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Influence of the four-fermion interactions in a (2+1)D massive
electron system
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The description of the electromagnetic interaction in two-dimensional Dirac materials, such as graphene
and transition-metal dichalcogenides, in which electrons move in the plane and interact via virtual photons in
3D, leads naturally to the emergence of a projected theory, called pseudo-quantum electrodynamics (PQED),
as an effective model suitable for describing electromagnetic interaction in these systems. In this work, we
investigate the role of a complete set of four-fermion interactions in the renormalization group functions
when we coupled it with the anisotropic version of massive PQED, where we take into account the fact that
the Fermi velocity is not equal to the light velocity. We calculate the electron self-energy in the dominant
orderin the 1 /N expansion in the regime where m? < p*. We show that the Fermi velocity renormalization is
insensitive to the presence of quartic fermionic interactions, whereas the renormalized mass may have two
different asymptotic behaviors at the high-density limit, which means a high-energy scale.
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I. INTRODUCTION

Four-fermion interactions have been extensively studied
in the literature, both for understanding conceptual aspects
of quantum field theory as well as for applications in
condensed matter physics. In particular, the Thirring [1]
and Nambu-Jona-Lasinio [2] models show a rich connection
between the phenomenon of superconductivity and elemen-
tary particle physics. The latter has also been used for
studying quantum chromodynamics at the low-energy limit
[3,4]. Although four-fermion interactions are perturbatively
non-renormalizable in a space-time D > 2, in the sense
of general power counting rules [5], they become renorma-
lizable when we use the 1/N expansion in D =3 [6].
Indeed, the incorporation of vacuum polarization effects
provides a better behavior for the Green functions in the
ultraviolet regime. Therefore, both the Gross-Neveu [7] and
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Thirring [8] interactions may be renormalizable in D = 3.
Usually, in order to perform the 1/N expansion, a Hubbard-
Stratonovich transformation [9] is used through the intro-
duction of an auxiliary field, which has no dynamics at the
tree level.

It is well known that the quasiparticle excitations in two-
dimensional materials at the honeycomb lattice (such as
graphene [10], silicene [11], and transition metal dichalco-
genides [12]) behave as Dirac-like fermions (either massless
or massive). Hence, the four-fermion interactions also
become relevant, as an attempt to obtain a more complete
description of these systems, within a quantum-field-theory
approach. Indeed, this more realistic description should take
into account some of the microscopic interactions that, such
as disorder or impurity, may emerge in these materials.
Because the auxiliary fields obey the same properties as the
random disorder or impurities interactions, as discussed in
Refs. [13,14], hence, we can relate these properties of the
materials with the four-fermion interactions within the low-
energy limit. Furthermore, it is also very useful to consider
the electromagnetic interactions in the plane, which may be
effectively described by the pseudoquantum electrodynam-
ics model [15].

In a previous work, we analyzed the effect of the
electromagnetic interaction on the renormalization of the
mass gap of electrons moving in a plane subject also to
impurities simulated by a Gross-Neveu like self-interaction
[16]. Without the four-fermion interaction, we derived
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results that are in excellent agreement with experimental
measurements of the band gap for WSe, [17] and MoS,
[18]. We found also that, although the presence of the
Gross-Neveu like interaction does not alter the renormal-
ization of the Fermi velocity [19], it provides an ultraviolet
fixed point in terms of an effective fine-structure constant
so that the renormalized mass has different behaviors below
and above it.

In this paper, we extend the investigation presented in
[16] by considering the generalized four-fermion inter-
actions with O(4) symmetry.

The remainder of this paper is organized as follow. In
Sec. II, we present our model, notation, and perform the
expansion 1/N through the Hubbard-Stratonovich trans-
formation, which allows us to define the Feynman rules. In
Sec. III, we calculate the propagators of the gauge and
auxiliary fields in the dominant order in 1/N in the regime
where m?> < p?. In Sec. IV, we calculate the electron self-
energy due to electromagnetic and the four-fermion inter-
actions, taking into account the effect of the polarization
tensor obtained in the previous section. The derivation of
the renormalization group functions and the effect of each
four-fermion interaction on the renormalized mass are
shown in Sec. V. In Sec. VI, we review our main results
and conclusions. Some details about the derivation of the
polarization tensor, due to the four-fermion interactions, are
given in the Appendix.

