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In this work we derive the junction conditions for the matching between two spacetimes at a separation
hypersurface in the perfect-fluid version of f(R, T') gravity, not only in the usual geometrical representation
but also in a dynamically equivalent scalar-tensor representation. We start with the general case in which a
thin shell separates the two spacetimes at the separation hypersurface, for which the general junction
conditions are deduced, and the particular case for smooth matching is considered when the stress-energy
tensor of the thin shell vanishes. The set of junction conditions is similar to the one previously obtained
for f(R) gravity but features also constraints in the continuity of the trace of the stress-energy tensor 7',
and its partial derivatives, which force the thin shell to satisfy the equation of state of radiation ¢ = 2p,.
As a consequence, a necessary and sufficient condition for spherically symmetric thin shells to satisfy all
the energy conditions is the positivity of its energy density o. For specific forms of the function f (R, T), the
continuity of R and T ceases to be mandatory but a gravitational double layer arises at the separation
hypersurface. The Martinez thin-shell system and a thin shell surrounding a central black hole are provided

as examples of application.
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I. INTRODUCTION

As one searches for solutions to the FEinstein’s field
equations in general relativity (GR) or the modified field
equations in modified gravity, one might encounter a
situation in which a hypersurface separates the whole
spacetime into two regions described by different metric
tensors expressed in two different coordinate systems.
The junction conditions are the conditions the two space-
times must satisfy in order for them to be matched at the
separation hypersurface and correspond to a full solution of
the field equations.

In general relativity, for the matching between the two
spacetimes to be smooth one needs to guarantee that the
induced metric at the separation hypersurface and the
extrinsic curvature are continuous [1-5]. These conditions
were used numerous times to derive new solutions for the
Einstein’s field equations in GR, e.g., constant density fluid
stars with Schwarzschild exteriors, the Oppenheimer-
Snyder stellar collapse [6], and the matching between
Friedmann-Lemaitre-Robertson-Walker spacetimes with
Vaidya exteriors [7].

The matching between the two regions can still be done
even if the extrinsic curvature is not continuous, but it
implies the existence of a thin shell of matter at the
separation hypersurface [3,8,9]. These thin shells have
been extensively studied from a thermodynamic point of
view [10] and the shell’s entropy has been computed in
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numerous situations e.g., rotating [11,12] and electrically
charged [13,14] shells. Collisions of thin shells have also
been studied numerically [15] and, more recently, it was
shown that stable extensions of the Schwarzschild fluid
sphere with thin shells provide physically relevant models
for exotic compact objects [16].

In the context of modified gravity, different theories of
gravity will feature their own sets of junction conditions,
deduced from their respective equations of motion, includ-
ing not only the modified field equations but also the
equations of motion of any extra fields the theory is based
upon. The junction conditions have been obtained for
various theories e.g., f(R) gravity with [17] and without
[18,19] torsion and in the Palatini formalism [20], scalar-
tensor theories [21,22], Gauss-Bonnet gravity [23], and
more recently the hybrid metric-Palatini extension of f(R)
[24]. The derivation of the junction conditions of these
theories is not only important to allow for the development
of new solutions but it is also an essential step to extend
their applicability range to the rising field of exotic compact
objects [25].

Theories like f(R) [26-28], where the action depends on
an arbitrary function of the Ricci scalar R, have risen in a
cosmological context to address the late-time cosmic
acceleration period of the Universe [29,30] without the
necessity for dark energy sources [31,32]. These theories
have also succeeded in modeling the dynamics of self-
gravitating systems without requiring the presence of dark
matter [33,34]. Despite these successes, extensions to the
f(R) theories are necessary as they also present important
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drawbacks. In particular, the equivalent scalar-tensor rep-
resentation of the theory allows one to verify that, in order
to satisfy local observational constraints, it is necessary to
recur to chameleon mechanisms [35,36], which give rise to
undesirable cosmological effects.

The f(R, T) arises as a generalization of f(R) gravity by
allowing the action to depend on an arbitrary function of the
Ricci scalar R and the trace of the stress-energy tensor 7
[37]. This theory was extensively studied in a wide range
of fields, from alternatives to dark matter in galactic
scales [38], cosmological solutions [39] including
reconstruction methods [40-42], stability analysis using
energy conditions [43], and in the Palatini formulation [44],
to astrophysical systems e.g., white dwarfs [45], isotropic
[46] and anisotropic exotic compact objects [47,48], and
atmospheric models [49]. More recently, this theory was
shown to provide relevant solutions for wormhole space-
times [50-53], a context where the junction conditions
of other theories were proven to be particularly useful [24].
In this work, we aim not only to deduce the junction
conditions of this theory to extend its applicability range,
but also to provide an alternative dynamically equivalent
scalar-tensor representation, which was proven useful in a
wide variety of topics in other theories of gravity. In
particular, the dependency of the action in two scalar
quantities, namely R and 7', will be responsible for a strong
similarity between the scalar-tensor representation of the
f(R,T) gravity and the f(R,R), see e.g., [24,54-58].

This paper is organized as follows. In Sec. II we
introduce the action and equations of motion of the theory,
and we introduce a dynamically equivalent scalar-tensor
representation; in Sec. III we compute the junction con-
ditions in the geometrical representation of the theory for
both the matching with a thin shell and a smooth matching;
in Sec. IV we repeat the analysis of the junction conditions
but now considering the scalar-tensor representation and
we use the results to emphasize the equivalence between
the two approaches; in Sec. V we provide three examples
of application, namely to study the energy conditions of
spherically symmetric thin shells, a matching considering
the well-known Martinez shell in vacuum, and a the
matching of a shell surrounding a central black hole;
and finally in Sec. VI we trace our conclusions.

A. Notation and assumptions

Before proceeding, let us clearly specify the notation that
will be used in the following sections, more specifically in
Secs. II-V. We define X as a hypersurface that separates
the spacetime V into two regions, YV and V™. Let us
consider that the metric g, , expressed in coordinates x4, is
the metric in region V' and the metric g, expressed in
coordinates x%, is the metric in region V~, where the latin
indexes run from O to 3. Let us assume that a set of
coordinates y* can be defined in both sides of X, where
greek indexes run from O to 2. The projection vectors

from the 4-dimensional regions V* to the 3-dimensional
hypersurface X are ¢4 = 0x“/Jy*. We define n“ to be the
unit normal vector on X pointing in the direction from V'~
to V*. Let [ denote the proper distance or time along the
geodesics perpendicular to £ and choose [ to be zero at X,
negative in the region V™, and positive in the region V*.
The displacement from X along the geodesics parametrized
by lis dx* = n“dl, and n, = €d,1, where ¢ is either 1 or —1
when n“ is a spacelike or timelike vector, respectively, i.e.,
nn, = e. Furthermore, we will be working in the formal-
ism of distribution functions. For any quantity X, we define
X =X10(l) + X~©(—1), where the indexes + indicate
that the quantity X= is the value of the quantity X in the
region V*, and ©(!) is the Heaviside distribution function,
with 6(1) = 0,0(!) the Dirac distribution function. We also
denote [X] = X'|z — X |z as the jump of X across X,
which implies by definition that [n“] = [e%] = 0.

