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We study the properties of the spacetime around a regular nonminimal magnetic black hole (BH)
together with the dynamics of the neutral, magnetized, and magnetically charged particles in its vicinity.
The dependence of the values of curvature invariants and the outer event horizon corresponding to the
extreme charge of the BH from the coupling parameter are studied in detail. Our study of the test particle
motion shows that the innermost stable circular orbit (ISCO) radius decreases with the increase of the
magnetic charge of the nonminimal regular magnetic BH. We show that the increase of the ISCO radius
with the increase of the coupling parameter is due to the decrease of the extreme value of the BH charge.
In particular, when the coupling parameter q → ∞ the ISCO radius tends to the value rISCO ¼ 4.5M.
The effect of the magnetic charge parameter on ISCO radius can mimic the effect due to the spin parameter
of the rotating Kerr BH, and the mimicking values of the spin parameter decreases with the increase of the
coupling parameter. We also explore the possible mimicking of the parameters through the observations of
twin-peak quasiperiodic oscillations (QPOs). Our analysis shows that the Reissner-Nordström (RN) charge
can mimic the spin parameter of the Kerr BH up to a=M ≃ 0.51 provided that there is the same relation
between the upper and lower frequencies of the twin-peak QPOs. On the other hand, the nonminimal
regular magnetic BH coupling parameter may mimic the spin parameter up to a=M ≃ 0.215 in the
relativistic precession model.

DOI: 10.1103/PhysRevD.103.104070

I. INTRODUCTION

Most astrophysical compact objects are surrounded by
the electromagnetic field, and the latter plays an important
role in astrophysical processes near compact objects. A
weak electromagnetic field around astrophysical black
holes (BHs) with a strong gravitational field may not affect
the spacetime curvature. However, in some cases when
electromagnetic or other fields cannot be considered a test,
one needs to consider the coupling of the gravity with
additional interactions. On the other hand, there are several

ways of obtaining the theory on where gravity is coupled
with other fields. In Scherrer-Jordan-Thiry-Brans-Dicke
theory [1–6] the scalar field is coupled (including con-
formally coupled) to gravity. The most famous model,
Einstein-Maxwell theory, considers the nonminimal cou-
pling of gravity and the Maxwell electromagnetic field (see,
e.g., Refs. [7–10] for reviews of the theory). In Ref. [11]
one may find the review of the Einstein–Yang-Mills theory
based on the SU(n) symmetry. The extension of this theory
is called as Einstein–Yang-Mills–Higgs models and has
been reviewed in [12,13]. In Einstein-Maxwell-axion
models the axion pseudoscalar field has been considered
as coupled to Einstein-Maxwell field [14].
The BH or other types compact object solutions within

nonminimally coupled gravity theories have been obtained
in Refs. [15–22]. Particularly, the solutions within the
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Einstein-Yang-Mills theory can be found in Refs. [23–28].
In this paper we will consider the special solution obtained
using the Lorentz group symmetry in loop quantum gravity
in Einstein-Yang-Mills theory [22,29–32]. We plan to
explore the properties of the spacetime and dynamics of
test particles while paying attention to the properties of
fundamental frequencies.
Since the electromagnetic field is an important part of the

spacetime around a compact object, one has to explore the
electromagnetic field structure change due to spacetime
curvature and the effect of the field on particle dynamics.
Particularly interesting is the case in which the particle has
a nonzero electric charge of the magnetic moment. In this
case the effects of gravity and the electromagnetic field on
particle motion can give interesting results and conse-
quences. Within the pure general relativity the properties
of the electromagnetic field around BHs in the presence of
an external magnetic field have been studied by several
authors [33–39]. The effect of the electromagnetic field on
charged/magnetized particle dynamics around a BH was
explored in Refs. [40–97].
After the first discovery of quasiperiodic oscillations

(QPOs) in the power spectra of the flux from x-ray binary
pulsars [98] a new direction of study in the physics of
accretion disks was opened. QPOs are considered a useful
tool in testing the gravity theories describing the BH or
other types of compact objects in astrophysics. Current
observational data from accretion disks around compact
objects give very precise measurements of frequencies of
QPOs. This is particularly helpful for checking the different
models for astrophysical processes around compact gravi-
tating objects. Observations show that the frequency of
QPOs is in the range of 1 mHz to 0.5 kHz. One may
distinguish two types of QPOs: low frequency (up to
30 Hz) and high frequency (HF) (up to 500 Hz). HF
QPOs observed in BH microquasars have a frequency ratio
of around 3∶2.
Despite the fact that there is a large number of different

models describing the QPOs within the general relativity of
alternative theories of gravity, there is still no unique
approach to explain the QPOs. However, an interesting
point about the characteristic frequencies of HF QPOs is
that they are close to the value of those of the test particle,
geodesic epicyclic oscillations around the gravitating com-
pact object. Thus, the model of QPOs involving the
innermost stable circular orbit (ISCO) of test particles
becomes more prominent. This is largely due to the fact that
timescales of the orbital motion of the particles near the
compact gravitating objects corresponds to the frequencies
of QPOs. The so-called relativistic precession model
considers QPOs to be the result of motion of accreted
inhomogeneities such as blobs or vortices [99–106]. The
authors of Refs. [40,103,107–121] assumed that QPOs
appear due to the collective motion of matter in either a thin
or thick accretion disk.