II. PSEUDOQUANTUM ELECTRODYNAMICS
WITH FOUR-FERMIONS INTERACTION

We consider the PQED model [15] with a complete set of
independent four-fermion interactions in (2 + 1)D [20].
The Euclidean action reads

1 F””Fﬂy e “D, W, §<8”AH)2
(i —-m
G,
_Z_I(WaFZWa)Z’ (1)
o 2
where F,, = 0,A, — 0,A,, is the field intensity tensor of the

gauge field A,, [ is the d’ Alembertian operator, y,, is the
Dirac field, and a =1, ..., N is the flavor index. For
electrons in the honeycomb lattice, we may use the repre-
sentation for matter field as y;, = (l//j‘T, WAl Ve W Das
where (A,B) and (1,]) are the sublattices and spins,
respectively. Therefore, one finds a = K, K’ and N = 2,
which describes the valley degeneracy. Here, we perform all
of the calculations for an arbitrary value of N [21,22].
Furthermore, m is the Dirac mass, e is the electric charge, £is
the gauge-fixing parameter, G, = {Gy,...,Gg} are the
coupling constants of the four-fermion interactions where

=1,...,8 is an index describing each self-interaction,

U ={0Lr 72702 vy vy vy’ are  their

corresponding matrices, y* are the Dirac matrices in the
4 x 4 representation, whose algebra is given by {y*,7"} =
26", and y*D, =y’ + vry'0; + ey*A, is the Dirac
operator after we perform the minimal coupling with A,,.
Our matrix representation follows the definition given in
Ref. [23]. Thus, our Dirac matrices are anti-Hermitian:
(0 71,72) = (io3, 001, i03) ®,03),73 =1 @ 61, and ys =
I®o, so that (y,)>=-1, and ys is Hermitian.
Furthermore, we shall use the natural system of units, where
h = ¢ = 1. Because [G;] = —1, the model in Eq. (1) is not
renormalizable in the perturbative expansion, but it is in the
large-N expansion. Hence, we shall consider the large-N
expansion from now on.

The first step is to introduce the N parameter into the
action through a scaling of the coupling constants, given by
e = ¢/y/N and G, = G,/N for a fixed e and G,, respec-
tively. Thereafter, we use a Hubbard-Stratonovich trans-
form in the four-fermion interactions, given by

G, G, ,_
Fl 2 Fl 2
2N( Wa) —>—2N(v/a V)
N Gy r 2
2Gl P — Nl//a 1Wa
N Gy 2
— gy -2y, 2
2, [cps N Va swa} , (2)
where

1= AP Qs Qs @5 Py s Py Py Py }

is a set of auxiliary fields for each kind of interaction. Note
that, for the sake of simplicity, we applied the notation

={@,...,ps} in Eq. (2). Using Eq. (2) in Eq. (1), one
finds the motion equation for the auxiliary fields, namely
¢ =Gw,w,/N at the classical level for each [ =
1, ..., 8 (there is no sum over [ in the rhs of this equation).
Furthermore, we also obtain the action,

1 F*F,, o
=535 @iy’ + ivpy'0; — m)yr
e (0,A")?
+——yrtyA, - E—L
\/Nww " é\/ﬁ
SOIN
+ Z [2—(;1%2 - (le/_frzl//]- (3)
=1

Next, we realize a simple shift in the auxiliary field, namely
@, — 60, + @1/V/N, such that 6y, = (¢,) is the vacuum
expectation value of ¢,. Using this transform in Eq. (3), we
have
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1F*F,,

“2vo
v e i[zc %)

+ (iy°0y + ivpy'd; — m — oo,y

+Z |:2Gl \/ﬁ 00,191 — \/lﬁfﬂll/_frﬂlf]- (4)

One advantage of Eq. (4) is that for m =0, it clearly
separates the analysis into phases, ie., one with no
spontaneous symmetry breaking where oy; = 0 and other
phases with some broken symmetry o, ; # 0. In particular, a
phase with chiral symmetry breaking, i.e., 6y # 0, has
been discussed in Ref. [16]. Next, let us define the
Feynman rules. The gauge-field propagator in Eq. (3) reads

A9,(p) = ﬁ_y [a,w - (1 —é) 2 ]’;f”], (5)

while the fermion propagator is given by

1
Sr(p) = - i ’ (6)
g Y°po + vey'pi —m

and, in the tree approximation, the propagator for the
auxiliary-field ¢, is

@)= (g) " )

The electromagnetic and trilinear vertices interactions are
given by ¢/+/N and 1/+/N, respectively. Next, we shall
calculate the quantum corrections, within the large-N
approximation, for the field propagators.