II. ACTION AND FIELD EQUATIONS

A. Geometrical representation

The f(R, T) theory of gravity is described by an action S
of the form

1
S=aa [ VIR D [ ol (1)

where k% = —82’40

, G is the gravitational constant, ¢ is the
speed of light, Q is the spacetime manifold, g is the
determinant of the spacetime metric g,,, R = GR,, is
the Ricci scalar of the metric g,;,, where R, is the Ricci
tensor, T = ¢*T,, is the trace of the stress-energy tensor
T.,, f(R,T)is a well-behaved function of R and T, and £,
is the matter Lagrangian, considered to be minimally
coupled to the metric g,,.

A variation of the action in Eq. (1) with respect to the
metric g,, yields the modified field equations for the
f(R,T) theory in the form

of 1 af
8_RRab - Ef(R’ T)gab - (vavb - gabD)a_R
0
= 8”Tab - 8_; (Tab + ®ah)’ (2)

where V is the covariant derivative and (1 = V¢V, is the
D’ Alembert operator, both defined in terms of the metric
Jap» the stress-energy tensor T, is defined in terms of the
variation of the matter Lagrangian £,, with respect to the
metric g, in the usual way as

2 8(y/=gLw) )
\/_—g 5gab ’

and the tensor ®,, is defined in terms of the variation of the
stress-energy tensor 7, with respect to the metric g, as

Tab:_

104069-2



JUNCTION CONDITIONS AND THIN SHELLS IN PERFECT- ...

8T,
o )

Ou =9
An explicit calculation of the tensor ®, requires a previous
knowledge of the form of the stress-energy tensor 7', or,
equivalently, of the matter Lagrangian £,,. In this work, we
shall assume that matter is described by an isotropic perfect
fluid with an energy density p, a pressure p, and a four-
velocity u“. Under these assumptions, the stress-energy
tensor T, takes the form

Tab = (p+p)uaub_pgub’ (5)
where the four-velocity u“ satisfies the normalization
property u,u® =1, and for which the matter Lagrangian
can be written in the form £,, = —p. Consequently, in this
particular case Eq. (4) becomes

®ab = _2Tab — PYab- (6)
The result in Eq. (6) allows us to rewrite the field
equations in Eq. (2) in the more convenient form

1
fRRuh - Ef(R’ T)guh - (vavh - gahD)fR

= (8” +fT)Tab +prgab’ (7)

where the subscripts R and T denote partial derivatives with
respect to these variables. Considering that the function f is
a function of the two variables R and 7', then one can make
use of the chain rule to write the partial derivatives 0, fy,
and the covariant derivatives V,V, fx, where X represents
generically R or 7, as

O0ufx = [xrOR + fx10,T, (8)

Vo Vifx = [xeVaVeR + fx1V VT + fxrrO,ROLR
+ [xr10.TOT + 2f xgrO( ROy T . )

The results in Egs. (8) and (9), along with the D’ Alembert
operator [1 = V°V_. which can be obtained via a contrac-
tion of Eq. (9), allow us to expand the differential terms of
the function f in Eq. (7) and write them as differential terms
of both R and T. We do not show the resultant equations
explicitly due to their size.

B. Equivalent scalar-tensor representation

The action expressed in Eq. (1) can be recast in a
dynamically equivalent scalar-tensor representation which
has been proven useful in other modified theories of
gravity. This can be achieved via the introduction of two
auxiliary fields a and f as
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— 5 | vAals [ (a.p) + o
+[2\/—_g£md4x. (10)

(R—a)+

of
%0 (T-p)|d

The action in Eq. (10) is now a function of three
independent variables, namely the metric g, and the
two auxiliary fields a and f. The equations of motion
for the fields @ and f can be obtained from a variation of
Eq. (10) with respect to these fields, respectively, and read

f{l(l(R_a)+f(1ﬁ(T_ﬁ):0’ (11)

fpa(R =) + fps(T =) =0, (12)

where we have introduced the subscript notation @ and S to
represent partial derivatives of the function f with respect
to these variables, respectively. The system of Egs. (11)
and (12) can be rewritten in a matrix form Mx = 0 as

Mx — <faa fa/)’)(R a) -0 (13)
Sfpa  Spp Iy

Assuming that the function f(a, ) satisfies the Schwartz
theorem, i.e., its crossed partial derivatives are the same,
S ap = [ pa> the solution for the system of Eqgs. (11) and (12)
will be unique if and only if the determinant of the matrix
M does not vanish. The condition det M # 0 yields the
relationship f.f s # fiﬂ. Whenever this relationship is
satisfied, the solution for Egs. (11) and (12) is unique and is
given by a =R and f = T. Inserting these results into
Eq. (10) one recovers Eq. (1), thus proving that the two
representations of the theory are equivalent.

Let us now define two dynamical scalar fields ¢ and y
and a scalar interaction potential V (¢, y) as

_or _of
“or VT or

Vip,w) = —f(a,p) + ap + Py, (15)

(14)

one can rewrite the action in Eq. (10) in the equivalent
scalar-tensor representation

~ 5 [ VTR + 0T = Vipp)as
+ A V=GLndx. (16)

Similarly to what happens in the metric representation of
f(R) theories of gravity, the scalar field ¢ is analogous to a
Brans-Dicke scalar field with a parameter wgp = 0, and
with an interaction potential V. In addition to this scalar
field, the second scalar degree of freedom of the theory
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associated to the arbitrary dependence of the action in 7 is
also represented by a scalar field .

The action in Eq. (16) is a function of three independent
variables, the metric g,, and the two scalar fields ¢ and .
Performing a variation of Eq. (16) with respect to these
variables yields the equations of motion

1
@R == 9ap(@R +yT = V) = (V,V, — g,0)p

2
= SﬂTab - W(Tab + ®ab)1 (17)
V,=R, (18)
Vx// = T3 (19)

where the subscripts ¢ and y represent partial derivatives of
V with respect to these variables, respectively. Note that
Eq. (17) could be obtained directly from Eq. (2) via the
direct introduction of the definitions in Egs. (14) and (15).

We emphasize that in this work we shall assume that
matter is well described by an isotropic perfect fluid with an
energy density p and a pressure p. The stress-energy tensor
is again given by Eq. (5). In this case, one can write the
matter Lagrangian as £,, = —p and the tensor ®,, as in
Eq. (6). Introducing these considerations into Eq. (17), one
obtains the more convenient form of the field equations as

1
PR =5 Yab (PR +yT =V) = (V,V, - g,,0)p

= 8z +w)T o + PWGap- (20)

III. JUNCTION CONDITIONS IN THE
GEOMETRICAL REPRESENTATION

A. Matching with a thin shell at =

Let us now derive the junction conditions of the theory
using the distribution formalism. For the spacetime V to be
equipped with a metric on both sides of the hypersurface %,
this has to be properly defined throughout the entire
spacetime. In the distribution formalism, one writes the
metric in the form

Jab = JapO(1) + g,,0(=1). (21)

The partial derivatives of the metric defined above will take
the form 8cgab = achbG(l) + 8cg;b®(_l> + e[gab}nc5<l)'
The apparition of a term proportional to &() in these
derivatives is problematic. Upon the construction of the
Christoffel symbols associated to the metric g,, in the
distribution formalism, these terms would cause products
of the form ©(l)5(/) to arise, which are undefined in
the distribution formalism. To avoid the presence of
these pathological terms, one has to impose [g,,] = O.