Here we study the properties of a regular nonminimal
magnetic BH through the study of the fundamental
frequencies of orbital motion of the particles. The paper
is organized as follows: First we explore the spacetime
properties around a BH in Einstein-Yang-Mills theory in
Sec. II. Section III is devoted to studying the test particle
motion while paying attention to circular orbits. In Sec. IV
we discuss the fundamental frequencies of orbital motion
and apply them to the modeling of the QPOs. We
summarize our results in Sec. V. Throughout the paper,
we use the system of units where G ¼ 1 ¼ c. Greek (latin)
indices run from 0 (1) to 3.

II. THE SPACETIME PROPERTIES

The action of the nonminimally coupled Einstein-Yang-
Mills theory in four-dimensional spacetimes has the fol-
lowing form [22,31]:

S ¼
Z

d2x
ffiffiffiffiffiffi
−g

p �
R
8π

þ 1

2
ðFμνFμν þRαβμνFαβFμνÞ

�
; ð1Þ

where g is the determinant of the metric tensor and R is the
Ricci scalar. The Yang-Mills (YM) tensor Fμν is connected
to the YM potential Aμ using the following relation:

Fμν ¼ ΔμAν − ΔνAμ þ κAμAν; ð2Þ

where Δμ stands for the covariant derivative and κ is the
structure constant parameter of the YM field. Finally, the
tensor Rαβμν has the following form:

Rαβμν ¼ −
q
2
f12Rαβμν þ gαμgβν − gανgβμ

þ Rαμgβν − Rανgβμ þ Rβνgαμ − Rβμgανg; ð3Þ

where Rαβμν and Rαβ are the Riemann and Ricci tensors,
respectively, and q is the nonminimal coupling parameter
between the YM and gravitational fields.
The spacetime around magnetically charged regular

nonminimal magnetic BHs is described by the line element
[22,31,32]

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2ðdθ2 þ sin2 θdϕ2Þ; ð4Þ

with the lapse function

fðrÞ ¼ 1þ
�
1þ 2Q2

mq
r4

�−1�
−
2M
r

þQ2
m

r2

�
; ð5Þ

whereM andQm are the total mass and the magnetic charge
of the BH. The electromagnetic field four-potential of the
nonrotating regular nonminimal magnetic BH reads
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Aα ¼ ð0; 0; 0; Qm cos θÞ: ð6Þ

In fact, when q ¼ 0 the spacetime metric (5) reduces to
spacetime around the magnetically charged Riessner-
Nordström BH.

A. Scalar invariants

A detailed analysis of curvature invariants such as
the Ricci scalar, square of the Ricci tensor, and the
Kretschmann scalar may result in a deep understanding
of the main properties of the spacetime. For that reason in
this subsection we investigate the curvature invariants of
the spacetime metric (4).

1. The Ricci scalar

First, we explore the effects of the spacetime parameters
on the value of the Ricci scalar. The expression for the Ricci
scalar can be easily found in the following form:

R ¼ gμνRμν

¼ 8qQ2
m

ð2qQ2
m þ r4Þ3 ½5Q

2
mrð4Mqþ r3Þ − 6ðqQ4

m −Mr5Þ�:

ð7Þ

One can see from Eq. (7) that in the Schwarzschild limit
it takes the form

lim
r→0

R ¼ −
6

q
: ð8Þ

From Eq. (7) one may also see that

lim
q→0

R ¼ lim
q→∞

R ¼ 0: ð9Þ

2. The square of the Ricci tensor

Now we explore the square of the Ricci tensor for
spacetime (4), which can be found in the following form:

RμνRμν ¼ 4Q4
m

ð2qQ2
m þ r4Þ6 f28qr

12ð2Mr −Q2
mÞ þ r16

− 16q3Q2
mr4ð15Q2

m − 22MrÞðQ2
m − 4MrÞ

þ 8q2r8ð116M2r2 − 130MQ2
mrþ 37Q4

mÞ
þ 16q4ð104M2Q4

mr2 − 60MQ6
mrþ 9Q8

mÞg:

One can easily see that in the limiting cases it has the
following form:

lim
q→0

RμνRμν ¼ 4Q4
m

r8
; lim

q→∞
RμνRμν ¼ 0: ð10Þ

The square of the Ricci tensor (10) vanishes as the
parameter q tends to zero, and for the nonzero values of q
parameter it has the following form:

lim
r→0

RμνRμν ¼ 9

q2
: ð11Þ

3. The Kretschmann scalar

Now we explore the Kretschmann scalar, which gives
more information about the properties of the curvature of
the spacetime (4). Since the Kretschmann scalar does not
vanish even for Ricci flat spacetime, it is helpful to study
the properties of a given Ricci flat spacetime. The exact
analytic expression for the Kretschmann scalar for the
spacetime (4) has the form

K ¼ 8

ð2qQ2
m þ r4Þ6 fr

16ð6M2r2 − 12MQ2
mrþ 7Q4

mÞ

− 16q4Q8
mð38M2r2 − 20MQ2

mrþ 3Q4
mÞ

þ 4qQ2
mr12ð24M2r2 − 48MQ2

mrþ 17Q4
mÞ

− 16q3Q6
mr4ð56M2r2 − 40MQ2

mrþ 5Q4
mÞ

þ 8q2Q4r8ð154M2r2 − 152MQ2
mrþ 37Q4

mÞg: ð12Þ

The limits of the and in the Kretschmann scalar have the
following forms:

lim
r→0

K ¼ 6

q2
; ð13Þ

lim
q→0

K ¼ 8

r8
ð6M2r2 − 12MQ2

mrþ 7Q4
mÞ; ð14Þ

lim
q→∞

K ¼ 0: ð15Þ

Figure 1 demonstrates the radial dependence of the Ricci
scalar, the square of the Ricci tensor, and the Kretschmann
scalar of the spacetime (4) for the different values of the
nonminimal coupling parameter and the fixed magnetic
charge of the nonminimal regular magnetic BH. One can
see that all the spacetime invariants decrease with an
increase of the nonminimal coupling parameter.

B. Event horizon

Here we aim to show detail analysis of the exploration of
the event horizon properties of the regular nonminimal
magnetic BH spacetime governed by the lapse function
given in Eq. (5) as a function of the nonminimal parameters
q and the regular BH charge Qm.
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The radius of the event horizon of a BH corresponds to
the case in which grr → ∞; grr ¼ 0, namely, the solution
of the equation

fðrÞ ¼ 0; ð16Þ

and we have

�
rh
M

�
�
¼ 1þ Y1 �

�
2þ 2

Y
−

Y1

3
ffiffiffi
23

p
M2

−
Q2

m

M2

�
4

3
−
2

Y
þ

ffiffiffi
3

p
2ð24qþQ2

mÞ
3Y1

��1
2

; ð17Þ

where

1

2
Y3¼108M2qQ2

m−72qQ4
mþQ6

m

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð108M2qQ2

m−72qQ4
mþQ6

mÞ2−ð24qQ2
mþQ4

mÞ3
q

;

Y2
1¼1−

2Q2
m

3M2
þ Y1

3
ffiffiffi
23

p þ
ffiffiffi
23

p
Q2

m

3Y1

ð24qþQ2
mÞ; ð18Þ

and where � stands for the outer and inner horizons.
One can see the effects of the nonminimal coupling

parameters q and the BH charge Qm on the event horizon
[Eq. (17)] is a quite complicated form to see. By the wa, we
show plots of Eq. (17) for the different values of the
coupling parameter q.
The dependence of the event horizon of the regular

nonminimal magnetic BH from the BH charge is shown in
Fig. 2 for different values of the nonminimal coupling
parameter. One can see from the figure that there is an
extreme value for the BH charge in which the two roots of
the equation fðrÞ ¼ 0 match and BH does not exist for
Q > Qextr. The extreme charge of the BH decreases as the
parameter grows, and at larger values of the magnetic
charge of the BH the coupling parameter is weakened while
the radius of the event horizon increases. The dependence
of the extreme values of the BH charge and minimal value
of the outer event horizon from the nonminimal coupling
parameter is shown in Fig. 3.

Now we will analyze the extreme charge of the BH and
minimal (maximal) value of the outer (inner) horizon by
setting the following system of equations and solving them
with respect to r and Qm:

fðrÞ ¼ 0 ¼ f0ðrÞ; ð19Þ

and immediately we have

3ðrhÞmin

M
¼ 1þ X þ X−1ð1 − 12qÞ ð20Þ

3Q2
extr

M2
¼ X−2f1 − 96q2 þ qð16X2 − 62X þ 121Þ
þ X2 þ X − 2XX1 þ 5X1g; ð21Þ

where

X3 ¼ 1þ 3ð21qþ X1Þ; X2
1 ¼ 3qðqþ 2Þð64qþ 3Þ:

ð22Þ

One may see the effect of the coupling parameter q on
the extreme value of the magnetic BH and the minimal
value of its outer horizon using Eqs. (20) and (21).
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FIG. 2. Dependence of the event horizon radius on the magnetic
charge of the regular magnetic BH,Qm, for different values of the
nonminimal coupling parameter q. q=M2 is presented as q.
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FIG. 1. Radial profiles of scalar invariants of the spacetime (4) for the different values of the nonminimal parameter q and the fixed
magnetic charge of the BH Qm=M ¼ 0.1. The left, middle, and right panels correspond to the radial dependence of the Ricci scalar,
Ricci tensor, and Kretschmann scalar, respectively.
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The dependence of the extreme value of the BH charge
and minimum value of the horizon from the coupling
parameter q is presented in Fig. 3 One can see from Fig. 3
that when the nonminimal coupling parameter q ¼ 0 [pure
RN BH case] the extreme value of the charge and the
minimal value of the event horizon are equal to
Qextr ¼ ðrhÞmin ¼ M. One may see that the minimal value
of the event horizon increases with an increase of the
coupling parameter, while the extreme charge decreases.
The limits of the minimal outer horizon and the magnetic
charge of the magnetic BH at an infinite value of the
coupling parameter are

lim
q→∞

rmin

M
¼ 3

2
; lim

q→∞

Qextr

M
¼ 0: ð23Þ

Figure 4 shows the radial dependence of the lapse
function of the extreme charged regular nonminimal
magnetic BH for different values of the nonminimal
coupling parameter.

III. TEST PARTICLE MOTION

In this section we investigate the test particle dynamics in
the spacetime (4) around regular magnetic BHs.

A. Equation of motion

Consider the dimensionless Lagrangian density for a
neutral particle with mass m:

Lp ¼
1

2
gμν _xμ _xν: ð24Þ

Note that the magnetic charge of the regular nonminimal
magnetic BH does not interact with the test neutral particle.
The two conserved quantities, the specific energy E ¼ E=m
and the specific angular momentum of the particle
L ¼ L=m, are defined as

gtt_t ¼ −E; gϕϕ _ϕ ¼ L: ð25Þ
The equation of motion for a test particle can be governed
by the standard normalization condition

gμνuμuν ¼ ϵ; ð26Þ
where ϵ has the values 0 and −1 for massless and massive
particles, respectively.
For the massive neutral particles the motion is governed

by timelike geodesics of the spacetime (4), and the
equations of motion can be found using Eq. (26). Taking
Eq. (25) into consideration, one may easily obtain the
equation of motion in the form

_r2 ¼ E2 þ gtt

�
1þ K

r2

�
; ð27Þ

_θ ¼ 1

g2θθ

�
K −

L2

sin2 θ

�
; ð28Þ

_ϕ ¼ L
gϕϕ

; ð29Þ

_t ¼ −
E
gtt

; ð30Þ

where K denotes the Carter constant.
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FIG. 4. The radial dependence of lapse function for the different
values of the nonminimal parameter and the corresponding values
of the magnetic charge Qm → Qextr.
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on the nonminimal coupling parameter q.
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Restricting the motion of the particle to the equatorial
plane, in which θ ¼ π=2 and _θ ¼ 0, the Carter constant
takes the form K ¼ L2 and the equation of the radial
motion can be expressed in the form

_r2 ¼ E2 − Veff ; ð31Þ
where the effective potential of the motion of neutral
particles at the equatorial plane reads

Veff ¼ fðrÞ
�
1þ L2

r2

�
: ð32Þ

Now one may consider the conditions for the circular
motion, which indicate that there is no radial motion
(_r ¼ 0) and no acceleration in the radial direction
(̈r ¼ 0). One may easily obtain the radial profiles of the
specific angular momentum and a specific energy for
circular orbits at the equatorial plane (θ ¼ π=2) in the
following form:

L2 ¼ r4

ZðrÞ ½2qQ
4
m þMr5 −Q2

mð6Mqrþ r4Þ�; ð33Þ

E2 ¼ 1

ZðrÞ ½Q
2
mð2qþ r2Þ þ r3ðr − 2MÞ�2; ð34Þ

where

ZðrÞ ¼ 2r3Q2
mðMqþ 2qrþ r3Þ þ 4q2Q4

m þ r7ðr − 3MÞ:
ð35Þ

Figure 5 demonstrates the radial dependence of the
specific energy and angular momentum of test particles
around regular nonminimal BHs for different values of the
coupling parameter q and fixed value of the magnetic
charge Qm=M ¼ 0.8 compared to the Schwarzschild and
RN BHs. One can see from Fig. 5 that the existence of the
BH charge and the coupling parameter cause a decrease of
the minimum value in both specific angular momentum and
energy of the particle and the distance where the energy and
angular momentum take the minimal values.
We show the dependence of the minimal radius of

circular orbits from the magnetic charge of the nonminimal
magnetic BH for different values of the coupling parameter
compared to the RN BH case in Fig. 6. One can easily see
from Fig. 6 that the increase of the magnetic charge of the
BHs causes a decrease of the radius and a decrease of
the rate of the minimal radius growth at higher values of the
nonminimal coupling parameter.