III. FULL PROPAGATORS

A. Gauge-field propagator
The full gauge-field propagator, in the dominant order of

1/N, is written as [16]

Aﬂv(p) = ASV(P) + Aga(P)Haﬂ(P)A?}y(P) T (8)

where IT"(p) is the vacuum polarization tensor, namely

() = =T [ S5 Selp -+ R0 Se(h). (9

In the static limit, we only need the component I1%(p)
given by

2 2

p

e
8 \/p§ + vip’

% (p*) = - (10)

in the small-mass limit m*> < p?. Using Eq. (10) in Eq. (8),
we find

Ago(p <\/7+ Po+vpp>_1' (11)

This agrees with the result in Ref. [16].

B. Auxiliary-field propagators
The quantum corrections for the auxiliary fields ¢; may
be obtained through the effective action S.. This is
accomplished from Eq. (4) by integrating out the matter
field. After expanding S for large-N, we find

Seitlel] = VNS ()] + Salpi) + -+ (12)

where

S, =Tr [(iyoao +ivpy'd; —m— o, ")

x <§[:[p,rl>] +Z:Giz6°‘lw” (13)

%Tr H(i}/oao + ivpy'0; —m — o6, I")7!
2 1
x(Zl(p,Fl)} } —I—/aﬁxzﬁfp%. (14)
i I

Note that S; in Eq. (13) may be written as S; =
> 1 @1S1[604.G]. On the other hand, we have that
S; =0, which implies a convergent effective action in
Eq. (12). This yields a set of gap equations S;[o;, G;] =0
for each /, giving a nontrivial relation between the values of
0o, and the coupling constants G,. However, for ¢4, = 0
and m = 0, these gap equations are automatically satisfied.
Next, it is convenient to write Eq. (14) as

$:=3 [ Exdyo " c=enl). (15)

providing the auxiliary-field propagator I'’ (x — y)~!. This,
in the momentum space, is schematically written as

4 U 1 ! 4
i 11 _ 11 7t
[A{fm}( Pl F{(/’/}( p)= Gy, ]}5 H{wz}( p). (16)

At this point, we must be careful with our notation in order
to avoid any misunderstanding. Indeed, the kind of indexes
(1I') we have in Eq. (16) depends on the kind of auxiliary
field {¢;} we want to consider. For instance, ¢, = ¢y > ¢
is a scalar field; hence, 6 only means an unity.
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FIG. 1. The large-N approximation for the full auxiliary-field
propagators. The full propagators of the auxiliary fields are
represented by the double-dashed line with the subscripts (7, /'),
which are meant to describe their different tensorial structure.
The continuum line is the propagator of the fermion field.

Nevertheless, we may consider the second auxiliary field,
which is actually ¢, = @, = Ay, a vector field. In this

case, we must consider that 6/ — 8, where we replace

(1I') by two Lorentz indexes, i.e., (II') — (uv), such that we

find a propagator A’{”; }( p), as expected. The main rule is
u

that for a generic auxiliary field {¢;}, one must have a
scalar quantity S, « ¢, I ¢, which, therefore, fixes the
tensorial structure of I'". We represent the full propagator
of the auxiliary fields in Fig. 1.

The different self-energies for each auxiliary field read

. &k )
), (p) = [ SIS + OIS (k). (17
We consider the 4 x 4 representation of the Dirac matrices,
whose trace operations are detailed in the Appendix.
Because of the Lorentz symmetry in the Dirac matrices,
we perform a redefinition of the external momentum as
vpp; = P;» such that p, = (py, p;). Furthermore, for the
sake of consistency, we also change the spatial variable
of the loop integral as vpk; — k;, which implies that
d*k = d’k/v%.. Therefore,
. 1 A S ’

It is clear that the only difference, between the different

four-fermion interactions, is the vertex structure I'; (and ')
in Eq. (18).