Furthermore, the metric A, induced on X by g,, can be
written as h,p = gabegez, and consequently the induced
metric from the exterior is b, = g;be(‘jez, and the induced
metric from the interior is A, = ggbegeg. Since [g,,] = 0,
we must have h;rﬁ — hyz =0 to preserve the continuity

of the metric at X. We thus obtain the first junction
condition as

hap) = 0. (22)

This junction condition corresponds also to the first
junction condition in general relativity, and it does hold
generically for numerous theories of gravity. Imposing
Eq. (22) into the partial derivatives of Eq. (21), one obtains

8cgab = acg:b(a(l) + acg;h(a(_l)' (23)

Using Eq. (23), one can now construct the Christoffel
symbols associated with the metric g,;, without giving rise
to undefined terms, and from these one is also able to
construct the Ricci tensor R,;, and the Ricci scalar R. In
general, R, and R can be written in the distribution
formalism in the forms

Rap = R5,0(1) + R;,0(=1) — (eeel [K o) + nany [K])5(1),
(24)

R =R'O(l) + R-O(-1) - 2¢[K]5(),  (25)

where K53 = V,ny is the extrinsic curvature of the hyper-
surface X where ny = e}}n,,, and K = K§ is the correspond-
ing trace. The field equations in Eq. (7) have an explicit
dependence on the function f(R,T) and its derivatives,
which will in general feature products and power laws of R
and 7. Given the presence of terms proportional to §(/) in
the Ricci scalar R [see Eq. (25)], the function f(R,T) will
in general feature products of the form ©(7)5(/), which are
undefined in the distribution formalism, or of the form
8%(1), which are singular. To avoid the presence of these
products, one has thus to force the §(/) term in Eq. (25) to
vanish, from which one obtains the second junction
condition of the theory as

K] = 0. (26)

Although this junction condition does not appear in general
relativity, it appears to be quite common in theories of
gravity where the action can be a general function of the
Ricci scalar R, like f(R) or hybrid metric-Palatini gravity.
The forms of the Ricci tensor R, and the Ricci scalar R
from Eqs. (24) and (25) thus simplify to

Ra» = R,0(1) + R;,0(=1) — eete)[K56(),  (27)
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R=RO() + R-O(-1), (28)

respectively.

Given the presence of differential terms V,V,fr and
L1fg in the field equations in Eq. (7), one must also look
into the first- and second-order derivatives of the Ricci
scalar R. Taking the partial derivative of Eq. (28) one
obtains

0,R = 0,R"O(l) + 0,R~O(=1) + ¢[R|n, ().  (29)
According to the expansion of the differential terms shown
in Eq. (9), the field equations will feature products of partial
derivatives of R, i.e., terms of the form 9,R0,R. Due to the
existence of terms proportional to §(/) in J,R, as can be
seen in Eq. (29), the terms 0,RJ,R will also feature
products of the form ©(/)5(I) and &*(I), which are
undefined and singular in the distribution formalism,
respectively. Thus, to avoid the presence of these terms,
one has to impose a third junction condition of the form

[R] = 0. (30)

This junction condition is also not present in general
relativity, but it does appear in modified theories of gravity
with an extra dynamical scalar degree of freedom asso-
ciated with a function of the Ricci scalar, e.g., the metric
formulation of f(R). Equation (30) allows us to simplify
Eq. (29) to

0,R = 0,R"O(l) + 0,R~O(-1), (31)
and finally we are able to compute the second-order

covariant derivatives of the Ricci scalar V,V R, which
take the general form

vava = vavaJr@(l) + vava_G(—l) + en, [8bR]5(l)

(32)

Let us now turn to the matter sector of the theory. In
the previous paragraphs, more specifically in Egs. (27)
and (32), we have shown that the Ricci tensor R, and the
second-order derivatives V,,V, R feature terms proportional
to 6(1), which will consequently be present in the left-hand
side of the field equations in Eq. (7). These terms can be
associated with the presence of a thin shell of matter at the
separation hypersurface . To find the properties of this
thin shell, let us write the stress-energy tensor 7', as a
distribution function of the form

Top =T5,0) +T5,0(=1) +8(1)Sw,  (33)

where S, is the four-dimensional stress-energy tensor of
the thin shell, which can be written as a three-dimensional
tensor at X as

Sap = Sa[)’egeg' (34)
Taking the trace of Eq. (33) one finds that the trace T of the
stress-energy tensor also features a term proportional to
5(1),as T =T"O(l) + T-O(=1) + 5(1)S, where S = S¢ is
the trace of the stress-energy tensor of the thin shell.
Following the same argument that lead to Eq. (26), i.e., the
fact that the field equations will in general depend on
products and power laws of T through the function f(R, T')
and its partial derivatives, we conclude that this function
will in general depend on products of the forms ©(1)5(7)
and 6°(1) which are undefined or singular in the distribution
formalism. To avoid the presence of these products, one has
thus to force the trace of the stress-energy tensor of the thin
shell to vanish, and we obtain the fourth junction condition

S =0. (35)

This junction condition also does not appear in general
relativity and it does not appear in other well-known
theories as f(R), as is is associated with an extra scalar
degree of freedom associated with an arbitrary dependence
of the action in 7. Equation (35) allows us to write the trace
of the stress-energy tensor 7 in the simplified form

T = T+O(l) + T-O(-I). (36)

The presence of the differential terms [(Jfz and V,V, f in
the field equations in Eq. (7) imply that one must also take
into account the first and second covariant derivatives of T
in the distribution formalism. Taking the partial derivative
of Eq. (36), one obtains

9,T = 9,TO(l) + 9,T-0(=1) + e[TIn,s(1).  (37)

Provided the expansion of the differential terms in Eq. (9),
one verifies that the field equations in Eq. (7) will feature
products of the partial derivatives of T in the form 0,70,T.
Due to the presence of terms proportional to &(/) in
Eq. (37), the terms 0,7T0,T will feature products of the
forms ©(1)5(1) and 6*(1) which are undefined or singular in
the distribution formalism. To avoid the presence of these
terms, one has to impose a fifth junction condition as

7] = 0. (38)

Again, this junction condition does not appear in general
relativity of f(R) theories. Equation (38) allow us to rewrite
Eq. (37) in the simplified form

0,T =0,T"0(l) + 0,T-0(-I). (39)
Finally, we are able to compute the second-order covariant

derivatives of the trace T, V,V, T, which can be written in
the distribution formalism as
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VaVbT = VaVbT+®(l) + VaVbT_G)(—l) + ena[(?bT](S(l).
(40)

We are now in conditions of determining the stress-
energy tensor S, of the thin shell. To do so, one introduces
the distribution formalism representations given in
Egs. (21), (27), (28), (31), (32), (33), (36), (39), and (40)
into the field equations in Eq. (7) and project the result into
the hypersurface X using egez. The result is as follows:

87+ f1)Sap=—€f r[Kap] + €hopn (frrlOR] + frr[0.T)).
(41)

Taking the trace of Eq. (41), inserting the result into Eq. (35),
and using the second junction condition given in Eq. (26)
allows us to rewrite the fourth junction condition in the
more convenient form n¢(fgz[0.R] + frr[0.T]) = 0, from
which we realize that the second term on the right-hand side
of Eq. (41) must vanish.