B. Innermost stable circular orbits

The standard way to get the radius of ISCOs is to solve
the inequality governed by the condition ∂rrVeff ≥ 0. Using
the expression for the effective potential one may obtain the
following algebraic inequality:

2qr3Q2
m½MQ2

m þ 18Mr2 − 6rð2Q2
m þM2Þ�

þ r6½9MrQ2
m − 4Q4

m þMr2ðr − 6MÞ�
þ 4q2ð4Q6

m − 15MrQ4
mÞ ≥ 0: ð36Þ
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FIG. 5. The radial dependence of (top panel) specific angular
momentum and (bottom panel) energy for circular orbits for
different values of the nonminimal coupling parameter q than the
Schwarzschild and RN BH cases.
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motion is allowed from the magnetic charge of the regular
nonminimal BH for different values of the nonminimal coupling
parameter (q=M2 → q).

RAYIMBAEV, ABDUJABBAROV, and HAN PHYS. REV. D 103, 104070 (2021)

104070-6



The exact solutions of Eq. (36) in the limiting case in
which q tends to infinity and 0, respectively, have the
following form:

lim
q→∞

rISCO
M

¼ 9

2
; lim

q→0

rISCO
M

¼ 4: ð37Þ

Figure 7 demonstrates the dependence of the ISCO
radius of the test particles from the magnetic charge of
the nonminimal magnetic BH for different values of the
coupling parameter compared to the RN BH. One can see
that the increase of the magnetic charge of the BH causes
the decrease of the ISCO radius, and the minimum value of
the ISCO radius corresponding to the extremely charged
BH case increases with an increase of the coupling
parameter. Moreover, the ISCO radius of test particles
decreases faster in the case of regular nonminimal magnetic
BHs than in the RN BH.

C. Regular nonminimal magnetic BH versus Kerr BH

In the previous subsection we found that the existence of
BH charge causes a decrease in the ISCO radius of test
particles. On the other hand, the effect of the spin parameter
and the charge of the BH on the ISCO radius are similar, and
it will be difficult to distinguish them using the measure-
ments of the ISCO radius from astronomical observations. In
this subsection, we explore the degeneracy problem of the
effect of magnetic charge Qm of the regular nonminimal
magnetic BH and the spin of the Kerr BH on the ISCO
radius. We discuss how to distinguish the BHs through
(direct or indirect) measurements of the ISCO radius.
The expression for the ISCO radius of test particles

around rotating Kerr BHs with the spin paraeter a for
retrograde and prograde orbits has the following form [122]:

rISCO ¼ 3þ Z2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3 − Z1Þð3þ Z1 þ 2Z2Þ

p
; ð38Þ

with

Z1 ¼ 1þ ð ffiffiffiffiffiffiffiffiffiffiffi
1þ a3

p þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − a3

p
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

3
p

;

Z2
2 ¼ 3a2 þ Z2

1:

Figure 8 illustrates the relation between spin and the
magnetic charge of the BH. One can see from Fig. 8 that the
RN BH charge can mimic the spin of a rotating Kerr BH
up to a=M ¼ 0.4899 (the result is compatible with the
previous results of Refs. [92,96]), while the charge of the
regular nonminimal magnetic BH can reflect the same
gravitational effects due to the spin of the Kerr BH up to
a=M ¼ 0.3936 corresponding to the value of the coupling
parameter q ¼ 1. This maximal mimicking value decreases
with the increase of the coupling parameter and takes the
value a=M ¼ 0.3271 for q ¼ 10. In our previous work [92]
we showed that the charge of a regular BH in general
relativity combined to the nonlinear electrodynamics can
mimic the spin of a rotating Kerr BH up to a=M ¼ 0.8,
while the charge of a BH in Einstein-Maxwell-scalar
gravity can mimic up to a=M ¼ 0.936 [95]. The charge
of a regular Bardeen BH may mimic the spin parameter of
the Kerr BH up to a=M ¼ 0.9 [80] and the charge of a
deformed RN BH with the deformation parameter ϵ ¼ 6.17
up to a=M ¼ 0.88 [96].