IV. THE ELECTRON SELF-ENERGY

We assume the symmetric phase, where o; = 0. This
phase is promptly obtained from Eq. (4) by using 6, = 0.
Using the Feynman parametrization and the dimensional
regularization (see the Appendix), we obtain the self-
energies for all of the auxiliary fields ¢;, which for higher
momenta, is given by

r, (p) : + r (19)
p pr— s
o G, 4vk
. 1 P*\ s 1 p*p*
r, = P 4+ — , 20
g (P) (Gwﬂ - 8”% > - Gt/i,, p? (20)

1 p’
Tos (P) =G — =1 2y
P3(5) G{/)B(S) 47}F
U VP g, L PP
)= (Gt )P o T )
Pu3(5) Glﬂ,,;(s) 81)% G%z(s) ?
1 VP
Lyy(P) =—=—+ : (23)
73 G(ﬂzs 4U%
and
F}W (p) _ < 1 __1_72> [@ﬂy_FLp”[_)” (24)
s Pu3s 81}% G(pl‘35 [_72

The subscription 3(5) means that the result holds for both
@3 and @5 fields, for example. Furthermore, the standard
projection tensor P reads

p'p*
-2 -

P — g — (25)

It should be noticed the bad ultraviolet behavior of the
longitudinal part of the two point proper function involving
a vectorial field, namely the longitudinal parts in Egs. (20),
(22), and (24). Of course, these bad behaviors are innocu-
ous if the corresponding currents are conserved. In any
case, this fact is only relevant for calculating the correction
in order 1/N?. If we consider only the transversal part of
these propagators, the generalized model (3) is power
counting renormalizable with divergences being eliminated
by reparametrizations of the fields and of the mass of the
fermion field. In what follows, we will discuss in detail the
divergences in the fermion self-energy.

A. The fermion self-energy

Having the gauge and auxiliary-field propagators, we
may calculate the fermion self-energy. This also may be
decomposed into two terms, one due to the gauge field and
the other due to the auxiliary fields.

1. Self-energy due to the gauge field

The fermion self-energy due to the gauge field is shown
in Fig 2(a), and its analytical expression is given by

62 3
5(0) =5 [ Gt Selp =P B k). 9

The first step is to use Eq. (6) and Eq. (11) in Eq. (26). On
the other hand, the self-energy in the small-momentum
limit, which is the relevant term in order to extract the form
of the divergences, is written as [16,24]
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(a) k
= - + P % p
p p yH vV
(b) _'—'-/::::
p Y
+
r! r/

FIG. 2. The full fermion propagator up to the dominant order
1/N. The full fermion propagator is represented by the double
continuous lines. (a) The self-energy due to the interaction
between the gauge and fermion fields. (b) The general structure
of the self-energies due to each auxiliary-field propagator and the
fermion field.

Z4,(Po)
Zy,(p) = Z4,(P)]p=o + }’Opoaﬂipo .
Po=
-0 ;
+ vpy'pi M (27)
api pi=0

After some calculations (see Appendix A of Ref. [16]), it is
possible to show that the fermion self-energy, in the small-
mass limit, is

%4, (p) = = 2 [PPf(2) = vt pif ()
A
+mfo(2)]In (A_0> 1 FT, (28)

where FT stands for finite terms, 1 = ¢?/(16v5) = na/4,
where « is the fine-structure constant,

o) = 2, (29)
2 2-2
fl(/l)——P 7z—2/1+5/#cos‘1(/1) . (30)
and
£od) = L [w—22 -2V 1~ Reos (). (31)

2. Self-energy due to the auxiliary fields

The fermion self-energy due to the auxiliary fields is
shown in Fig. 2(b), and its analytical expression is given by

3
Zipa (1) = [ (g TSep =B A 0. (32)

Here, we use Eq. (6) and Eq. (16) in Eq. (32). Thereafter,
we make the same reassignement of the momentum

variables as before; i.e., we redefine the external momen-
tum as p, — p,, where p, = (po.p;), and change the
loop-integral variable as vpk; — k;. Therefore, the self-
energy is written as

_ 1 &Pk
Z{wz}(p> _v—%/(Zﬂ)3F

Similarly to the previous case, we expand the self-energy as

}/a(ﬁ - k)a +m
o,

92, (P)

Zin(P) = Z(y3 (P)]p=0 + Py 9
"

el (34)
=0

Note that the lowest-order term in Eq. (34) is

_ m d3k Fll“” {o1}
i (P50 ZU_%/WWAJH (k),  (35)

and the first-order term in p, reads

~ & [ ok LT
om0 VEJ (2m) K+ m?

