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We consider examples of long-lived false vacua in quantum field theory that arise from so-called
‘universes’. These false vacua are protected by a (d — 1)-form global symmetry, where d is the dimension
of spacetime. The lifetimes of the false vacua are set by UV data: the tension of (d — 2)-branes charged
under a (d — 2)-form gauge symmetry. The lifetimes can be made parametrically long even when the
difference in energy density between the false and true vacua is large compared to the natural scales
of the field theory. We study examples of near-eternal false vacua in Abelian gauge theories in two
dimensions and in four-dimensional QCD. In both cases, it is possible to view the (d — 1)-form symmetries
as arising from a modification of the sum over instantons. We find that the modification of the instanton
sum in 4d QCD leads to a higher-group symmetry structure involving the 3-form and conventional O0-form

global symmetries.
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I. INTRODUCTION

False vacua are commonplace in quantum field theory
(QFT). But we are used to the idea that if we wait long
enough, the system always ends up in the true vacuum
[1-6]. Indeed, suppose we prepare a system in a false
vacuum state. In familiar situations, false vacuum decay
proceeds by bubble nucleation: there is a nonzero proba-
bility for a bubble of the true vacuum to appear thanks to
quantum or thermal fluctuations. Heuristically, small bub-
bles collapse to zero size due to the dominance of the
bubble wall tension in their energy, but if a large enough
bubble of the true vacuum appears, then the system can
lower its energy by making the bubble bigger and bigger
due to the difference in energy densities between the true
and false vacua. As a result, sufficiently large bubbles
expand and convert the entire system to the true vacuum.
The lifetime of the false vacuum decreases as the difference
in energy densities between the false and true vacuum is
increased.

Taken at face value, the discussion above might suggest
that the notion of “eternal false vacua” in the title of this
paper is an oxymoron: a false vacuum should never be
eternal in QFT. However, some recent theoretical develop-
ments imply that in fact eternal false vacua do exist in some
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QFTs. The examples we will study the following three
propertiesl:

(1) a Z, (d—1)-form global symmetry, denoted

by Z\Y.

(2) some point in its parameter space where a global

0-form symmetry G*) appears.

(3) amixed 't Hooft anomaly involving G and Z\*~").
The first (and consequently third) properties above may
seem rather exotic, but we will see that there are some very
simple examples of theories with these properties.

In our examples G(©) will be an Abelian group. At the
point in parameter space where G\¥) is a symmetry, the
long-distance effective field theory cannot be trivial due to
the ’t Hooft anomaly, and in the examples we will discuss
G is spontaneously broken, so that there are |G¥|
degenerate vacua. However, another consequence of the
‘t Hooft anomaly is that the would-be domain walls
connecting these vacua have infinite tension. So even when
the spatial volume is finite, the degenerate vacua cannot
mix, in sharp contrast to more familiar examples of QFT's
with spontaneously broken symmetries. We will follow
[7-9] and call distinct vacua with the peculiar property
above “universes.” Indeed, so long as prd_l) is not
explicitly broken, no local measurement within a given
universe can tell us anything about the other universes—

'"These properties are sufficient but not necessary for the
existence of universes. For instance, in 2d Maxwell theory the
existence of a U(1) electric 1-form global symmetry alone gives
rise to eternal false vacua characterized by expectation values of
the local operator xF = %e/‘”F > Which is nothing but a constant
electric field.
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including whether they even exist. Only the behavior of
(d — 1)-dimensional extended operators can probe the
differences between the universes. More physically, if the

Zﬁj"” global symmetry is slightly broken, then the “dis-
connected” universes all get connected into one universe.
The fact that a given QFT gives rise to distinct universes
in the limit that Zg,d_l) becomes exact has important
implications even when Z;d_l) is slightly broken so that
there is only one universe, which we will explore here.
Let us first suppose Zg,d_l) is not broken explicitly. Then
we can ask what happens if we explicitly break the global
symmetry G(©) by dialing parameters in the QFT. Clearly
the Poincaré-invariant local minima of the quantum effec-
tive potential become nondegenerate, leading to the appear-
ance of a unique minimum-energy vacuum. Normally, this
would imply that a locally-stable vacuum with a non-
minimal value of the energy density—a false vacuum—
would decay to the true vacuum in the thermodynamic
equilibrium limit. But here this decay is impossible, and the
lifetime of the false vacuum is infinite. This should be
viewed as a remnant consequence of the 't Hooft anomaly

between G¥) and Zf,,d_U. Bubbles of any finite size simply
cannot appear, because the surface tension of such a bubble
is infinite. To get a finite false-vacuum lifetime, one must

also explicitly break the ZE;H)

Zﬁ,"‘” symmetry entails coupling the system to dynamical

(d — 2)-branes: objects with a (d — 1)-dimensional world
volume with a tension 7;_,. The wall tension of a bubble of
true vacuum is ~T ;_,. As a result, the false vacuum lifetime
is determined by the exponential of the ratio of the tension
T,_, of these branes and the dimensionful scales of the
original QFT.

QFTs with unbroken n-form global symmetries are
believed to be inconsistent with quantum gravity con-
straints (such QFTs are termed to be “in the swampland”),
see, e.g., Ref. [10]. So for phenomenological applications
of these ideas, one should assume the (d — 2)-branes that
are sources for the Zg,d - symmetry have a finite tension.
This tension can be extremely large (Tyo~M&!.,)
compared to the energy scales which are native to our d
dimensional QFT, leading to extremely long-lived false
vacua, without any need to tune the parameters controlling
the low-energy physics.

In what follows we will do a warm up in quantum
mechanics, and then discuss some simple examples of
universes in QFTs in d =2 and d = 4. In d =2 we will
focus on variants of the venerable Schwinger model: that is,
quantum electrodynamics in d = 2. In this simple example,
there are two ways to interpret the (d — 1)-form symmetry.
One way to obtain the 1-form symmetry is to assume the
matter fields have charge p, and then the Zﬁ,d_n symmetry
is just the 1-form ‘center’ symmetry. The other way to
obtain the 1-form symmetry is to have matter with charge 1,

symmetry. Breaking the

but modify the instanton sum to only include instantons
with topological charge divisible by p. In either case, G(*)
is a discrete chiral symmetry. The 1-form symmetry can be
broken by adding massive matter fields with appropriate
gauge charges. The 2d analysis can be done very explicitly
using 2d bosonization techniques.

After that we make the jump to d = 4, where we study
SU(N) QCD with N, fundamental fermions and a modi-
fied instanton sum, generalizing the analysis of [8]. In this
variant of QCD the instanton sum is modified such that
only instantons with topological charge divisible by a
positive integer p are allowed to contribute to the path

integral. Then G(©) = Zg%f , 1s a discrete chiral symmetry,

while prd_l) is a 3-form symmetry when d = 4. We show
that the 3-form symmetry and the O-form continuous
symmetry groups of QCD do not form a direct product.
Instead, they mix nontrivially so that the symmetry group
of QCD with a modified instanton sum should be thought
of as a 4-group. Breaking the higher-form symmetry
requires coupling our variant of 4d QCD to dynamical
2-branes. The hierarchy between the scale set by the
2-brane tension T, and the QCD scale Agcp implies that
false vacua in the modified QCD theory are very long lived.

I1. UNIVERSES IN QUANTUM MECHANICS

A. Eternal false vacua are trivial in quantum mechanics

In quantum mechanics, we are used to the idea that
excited states cannot decay provided they are exact
eigenstates of the Hamiltonian. If the Hamiltonian enjoys
some global symmetry G, then there are no transitions
between an excited state carrying global charge to a lower
energy zero charge state such as the vacuum. In this sense,
the notion of an eternal false vacuum is somewhat trivial in
quantum mechanics.

For instance, consider a particle in a symmetric double-
well potential. The spectrum organizes itself into repre-
sentations of parity, which acts as x - —x. The ground
state is the symmetric combination of nodeless wave
functions localized at the two wells, and is invariant under
parity. The first excited state is the antisymmetric combi-
nation, which is odd under parity. On top of each of these
states is a tower of excitations, each being even or odd
under parity. We may view each tower as being distinct
universes, in the sense that they are protected by a
selection rule: only parity odd operators can connect
states between the two sectors. (Of course, the excited
states within each tower cannot decay either, since they
are energy eigenstates.)

Going back to generalities, suppose the system has a
second global symmetry G’ which has a mixed 't Hooft
anomaly with G. As a consequence, the ground state cannot
be unique. We can choose a basis such that the lowest
energy states are eigenstates of G, but not G’ (they form a
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G’ multiplet). In this way, the symmetry G’, together with
the ’t Hooft anomaly, ensure that the universes associated
with G are degenerate. If we break G’ explicitly this
degeneracy is lost, though the universes remain.

An example of the above situation is furnished by a free
particle on a circle with a #-angle [11-13]. At = z there is
a 't Hooft anomaly between the U(1) shift symmetry and
charge conjugation, which together comprise an O(2)
symmetry. This symmetry is projectively realized on the
Hilbert space. The spectrum consists of states |n) labeled
by their U(1) charge. According to the discussion above,
each state is its own universe. The two lowest-energy
universes |0) and |1) are degenerate and are exchanged by
charge conjugation. Once we break charge conjugation by
moving away from € = z, one of these states becomes the
true vacuum. However, the U(1) symmetry prohibits the
decay of the higher-energy states to this unique vacuum.