D. The energy efficiency

According to the Novikov-Thorne model [123], the
Keplerian accretion around an astrophysical BH is modeled
as geometrically thin disks governed by the properties of
the spacetime circular geodesics. Generally, the energy
efficiency of the accretion disk around a BH indicates the
maximum energy which can be extracted as radiation of
the infalling matter into the central BH. The efficiency of
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FIG. 7. Dependence of the ISCO radius of the neutral massive
particles around a regular nonminimal magnetic BH from the
magnetic charge of the BH for different values of the nonminimal
coupling parameter compared to the RN case.
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FIG. 8. The degeneracy relations between the spin of the Kerr
BH and the magnetic charge of the magnetic regular BH
providing the same value of the ISCO radius for different values
of the nonminimal coupling parameter q.
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the accreting test particle can be calculated through the
following expression:

η ¼ 1 − Ejr¼rISCO ; ð39Þ

where Ejr¼rISCO is the binding energy of the particle at the
ISCO normalized to the rest energy of the test particle.
Ejr¼rISCO can be calculated using the energy of the particles
given by Eq. (33) at ISCO. The exact analytical form of the
efficiency is hard to obtain due to the complicated form of
the ISCO radius. The effects of the magnetic charge of
regular nonminimal magnetic BH and nonminimal cou-
pling parameters on the efficiency are calculated numeri-
cally, and results are shown in Fig. 9 compared to the
energy efficiency of the RN BH. From Fig. 9 one can easily
see that the value of the energy efficiency decreases with
the increase in the nonminimal coupling parameter due to
the decrease in the extreme charge of the BH.
The energy efficiency from a BH has another important

astrophysical application connected with bolometric
luminosity of the accretion disk through the relation
Lbol ¼ η _Mc2, where _M is the mass rate of accretion matter
into the central BH. The bolometric luminosity can be
obtained through observations, and here we will discuss the
problem regarding how the BH charge can mimic the spin
of the Kerr BH providing that there is the same value for the
energy efficiency/bolometric luminosity.
One can see from Fig. 10 that the magnetic charge of the

RN BH can mimic the spin of the Kerr BH up to
a=M ¼ 0.5079, and it is significantly stronger than the
mimicking value obtained using the measurements of the
ISCO radius. Moreover, an increase in the coupling
parameter causes a decrease in the mimicking value.
Since the YM field increases the effect of the magnetic
charge of the BH relative to the charge of the RN BH, one
may conclude that it is possible to distinguish the regular
nonminimal magnetic BH from the RN one only for large
values of the magnetic charge.

IV. FUNDAMENTAL FREQUENCIES

For a spherically symmetric spacetime, there are two
fundamental frequencies of test particle motion. One is the
Ωr corresponding to the radial coordinate r, which goes
from the periastron to the apastron and back to the
periastron. However, because of the perihelion precession,
the particle will go more than 2π in the azimuthal direction.
Therefore, we will have another orbital frequency Ωϕ. Here
we explore the fundamental frequencies in spacetime
around a nonminimal magnetic BH.

A. Keplerian frequency

The angular velocity for a distant observer or so-called
Keplerian frequency is determined as

ΩK ¼ dϕ
dt

¼
_ϕ
_t
: ð40Þ

One may rewrite Eq. (40) for the spacetime metric (4)
and obtain the following form for the Keplerian frequency:

ΩK ¼
ffiffiffiffiffiffiffiffiffiffi
f0ðrÞ
2r

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2qQ2ðQ2 − 3MrÞ − r4ðQ2 −MrÞ

p
2qQ2 þ r4

: ð41Þ

To compare the fundamental frequencies to the corre-
sponding astrophysical quantities, we will express them in
units of hertz using the relation

ν ¼ 1

2π

c3

GM
Ω ½Hz�: ð42Þ

The radial dependence of the Keplerian frequencies of
test particles around a nonminimal regular BH shown in
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FIG. 9. Dependence of the energy efficiency from the magnetic
charge of the regular nonminimal magnetic BH for different
values of the nonminimal coupling parameter q.
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Kerr BH and the magnetic charge of the regular nonminimal
magnetic BH providing the same value of energy efficiency for
different values of the nonminimal coupling parameter q.
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Fig. 11 in comparison with the Kerr BH case [124,125]. To
compare the effects of the nonminimal regular BH charge
and the coupling parameter we have provided the Keplerian
frequencies of the test particles around the Schwarzschild,
extreme charge RN, and extreme rotating Kerr BHs. From
Fig. 11 one can easily see that in the presence of a YM field
the maximum of the frequency is decreasing.