7 koK p ,
2W}rl Al (k). (36)

- 82{401}(1_))
H 81_7;4

For analyzing the divergent parts of these expressions,
we may neglect the 1/G,, terms in the propagators of the
auxiliary fields as they only give finite contributions. We
assume that 1/G,, p* as an approximation in the
auxiliary-field propagators for calculating the fermion self-
energy. Let us take the Thirring interaction as a concrete
example; hence, {¢;} = ¢, = @,,- In this case, the zero-

order term reads

d3k y"y
Z - H
1

"y ”kﬂky }
——— s = 37
(K + m>)k* | /i2 (37)
Next, we use y*y, = =3 and, given the Lorentz invariance

on the integral, we change k,k, — gm/k2 /3. Using these
conditions, Eq. (37) yields

_ 16 Ak 1 1
Z(pﬂ (p)|[)=0 = _Nm (271_)3 k2 T mz_\/—/?' (38)

After applying the Feynman parametrization and cut-off
regularization, within the small-mass limit, we find the
zero-order term, namely
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z%(p)|,.,:0:—ﬂf mln</[\\0) (39)

Next, let us calculate the first-order term. From the
expansion given by Eq. (36), we find

5 Z / Bk v Vﬁ[_J/;
p apﬁ =0 N k2+m

ya ka k/} p p K,uu
-2 v . 40
(2 + m?)? 4 2 (40)
We shall follow the same steps as before. Here,

however, for the second integral in rhs of Eq. (40), we
use k 'k k, - 6/}5 v+ 806, + 8,,80)k* /15, because of
the Lorentz invariance in the loop integral. Therefore, we
obtain

0%, (p)

‘ B 8
s p=o

322N

A
Pp pﬁln<A ) +FT, (41)

with being FT the finite terms. From Eq. (39) and Eq. (41),
we find the whole contribution of the Thirring interaction to
the fermion self-energy, given by

(pﬂ(ﬁ) =

8 A
7, 3m}tIn| — FT. 42
o (7D 3m) n(AO>+ (42)

After doing the same procedure for the other inter-
actions, we find

_ _ A
z, (p) = {r"p, +3m}In (A_> + FT,

371'2N 0

A
p,—3m}In <A—O> + FT,

_ 2
Z(/)3(5) (p) = 371'2N

_ 8 _ A
Z‘l’w@ (p) =~ 32N - 3m} In (A_()) + FT,

2 A
2o (P) = — 5 +3mtIn(-— ) +FT, 43
ws(P) = =33y +3m} n<A0> + (43)
and
_ 8 . A
2y, (P) = =3y 1" Pu - 3mp In{ 5 )+ FT. - (44)

V. RENORMALIZATION GROUP

In general grounds, the renormalization group equation
has so many anomalous dimensions as fields in the
lagrangian. However, because the vacuum polarization
tensors I1*/(p) and Hf/f;( p) are finite in the dimensional
regularization scheme, we conclude that YA, P, and y,,

vanish. Furthermore, the beta functions for the coupling

constants f; do not appear in our renormalization group

equation due to the approximation 1/G; < \/p? we have
considered before. Having these assumptions in mind, our
renormalization group equation is written as

0 0 0
At By —+ Py=— = Npyp | TVr) =0, (45
on T Poe gy TPy = Netr (45)
where TVr = TWrNaNy) (- p\) are the renormal-

ized vertex functions, and (N, N4, N, ) are the number of
external lines of fermion, gauge, and auxiliary fields,
respectively. The beta functions of vy and m parameters
are f, = A% and g, = Ag’A”, respectively. The anoma-
lous dimension of the fermion field is yr = A% (InZ,),
where Z,, is the wave function renormalization.

The two-point function for the fermion field is

T® = (o + vy’ p; —m) + X, (p) + =17 (p).  (46)

where the contribution of the gauge field 2, (p) is

. A
24, (p) = lar1y’po + ayvpy' pi 4 azm]In (A_()) (47)

and the coefficients a, ; 5 are easily obtained from Eq. (28).
After recovering p — p = py + vgp;, we find the contri-
bution of the auxiliary fields; i.e.,

| A
£ (p) = 10 o+ 5 0y s + B 1“(A_0>’
(48)

where the coefficients b , are obtained from Eq. (42), (43),
and (44). In the large-N expansion, we may write the beta

functions as 3, = ﬁ(al) + % ﬂ,(lz) -, with @ = v, m, and

the anomalous dimension as yp = yg) + %y;z) + .-

Thereafter, we replace Eq. (46) in Eq. (45) and, after some
algebra, we obtain

1 y
F= 5 (al + Z:bi“ﬂ’) N (49)

ﬁvF = vp(a) — ay), (50)

and
o= mlar+a+ S 40| o)
l

Using the coefficients a,3 and b;,, we obtain
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2 2-A? /2 28
=——— |24+ ——=cos () - =| —=5=, (52
r ﬂzN[ i W J N O