The discussion so far serves to show that in quantum
mechanics, universes and eternal false vacua are overly-
complicated ways of thinking about completely standard
concepts. However, it will be useful to consider an addi-
tional quantum-mechanical example in more detail. The
following model exhibits many of the features of the
quantum field theories discussed later in the paper.

B. A quantum mechanics warmup

Consider a quantum mechanical system consisting of
three particles with coordinates are x, y, z respectively on a
circle of radius 2zL with Euclidean-time Lagrangian

i . i . .
—xy+—x(—pz) +V(x,y,2),

1
_ L2 2
E_Zg(x +y)+2n' 27

(2.1)

where we took units where L =1 and p € Zzo.z We
assume that the x and z periodicities in the potential are
27/ p and the y periodicity in the potential is 27z. Although
the variables y and z do not have kinetic terms, they are
dynamical in the sense that we integrate over all configu-
rations of y and z in the path integral. The 2z-periodic
variable y plays the role of a Lagrange multiplier setting
y = pz. Consequently, winding numbers of y are con-
strained to be multiples of p,

/dy:p/dz€27rpZ.

To keep things simple, in the following we will set
V(x,y,z) = V(x) below unless specified otherwise. This

(2.2)

>This model is related to the small-circle limit of the charge-p
Schwinger model on R x S' which appears in [14]. For the
precise connection between two-dimensional Abelian theories
with nonminimal charge and modified instanton sums, see
Sec. III B.

allows us to demonstrate many features exactly (by inte-
grating out z explicitly, for instance) rather than making
general statements and then checking them in perturbation
theory.

The equation of motion for z sets y = 0, and summing
over winding configurations with [dz € 2zZ sets y =
2nm/ p for m € Z. The variable e¥ is therefore Z p-valued,
and summing over its discrete values enforces the constraint
[ dy € 2zpZ as a delta function in the path integral.’

For our purposes the relevant symmetries of the model
are the two discrete Z,, shift symmetries

2n 2n
(Zp))ﬁx_’x‘*‘?, )(—’J(—?’

2
(Z,),: z—>z+;ﬂ. (2.3)

The symmetry operator of (Z,). is e™%, in the sense that

(e=irl0) giz()) = 5@=h) (piz(n)y (2.4)

To verify this relation one can write
(o=t giz(n) :% / DADyD7Dye~5+9)it)  (2.5)

where 8S =i [diy(t)5(ty). We can cancel this shift in
the action by a shift of z(¢) — z(r) +%®(l — ty), which
leads to

ei%@(tl —to)

—ix(to) piz(t1)\ —
(el i) =<7

/DnyDzD)(e_Seiz(’l), (2.6)

reproducing (2.4). Since e~ itself is charged under (Z,,).,
these two shift symmetries have a mixed ‘t Hooft anomaly
[15]. The arguments summarized in the Introduction
suggest that this ought to give rise to p universes.

To see these distinct universes explicitly, it is convenient
to integrate out y and z to isolate the dynamics of x. Since
neither y nor z appear in the Lagrangian explicitly, we can
instead integrate over y and  at the expense of constraining
5= [ dy and 5- [ dz to be integers. This can be achieved with
the discrete delta functions

/ DyDz > > Y / DyDze | W em [ (2.7)

keZ meZ

Integrating out y and z, we find

3This constraint on the winding numbers of y still holds when
x and z have kinetic terms, despite the fact that y is no longer a
discrete-valued field in this case. For simplicity we set these
kinetic terms to zero.
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+8’¢(x+§—2nk)2—iz(#+m)

Z= Z Z /DxDsze_fdtzlﬂkqv(x)

keZ meZ
(2.8)
22 27rm
NZZ/dthe L2V () (-2 2k)?
m=0 keZ
P
= Z Zp. (2.9)

0

3
Il

Upon integrating out the auxiliary fields the partition
function becomes highly nonlocal, decomposing into a
sum of partition functions Z,, labeled by the corresponding
value of the Lagrange multiplier y = 2zm/p. The p
different terms on the right-hand side of (2.9) are the
universes we advertised earlier.

On the other hand, if we restrict our attention to constant
values of x and take the Euclidean time direction to be
large, then the effect of integrating out y, z, y is to produce a
local effective potential,

27k ?
=V(x )+m1ni2<x—i) ,

Vege (x) N e >

(2.10)

with degenerate minima related by (Z,,),. On the one hand,
these p vacua appear to have matched the ‘t Hooft anomaly
between (Z,), and (Z,).. At the same time, the naive
quantum-mechanical expectation is that the true ground
state of the system is described by the (Z,), -symmetric
linear combination of wave functions localized at each
minimum. Put differently, one might expect instantons to
lift the p-fold degeneracy by a nonperturbative amount.
However, there are no instanton configurations connecting
the minima of the potential (2.10). To consider dynamical
configurations we must pass to the nonlocal expression
(2.9), where it becomes obvious that “nearest-neighbor
instantons” are not sensible field configurations because
they would have to connect different terms in the path
integral decomposition (i.e., universes).

An immediate corollary is that the (Z,), symmetry is
spontaneously broken, contrary to the usual lore prohibit-
ing such a conclusion in quantum mechanics. To see this,
let us evaluate the expectation value (e™) with a small
(Z,),-breaking perturbation added to the action, and with
time having finite extent 7,

n—1

(&™) = 1 ; /Dxe’xe fdtzq 2V (1) + Ly (v 2k —ecos(x)
m OkeZ

(2.11)

=1y ix\  —TF,(e)
(6): m= 0<e )m® . (2.12)

Zm 0 e_T]:m(E)

EmO<l>
> ohoZn(€)

where (e™),, is the expectation value in the mth universe
with free energy F,(¢). When € > 0, the free energy
Fole) < Fi(e) for i > 0. Taking the limit 7 — oo, only a
single term in (2.12) survives,

) = ().

lim (e
T—

(2.13)

Finally, taking the symmetry-breaking parameter to zero,
we find

lim lim (e™*) = lim{e™), = 1,

e—>0T—o0 e—0

(2.14)

so that the (Z,,), symmetry is spontaneously broken. Note
that in coming to this conclusion, the exact decomposition
of the path integral into universes was crucial—without it,
finite-action instantons would proliferate even in the 7 —
oo limit, leading to a unique symmetric ground state.
Finally, we note that the p degenerate ground states match
the 't Hooft anomaly between the two Z, symmetries.
We can also see how these degenerate ground states appear
from a Hamiltonian perspective. In Minkowski space, the
Hamiltonian resulting from the Lagrangian (2.1) is

I g ) A i’z X 2 VNN
H==< —=—— V(x,9,2). (2.15
2{px+<py+p 2ﬂ)}+ (%,9.2). (2.15)
In the Hamiltonian formalism the (Z,), and (Z,), shift

A 27 I

symmetries are generated by the operators U, = e'»"*e™"
A 27

and U, = "'+, respectively. Let V(&, §, 2) = 0 for simplic-

ity. Then the above Hamiltonian is equivalent to a Landau

problem on the torus with p units of magnetic flux [14]. The

system has p degenerate ground states |m) on the torus

identified by their eigenvalues U,|m) = ¢>*"/?|m) under
(Z,),. The wave functions are

< > E elkv imz o~ = (x—2mk— 2’””)
kez

(2.16)

W (X) =

(X|m) =

The p ground states have energy E = g/4rx and are permuted
by (Z,), as U,lm) =|m—1). The symmetry operators
therefore satisfy the relation U, U. = /0.0, corre-
sponding to a central extension of Z, x Z, to the Weyl-
Heisenberg group. This is the manifestation of the mixed
anomaly.

It is important to note that the existence of p universes is
protected by the (Z,). symmetry alone, and does not rely
on the existence of the (Z,), symmetry nor the 't Hooft
anomaly between them. To see this, we can again add the
(Z,),-breaking term e cos(x) to the Lagrangian. As shown
in Fig. 1(b), such a term lifts the degeneracy between
universes, but the universes remain. Despite the fact that we
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V(x)/g

. /

18

V(x)/g

2n
s

(b) p=0,e#0

ey = X \‘;ﬂ/ \:aﬂ/ \2_'rr X

(¢c) p#0,e=0

FIG. 1. Effective potential V¢ (x) for p = 3, for different realizations of the (Z,,), and (Z,), symmetries. The potential on the right is
obtained by numerically diagonalizing the Hamiltonian (2.17) with gy = .02¢g. The curvature of the potential near x = 0 is roughly
mege = .02g < /py, so the Born-Oppenheimer approximation is justified.

can make the difference in energy densities between
neighboring vacua large by increasing e, if we prepare
the system in one of the false vacuum states it cannot tunnel
into the true vacuum. Hence, the false vacua are eternal.

On the other hand, we can leave (Z,), intact and break
the (Z,), symmetry explicitly by (for example) including a
V(%,9,2) = cos(Z) potential,

H =

N

P2+ (b +&—i ’ +ucos(z).  (2.17)
* Yp 2n

This leaves a single universe with degenerate vacua
related by the remaining (Z,), symmetry. Since these
vacua now exist in the same universe, finite-action tunnel-
ing events will proliferate and give rise to a unique
symmetric vacuum. In fact, the ground state remains
unique even as we take u — 0. On the other hand, we
know that when u is strictly vanishing there are p
degenerate ground states.