To summarize, the complete set of junction conditions
for the f(R,T) gravity in the general case of a matching
with a thin shell at X is thus composed of the following six
equations:

nc(fRR [8¢-R] + fRT[acTD =

(8” +fT)Sa/i = —€fr [Ka/i]' (42)

B. Smooth matching at =

In the previous section, we have considered a matching
between two spacetime regions V* at a separation hyper-
surface X with the presence of a matter thin shell at X
described by a tress-energy tensor S,. In the particular case
where S,4 vanishes, the matching between the two space-
time regions is smooth, i.e., no thin shell is needed at X.
A different set of junction conditions can be obtained in this
particular case. As the presence of the thin shell is
associated with the terms proportional to §(!) in the field
equations in Eq. (7), the smooth matching case can be
obtained by forcing these terms to vanish. We now pursue
such analysis.

Let us start again with the metric g,;,. The form of the
metric provided in Eq. (21) in the distribution formalism is
the same for the smooth matching, as it does not depend
on §(I). Following the same reasoning as in Sec. Il A,
we conclude that the induced metric A,z at £ must be
continuous, and the first junction condition reads

) = 0. (43)
Similarly as before, one can now compute the Christoffel
symbols, the Ricci Tensor R,, and the Ricci scalar R
associated with this metric. The Ricci tensor and the Ricci
scalar will still have the same general forms as given in
Egs. (24) and (25), respectively, where K5 = V,ny is the
extrinsic curvature of the hypersurface . From Eq. (7), one
verifies that the field equations have a term proportional
to R,;,, which according to Eq. (24) presents terms propor-
tional to §(/). As these terms must not be present for the
matching to be smooth, one must impose that the extrinsic
curvature K5 is continuous at , i.e., we obtain the second
junction condition

K] =0. (44)
This junction condition also appears in general relativity for
the particular case of smooth matching and, along with
Eqg. (44), is a common junction condition to appear in metric
theories of gravity. As Eq. (44) imposes directly that [K] = 0,
this latter equation does not have to be imposed separately.
The Ricci tensor T';, and the Ricci scalar R thus take the forms

R,y = R,0(1) + R,,0(-1), (45)

R=R"'O(l) + R O(-I). (46)
Note that the resultant form of R in Eq. (46) already
guarantees that the products and power -laws in R arising
from the terms proportional to f(R,7T) and its partial
derivatives in the field equations in Eq. (7) are regular.
Turning now to the differential terms V,V,, fr and Cf
in Eq. (7), we have to analyze the first and second-order
covariant derivatives or the Ricci scalar R. As the form of R
in Eq. (40) is the same as in Eq. (28), the partial derivatives
of R are still of the form given in Eq. (29). Thus, following
the same arguments as in Sec. III A, we conclude that the
Ricci scalar must be continuous across X, and the third
junction condition becomes
[R] = 0. (47)
Given this condition, one is again able to write the partial
derivatives J,R to the simplified form in Eq. (31). Taking
the covariant derivative of Eq. (31), one again obtains the
second-order derivatives V,V,R in the form of Eq. (32).
In Sec. III A, the presence of the terms proportional to 5(/)
in V,V,, were not pathological as we admitted the existence
of a thin shell of matter at . However, since these terms
are present in the field equations in Eq. (7) through the
differential terms [see Eq. (9)], one has to force the
continuity of d,R. We thus obtain the fourth junction
condition for smooth matching as

[9.R] = 0. (48)
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This junction condition appears commonly for the smooth
matching in theories of gravity with a scalar degree of
freedom associated with an arbitrary function of R in the
action, e.g., in f(R) and hybrid metric-Palatini. Equation (48)
allows us to write V,V,R in the simplified form

vava = Vava+®(l) + vava_Q(—l). (49)

Let us now turn to the matter sector of the theory. For the
matching between the two spacetime regions to be smooth,
one must avoid the presence of terms proportional to (/) in
the field equations in Eq. (7). Thus, the stress-energy tensor
T,, and its trace T must be forcefully of the forms

Tap = T3,0(1) + T5,0(=1), (50)
T = 7+6(1) + T-0(-1). (51)

Note that the form of T in Eq. (51) guarantees that the
products and power laws of 7 arising in the function
f(R,T) and its derivatives are regular. Similarly as before,
the presence of the differential terms V,V, fr and [Ifp in
Eq. (7) imply that we also have to analyze the first and
second derivatives of the trace of the stress-energy tensor 7.
Since the form of 7 in Eq. (51) is the same as in Eq. (36),
the partial derivatives 0,7 will also be of the same form as
in Eq. (37). Thus, following the same arguments as in
Sec. IIT A, we conclude that 7’ must be continuous across X,
and the fifth junction condition becomes

7] = 0. (52)

Under Eq. (52) one is again able to write d,T in the form of
Eq. (39). Finally, taking a covariant derivative of Eq. (39),
we obtain the second-order derivatives V,V,,T in the same
form of Eq. (40). Similarly to what happens for V,V,R, in
the case of a smooth matching at ¥ the terms proportional to
&(1) in Eq. (40) must vanish, as otherwise we would have
terms proportional to §(/) in the field equations due to the
expansion in Eq. (9). Thus, one must impose continuity in
0,T, and we obtain the sixth junction condition in the form

[0.T] = 0. (53)
To summarize, the complete set of junction conditions

for the f(R,T) gravity in the particular case of a smooth
matching at ¥ is composed of the following six equations:

[ha/

(54)

C. Double gravitational layers at X

1. Matching with [R] # 0 and [T] # 0

In Sec. III A, we have derived the general set of junction
conditions that must be satisfied in order to match two
spacetimes V* at a given separation hypersurface T for a
general function f(R,T). In particular, the junction con-
ditions given in Egs. (30) and (38) were imposed to avoid
the presence of products of the form ©(7)5(/) and 6*(1) in
the field equations, arising from the expansions of the
differential terms of f in Eq. (9).

There is, however, an alternative way of avoiding the
presence of these terms without having to impose Eqgs. (30)
and (38), which is the selection of particular forms of the
function f(R, T) for which the products 9,R0O,R, 0,T0,T,
and 0,T0,R are not present in the field equations. As
can be seen from Eq. (9) with fy = fz, these products
can be removed from the field equations via the choice
of a function f(R,T) which satisfies the conditions
frrr = frrr = frrr = 0. The most general function that
satisfies these properties is given by

F(R,T) = R(1 +yT) =2A + aR*> + g(T), (55)

where y, A and « are arbitrary constants and g(7) is a well-
behaved function of the trace of the stress-energy tensor 7.
Inserting Eq. (55) into the field equations in Eq. (7) yields
the field equations for this particular case as

(14yT +2aR)R,, — (V.V}, = g40)(2aR + yT)

1
- zgab[R(l +yT) = 2A + aR? + ¢(T)]

= 8Ty + [YR+ g (T)(Tap + PYuas)- (56)

At this point it is important to state a few remarks
regarding the parameters a, y and A. As can be seen from
Eq. (55), the coefficient of R in the function f(R,T) is
effectively (1 + yT). In order to preserve the positivity of
the Einstein-Hilbert term in the action, one must impose
that y7' > —1, and thus the relevant parameter space for y
will have to be verified case by case depending on the form
of T. Furthermore, although there are no constraints on the
sign of the quadratic term, positive values for a have been
shown to provide useful results in the context of cosmol-
ogy. In particular, the Starobinski inflation model can be
attained witha = 1/ m?, where m is a constant with units of
mass. Finally, the convenient definition of A implies that
this parameter plays the role of a cosmological constant
and mainly controls the asymptotics of the models, which
will be asymptotically de Sitter (A > 0), anti—de Sitter
(A < 0), or Minkowski (A = 0).