B. Harmonic oscillations

In this subsection we provide an analysis of the funda-
mental frequencies governed by test neutral particle motion
around a nonminimal regular magnetic BH. The radial
and vertical fundamental frequencies can be calculated
by considering small perturbations along the radial r →
r0 þ δr and vertical θ → θ0 þ δθ directions, respectively,
around the circular orbit. The effective potential can be
expanded in terms of r and θ in the form

Veffðr; θÞ ¼ Veffðr0; θ0Þ þ δr∂rVeffðr; θÞjr0;θ0
þ δθ∂θVeffðr; θÞjr0;θ0 þ

1

2
δr2∂2

rVeffðr; θÞjr0;θ0
þ 1

2
δθ2∂2

θVeffðr; θÞjr0;θ0
þ δrδθ∂r∂θVeffðr; θÞjr0;θ0 þOðδr3; δθ3Þ:

ð43Þ

Careful analysis of the expansion (43) shows that the first
term of Eq. (43) vanishes due to the condition ∂rVeff ¼ 0.
On the other hand, using the stability conditions of the
effective potential in Eq. (32) one can remove the second,
third, and last terms. Finally, only two terms proportional to
the second order derivatives from the effective potential
with respect to r and θ remain. To get physical quantities
measured by a distant observer in the equation of motion,
we replace a derivation with respect to the affine parameter

with the time derivation (dt=dλ ¼ ut). Substituting Eq. (43)
into Eq. (32) and taking into account the aforementioned
assumptions, one may easily obtain harmonic oscillator
equations for displacements δr and δθ in the form

d2δr
dt2

þ Ω2
rδr ¼ 0;

d2δθ
dt2

þ Ω2
θδθ ¼ 0: ð44Þ

The quantities Ωr and Ωθ in Eq. (44) are the radial and
vertical angular frequencies measured by a distant observer,
respectively, and defined as

Ω2
r ¼ −

1

2grr_t2
∂2
rVeffðr; θÞjθ¼π=2; ð45Þ

Ω2
θ ¼ −

1

2gθθ_t2
∂2
θVeffðr; θÞjθ¼π=2; ð46Þ

Ωϕ ¼ dϕ
dt

: ð47Þ

Finally, the radial and vertical frequencies in spacetime
of a regular nonminimal magnetic BH will have the form

Ωr ¼ ΩK

�
1þ 2Q2ð8qþ r2Þ

2qQ2 þ r4

þ r2ð6M2r2 −Q2rð7M þ rÞ þ 2Q4Þ
r4ðQ2 −MrÞ − 2qðQ4 − 3MQ2rÞ

þ 2qð5Q4 − 12MQ2rÞ
r4ðQ2 −MrÞ − 2qðQ4 − 3MQ2rÞ

�1
2

; ð48Þ

Ωθ ¼ Ωϕ ¼ ΩK: ð49Þ

Figure 12 shows the radial dependence of the radial
frequencies of test particles around nonminimal regular
magnetic BHs for different values of the coupling param-
eter q compared to the corresponding frequencies around a
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FIG. 11. Radial dependence of the Keplerian frequencies of test
particles around an extreme rotating Kerr BH and extremely
charged RN and nonminimal magnetic BHs for different values
of the nonminimal coupling parameter q.

FIG. 12. Radial dependence of frequencies of radial oscillations
of test particles around an extreme Kerr BH and extremely
charged RN and nonminimal magnetic BHs for different values
of the nonminimal coupling parameter q.
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Schwarzschild BH, an extremely charged RN BH, and an
extreme rotating Kerr BH. From Fig. 12 one can easily see
that the maximum value of the radial frequency decreases
due to an increase in the coupling parameter of the YM
field, while it increases with an increase in the BH charge
and the spin of a rotating Kerr BH. The distance where the
frequency takes its maximum decreases with an increase in
the spin and charge parameters of the Kerr and RN BHs,
respectively. On the other hand, an increase of the coupling
parameter causes the distance where the frequency takes its
maximum to slightly increase.

C. Regular magnetic BH versus Kerr BH:
The same frequencies of QPO

In this subsection we will discuss the possible frequen-
cies of various models of twin-peak QPOs around a BH in
the presence of a YM field compared to those around
Schwarzschild, RN, and Kerr BHs [126]. In most cases,
twin QPO models tell one that the role of the gravitational
field of the central BH is crucial and that frequencies of
the oscillation depend on the frequencies of harmonic
oscillations along the geodesic orbits. Here we analyze
the relations between possible values of low and high
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frequencies of twin-peak QPOs around a central BH for
different values of parameters of the central object. In
particular, we will explore the following QPO models:
(a) Relativistic precession (RP) model [127]. In the

standard RP model the upper and lower frequencies
are identified through the radial and orbital frequen-
cies as νU ¼ νϕ and νL ¼ νϕ − νr, respectively. In
modified RP1 and RP2 models the frequencies can be
identified as νU ¼ νθ, νL ¼ νϕ − νr and νU ¼ νϕ,
νL ¼ νθ − νr, respectively.