To see this explicitly we can treat the variable x within
the Born-Oppenheimer approximation. Integrating out the
‘fast’ mode z gives an effective potential for x which is the
analog of Eq. (2.10) when the (Z,). symmetry is broken.
The Born-Oppenheimer approximation is justified as long
as the curvature of the induced effective potential is smaller
than /pu, which can easily be arranged. Though the
(Z,),-breaking potential is nonlinear, this process can be
done numerically. As shown in Fig. 1(c), the level-cross-
ings are avoided and the spectrum organizes itself into
bands. Within the lowest band, instantons proliferate and
give rise to a unique ground state. We can even compute the
instanton action for nearest-neighbor tunneling in the limit
1 — 0. In this limit the effective potential reduces to (2.10).
When V(x) = 0, the instanton action is S; = # which
clearly shows no singularity as u — 0. Again, this signals a
non-uniformity in the symmetry-restoring limit: we know
from our above arguments that 4 = 0 is a distinguished
point in parameter space where tunneling is completely
suppressed, i.e., where §; is infinite.

III. UNIVERSES IN THE MASSLESS SCHWINGER
MODEL AND ITS DEFORMATIONS

We now move on to examples of universes and eternal
false vacua in quantum field theory. It is crucial to note
that while in quantum mechanics an eternal false vacuum
is a trivial concept, it becomes nontrivial in relativistic
QFT, where vacua should be Poincaré-invariant. For
instance, while an ordinary O-form global symmetry
may ensure that certain single-particle states are stable,
such states are not eternal false vacua as they are not
Poincaré-invariant. Indeed, eternal false vacua can only
exist due to (d — 1)-form symmetries, which are higher-
form symmetries in d > 2.

In this section we analyze variations of the Schwinger
model: two-dimensional U(1) gauge theory with a charged
Dirac fermion. We begin by taking the fermion to be
massless, with charge p € Z, with |p| > 1. Many aspects
of the Schwinger model with nonminimal charge have been
explored in recent works [9,14,16—19], where the mixed
anomaly between the O-form chiral and I-form center
symmetries plays a central role. Reference [17] identified
the p vacuum branches of the theory as belonging to
different universes (this was also discussed more recently in
[9] using the language of universes), and explained how
(de)confinement can be understood in terms of the energy
densities in each universe. While our discussion in this
section contains some overlap with Refs. [9,17], our main
goal is to provide a self-contained discussion of how
universes arise in the model, and in particular how eternal
false vacua appear when the fermion is given a finite mass.
We give parametric estimates of the lifetimes of false vacua
when both chiral and center symmetry-breaking deforma-
tions are included. A discussion of false vacua similar in
spirit to our analysis appears in Ref. [20] which, motivated
by axion monodromy models of inflation, examines two-
dimensional theories featuring multibranched potentials
with metastable vacua.

In Sec. I B, we show how the charge-p Schwinger
model can be understood as a charge-1 Schwinger model
with a modified instanton sum. This perspective allows us
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to generalize our discussion of universes and eternal
false vacua in two-dimensions to higher dimensions. We
discuss the symmetries and 0-dependence of the modified
model in detail.

A. Charge-p Schwinger model

The Euclidean Lagrangian of the massless charge-p
Schwinger model is

1 i0 B .
L= @fﬂyﬂw + ﬂeﬂvﬁﬂall + (0, —ipa)y, (3.1)
where f,, = 0,a, — 0,a,. We assume that the theory is

defined on a closed 2-manifold so that the topological
charges are quantized as

/e””(‘)ﬂa,, = /da € 2nZ.

The theory has a Zg;) O-form chiral symmetry, but the Z,

(3.2)

subgroup generated by (—1) is actually non-chiral and lies
within the U(1) gauge group. We will focus on the

(0)

faithfully acting Z,’ = Z(z(:,) /Z, chiral symmetry below.

The theory also has a 1-form va” center symmetry.

The bosonized form of the massless charge-p Schwinger
model is [21,22]

p

1 1 i 0
L=—\dal*+—\|dopP> + Lo Ad da, (3.3
262| al +8ﬂ| | +o_@ Adato—da (3.3)

i

27
where we have switched to form notation, so that a =
a,dx* and used the shorthand |w|> = @ A *w. Here ¢ is a

2rz-periodic scalar and the discrete chiral symmetry
becomes the shift symmetry ¢ — ¢ + 27/ p. The 1-form
Zf,,l) symmetry acts by shifting a - a+ 4 by a flat
connection with [A=2xZ/p. The Zﬁ,o) and Zg) sym-
metries have a mixed anomaly [16,18,19], which can be
seen by turning on an appropriate background 2-form
gauge field for the 1-form symmetry.

An important point is that the symmetry operator
of the 1-form symmetry is a local operator, which
up to a normalization constant is given by U, (x) =
P datty) Indeed, the equation of motion for the
gauge field can be written as

d(—’z*da+p(p> ~0. (3.4)
e 2r

The O-form expression in parentheses is therefore a con-
served quantity, and this can be used to show that U,,(x) is

a well-defined local topological operator so long as m € Z.
The symmetry operator satisfies

(Un(x)e ety = 0Cnieileny  35)

where the linking number #(C, x) = 0 or 1 depending on if
the point x is inside the closed contour C, which we take
to be oriented and without self-intersections. So long as the
I-form symmetry is not explicitly broken, correlation
functions of U,,(x) should be topological—which in the
case of local operators, means independent of the position
x. We will see that this enforces strict constraints on the
possible dynamical domain wall configurations in which ¢
approaches distinct values at asymptotic infinity. In par-
ticular, domain wall configurations where U, (x) depends
on spacetime necessarily have infinite tension. While one
can consider such domain walls as probes of the theory,
they are not dynamical excitations [9].

In the deep IR limit e? — co, integrating out a locally
sets dp = 0, while the sum over topologically nontrivial
sectors (global fluxes f da € 2z 7) results in the constraint
@ =2x¢/p, with £ € Z. The field ¢ is frozen to one of p
values, and there are no domain walls which interpolate
between them. In this limit the distinct values ¢ €
{0, ..., p — 1} label distinct universes. Even away from
the extreme IR limit the theory (3.3) is Gaussian and we can
integrate out the gauge field by treating F' = da as the
fundamental degree of freedom. Imposing U(1) flux
quantization (read: the Bianchi identity) as a delta function
constraint,

ZeikfF—Zé<y—$/F>, (3.6)

kez veZ

the path integral can be expressed as

20) = [ 20X exo{- [ -laoP

kez

A} w

There is no longer a local effective Lagrangian for ¢: the
partition function decomposes into a sum of distinct path
integrals labeled by the integer k.* The p inequivalent terms
in the above decomposition are distinct universes, labeled
by the expectation value of the I-form symmetry oper-
ator (U, (x)) = e>wik/p,

In the infinite volume limit, the potential for the
zero mode of ¢, which we denote ¢, can be written in
a manifestly local way as

‘If we decompose k=pn+¢, where neZ and
¢ €{0,...,p— 1}, then £ can be interpreted as a discrete theta
parameter of the charge-p Schwinger model with the ZE,I) 1-form
symmetry gauged. At a technical level, minimizing over n
ensures that the potential is 2z-periodic with respect to ¢ while
the minimization over ¢ ensures the potential is 2z-periodic with
respect to 6.
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V(g)/e?

~

PYIN

(a)p=1

\

(b)yp=3

FIG. 2. Multibranched structure of the effective potential for massless Schwinger models at & = 0 with charge p = 1 and p = 3. For
p = 1, all branches correspond to the same universe. For p = 3, there are three distinct universes.

.1 /ep\? 0 2rk\?
V(@o)—‘,}g£2<2ﬂ> <§0o+p—p) - (3.8)

The potential in Eq. (3.8) has p degenerate minima
corresponding to ¢y = (2zk — 6)/ p, which are illustrated
in Fig. 2. These minima are related by the ZEJ(D discrete
shift symmetry, which is spontaneously broken. We
emphasize that each chiral vacuum lies in a distinct
universe. Hence, dynamical domain walls between neigh-
boring vacua do not exist as they violate the “topological”
property of the operator U,,(x) (which is protected by the
absence of charge-1 matter and the resulting 1-form ZE,])
symmetry). As a result, these states do not mix even when
spacetime is compact: they belong to different universes.
At the technical level, domain walls cannot exist because
each Z;O)—breaking vacuum lies within a distinct branch of
the effective potential.

At the risk of being pedantic, let us explain how
spontaneous symmetry breaking occurs in the presence
of universes. To conclude that a (0O-form) symmetry is
spontaneously broken one works in a large but finite
spatial volume V and introduces a symmetry-breaking
perturbation at some scale m which is small compared to
the intrinsic scales (inverse correlation length) of the
problem. Normally, we say that a symmetry is sponta-
neously broken when

lim lim (O) # 0

m—0 V-0 (3 9)
for some local operator @O which transforms under the
symmetry. Importantly, the limits above do not commute,
and it is always true that limy_ . lim,,_o(O) = 0.