Let us now analyze the consequences of choosing a
function f(R,T) in the form of Eq. (55). In this case, the
metric g,;, and its partial derivatives d,¢,, are still given by
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the forms of Egs. (21) and (23), respectively, the Ricci
tensor R, is given by Eq. (27), the Ricci scalar R is given
by Eq. (28), and the partial derivatives of the Ricci scalar
0,R are given by Eq. (29). Thus, the analysis that leads to
the junction conditions in Egs. (22) and (26) is the same,
i.e., the first and second junction conditions remain as

[ha/)’] =0, (57)

(58)

In the matter sector, since the function f(R, T) given in
Eq. (55) depends on an arbitrary function g(7'), which in
general can depend on power laws of T, one concludes that
T must not have any dependence on §(I), as otherwise
undefined products ©(/)§(/) and singular products 5(/)>
would appear in the field equations in Eq. (56). Thus, the
trace T and its partial derivative 9,7 are given by Egs. (36)
and (37), respectively, and whichever terms proportional to
6(1) arise in T, must vanish upon tracing.

The differences in comparison with the general case
of Sec. III A arise only at the level of the second-order
derivatives of R and 7, i.e., the terms V,V,R and V,V, T,
which now take the forms

V.VioR = (VR),, + eV, ([RI6(1)np), (59

VT = (V?T),, + €V ([T]6(1)n,).  (60)
where (V?R),, and (V?T),, collectively denote the right-
hand sides of Eqgs. (32) and (40), respectively. Thus,
although the junction conditions [R] = 0 and [T] = 0 can
be discarded in this particular situation, as a consequence
new terms will arise in the stress-energy tensor S, of the
thin shell. The second terms on the right-hand sides of
Egs. (59) and (60) are also present in particular forms of
f(R) and hybrid metric-Palatini theories of gravity, and can
be rewritten as

Va([R]6(1)ny) = AG, + 6(1)(Kap — eKngny, + npyhgV o )[R],
(61)

Va([T]6(1)ny) = Ay, + 8(D) (K ap — eKngny, + nphgV )[T],
(62)

where the distribution functions A, and A7, are defined as

[ZAng“bd“x: —e/E[R]nanbn”VCY“bd%, (63)

/AaTbY“bd4x = —€/[T}nanbncch“bd3x, (64)
Q p>

for a given test function Y. Inserting Egs. (61) and (32)
into Eq. (59), inserting Egs. (62) and (40) into Eq. (60), and
finally inserting the results into the field equations in
Eq. (56), one verifies that in this case the stress-energy
tensor T ,, must be written in the form

Tup =T,0(1) + T5,0(=1)

+ (1) (Sap + 28 (anp) + Sngnp) + s45(1),  (65)
where S, is the stress-energy tensor of the thin shell, S,, is
the external flux momentum whose normal component
measures the normal energy flux across X and spacial
components measure tangential stresses, S is the external
normal pressure or tension supported on X, and s, is the
double-layer stress-energy tensor distribution. These vari-
ables can be written in terms of the geometrical quantities in
the forms

K2Sap = —(1 + 7T + 2aR*)e[K )]
+ ehgpn(2a[V R] +y[V.T])

— €K, (2a[R] + y[T]). (66)
KerSa = —€hV,(2a[R] + y[T)). (67)
%S = K*(2a[R] + y[T)). (68)
KeSap (1) = 22eQR (1) + yeQ (1), (69)

where we have defined k%, = 87 + yR* + ¢ (T*), we have
defined R*, T* and K>, as the average values of these
quantities at the hypersurface X, i.e., 2R* = R* + R~ and
similarly to the other quantities. The distributions QF, (1)
and Q7 (1) in Eq. (69) are defined as QF, = h,, A% — AX |
where X denotes either R or T and A¥ is the trace of AX,.
According to these definitions, the double-layer stress-
energy tensor distribution can be written explicitly as

LkgffsahY“hd‘*x =- / €hay(2a[R] + y[T])nV Y dbx.
>

(70)

To preserve the regularity of the function g(7T') in Eq. (55)
we had to force the trace of the stress-energy tensor 7 to be
written as in Eq. (36). Let us now check which conditions
arise from imposing this restriction into Eq. (65). Taking
the trace of Eq. (65), using Egs. (58), (66), (67), and (68),
and noting that n%h” = 0, one obtains

T = T5,0(0) + T;,0(-])

+3e8(1)n¢ (2a[VR] + y[V.T]) + s4(). (71)
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A comparison between Egs. (71) and (36) reveals that both
the terms proportional to (/) and the distribution s%(/)
must vanish identically to preserve the regularity of the
function g(7). Consequently, one deduces the third and
fourth junction conditions for this particular case as

2a[V.R] + y[V,T] = 0. (72)
2a[R] +y[T] =0, (73)

where Eq. (72) corresponds to fifth equation in the
system of Eq. (42) in the particular case for which the
function f(R, T) is given by the explicit form provided in
Eq. (55). Inserting Eqgs. (72) and (73) into Egs. (66)—(68),
and Eq. (70), one verifies that S,, S and s,,(/) vanish
completely and S, reduces to the term proportional to the
jump of the extrinsic curvature.

To summarize, the full set of junction conditions in the
geometrical representation of the f(R, T) for the particular
case where the function is given by the explicit form of
Eq. (55) is composed of the following five equations:

2a[V.R| +y[V.T
[87 + yR® + ¢ (T*)]Sap = —(1 + yT* + 2aR®)e[K ).
(74)

Similarly to what happens in f(R) gravity and other similar
theories, it is possible to consider particular forms of the
function f(R, T') for which some of the junction conditions,
namely [R] =0 and [T] =0, can be discarded from the
final set of equations. However, as one needs to preserve
the regularity of products and power laws of T, this
situation does not give rise to a gravitational double layer
at 2. Instead, an extra junction condition arises constraining
[R] to be proportional to [7]. Forcing [R] = 0 and [T] = 0
in Eq. (146), one recovers the general system of Eq. (42) in
the particular case of Eq. (55), as expected.

