comes from a geometry that corresponds to a
spacetime that evolves from zero size to a finite size. One is,
thus, reminded of the Hawking-Hartle saddle geometry that
appears in the context of Euclidean path integral approach
to de Sitter cosmology. But, in view of the fact that one is
fixing the initial momentum, as against setting the initial
size to zero, in the new approach, the off-shell geometries
can have any initial size. Consequently, one must not
interpret the analogue of the no-boundary wave functions
thus obtained, as the amplitudes for creation of the universe
from “nothing.” A more sensible interpretation would be,
that the wave functions are amplitudes for the transition
from an initial state of well defined Euclidean momentum
to a state of well-defined size.

Finally, we introduced a real scalar field conformally
coupled to the background FRLW spacetime. The quantum
theory of the gravity-scalar system can be studied using the
corresponding Wheeler-de Witt equation. Since exact
solutions could not be found in this case, we progressed
by assuming that the scalar fields are perturbations at the
quantum level. To enforce this assumption mathematically,
we started off by taking the solution to be exponential of a
power series in £5, with the lowest power being #,2.
Demanding that this wave function solves the correspond-
ing Wheeler-de Witt equation at all orders of #3, implies
that the coefficients of ff, in the power series that define the
wave function satisfy a set of differential equations. At the
first two leading orders, the corresponding differential
equation satisfied by the coefficients can be shown to be
equivalent to the Hamilton-Jacobi equation of the gravita-
tional part. In the next order, we obtain a differential
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equation that essentially describes the paradigm of quan-
tum field theory in curved spacetime. We then proceeded
to find the bouncing-model analogue of the wave function
that corresponds to the no-boundary proposal for the
gravity-scalar system. Interestingly, we found that the wave
function, in general, is not unique. Only when ©,(z), a
certain function of the Euclidean time 7, diverges at the
point of singularity, do we get a unique wave function. This
has the consequence that the initial conditions of the
universe have a certain level of arbitrariness that cannot,
in general, be fixed without invoking further principles.
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