In the context of the Schwinger model, m is a small
chiral symmetry-breaking mass for the fermion, with the 6
parameter absorbed into the phase of the fermion mass by a
chiral rotation, arg(m) = 0/ p. Using Eq. (3.7) we can write
the expectation value of e ~ i,y as

P=l i o=Si(m)
lim lim Z":p“_lf e eS
urg’ﬁ;gged L—eo Zk:() fD(pe_ A(m)
—1 i
> o€ ) Zi(m)
-1
1]::0 Z(m)

<ei(p>m=0 =

= lim lim
m=0, [ —oo0
arg m fixed

, (3.10)

where ('), is the expectation value in the universe with
action Si(m) and L is the spatial volume. It is useful to
trade Z, for the free energy F; via Zy(m) = e LT7+(m),
where LT is the spacetime volume. For any given fixed |m|
and a generic value arg(m) the set {F;(m)} has a unique
minimum F (m), but of course ky;, depends on arg m.
As aresult, in the infinite volume limit only a single term in
the sum contributes to the expectation value,

p=1y i —LTF(m

> role?)e «(m)
-0, =l —LTF,

argmm l('l?xed L—eo Zk:() e }\(m)

— T i — L2min
= lim (e?), = /P,
m—0,
arg m fixed

(), o= lim lim
(3.11)

where the value of the integer n depends on arg m = 6/ p.
If instead we had taken m — O before L — oo, each
universe would contribute equally to the expectation
value, and we would erroneously conclude that (e) =
Zf;é e2mik/p — ().

We have seen that the Z§?> chiral symmetry is sponta-
neously broken in the massless Schwinger model. When
the fermion is massless the ZE,I) symmetry is also sponta-
neously broken. This is easily seen by noticing that the
insertion of a charge-g Wilson loop in the path integral
shifts the theta angle by € — 6 — 2zq inside the loop.
Hence, inside the loop, the partition function is that
of the universe with an unshifted 6 but with k - k + ¢
relative to the outside. Since the universes are degenerate,

*When 0 = 7z the minimum of {F,(m)} becomes doubly
degenerate, corresponding to the spontaneous breaking of charge
conjugation. We will not consider this special case here.
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V(p)/e?

(a) m=0

FIG. 3.

V(g)e?

—~~

| /\ | |

N\ N

(b) m >0

Multibranched structure of the effective potential for p = 1, & = z. The metastable vacuum (red dot) in the k = 0 branch

unstable. It decays to the minimum marked by the blue dot (on the same k = 0 branch). By a shift of 2z, this is equivalent to one of the

true global minima, marked by the black dot.

the difference in energy density inside and outside the
Wilson loop vanishes. As a result there is no area-law
contribution to the Wilson loop expectation value, and Zg,l)
is spontaneously broken. When the fermion mass m # O the
theory becomes confining, with string tensions scaling like
me or m?> depending on whether |m| < e or |m| > e [9].
Of course, when we add charge-1 matter to the theory the
1-form symmetry is explicitly broken. In the following, we
examine both symmetry-breaking perturbations of the
massless Schwinger model in more detail.

Let us explicitly introduce a mass for the fermion, so that
the bosonized potential is

.1 [/ep\2 0 2xk\?2
V(fﬂo)zflfélgE(E) <¢0+;_7> — mMUCos @y,
(3.12)

where p is some scale determined by matching to the
original fermionic theory. The mass term breaks the Zﬁf’)
symmetry completely, and for generic values of m, @ there
is a unique vacuum. The exception is at § = z, where two
ground states emerge as one increases the mass. As an

example, consider the p = 1 case at 0 = x,

V(p)/e?

¢

1/e)\?
I _ 2 _
V(po) = min 5 <2ﬂ> (po + 7 — 27k)* — mu cos ¢y.

(3.13)

For mu < e? the potential has a single minimum in the
fundamental domain ¢, € (0,27) at ¢y = z. This mini-
mum lies on the branch labeled by k = 1. As we increase m
past a critical value, the potential develops two ground
states related by charge conjugation. As we increase m
further, there is another critical value where local minima
appear in the kK = 0 and k = 2 branches, see Fig. 3. These
metastable vacua can decay to one of the true vacua via a
tunneling process. All of the branches can be connected via
similar tunneling processes—this is possible because they
lie within the same universe.

Let us contrast this to what happens when p > 1. In
Fig. 4 we compare the p = 3 effective potential at § = 0 for
zero and nonzero mass. When m = 0 there are three
degenerate ground states which spontaneously break

0 o . .
Zg ). Each degenerate vacuum lies in a distinct universe.
As soon as the fermion mass is nonzero the degeneracy
is lifted and there is a unique vacuum which lies in the

‘ & |
2mn 4 57
3 T 3 3

DG

V(p)/e?

wix b

(b) m>0

FIG. 4. Multibranched structure of the effective potential for p = 3, 8 = 0.
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V (@0, no)

FIG. 5.
in Fig. 4.

branch labeled by k¥ = 0 mod 3. False vacua in different
branches cannot decay to the true vacuum and are infinitely
long-lived.

The infinite lifetimes of false vacua in the above
examples with p > 1 were protected by the 1-form ZE,I)
symmetry. This symmetry is explicitly broken when we
introduce matter with minimal charge. To this end, let us
introduce a heavy charge-1 fermion ¢ with mass M, with
M? > ¢>. When p is even, the { fermion number (—1)%¢
coincides with a gauge transformation, while when p is
odd, the overall fermion number (—1)f lies within the
gauge group. Applying Abelian bosonization to w <> ¢
and { <> 7 [22], we obtain a description of the theory with
the overall fermion number gauged,

1 1 1
L= |daP + — |dg|* + — |dn|?

+£<(p+w> Ada—cM?cosy,  (3.14)
2n p

where ¢ is an O(1) constant. Again, we can integrate
out the gauge field to obtain the effective potential for
the zero-modes of ¢ and #. This is shown in Fig. 5 for
p = 3. The bosonized charge-1 fermion provides an extra

V (@0, no)

Effective potential for bosonized scalars ¢, with p =3, m = 0, M > 0. The four curves coincide with the four branches

direction in field space, and the result is that the branches in
Fig. 4(a) become smoothly connected: they are all part of
the same universe.

Unlike when the Zﬁ,o) symmetry is exact, now there are
finite tension domain wall configurations connecting dis-
crete chiral vacua. On the domain wall # interpolates
between 0 and 2z while ¢ interpolates between 27z/p
and 0. As an example, the trajectory for p = 3 connecting
the (¢@,n) = (27,0) - (4n/3,27) ~ (4x/3,0) vacua is
shown in Fig. 6. The domain wall connecting neighboring
chiral vacua follows a straight trajectory in field space
parameterized by ¢(z7) = %" —a(z),n = pa(r). In terms of

a, the domain wall is simply a Sine-Gordon kink

4 4rpc
a(r) = ;arctan lexp (1 /1 n p2M1>1’ (3.15)

with tension 7'~ M up to O(1) factors.

As we increase M the height of the barrier between vacua
increases in the smooth direction in field space, while the
height of the barrier in the cuspy direction where only ¢
varies stays fixed. When M is large, even though the
domain wall passing through the large barrier seems more
costly than the domain wall passing through the cusp, the

FIG. 6. Domain wall configuration between two chiral symmetry breaking vacua for p = 3, = 0. Rather than pass through the cusp,
the domain wall trajectory must go above the barrier, whose height scales as M?. The curves coincide with the four branches in Fig. 4(a).
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V(¢o, o)

e2

Po

FIG. 7. Effective potential for p =3, § =0, m >0, and
M > 0. The bounce solution renders the false vacuum unstable.
The blue and green curves coincide with the branches in Fig. 4(b).

latter configuration is still not admissible. When M — oo
there are no finite-tension domain walls. Indeed, in the
formal limit M — oo the unit charge particle decouples and
we land on the charge-p model which has p universes.

If we also introduce a mass m for the charge-p fermion
the chiral symmetry is broken completely. When 8 = 0
there is a single unique vacuum at ¢ = 5 = 0, as illustrated
in Fig. 7. Unlike the theory without charge-1 fields [see
Fig. 4(b)], the metastable vacua can decay via the nucle-
ation of bubbles of true vacuum. Despite the fact that the
false vacuum has an energy density scaling with m relative
to the true vacuum, the decay rate can be made arbitrarily
small by increasing M. The decay rate of the false vacuum
scales as ~e~51 where S ; s the action of a bounce solution,
which has the form

S; = —nR% + 22RT, (3.16)

where & ~ myu is the difference in energy density of the two
minima and 7 is the tension of the bounce solution, which
to leading order in a large M expansion is given by the
domain wall tension 7" ~ M. The size of the bubble of true
vacuum is R = T/e, so the action of the bounce configu-
ration S; = 7T? /e scales as M?/(mu) for M large. When m
is small compared to |e|, u ~ e. Hence, the lifetime of the
false vacuum is exponentially enhanced by the ratio of a
‘UV’ scale M and the low-energy scales e and m,

Mz/(em)’ (317)

T~eSi~e
leading to near-eternal false vacua when M? > em.

B. Charge-1 Schwinger model with a
modified instanton sum

So far we have discussed the massless and massive
charge-p Schwinger models, and their extensions to
include charge-1 fermions. Here we provide a different
construction that leads to the same physics. As pointed out
in Refs. [23,24], restricting the instanton number in the 2d

CP"~! model to be a multiple of p gives rise to the same
physics as the charge-p CPV~! model. Indeed, this corre-
spondence applies to all U(1) gauge theories in two
dimensions. For d > 2 the relation between modified
instanton sums and nonminimal charge assignments breaks
down. However, theories with modified instanton sums
share the features of 2d Abelian theories with charge-p
matter, namely the existence of universes and false vacua.
To set the stage for our treatment of 4d theories with
modified instanton sums, we explain the 2d correspondence
in detail.