2. Matching with a double layer at X

In the previous example, we were able to discard the
junction conditions [R] = 0 and [T] = 0 from the full set of
junction conditions in Eq. (42) via the choice of a particular
form of the function f(R, T'). Even though the form chosen
in Eq. (55) is the most general form of f(R, T) that allows
for this simplification to happen, it is still not enough to
raise the appearance of a gravitational double layer at X, as
the regularity of the products RT and possible power laws
of T in g(T') force the double-layer terms to vanish. Thus,
for the gravitational double layer to appear, one needs to
constraint further the function f(R,T) in such a way that

the products RT do not appear and ¢(7') is at most linear
in 7, i.e., we now consider

f(R,T) =R —2A+ aR? + T, (75)

where A, a, and y are arbitrary constants. Inserting Eq. (75)
into the field equations in Eq. (7) yields the field equations
for this particular case

1
(1 + 2(1R)Rab - Egab(R - 2A + aR2 + YT)

- za(vavb - gabD)R = (8” + y)Tab + YPYGab- (76)

Similarly to the previous case of Sec. III C 1, in this case
the metric g,, and its partial derivatives d,9,, are again
given by the forms in Egs. (21) and (23), respectively, the
Ricci tensor R, is given by Eq. (27), the Ricci scalar R is
given by Eq. (28), and the partial derivatives of the Ricci
scalar 9,R are given by Eq. (29). Following the same
analysis as in the previous sections, one arrives to the first
and second junction conditions as

[ha] = 0, (77)
K] = 0. (78)

The main difference between this case and the one in
Sec. IIIC 1 is that, since we have chosen f(R,T) to be
linear in 7, the second-order differential terms in fp are
now independent of 7. Therefore, we only have to take into
consideration the second-order derivatives of R, which take
the form of Eq. (59) and lead to Eq. (61). Inserting these
results into the field equation in Eq. (76) one again verifies
that the stress-energy tensor 7'y, must be written in the form
of Eq. (65). In this case however, the field equations depend
explicitly on the trace of the stress-energy tensor 7 which is
not anymore restricted to have vanishing contributions from
5(1) and s, (1). Tracing Eq. (65) one finds

T =T+0(1) + T-O(=1) + 5(1)(S% + €S) + s2(I),  (79)

where we have used the result n¢S, = 0. Inserting these
considerations into the field equations, one verifies that all
the independent projections of the singular part of the
stress-energy tensor 7', in the distribution formalism, i.e.,
the quantities S,,, S, and S, and the distribution s, (/), are
now given by

1
(87 +7)Sup» + zhab}’(SE +€S)
= —(1 + 2aR*)e[K ;] + 2a€h,,n°[V .R] — 2aeK=, [R],
(80)

(87 +7)S, = —2ach{V_ [R], (81)
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(87 +y)S = 2aK*[R], (82)

1
Eap() = 87 +7)5ap(1) + S hapysi(l) = 2aeQ¥ (1), (83)
where the distribution function &, (1) just defined can also
be written in an explicit form for some test function Y% as

/tfabY“bd4x:—/Zaehab[R]nCVCY“bd3x. (84)
Q b

As we have chosen the function f(R,T) wisely to avoid
any further restrictions in the trace of the stress-energy
tensor 7', in this case a gravitational double layer will be
present at the hypersurface X and it is described by the set
of Egs. (80) to (83). These equations, along with Egs. (77)
and (78) constitute the full set of junction conditions of the
f(R,T) gravity in the particular case of a function of the
form of Eq. (75), and it is the most general case for which
the gravitational double layers arise. Every extra term
arising in this situation is proportional to [R] as expected.
The general results from Sec. III A can thus be obtained by
taking the limit [R] = [T] = 0. A similar set of conditions
has also been obtained in f(R) gravity for the particular
case of timelike hypersurfaces and our results can be
matched to those in f(R) by taking e = 1 and y = 0.

IV. JUNCTION CONDITIONS IN THE
SCALAR-TENSOR REPRESENTATION

A. Matching with a thin shell at =

Let us now turn to the scalar-tensor representation of the
theory derived in Sec. II B. The method to derive the first
junction condition in this representation is completely
analogous to the one followed in the geometrical repre-
sentation of the theory. We start by writing the metric in the
distribution formalism as

Jab = 93O + g,,0(=1). (85)

The partial derivatives of Eq. (85) are thus 0.g,, =
0.95,0()+0,.9,,0(=1) +€[g,p)n.5(1). When one defines
the Christoffel symbols associated to this metric, one
again needs to avoid the presence of products in the
form ©(/)5(1), as they are undefined in the distribution
formalism. As a consequence, one imposes [g,,] = 0.
Furthermore, as g, induces a metric on X given by
hep = eZ,eZgab, to preserve the continuity of the metric
at X, the same result must hold for the induced metric 4,4,
i.e., the first junction condition takes again the form

[haﬂ] =0. (86)

This result is consistent with the geometrical representa-
tion, as Eq. (86) is the same as Eq. (22). Taking Eq. (86)

into account, the partial derivatives of the metric g,
become

acgab = acg;be)(l) + acg;b(a(_l)' (87)

Using Eq. (87), one can now construct the Christoffel
symbols for the metric g,, in the distribution formalism
without undefined terms, and consequently one is also able
to compute the Ricci tensor R,;, and the Ricci scalar R.
These two quantities can be written in the distribution
formalism generally as

Ry = R,O(1) + Ry, 0 (~1) — (et [K ) + nmy K1),
(88)

R=R*O(l) + R-O(=1) — 2¢[K]8(1),  (89)

where K5 = V,ny is the extrinsic curvature of the hyper-
surface X where ny = egn,,, and K = K§ is the correspond-
ing trace.

Let us now turn to the matter sector of the theory. In the
previous paragraphs, more specifically in Egs. (88) and
(89), we have shown that the Ricci tensor R, and the Ricci
scalar R present terms proportional to §(I), which will
appear in the left-hand side of the field equations in
Eq. (17). These terms can be associated with the presence
of a thin shell of matter at the separation hypersurface Z. To
find the properties of the thin shell, let us write the stress-
energy tensor 7, as a distribution function of the form

Ty = ThHO) + T3, 0(=1) + 8(1)Ssp.  (90)

where S, is the four-dimensional stress-energy tensor of
the thin shell, which can be written as a three-dimensional
tensor at X as

Sap = Sapelel. (91)

The field equations in Eq. (17) and the scalar field equation
in Eq. (19) also depend explicitly in the trace of the stress-
energy tensor T = g*T ;. Taking the trace of Eq. (90), we
find that 7" becomes

T =T+0(l) + T-0(-1) + 5(I)S, (92)

where we have defined S = S%. Up to this point there are
still no restrictions in the divergent terms of the Ricci tensor
and scalar R, and R or the stress-energy tensor T, and its
trace 7.

Consider now the contribution of the scalar fields ¢
and y. In the distribution formalism, one writes the scalar
fields in the usual way as

»=9"0(l) + ¢~ 0(=1), (93)
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w =y () +y O(-I). (94)

As the scalar fields ¢ and y are defined with no dependency
in the §(/) distribution, it is already guaranteed that the
potential function V (¢, y) will be regular and well defined,
as products of the form ©(1)§(1) or 6*(1) will not arise. As a
consequence, the same regularity will be also guaranteed
in any of the partial derivatives of V. In particular, the
left-hand side of Egs. (18) and (19), which are V,, and V,,
respectively, will not have any dependency on &(1).
Consequently, from Egs. (18) and (19), one concludes that
the Ricci scalar R and the trace of the stress-energy tensor 7
must not have any dependence on §(!). Considering the
explicit forms of these two variables in Eqgs. (89) and (92)
respectively, one derives the second and third junction
conditions:

(K] =o0. (95)
S=0. (96)

These results are consistent with the ones previously
obtained in the geometrical representation of the theory,
as they were also derived in Eqgs. (26) and (35). The Ricci
scalar R and the trace of the stress-energy tensor T
become thus

R =R"O(l) + R-O(-I), (97)
T=T"0()+T-6(-1), (98)

and the Ricci tensor R, simplifies to
Rap = R5,0O(1) + R;,0(=1) — et [Kopld(1).  (99)