(b) The epicyclic resonance (ER2, ER3, ER4) models
[103]. In the ER models the accretion disk is assumed
to be thick enough and QPO appears due to the
resonance oscillations of uniformly radiating particles
along the geodesic orbits. The upper and lower
frequencies for the ER2, ER3, and ER4 models are
defined through frequencies of orbital and epicyclic
oscillations as νU ¼ 2νθ − νr, νL ¼ νr, νU ¼ νθ þ νr,
νL ¼ νθ and νU ¼ νθ þ νr, νL ¼ νθ − νr, respectively.

(c) The warped disk (WD) model [128,129]. In the WD
model the QPO frequencies appear to be due to the
oscillation of the warped thin disk. The upper
and lower frequencies are defined as νU ¼ 2νϕ − νr,
νL ¼ 2ðνϕ − νrÞ.

Figure 13 illustrates the relations between the upper and
lower frequencies of twin-peak QPOs for different models
of BHs and QPOs. In the numerical calculations, for
simplicity we have considered the stellar mass BHs. One
can easily see from the top right panel in Fig. 13 that WD
models could explain the existence of high-frequency
QPOs (up to 900–1000 Hz) for the Schwarzschild case
and the regular nonminimal BH at higher values of the
coupling parameter of the YM field. The RP and ER2–ER4
models could explain QPO frequencies up to ∼430 Hz. In
Fig. 13 the area between gray and black dotted (blue dot-
dashed, red dashed) lines implies the possible values of
frequency of twin-peak QPOs from rotating Kerr (RN,
nonminimal regular) BHs. From this point of view the QPO
objects can be modeled by all of the considered BHs. In
other words, the observation of such QPOs cannot dis-
tinguish the types of BH. Our numerical analysis shows
that the RN BH charge can mimic the spin of the Kerr BH
up to a=M ≃ 0.51, and the nonminimal regular magnetic
BH up to a=M ≃ 0.215 at q ¼ 1 in the RP model.
One of the important feature of the above analysis is that

it may be helpful to distinguish between the gravity models
describing the central QPO object. In other words, if the
position of a twin-peak QPO corresponding to the νU − νL
space shown in Fig. 13 is located between the black dotted
and blue dot-dashed lines, the central BH can be a rotating
Kerr one. However, if the position QPO is located in the
space between the blue dot-dashed and red dashed lines,
then the central BH can be either the RN or the Kerr one.
Similar scenarios may appear when the position of the QPO
lies between the red dashed and the gray solid lines: one

cannot distinguish whether the central object is the rotating
Kerr, RN, or nonminimal regular magnetic BH with the
coupling parameter q ≥ 1.

V. CONCLUSION

In this work, we have studied the spacetime properties
around a regular nonminimal magnetic BH. We have also
analyzed the dynamics of neutral, magnetized, and mag-
netically charged particles around a central object. The
main results of the paper can be summarized as follows:

(i) Our analysis shows that the maximum values of the
curvature invariants decrease with an increase in the
nonminimal coupling parameter. The minimal outer
horizon corresponding to the extreme value of
charge BH increases with an increase in the coupling
parameter and reaches its maximum 1.5M when
q → ∞. On the other hand, the maximum value of
the charge of the BH decreases tends to zero with an
increase in parameter q.

(ii) The studies of test particle motion have shown that
the ISCO radius decreases with an increase in the
magnetic charge of the nonminimal regular magnetic
BH. With an increase in the coupling parameter
the ISCO radius increases due to a decrease in the
extreme value of the BH charge. It has also been
shown that when the parameter q tends to infinity the
ISCO radius tends to the value rISCO → 4.5M.

(iii) We have explored the cases where, due to the effects
of the magnetic charge parameter and the spin of the
rotating Kerr BH, particles have the same ISCO
radius. It has been shown that the mimicked values
of the spin parameter decrease with an increase in
the coupling parameters.

(iv) The studies of the effects of the magnetic charge of
the nonminimal regular BH and the coupling param-
eters on the energy efficiency have shown that an
increase in the coupling parameter causes a decrease
in the efficiency of the energy extraction.

(v) We have also studied the fundamental frequencies
around the nonminimal magnetic BHs in compari-
son to those around the Schwarzschild, RN, and
Kerr BHs. The studies have shown that an increase
in the coupling parameter of the YM field causes a
decrease in the Keplerian and radial frequencies. On
the other hand, an increase in the charge of both the
RN and nonminimal magnetic BHs increases the
epicyclic frequencies.

(vi) We have also explored the relations of upper and
lower frequencies of twin-peak QPO around the
magnetic, RN Schwarschild, and Kerr BHs for
different QPO models. Our analysis has shown that
the RN BH charge can mimic the spin of a Kerr BH
up to a=M ≃ 0.51, and a nonminimal regular mag-
netic BH up to a=M ≃ 0.215 at q ¼ 1 in the
RP model.
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