Consider a generic 2d U(1) gauge theory with a
charge-1 fermion (a nearly identical discussion holds for
bosonic matter),

1 0
L=—|daP + 5", + ia)y +~—da+---, (3.18)
2e 2

where the ellipses denote other terms allowed by gauge
invariance (we do not impose chiral symmetry for the
moment). We now modify the theory so that only topo-
logical charges which are multiples of p contribute to the
partition function [24]. To this end, let us introduce another
U(1) gauge field a and a 2z-periodic compact scalar
Lagrange multiplier y, so that the Lagrangian is shifted by

. .é
5L =—y A (da—pda) +~da  (3.19)
2 2

where 0 is a new 2z-periodic theta parameter. Integrating
out y sets da = pda, which means

1

— da—ﬁ/daEpz,
2

5 (3.20)

so that only topological charges (for a) which are multiples
of p contribute to the path integral. As a result, @ has a
reduced periodicity, € ~ 6 + 2z/p.

On the other hand, the equation of motion for a sets
x = constant, while integrating out a and performing the
sum over its topological sectors sets y = 2zk/p for
k=0,...,p — 1. The path integral sums over Z, so that

<

Z constrained (‘9) = Zoriginal(g + 277:k/p)’

0

(3.21)

(\\.
Il

which makes manifest the 27/ p-periodicity of 6.

To see that the charge-1 theory with a modified instanton
sum is equivalent to the corresponding charge-p theory
with a standard instanton sum, we simply solve the local
constraint imposed by y. Substituting da = pda into the
Lagrangian,

i(po+0)

a. 22
o da (3.22)

2
£:%|d&|2+lf/(}/"8ﬂ +ipa)y +
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If we now rescale the gauge coupling ¢ = pé, and define
0 = p + 0, this is just a charge-p U(1) gauge theory with
0 parameter @ and no modification to the instanton sum.
The gauge coupling rescaling is harmless—the only role of
e is to set the overall energy scale for the theory.

All of the discussions above are about universes in 2d
gauge Abelian gauge theory coupled to charge-p matter
applies verbatim to the corresponding theories with min-
imally-charged matter and modified instanton sums.
Uplifting the former construction to higher dimensions
only gives rise to a Z, 1-form symmetry, while the latter
gives rise to the Z, (d — 1)-form symmetry necessary for
the existence of universes and eternal false vacua.

To make the connection to the charge-p model more
explicit, it is worth discussing the O-form chiral symmetry
of the charge-1 Schwinger model with a modified instanton
sector, whose bosonized form is

1 1 i
L=—l|daP?+—|dp|* +—q A d
2@2‘ al +8ﬂ'| (p| +27T(p a

+-L 4 A (da— pda). (3.23)
2

Using the arguments in the previous paragraph, this theory
is equivalent to the charge-p Schwinger model. One might
ask what, in the modified instanton sum description, is the
analog of the discrete chiral symmetry Zf,,o) of the charge-p
Schwinger model. The fact that ¢ becomes, after integrat-
ing out a, a discrete field valued in the pth roots of unity
leads to a mild violation of cluster decomposition also
observed in the context of Gerby conformal field theories
[23,25]. Relatedly, the symmetry transformation properties
of e are subtle and should be treated carefully.

In the bosonized variables, a first guess might be to
define a shift symmetry which takes ¢ — ¢ + 2z/p and
does not act on y. For reference, let us compute the path
integral over a and y,

/DaD){g—ﬁf(pAda—ﬁf;(/\(da—pd&)

_ /D}’}D)(Zeif(k-ﬁ-%)()fe—ﬁ f(pAda—ﬁf)(Ada (324)

kez

P ez

= 2_” e%fdae_ﬁf[/mda (3.26)
P ez
1 i
) Sl — da — —ﬁfgpAd(l, 3.27
S5 f da=m)e o

where in the first equality we defined f = da. As expected,
the TQFT sector in (3.23) simply enforces a constraint on
the topological charge of the gauge field a.

The shift ¢ — ¢ + 27/ p does not leave the exponenti-
ated action e~ invariant. However, it does leave the
partition function invariant, since

/D&’D)(e_f (pAa’a—ﬁf;(A(da—pdc)

1 i i
- 27126(5/ da —pm) %[ onda = [da (3.28)

mezZ

This is equivalent to (3.27) because the delta function

setting [ da € 2zpZ ensures that the extra phase e
trivial. The invariance of the path integral is only manifest
after integrating out both & and y. Now let us calculate the
expectation values of (¢) and (e%). Again, just from the
path integral over a and y, we have

/,D&,Dxei(pe—if(p/\da—z—iﬂ f)(A(da—pd&)

1 S
= ZnZE(%/da - pm> eing= [ onda, (3.29)

mezZ

From this it is clear that under the shift ¢ — ¢ + 27/p,
we have
(e!?) — /P (ei?) (3.30)
On the other hand, the expectation value (e¥) naively
does not transform at all, since at the level of the fundamental
fields the symmetry acts only on ¢. But in fact it turns out
that (e%) — e27/P (e} when ¢ — @ + 271/ p. To see this
note that the relevant part of the expectation value is

/D&D)(e,‘le—#fwAda—ﬁ f)(A(da—pd&)

1 i a
:2ﬂ25<ﬂ/da— 1 —pm>e % [onda (337

mezZ

We see that in the presence of the insertion e the constraint
on the topological sectors of @ is modified. As a result, when

we shift ¢ — ¢ + 27/ p, the extra phase e_li’f 4 is a non-
trivial root of unity, and

(e) — e727i/P (i), (3.32)
From the point of view of our (naive) definition of the
symmetry action on fields, this is peculiar: we did not assign

the field y a transformation under the symmetry, yet
correlation functions behave as if y were charged.
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<Cos(¢p)>
T 2‘rr 9
/{/// \\\
A SN——— N
— p=1 — p=2 p=3
FIG. 8. The #-dependence of the chiral condensate yy ~ cos ¢

in the Schwinger model with a very small positive fermion mass
0 < m < e and a modified instanton sum characterized by an
integer p. The unmodified theory has p = 1.

The action of chiral symmetry on the expectation values
of ¢ and y found in (3.30) and (3.32) is consistent with

the identification of U,[C] = ¢ Je@=50) a5 the charge
operators of the ZE,O) symmetry. One can easily check
that (U[Cle?X))=e?7k/P(eiv(X)) and (U,[Cle”™))=
e~27k/p(¢()) when the closed curve C has linking
number 1 with the point x. However, there are no sensible
charge operators that act as (U[Cle?™)) = ¢7i/P (¢io(¥))
and (U[Ce*™) = (¢%()). For instance, the natural can-

didates for such operators, U «Cl = e ik f c(f_’_ﬁ*d‘”, are not
gauge-invariant.

The upshot of this discussion is that to make the action of
the chiral symmetry on fields have the simplest correspon-
dence to its action in correlation functions, we should
define the action of ZE,O) as

ZE,O):(/)—>40+2—”, ;(—»)(—2—ﬂ. (3.33)
p p

With this definition, one can verify that the exponentiated
action e~ itself is left invariant thanks to flux quantization
condition for a alone, without integrating out y explicitly.
This implies that the expectation values of both ¢ and e
transform with the expected phases. Passing back to the
fermionic formulation of the theory, we see that the chiral
symmetry transformation becomes

JLT, 2
Zy):y — ey, ;(—U(—;”- (3.34)

Finally, let us give an example of how the #-dependence
of local observables becomes 277/ p-periodic in accordance
with the discussion near Eq. (3.20). Consider the expect-
ation value (cos @) which is proportional to () in the
fermionic variables. Setting & = 0 without loss of general-
ity, the expectation value can be computed in the bosonic
variables by introducing a source J cos(¢), minimizing the

free energy with respect to ¢, and taking a derivative with
respect to J before sending J — 0. As 0 increases from O,
the value of ¢ minimizing the free energy varies contin-
uously until € crosses 7/ p, where it jumps discontinuously
as the minimal-energy universe changes from k =0 to
k = 1. This happens again each time @ crosses a multiple of
7/ p, resulting in the cuspy #-dependence of the chiral
condensate shown in Fig. 8.

IV. UNIVERSES AND ETERNAL FALSE
VACUA IN 4d

Our goal in this section is to discuss eternal false vacua
in 4d gauge theories. Most of this section is a direct
generalization of our discussion in two dimensions. Our
focus will be on SU(N) QCD with N, fundamental
fermions and a modified instanton sum, which (when
the fermions are massive) features eternal false vacua for
generic values of parameters. This was already noted in [8]
for Yang-Mills theory and one-flavor QCD, and our
discussion in the opening of this section will mostly be
a summary of the ideas of [8,24].

It is useful to first warm up by recalling the fate of
topological charge in QCD coupled to an axion y. The 2z-
periodic axion scalar field couples to QCD’s gauge fields
through the term

i
— ANtrtEAF
87‘[2 M4)(

(4.1)
where F is the SU(N) 2-form field strength and M is a
closed Euclidean spacetime manifold. Let y, denote
the zero mode of y. Suppose that the U(1)p, Peccei-
Quinn symmetry shifting y — y + c is only broken by the
coupling to QCD.° Then QCD instantons generate a
potential for the effective theta parameter O 4 = yo + 6,
which is minimized when 6,z = 0, rendering the theory CP
invariant [28—35]. In this scenario the zero mode of y only
enters linearly in the action, and we can integrate y, out
explicitly, yielding

—i 1
/d){()e X0 fM48n2tr[F/\F] _ 27[5QT,0, (42)

where Q7 = |, M, 8—7172tr[F A F] is the topological charge. We

see that integration over the zero mode of the QCD axion
implements a constraint that gauge configurations with
non-vanishing topological charge do not contribute to the
partition function. The only way for instantons to contrib-
ute to the partition function is through the effects of
instanton-antiinstanton pairs.