As the field equations in Eq. (17) depend on second-
order derivatives of the scalar field ¢, one has to examine
these terms in the distribution formalism as well. Taking the
partial derivative of Eq. (93), one obtains

O = " O(1) + ¢70(=1) + €lg|n,o(l).  (100)
In a general scalar-tensor theory of gravity with a scalar
field ¢, e.g., Brans-Dicke theory with a parameter wgp, # 0,
it is the presence of a kinetic term that forces the scalar
fields to be continuous, due to the presence of undefined
terms of the form ©(/)5(/) and divergent terms 6%({) in the
products J,¢0,¢. However, in the absence of a kinetic
term, there are no reasons a priori for the condition [¢] to be
mandatory. However, in this work we are not considering
a general scalar-tensor theory represented by the action
in Eq. (16), but rather with an equivalent scalar-tensor
representation of the f(R, T) theory described by the action
in Eq. (1). As explained in Sec. II B, this representation is
only defined whenever the determinant of the matrix M in

Eq. (13) does not vanish. This property implies that it must
be possible to write the scalar fields ¢ and y explicitly in
terms of R and 7', i.e., = @(R,T) and y = yw(R, T), and
vice-versa, i.e., R =R(@,w) and T = T(¢,y). Taking
these arguments into consideration, one can write the
first and second-order covariant derivatives of the scalar
field ¢ as

aa(p = (pRaaR + (/)TaaT’ (101)
vavb(p = (pRvava + (pTvavbT + (pRRaaRabR
+ gaTTaaTabT + 2(pRT8(aR8b) T, (102)

where the subscripts R and T denote partial derivatives with
respect to these quantities, respectively. Taking the partial
derivatives of R and T from Eqgs. (97) and (98) respectively,
one obtains in the distribution formalism

0,R =0,R"O(l) + 0,R~O(-I)

+e[R]n,s().  (103)

9,T =0,T"0(l) + 0,T0(=I) + €[T|n,5(1). (104)
Thus, the presence of products of the form 0,R0,R,
0,T0,T and 0,R0,T in the expression for V,V,¢ in
Eq. (102) implies that these differential terms will depend
on products of the form ©(/)5(I) and (1)?, which are
undefined and singular, respectively. To avoid the presence
of these terms, one must force the 5(/) terms in Eqgs. (103)
and (104) to vanish, i.e., [R] = 0 and [T] = 0. Since both
the scalar fields are well-behaved functions of R and T by
the definition of the equivalent scalar-tensor representation
as explained earlier in this section, the conditions [R] =0
and [T] = 0 imply the fourth and fifth junction conditions:

(105)

(106)

Junction conditions of this form are common in general
scalar-tensor theories of gravity as long as the action
features a kinetic term for the scalar field. However, here
they arise even though the action in Eq. (16) does not have a
kinetic term for either ¢ and y, due to the very definition of
the equivalent scalar-tensor representation. A similar sit-
uation arises in the metric formalism of f(R) gravity and
the hybrid metric-Palatini gravity. As a consequence, the
first-order derivative of ¢ in Eq. (100) becomes
dugp = 97 O(1) + 9~ O(=), (107)
and we are finally able to compute the second-order
derivatives of the scalar field ¢ which become generally
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V. Vg =V, V0™ 0(l) + V,V,0~0(=1) + €n,[0,¢]5(1).
(108)

We are now in conditions of deriving the stress-energy
tensor of the thin shell S,;. To do so, one introduces
the representations of the various quantities in the distri-
bution formalism given by Eqgs. (85), (90), (93), (94), (97),
(98), (99), and (108) into the field equations in Eq. (20) and

project the result into the hypersurface X with eff,e/’;.

Defining ¢|y = @5 and w|y = wy as the values of the
scalar fields at X, one obtains
(87 + yz)Sap = —€@z[Kap| + €hopn[Ocq].  (109)

Taking the trace of Eq. (109), inserting the result into
Eq. (96) and simplifying the outcome with Eq. (95) yields a
more convenient form of the third junction condition as
[0,¢] = 0, which can then be reinserted into Eq. (109) to
force the second term on the right-hand side to vanish.

To summarize, the complete set of junction conditions
for the equivalent scalar-tensor representation of the
f(R,T) gravity for the general matching in the presence
of a thin shell at X is composed of a total of six equations of
the form

(0.9

(87 + wz)Sep = —€ps[Kopl- (110)

Note that this set of junction conditions could be derived
directly from the system in Eq. (42) via the introduction
of the definitions ¢ = fx(R,T) and w = f(R, T), which
emphasizes the equivalence between the two representa-
tions of the theory.

B. Smooth matching at =

In the previous section we have extended the analysis of
Sec. IIT A to the equivalent scalar-tensor representation of
the f(R,T) theory. In particular, we have considered the
matching of two spacetimes V* at a separation hypersur-
face X allowing for a thin shell of matter described by a
stress-energy tensor S, to exist at X. Similarly as before, if
one is interested in a smooth matching instead, one has to
pursue the same analysis but for a vanishing S, for which
anew set of junction conditions will arise. The vanishing of
Sqp is guaranteed by forcing all the terms proportional to
5(1) that could possibly appear in the field equations of
Eq. (20) to vanish.

Let us start from the metric g,;, again. In this situation,
the metric provided in Eq. (85) in the distribution formal-
ism does not vary when one considers a smooth matching,
once it does not have any dependence in (/).
Consequently, one can follow the same reasoning as in
Sec. IVA to conclude that the induced metric h,; must
remain continuous across 2, and the first junction condition
becomes

lhop) = 0. (111)
One can now proceed to the calculation of the Christoffel
symbols, the Ricci tensor R,, and the Ricci scalar R
associated to this metric, which are given by the general
forms provided in Eqgs. (88) and (89), respectively, where
Ko = V,nz represents the extrinsic curvature of the
hypersurface X. Given the presence of a term proportional
to R, in the field equations in Eq. (20), the term propor-
tional to 6(/) in Eq. (88) must be forced to vanish for the
matching to be smooth, from which one concludes that K 4
must be continuous across X, i.e., the second junction
condition becomes
(K op) (112)
which is consistent with what was already obtained in the
geometrical representation of the theory in Eq. (44). As
Eq. (112) features [K] = 0 as a consequence, the latter does
not have to be imposed separately. The Ricci tensor R, and
the Ricci scalar R thus become

Rap = R50(1) + R;,0(=). (113)

R =R"O(l) + R-O(-I). (114)

Turning now to the matter sector of the theory, and since
we are interested in matching the two spacetimes smoothly
at X, the stress-energy tensor 7, must not have any
dependence on §(I). Similarly as before, this situation
forces T,, and its trace T to take the forms

Tup = Ty0O(1) + T5,0(=1), (115)

T=T"0()+ T 0(-I). (116)

Finally, let us now analyze the contribution of the scalar
fields. Again, one writes the scalar fields ¢ and y in the
distribution formalism in the same forms as provided in
Egs. (93) and (94), respectively. These scalar fields are
defined with no dependencies in 5(/), and thus the potential
V(p,y) is already guaranteed to be well defined and
regular. This regularity is preserved upon partial derivatives
of V with respect to the scalar fields ¢ and y. Consequently,
the equations of motion for ¢ and y, i.e., Eqgs. (18) and (19),
whose left-hand sides depend on V,, and V,, respectively,
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are automatically satisfied at the hypersurface X, as the
regularity of R and T is forced by Egs. (114) and (116).