4 cosY'(2) =«
R S § Rl A 53
b ﬂszF[ Twioe 21}’ o
and
2m dcos™'(1) 2x

B = =g |4+ o2 T LS by, (54
/m ﬂ2N|:+lm /1:|+ Mmoysp ( )

{bar}

where by = b + bi? is the contribution, due to the
four-fermion interactions, for the beta function of the mass.
These are, in principle, different for each wI ',y term.
Notice, however, that they do not depend on the couplings
1/G,. In fact, by considering the high momenta expansions
for the auxiliary field propagators, we may verify that terms
containing these parameters are actually finite. In Table I,
we summarize all of the possible values of b,y generated by
each individual interaction.

A. Mass renormalization

We obtain the renormalized mass through the beta
function as

om
Aa_A_ﬁm’ (55)

with Eq. (54), where the renormalized mass depends on the
energy scale A. After solving Eq. (55) for m(A), it follows
that

A\ 94
m(A) =m(ro) () (56)
0
where
TABLE I. The b,y term of each four-fermion interaction. This

table gives the contribution of each four-fermion interaction to the
beta function of the mass, given in Eq. (51) by bi‘”’} + bi"”’}.
These contributions are calculated in the small-mass limit, where
m?> < p? and for 1/G, < p.

The four-fermion interactions The contribution b,y

(py)? 8/(37°N)
(pr'y)? —32/(322N)
%
vy -4/(3z*N
Wrry)? —8/(37°N)
El/?r"y:wgi 16;&3::21\/;
Yty w 16/(37°N
r'v'rw)? —32/(37°N)

-1
o) == |44 55 4 S (s7)

{bar}

From Eq. (56) and Eq. (57), we conclude that the
contribution of the byr terms, generated by the four-
fermion interactions, modifies the behavior of the renor-
malized mass, because they may change the sign of the
function g(4), as shown in Fig. 3. In Fig. 4, we plot the
function m(A). In general, there are three possible cases,
namely (A) g(1) < 0 for any 4, (B) g(4) > 0 for any 4, and
(C), where either g(41) >0 for 2> 1. or g(4) <0 for
A < A.. The critical point 4. is obtained from g(4.) = 0.
Obviously, only the case (C) allow us to control the
renormalized mass by tuning the value of A.

Next, let us consider the case (A). This is the regime
where the renormalized mass is fully controlled by the
electromagnetic interactions. Therefore, the sum over the
byr term vanishes. In Fig. 5, we show a plot for such
possibility. From Table I, we conclude that there are six
different combinations that fulfil this criteria. These are
(AD - (gw)* + @rry)’, (A2 ()’ + (5r'w)* +
r°w)2, (A3) (wr'w)* + (wr*r’w)? + (y*y’w)* [where
(py*w)? can be replaced by (fy*y’r w)?], and (A4)
' w)? + @Y w)* + (pr'w)? + (@r°w)*  [where
(wy*y3w)? can be replaced by (y*y w)?]. In case (A),
we conclude that m(A) — 0 as A — oo.

In case (B), we need combinations that always provide
g(4) positive. In this regime, the influence of the four-
fermion interactions is dominant over the contribution of

0.2}

0.1F

_——

a(A)

FIG. 3. The function g(4) in the interval A € [0.1,1] with
N =4. We plot Eq. (57) for four different combinations of
the four-fermion interactions. The continuous line is obtained
from the (Pw)? and (yy’w)? interactions, which provides
> by bar = 1/37%. In this case, we find A" = 0.26. The
dashed line is the combination of (yw)? and (§y’y w)? inter-
actions, where » {bar} b4f = 0. The dotted line is obtained from
the (yy*w)? interaction, where byr = —8/37%. The dashed-
dotted line is obtained from the (py)? and (Py*y’w)? inter-
actions, where Z{b4F} byr = 2/7*. Note that only for the
continuous line, we have a critical point.
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1.15F
1.10¢
1.05}
1.00}

m(A)m(A)

0.95
0.90}

0.85}

FIG. 4. The behavior of m(A). We plot Eq. (56) considering the
(Pry)? and (§ry’w)? interactions, which provides ™" = 0.26. For
the line, we use A = 0.1, while for the dashed line, we use
A =0.5. We consider N = 4 for both curves.

the electromagnetic interactions. Therefore, the sum over
the b, term must be larger than the first term in the rhs of
Eq. (57) for any A In Fig. 5, we show a plot for such
possibility. From Table I, we conclude that there are seven
different combinations that fulfil this criteria. These are
B (pr'rw)’ + @r'ry)’, B2) w)* + @r'r'y)
[where (yy*y*w)? can be replaced by (yy*y w)?], (B3)
@r'r’yw)* + (r'y)?, and (B4) (pr"r’w)* + (§ry)? [in
the last two combinations, (yy’y)? can replaced by
(W yw)?]. In case (B), we conclude that m(A) — co as
A — .