SThis is a strong version of the “axion quality” assumption
which refers to the constraint that U(1)pq-breaking effects in the
UV do not spoil .4 ~ 0 [26,27].
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The above global constraint on the QCD partition
function arose because we introduced a new propagating
degree of freedom, namely the axion. Can one constrain the
instanton sum without introducing any new propagating
degrees of freedom? The answer is yes [8,24]. The
following action (with a slight abuse of notation) suffices:

S / ! tr[F A F]+i6t[F/\F]
= —1r * —=r
M, 2g2 871’2

Ny
+ Z(V_/i}’”(au —ia,)y;+ mll_/il//i)]
i=1

1 p i0
iy A —trtFAF—2—dc®) ) +—=dcB)|,
+A/q {lx <8ﬂ'2 f 2 ¢ Jr27t ¢

(4.3)

where we take p to be a positive integer. The top line is
the standard action for QCD on the spacetime My: F =
da + ia N a where a is the SU(N) gauge field, ; are
Dirac fermion fields in the fundamental representation
of the SU(N) gauge group, with the conventional 6 and
mass parameter m. The lower line restricts the instanton
sum by introducing a 3-form U(1) gauge field ¢® and 27-
periodic scalar Lagrange multiplier .” The theory enjoys
0-form SU(N) gauge invariance as well as a 2-form gauge
invariance ¢®) — ¢®) 4 d1? where 1?) is a 2-form U(1)
gauge function, meaning that [ d\?) € 2z7 on closed
3-manifolds. This implies the flux quantization condition

(4.4)

where M, is any closed Euclidean four-manifold, so that 0

is a 2z-periodic parameter. The Zj(\}) center symmetry of

pure SU(N) YM theory is explicitly broken by the
fundamental-representation fermions.

The fields ¢®) and y with the coupling given in (4.3) do
not carry any propagating degrees of freedom, and hence do
not introduce any new dynamics.8 The degrees of freedom

"We have explicitly included the associated topological angle 0

for the topological charge density dg—:) in addition to the usual

QCD 0 parameter. The fact that one can perform field redefini-
tions of y ensures that only the linear combination p@ + @ can be
observable. As usual, when at least one quark flavor is massless
po 4+ 0 can be eliminated by a chiral rotation, but when the
quarks are massive the value of pO + 6 is measurable mod 2.

This assertion relies on the fact that we did not write kinetic
terms for y and ¢(®. Kinetic terms for 3-form gauge fields are
technically irrelevant in four spacetime dimensions: the 3-form
gauge coupling has mass dimension 2. This makes it consistent to
exclude a kinetic term for ¢®) in (4.3). But to the extent one can
neglect such a kinetic term, the ¢(® equation of motion sets
dy = 0, so it is also consistent to exclude a y kinetic term.

described by (4.3) are precisely the same as standard QCD.
To see that introducing these fields restricts the instanton
sum, we first note that the equation of motion for y is

]
— wFAF=2 4.
2r

o (4.5)

Equating the integrals of both sides over closed four-
manifolds implies that SU(N) instantons can only con-
tribute to the partition function if their topological charge is
divisible by p. As a corollary, this immediately implies that
the @ periodicity is 27/ p. At the same time, the equation of
motion of ¢®) is

dy =0. (4.6)
This means that integrating out ¢ sets y to be constant,
and recalling the global constraint that | dc®) € 2z7 leads
to the condition y = 2zk/p, where k =0, 1, ...p — 1. This
means that e%() is a topological local operator (i.e.,

independent of x), with expectation values (e%)= e/,
The path integral over y then sums over k, so that

—_

S

Zconstrained(a’ é) Zoriginal(e + 2”k/p’ é - 277:k)

3T
L g

Zoriginzﬂ(e + Zﬂk/p, 9) (47)

>~
Il
o

where we used the fact that @ is 2z periodic. This
expression, which is identical to the 2d expression
(3.21), gives another way of seeing that  is 27/ p periodic.
It also shows that the partition function decomposes into
universes labeled by k, or equivalently, the expectation
values (e¥) € Z,,.

A. Discrete symmetries and mixed anomaly

Let us now investigate the discrete global symmetries of
the theory more closely. We will discuss the continuous
symmetries and their interplay with the discrete symmetries
in the next section.

Let us start with the O-form internal discrete symmetries.
In contrast to standard massless QCD, when m = 0 there is

an enlarged O-form discrete chiral symmetry Z;%/ , due to

the modified instanton sum. As discussed in Sec. III B,
consistency with the expected transformations of correla-

tion functions requires us to define the Zg})\),f , Symmetry as a

combination of chiral rotations of the fermions and shifts of
the Lagrange multiplier field y. Consider the Z,y , trans-
formations generated by

2ri
0) 2N_; s 2n

ZngpZWi - € Vi, X _))(_? (48)
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The chiral rotation shifts the action by

2mi

1
0,8 = x 2N —tuF AF 4.9
YT 2Ngp T Ju, 872 ! (49)
while the shift of y induces a shift of the action by
27i 1
5,8 =" [—ztrF AF— ﬁdc<3>] . (410)
P Jm, 8 2

and the invariance of the path integral under any chiral
rotation generated by (4.8) follows from the fact that

S, dc® € 22Z. The 7, subgroup of Zg])\zfp
parity, while the Zy subgroup lies within SU(Ny),.

is fermion

Thanks to the modified instanton sum, the discrete part
of the chiral symmetry group is an extension of Z,y ’ by Z,

described by the short exact sequence

L > Zyy, = Zon,py > Z, > 1. (4.11)
The standard 't Hooft interaction term dety;y; is only

invariant under Z,y e Zg])\;/ ,» SO it cannot be radiatively

generated when m = 0. But ¥ det Wiy is invariant under
Zg,{;f > SO it can be radiatively generated at m = 0. In any

given universe, y is a constant, so e det wiy; looks just
like the standard ’t Hooft interaction term. This makes

Zg?\;fp a rather peculiar chiral symmetry: in any given

universe, it does not forbid the generation of operators that

look asymmetric. But Zg%[ , does constrain the form these

operators take in the whole collection of universes, in such
a way that the QFT as a whole is invariant.

A nonzero common fermion mass m breaks SU(N),
completely and breaks the discrete chiral symmetry down

to fermion number, Zg])\),fp — Z,. When m #0 there

remains a vectorlike faithfully acting U(N)/Z zero-form
global symmetry, which will play an important role below.

QCD with a modified instanton sum also has a 3-form
global symmetry ZE, ) One way to see that this must be the
case is to observe that the ¢®) gauge field couples with
charge p to the (tautologically) conserved current xdy. If y
were a propagating axion field, *dy would be the con-
served current for the 2-form U(1) “axion string” global
symmetry. Gauging an n-form U(1) global symmetry with
charge p always leads to a (n+ 1)-form Z, global
symmetry, as is familiar from QED coupled to matter with
charge p. Indeed, in modified QCD, the topological
operator ¢” can be interpreted as the symmetry operator
for a 3-form ZE,B) symmetry acting on three-dimensional
charged objects which can be viewed as Wilson surfaces
VIM;3] =expli [, c w, €. The existence of the global sym-

metry is encoded in the topological correlation function

(XOVM]) = EFHEIIVIML)), (4.12)
where Link(x, M) is the linking number of the point x
and the closed 3-manifold M;. The 3-form global sym-
metry can also be described in terms of a transformation
acting on the fields: it takes ¢®) — ¢®) + 13), where 1®) is
locally a closed but not exact, 3-form, and globally
satisfies fM ) €277/ p.

The fact that the symmetry operator of ZE, ), namely e,

is itself charged under Zgj\zf , implies that there is a mixed

anomaly between these two symmetries. To see this
explicitly we turn on background gauge fields for the
3-form symmetry. This amounts to introducing a pair of
3-form and 4-form background gauge fields D®), D™, and
requiring that under a background 3-form gauge trans-
formation ¢®) — ¢() + A®) these background gauge fields
transform as
DB = DO 4 pAB) DW — D@ £ dA®). (4.13)
We assume that D®) is a properly normalized U (1) gauge
field, so that [, dD®) €2zZ. The fields D3 and D,
couple to ¢ via minimal coupling, pc® — pc®) — D),
and dc® — dc® — D®. To make sure that the D fields
describe a Z,, higher-form gauge theory, we take the D
fields to have a BF-type action:

i

ih
— A (pD® —adDB)) + — [ DWW 4.14
o [ 2 Vg [, D )

where 7 is a scalar Lagrange multiplier, and h =
0,1,..., p—1 is a discrete theta parameter. The equation
of motion for 7 ensures that | M, DW e %”Z. At the same

time, the equation of motion for y now becomes

1 trF(a) A F(a)

1
87-[2 = % (pdc(3)

—dDB).  (4.15)

Applying a chiral transformation shifts the action by

8S=i [ (dc® —DW),
M,y

(4.16)

transformation of the

path integral in the presence of background fields for Zf):

We therefore find the following Zg,)\; i

Z7N p
2(6,0, h: DO, DY 5 71 [ 29 70,0, h; DO, D)
(4.17)
Since [ DY e %Z, the phase on the right-hand side is

nontrivial and cannot be eliminated by any choice of local
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counter-terms. Thus QCD with a modified instanton sum
has a Z, 't Hooft anomaly associated with the quotient
Z,~ Zg])\;fp /Zyy, and the Zg) symmetry.’

Standard assumptions about the behavior of QCD when
Ny < Nj, where N7 is the lower edge of the conformal
window, imply that when m = 0, the discrete and con-
tinuous chiral symmetries are spontaneously broken on R*
when N is not too large, with vacua characterized by the
phases of order parameters such as ), w;y; and dety;y j.1o
This means that the Goldstone manifold (which is non-
trivial when Ny > 1) has p disconnected components
corresponding to the p distinct universes. As noted above,
it is always possible to write the partition function of QCD
with a modified instanton sum as

Z(0 + 2zk/p). (4.18)

When Ny > 1 and the approximate chiral symmetry at
small m is spontaneously broken, one can describe the low-
energy dynamics using the chiral field U = ¢//~, where IT
is a Hermitian matrix and f, is the Nambu-Goldstone
boson decay constant. This must be done separately in each
of the terms in (4.18), leading to p disconnected Goldstone
manifolds Uy, k=0, ...,p — 1.

Finally, we note that the 3-form symmetry is sponta-

neously broken so long as the Zg[)\;fp is not explicitly

broken. The argument showing that ZS) breaks sponta-

neously is completely analogous to the argument in

Sec. III A showing that the Zg,l) symmetry breaks sponta-
neously in the charge-p Schwinger model. The insertion of
the extended operator V[Ms3] in the path integral separates
spacetime into two regions. Inside the four-dimensional
subregion bounded by M3, the insertion of V[M3] has the
same effect as a discrete chiral rotation relative to the

outside region. Therefore, as long as Zg;\;f , 1s not explicitly

broken, the energy cost of inserting V[M;] does not scale
with the spacetime volume bounded by M;. This is

equivalent to saying that the expectation values of the

extended operator V[M;] follow a perimeter law, so the ZE?)

symmetry is spontaneously broken.

B. Higher-group symmetry

We now turn to the continuous zero-form symmetries of
QCD with a modified instanton sum. It turns out that the
3-form discrete symmetry and the continuous global

%It is also possible to interpret (4.17) as an anomaly in the
space of couplings (see Refs. [36,37]) for the € parameter.

""We expect that the mixed ’t Hooft anomaly is matched
by massless chiral fermions within the conformal window at
large Ny.

symmetry of the theory do not form a direct product.
Instead, they mix in a nontrivial way, and form a higher-
group symmetry structure, see [38] for an introduction to
higher groups in QFT. Higher group symmetries in QFT
have been studied in a variety of contexts in recent work,
see, e.g., [8,39-53]. In particular, Tanizaki and Unsal [8]
showed that pure 4d Yang-Mills theory with a modified
instanton sum has a 4-group global symmetry due to an
intertwining between 1-form Zy center symmetry and a Z,
3-form global symmetry. Here we show that N, > 1-flavor
QCD with a modified instanton sum also has a 4-group
global symmetry, this time arising due to an intertwining of
a continuous zero-form global symmetry with a Z, 3-form
global symmetry. We will show that if one turns on certain
background gauge fields for the continuous zero-form
symmetries, then one necessarily induces nontrivial fluxes
for background gauge fields for the discrete 3-form global
symmetry.

Suppose that all of the flavors of quarks have a common
mass m # 0. Then the continuous transformations leaving
the action invariant are

SU(N) x U(Ny) (4.19)

Zy
where the SU(N) factor comes from color gauge trans-
formations, the U(N ) factor comes from flavor rotations,
and the quotient involves the Z rotations common to both
factors. The physical states are in representations of the
faithfully-acting symmetry group U(N;)/Zy. But as
observed in Ref. [54], this means that if we turn on an
U(Ny)/Zy flavor background field which is not an U(N )
gauge field, then the dynamical gauge field would be forced
to be in a PSU(N) = SU(N)/Zy bundle, rather than in an
SU(N) bundle.

To illustrate how this works, we use the techniques
introduced in [15,55], see also [56—63]. We will turn a
U(l)g)) = U(1)/Zy baryon number background gauge
field, and will find that in general this leads to the
dynamical color gauge field living in SU(N)/Zy. One
could also probe the theory by turning on a full
non-Abelian U(N;)/Zy flavor background, but for our
purposes it is sufficient to focus on Abelian flavor
backgrounds.

Let us first describe SU(N)/Zy gauge fields. One way to
do this is to couple SU(N) gauge fields to a classical Zy
TQFT. The fields of the TQFT are the one-form and two-
form background gauge fields B®), B(l), with an action

Srorr = 5= / oD A (NB® — dB)  (4.20)

4

where ¢?) is a 2-form Lagrange multiplier. The TQFT is
invariant under U(1) 1-form background gauge transfor-
mations B?) — B + 42V, BY) — B 4+ NAD, with
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I, d\V) € 227 on closed 2-manifolds. Note that the flux
of B® on any closed manifold M, is fractional,
/; M, B® e %,—”Z. To couple this TQFT to our gauge theory,
we replace the SU(N) gauge field a by the U(N) gauge
field @, which we assign the 1-form gauge transformation
a — a+ A", and introduce the extra term in the action

i o
SU(N)constrajnt = ZA/[ 77(2) A (tI‘F _NB(2>) (4'21)
4

where 7 is another 2-form Lagrange multiplier and F is the
U(N) field strength. The U(N) gauge field coupled to
B, B?) in the manner given above is a way to write an
SU(N)/Zy gauge field. To write the SU(N)/Z, gauge
field part of the action, we replace

1 i0
— trF A %F +——ttF AF 422
A@{Zgzr *+87z2r/\} ( )
by
1. i
/ [—2 tr(F — B21) A x(F — BP1)
M, |29
_ )
+ S’—ztr(F —BO1) A (F - B<2>1)] (4.23)
T

in the Lagrangian.

We now review the fact that the color gauge field in QCD
lies in SU(N)/Zy if we simultaneously turn on a generic
background gauge field for U (1)1(90). AU (l)g)) gauge
field can be described as a quark number gauge field A
coupled to a Z, TQFT built out of gauge fields C("), C?)
with the constraint NC? = dC"). The flux of C? is
fractional, sz c? e 7. The fields A, c,c? trans-
form under 1-form gauge transformations as A — A + A(,
¢ - ¢ 4 NIV, @ - c® 4 @3, All this implies
that the quark part of the action of our original SU(N)
gauge theory should be replaced by

[mlpyﬂ {@,—i(&—%) —i(A—%)}//. (4.24)

The 1/N charges of w under the B() and C!") gauge
fields mean that this expression would be inconsistent
with charge quantization if only one of B! or C()
are activated. But there is no inconsistency as long as
both CV and BY are turned on, with fluxes that
obey [y, B? + |, M, c® e2nz.

Now, in the presence of a nontrivial U (1),(30> background,
consider the term in the action responsible for implement-
ing the constraint on instanton number. Since the dynamical
gauge field is in PSU(N), we should replace F with the

U(N) field strength F, with trF = NB® as above. The
Lagrange multiplier term becomes

i 1 . .
— A|—tuF AF—pdc®||. (425
g2 Ju e (g n B e | @29
To make this invariant under background 1-form gauge
transformations parametrized by A", it is tempting to
further replace F' — F — B(®)1. However, the result is only
gauge invariant up to boundary terms. To make the action
completely gauge invariant, we must also turn on a back-
ground gauge field for the Zf) symmetry. As described in
the preceding section, this involves turning on higher-form
gauge fields D™, D) leading to

. .
L A —tF AF—=pdc® +dD®) ||, (4.26)
2 My dr

This expression is invariant under 1-form gauge trans-
formations if D®) transforms as

p® - D6 — (X ey 0+ M n a0, (@a27)
2n 4n

But then we must also replace (4.14) with the 1-form
gauge-invariant expression
2 s A (pp® —ap® - X po) A g2
2w My 4

ih

— [ DWW, (4.28)
2w M,

+
As a result we get the relation

pDY =dDO + T BO ABD  (429)
T

just as in the pure-Yang-Mills case analyzed in [8], so that
in general [ DY e 13—’;2. Equation (4.29) signals that the
theory has a higher-group symmetry: the O-form and
3-form symmetries do not form a direct product. Instead,
turning on appropriate background gauge fields for the

O-form U (1)9 global symmetry also requires one to
turn on background fields for the 3-form ZS)
symmetry.''

What is the realization of the 4-group symmetry at long
distances? As with any other symmetry structure, higher-

group symmetry can constrain renormalization group (RG)

global

"When p = 1, the 3-form global symmetry becomes trivial,
and the combination A®) = ¢®) — DB) defines an ordinary gauge
field for the U(1)? 2-form axion string symmetry with field
strength G = dc®) — DW . Provided ¢ is interpreted as a
nondynamical background gauge field, the higher-group struc-
ture (4.29) then corresponds to the 3-group found in [51].
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flows and symmetry-realization patterns. This has been
studied in detail for 2-groups built from continuous 0-form
and 1-form symmetries by Cordova, Dumitrescu, and
Intriligator [38]. One of the results of Ref. [38] is that
the 2-group structure implies that it is inconsistent for the
continuous 1-form symmetry to be spontaneously broken if
the continuous O-form symmetry is not spontaneously
broken. Reference [38] also discussed constraints from
2-group symmetry if the symmetries involved in the
2-group are emergent in the infrared. In addition,
Ref. [38] was also able to place bounds on the ratio of
energy scales at which these symmetries emerge, while
Ref. [45] discussed analogous constraints for some systems
with 3-group symmetries. The heuristic idea behind the
observations of Ref. [38] is that the zero-form symmetry
participating in a 2-group is not a good subgroup of the
2-group: turning on generic fluxes for background gauge
fields of the zero-form symmetry induces fluxes for the
background gauge fields of the 1-form symmetry. But fluxes
for 1-form symmetry background fields do not induce fluxes
for O-form symmetry background fields, so the 1-form
symmetry counts as a ‘good subgroup’ of the 2-group
symmetry. These observations motivate the conclusion
proved explicitly in Ref. [38] that it is only consistent for
the 2-group symmetries discussed in Ref. [38] to sponta-
neously break either to nothing or to the higher-form
symmetry group. The 2-groups discussed in Ref. [38] cannot
spontaneously break to the O-form symmetry group.