In case (C), the sign of g(1) changes after crossing
the point A.. In this regime, the renormalized mass is
described by the competition of electromagnetic and four-
fermion interactions, where both of them are relevant. We
find two possible values for the critical coupling constant,

=
<
£
<
S
A
FIG.5. The behavior of m(A). We plot Eq. (56) with N = 4 and

2 = 0.4. The continuous line is obtained from the (y)?> and
(wy3y’w)? interactions (the same curve holds when we replace y3
by y5). The dashed line is obtained from the Thirring interaction
(wy*w)?. The dotted line is obtained from (yry)? and (§y*y3y)?
interactions.

namely 1 = (.66 and A™" = 0.26. From Table I, we find
seven combinations that provide A7, given by (ClA)
Ww)*, (C2A) (y'r’w)*+@r’ry)’, (C3A) (y)*+
@' rw)> + @ ry)? + (rw)* + (r’y)?, and (C4A)
r*r*w)? + (pr*w)* + (pr w)?* [in each of the previous
combinations, we can change (yy*y*w)? by (y*y w)?].
On the other hand, for finding A™", there are six
possibilities, namely (C1B) (yw)? + (yy’w)? and (C2B)
w)> + @ry)®  (C3B)  (pr'r’y)* + (wr’ry)* +
@rw)*,  (C4B)  (pr'r’w)’ + (Grry) + (brw)’,
(C5B)  (pr'r’w)* + (pr’Y’w)* + (r’y)?, and (C6B)
@7 rw)* + (@r°r’w)* + (pry)*. Case (C) clearly pro-
vides two possible asymptotic behaviors for m(A);
see Fig. 5.

In Ref. [16], it has been shown that the combination
of electromagnetic and Gross-Neveu interactions yields
AMaX — (.66, which is our case (C1A). We believe that
combinations with a minimal critical coupling constant
Amin — 026 (see Fig. 4) are likely to provide an easier
controlling of the renormalized mass. Indeed, because of
screening effects, due to the substrates, the value of A
decreases; hence, the phase when 4 > 4. becomes harder to
achieve experimentally. From the experimental point of
view, it is possible to relate the energy scale A with the
electronic density n (the number of electrons by unit of
surface area) by using the scaling law A — n'/2 [25]. The
value of n is controlled by a gate voltage [16]. We believe
that our results may be relevant for describing a more
realistic process of mass renormalization. Obviously, the
four-fermion interactions should be related with micro-
scopic interactions, such as mechanical vibrations, impu-
rities, and disorder in the honeycomb lattice.

VI. SUMMARY AND OUTLOOK

The experimental realization of two-dimensional mate-
rials, where the quasiparticles obey a Dirac-like equation,
allow us to consider a quantum-electrodynamical approach
in order to describe electronic interactions in these systems.
In particular, the experimental observation [26] of the
Fermi velocity renormalization [19] in graphene confirms
that electronic interactions are indeed relevant. Recently,
the description of the band gap renormalization [16] in
WSe, [17] and MoS, [18] increases this window of
possible applications, using standard renormalization group
equations, as in Ref. [27]. Within a nonperturbative regime,
one can also consider the description of excitonic spectrum
[28], dynamical mass generation [29], and the realization of
parity anomaly [30] through a quantum valley Hall effect.
Beyond these regimes, one can consider the microscopic
interactions by taking models that simultaneously describe
both electromagnetic and four-fermion interactions. These
cases, however, have been less discussed in literature [31].

In this work, we gave a step forward in this picture by
considering an effective low-energy model that is suitable
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for calculating the effects of both electromagnetic and the
generalized four-fermion interactions with O(4) symmetry.
As a concrete application, we calculated the renormalized
mass m(A) within the large-N approximation. This may be
measured by looking at the energy gap between the valence
(negative energy) and conduction (positive energy) bands at
the valleys of the honeycomb lattice [17,18]. For the sake of
comparison with the experimental data, we may replace the
energy scale A by the electron density n, through the
transform A — n!/2, which is true for two-dimensional
electrons [16,19]. Our result shows that an ultraviolet fixed
point 4, is generated, implying that m(A) does not renorm-
alize at 1 = A.. Thereafter, we find that there exist two
possible values for 4., namely the maximal value AP =
0.66 and the minimal value A™" = (.26 (this does not
depends on the constant N). The kind of value we find
depends on the combinations of four-fermion interactions
we are considering in the initial model. This provides a
possible tuning mechanism for the renormalized mass,
because the behavior of m(A) changes when A = za/4 is
either larger or less than A..

The model presented here is also suitable for investigat-
ing the ultrarelativistic limit of Dirac-like materials, where
vp(n) = ¢ asn — 0, where c is the light velocity. Because
our current results only describe the regime where
vp(n) < ¢ (the static limit), it would be interesting to
understand the behavior of the renormalized mass in the
dynamical limit. We shall consider this generalization
elsewhere.
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APPENDIX: VACUUM POLARIZATION TENSOR
OF FOUR-FERMION INTERACTIONS

Equation (18) represents the general form of the one-
loop quantum correction to the auxiliary-field propagators.
Here, we provide a few details of the computation of this
term for the case of the Thirring interaction where the
vertex is ¢, wy*y. In this case, we have

L [ Lh s+ Ry SrK). (A1)

M (p) = ——
w(P) =52 ™ | Gy

Next, we use Eq. (6) and the following trace operations
over the Dirac matrices, namely

Trlpy] = —45", (A2)

Tr []/M]/a]/y]/ﬂ] — 4(5/4(151//} _ 5;11/5(1/1 + 5;4/}51/(1) , (A3)

which are useful properties to expand the numerator
of Eq. (Al). After calculating the trace over the Dirac
matrices, this numerator reads

(p+kFk + (p+ k)K= [(p+k)-k+m?].  (A4)

On the other hand, we use the Feynman parametrization in
the denominator, which becomes equal to

[(k+ xp)? + x(1 + x)p? + m?]*. (AS)

Thereafter, in order to eliminate symmetric-loop integrals,
we made a variable change k — k —xp and, by using
Lorentz invariance, we finally find a simplified equation for
IT, (p), namely

4 [1 &Pk G-1)0"k*
m(p)=—— | d 3
n(P) 1112;/0 x{/ (27) [K* + A2

Pk (8 =2E0)x(1 - x)p* = 5m?
8 / (27)° 2+ AP }

(A6)

with A} = x(1 — x)p*> + m?. After solving the integrals,
using the dimensional regularization scheme, we find

(= 7 (Y P o
40;4 -

— +
2p2 41—)2 /pz

2

2
TUE

p

x arcsin | | ———

}uﬁwv. (A7)

In the cases of other auxiliary fields, we use that y* and °
anticommute with y* and between them; furthermore,
(7*)? = (y°)?> = 1. Hence, it follows some useful proper-
ties, given by

Tr[yOy0] = 4, (A8)

Tel? Oy O] = 457, (A9)
Telyy’r’y’] = —4, (A10)

Tely Oy O] = Ty y?l. (AL
Tl rrr’ry’] = 467 (A12)

Ty rrrr ey’ ] = =Telpryy’]. - (A13)
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We obtain I, (p) and II, (p) using I =3 or >
respectively, in Eq. (18). Then, we implement the same
procedure for solve Eq. (A1) together with Egs. (A8) and
(A9), of form that

-2 2 -2
_ P fm= 1 ) p
I, (p)= m}% l F—l-iarcsm ( —p2 +4m2>

and for IT, (p) we have the same previous result. Using
" = y#y3 (or y*y°) in Eq. (18) and Eqs. (A9) and (A11), we
find 11, . (p) [or I, (P)], namely

. (Al4)

1—72 + 4m2

VB[ i P
- 2% p? 2p?

Xarcsin )
p-+4m

1T, ()

_ m2
Prt2— 5% s (ALS)
p

using I'' = y3y° in Eq. (18) together with Eqgs. (A10) and
(A12), we obtain

M35(p) = — _2

(A16)

and last, we may obtain IT,’  (p) by replacing I' by y#y%y>
in Eq. (18) and using the trace operation given by
Egs. (A12) and (A13), so

mww_ﬁrﬁ¥#4w
Puss - =2 — -
[ 2p 4p2 /p2

2
TV

=2
. 14 =
X — | |P*. Al7
arcsin < 5y 4m2>] (A17)
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