The heuristic picture we summarized above also applies
for the 4-group structure discussed in this paper. The
U(Ny)/Zy symmetry group is not a good subgroup of
the 4-group symmetry of QCD with a constrained instanton
sum in the sense that fractional background fluxes for
U(N)/Zy induce nontrivial fluxes for background gauge

fields for the Zg) symmetry. This observation may make it
tempting to guess that the results of Ref. [38] apply to the 4-
group symmetry discussed here, which would imply that
our 4-group symmetry cannot be spontaneously broken
to U(Ny)/Zy.

However, a naive generalization along these lines does
not work. From the discussion at the end of Sec. IVA we
know that Zg) is spontaneously broken at m = 0, while for
m > 0 it is not spontaneously broken. When m > A, the

U(1 )S_f) symmetry will not be spontaneously broken, and it
turns out that the same is true at m = 0. To show this,
suppose that O is an order parameter for U(N;)/Zy. If
m = 0 we find

S [ Difields]e S =F 0,

120 2(0 =25
TS ZO0 =39O
SHo0Z(6 =2

(0) =

(4.30)

where the expectation value on the left is evaluated in QCD
with a constrained instanton sum, while the partition
functions and expectation values in the middle are evalu-
ated in QCD with an unconstrained instanton sum. The
final equality on the right follows because there is no
6-dependence in the chiral limit m — 0, so that (O;) ozt 15

equal, up to a possible overall phase, to (Of)y_o. The Vafa-
Witten theorem [64] then implies that the vectorlike
U(Ny)/Zy cannot be spontaneously broken at 6 = 0, so
that (Of)y_o. So U(N)/Zy is not spontaneously broken
either at m = 0 or large m, and it is natural to expect that it
is not spontaneously broken for any positive m. Hence,
while there is evidence that the 4-group symmetry is not
spontaneously broken at all for m > 0, when m = 0 the
4-group symmetry it is clear that it is spontaneously broken
to U(N;)/Zy. This is in contradiction with a naive
generalization of the constraints given in Ref. [38]. It
would be interesting to do a general study of the constraints
of 4-group symmetries on renormalization group flows,
particularly when the groups involved are discrete.

C. Eternal false vacua

When the ZE,B) symmetry is exact, the domain walls
separating sectors characterized by different phases
arg(dety ;) have infinite tensions, paralleling what we
saw in our 2d example. In infinite volume the p chiral
vacua themselves have an “infinite-fold”” degeneracy due to
the spontaneous breaking of SU(Ny),. The p sectors do
not mix even in finite volume. This implies that even if we
increase the temperature of the system enough to restore
SU(Ns), p degenerate discrete chiral vacua remain.
Modified QCD thus features “persistent order” in the sense
of [14]. If we add the term dety;y; to the Lagrangian and

explicitly break Zg?\),fp - Zsz, the p sectors become

nondegenerate, and there is a unique minimal-energy
ground state. But the nonminimal-energy false vacuum
states still cannot decay, and each one can still be called a
distinct universe. To decay, bubbles of the true vacuum
would have to nucleate and expand through a false vacuum.

But in the present context the bubble walls have infinite

tension thanks to the unbroken Zf) symmetry. So QCD

with a modified instanton sum features eternal false vacua.

The eternal false vacua can be rendered noneternal by
coupling QCD with a modified instanton sum to dynamical
2-branes with unit charge under ng . One way to achieve
this is to replace the instanton-number-constraint term in
the action

' 1
L (—trF AF— pdc<3>) (4.31)
27 Jum, 4

with
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i (4.32)

i ( 1 P . />
— IN|—uFANF——uF' AF
4z

where F' is the field strength for some dynamical SU(N’)
gauge field with strong scale A’. Integrating out y imposes
the constraint that only SU(N) instantons with topological
charge divisible by p contribute to the path integral. The
p =1 version of (4.32) was recently considered in
Ref. [65] as part of a model to ameliorate the strong CP
axion quality problem. Equation (4.32) does not lead to an
exact 3-form symmetry for any p. Consequently, there is no
way to forbid loops of SU(N') gauge bosons from gen-
erating a kinetic term for y. Moreover, the y — y + 2x/p
shift symmetry is still present with (4.32), and in the limit
N > A we expect an effective action for the axionlike field
y of the form

S,=5 [ 1Pl (1= coslpp) + ). (433)
4
where f,u ~ A’. The field y is now dynamical and has p
vacua, and one can think of ;—’; f M XN dc® as the long-
distance effective field theory description of these vacua as
noted in Ref. [8].]2 So there is an emergent 3-form
symmetry in the infrared when A’> A. The 3-form
symmetry is not exact because (4.33) has dynamical

domain-wall excitations with tensions ~(A’)* which carry

charge 1 under Zg).

We can estimate the decay rate per unit volume for the
discrete vacua using a standard thin-wall bubble nucleation
calculation [5]:

r 277 Ty*
v Eexp [— = —2} (4.34)

2 &

where T, is the tension of a unit charge membrane (in the
example above T, ~ (A')*) and € is the difference in vacuum
energy densities between the true and false vacua. If we
break the discrete and continuous chiral symmetries by
turning on a flavor symmetric soft mass m, £ is set by the
physics of QCD and so has a characteristic scale mA?QCD,
while the membrane tension is a free parameter as far as
QCD is concerned, and could be, e.g., T, ~ Mg]amk.n If we
write T = 1, Adep, € = €' Adyep, then

r 277% [(1,\ 12
— ~ eX P — —
20Nt I

12See also Ref. [63] for an interesting discussion of how the
’t Hooft anomalies of the F” gauge theory are matched by domain
walls resulting from this kind of effective action.

YThe estimate in (4.34) is based on a standard flat-space decay
rate calculation, so it is valid provided that the typical bubble size
R~T,/& is small compared to the inverse Hubble scale
Hy' ~ 10 GeV~!. If £~ (1 GeV)*, then one should not use
(4.34) once T, = (107> Mpjaner ) given that Mpjgne ~ 101 GeV.

(4.35)

so unless one tunes the 2-brane tension parameter ¢, < ¢, the
decay rate of the discrete false vacua is guaranteed to be
spectacularly slow.

V. SUMMARY

In this paper we have studied quantum field theories
exhibiting two somewhat exotic attributes, both arising
from the existence of a (d — 1)-form global symmetry.
When the symmetry is exact, the path integral decomposes
into distinct universes. When the symmetry is approximate,
it is possible to have extremely long-lived false vacua
whose decay rates are set by high-scale physics controlling
the explicit breaking of the higher form symmetry. After a
warm up in quantum mechanics, we examined the phe-
nomena above in generalized versions of the Schwinger
model and four-dimensional QCD. In both cases the global
modifications can be viewed as restricting the sum over
instantons to configurations with topological charge divis-
ible by an integer p. The topological degrees of freedom
which lead to the restriction on the topological charge also
give rise to the (d — 1)-form symmetry responsible for
universes and eternal false vacua.

Despite the global modifications, which lead to a change
in the @ periodicity, when € = O the theories are locally
indistinguishable from their unmodified counterparts—for
example, only extended (d — 1)-dimensional objects can
probe their different universes. One key signature of the
modification is the existence of false vacua in generic
points in parameter space. Unlike familiar examples of false
vacua, the differences in energy densities between the false
and true vacua can be large, yet the false vacua are eternal—
that is, infinitely long lived—provided the (d — 1)-form
symmetry is exact. The decay rates of false vacua are then
set by the tensions of (d —2)-branes which break the
symmetry explicitly.

In both the Schwinger model and QCD with a modified
instanton sum, the lifetimes of these false vacua can be
made arbitrarily large by dialing the hierarchy between the
tensions of the dynamical (d — 2)-branes and the intrinsic
scales of the theory. The fact that one can get trapped in a
false QCD vacuum for an extremely long time suggests that
the global modification of the instanton sum is difficult to
observe through low-energy measurements near 6 = 0,
and should be viewed as an infinite-fold ambiguity in
the global structure of QCD, with a number of parallels to
the four-fold global ambiguity of the Standard Model
discussed in Ref. [66]. The ambiguity in Ref. [66] arises
because of four possible distinct quotients that can be
imposed on the Standard Model gauge group, three of
which can lead to fractionalized topological charges for the
SU(3),SU(2) and U(1) gauge fields. But it is also possible
restrict the topological charges for each factor of the
gauge group individually (or collectively) to be multiples
of some integer(s) with no change to the local dynamics,
as explored in this paper for QCD. We will explore the
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phenomenological implications of restrictions on the
instanton sum of the Standard Model in future work.
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