To analyze the contribution of the differential terms
V.V, and Oy in the field equations in Eq. (20), one takes
the derivatives of the scalar field ¢, which will be of the
same form as provided in Eq. (100). Following the same
arguments of Sec. IVA, i.e., the fact that the scalar fields
are not arbitrary functions but must be constrained by the
condition for which the scalar-tensor representation of the
theory is defined (see Sec. II B for more details), and
the fact that, as a consequence of this condition, the scalar
fields ¢ and y must be well-behaved functions of R and 7,
one concludes that to avoid the presence of undefined
products ©(1)8(1) or singular products 5(1)? in the second-
order derivatives of ¢ given in Eq. (102) one must impose
that [R]=0 and [T] =0. Therefore, following that
¢ =@(R,T) and w =w(R,T), one recovers the third
and fourth junction conditions as

(117)
(118)

Again, we emphasize that junction conditions of this form
are common in scalar-tensor theories featuring kinetic
terms for the scalar fields, but in the case of the scalar-
tensor representation of f(R,7T) these conditions are
imposed by the constraints on the scalar fields needed
for the scalar-tensor representation to be well defined.

Let us now turn to the second-order differential terms
V,V,R and V,V,T in Eq. (102). Taking the second-order
covariant derivatives of R and T in Egs. (114) and (116),
and taking into consideration that [R] = 0 and [T] = 0, one
obtains the same results as in Eqgs. (32) and (40), respec-
tively. These forms feature terms proportional to &(/),
which consequently will be present in V,V,p via
Eq. (102). In the previous section, where we have consid-
ered a matching with a thin shell at X, these terms were not
problematic as they could be absorbed into the stress-
energy tensor S, of the thin shell. In this section however,
we are interested in guaranteeing a smooth matching
between the two spacetimes, and thus these terms propor-
tional to §(/) must not be present in the field equations in
Eq. (20). Thus, we have to force [0,R] = 0 and [0,T] = 0.
Since the scalar fields ¢ and w must be well-behaved
functions of R and T for the scalar-tensor representation of
the theory to be well defined, their first-order partial
derivatives are

aaﬁ” = (pRaaR + wTaaTv (119)

O = WrO,R +yr0,T, (120)

from which it becomes clear that, if the first-order deriv-
atives of R and T are continuous, so must be the first-order

derivatives of ¢ and . These considerations thus translate
into the fifth and sixth junction conditions of the form

[0.9] =0,

[Oay] = 0.

(121)
(122)

To summarize, the complete set of junction conditions
for the equivalent scalar-tensor representation of the
f(R, T) gravity in the particular case of a smooth matching
between two spacetimes at X is thus composed of the
following six equations:

: (123)

(124)

Note that this set of junction conditions could be derived
directly from the system in Eq. (54) via the introduction
of the definitions ¢ = fx(R,T) and w = f(R, T), which
emphasizes the equivalence between the two representa-
tions of the theory.

C. Double gravitational layers at X

1. Matching with [y] # 0

In Sec. IVA we derived the general set of junction
conditions necessary to match two spacetimes V* at a
separation hypersurface X in the presence of a thin shell.
This analysis was done for a general form of the potential
V (¢, y), which is associated to a general function f(R, T)
via Eq. (15). In particular, the junction conditions in
Eqgs. (121) and (122) were derived as a consequence of
the dependence of ¢ and y in R and T and the fact that
[R] =0 and [T] = 0. However, in Sec. IIIC 1, we have
shown that there are particular forms of the function
f(R,T) for which the latter conditions can be discarded.
Analogously, one expects that for some particular forms
of the potential V(¢,y) the junction conditions [p] =0
and [w] = 0 can be discarded.

Since the scalar-tensor representation derived in Sec. II B
is only well defined when the determinant of the matrix M
defined in Eq. (13) is nonvanishing, this condition will
impose a constraint in the function f(R,T) to be used in
this section. Taking the second-order partial derivatives
with respect to R and T of the function provided in Eq. (55)
and computing the determinant of M, one verifies that
the parameters a, y and the function g(T') are constrained by
the condition
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2ag"(T) —y* #0. (125)

The form of the potential V(¢,y) associated to the
function f(R, T) in Eq. (55) can be obtained by computing
the partial derivatives of f(R,T), using the definitions of
the scalar fields ¢ and y in Eq. (14) to invert these relations
and obtain R(¢, w) and T(¢, y), and finally introducing the
results into Eq. (15). We thus obtain

V(p.w) = =R(p.w)[1 + yT(p.w)] + 2A — aR (@, w)?
—9[T(p.w)] + @R(@.y) +wT(p.w), (126)

R(g.y) :i(w— 1) —%h“ [w—%(go— 1)], (127)

T(p.y)=h"' [w—%&p— 1)], (128)

where h~! is the inverse of a function h(T) defined as

2

-5 T. (129)

=4(T)
Note that, given the constraint provided in Eq. (125),
the function h(7T') is also constrained to satisfy A'(T) # 0,
which is a necessary condition to guarantee its invertibility.
These results are true for any well-behaved function ¢(7).
Choosing an explicit form of the function g(7) will thus set
an explicit form for the function i(T) via Eq. (129), which
consequently allows us to find R and 7 from Egs. (127)
and (128), respectively, and finally an explicit form of the
potential from Eq. (126).

Let us now turn to the junction conditions arising from a
theory with a potential described by Eq. (126). The metric
gap and its partial derivatives are still given in the form
of Eqgs. (85) and (87) respectively, and the Ricci scalar and
its partial derivatives are given by Eqgs. (89) and (103)
respectively. The analysis that leads to Eqgs. (86) and (95)
can be followed integrally and thus the first and second
junction conditions remain as

) = 0, (130)

[K] = 0. (131)

In the matter sector, since the potential V (¢, y) given in
Eq. (126) depends on an arbitrary function ¢[T(¢@,w)],
which can depend generally power laws of T, and also in
products of R(p,yw)T (¢, w), one concludes that 7' cannot
have any dependence on §(/), otherwise undefined prod-
ucts ©(1)5(1) or singular products 5(/)? would appear in the
potential and, consequently, in the field equations in
Eq. (17). Thus, the trace of the stress-energy tensor T
must be written in the form of Eq. (98), and whichever
terms proportional to §(/) that arise in T,, must vanish

upon tracing. Also, since the potential V depends in general
on products and power laws of ¢ and y, one must guarantee
that ¢ and y are still given by Egs. (93) and (94),
respectively, as to avoid the same problematic products
in the field equations. These considerations guarantee the
regularity of the potential V and its partial derivatives with
respect to ¢ and y, and the equations of motion for the
scalar fields deduced in Eqs. (18) and (19) are automati-
cally well behaved at X.

The procedure to find the remaining junction conditions
in this case are the same up until the contribution of the
second-order derivatives of ¢, i.e., the terms V,V,¢ and
[lg. In this case the scalar fields ¢ and y can be written
in terms of R and T as ¢ = fr =14yT +2aR and
w =yR+ ¢(T), which implies that the second-order
derivatives of ¢ given in Eq. (102) become

V.V =2aV,V,R+yV,V,T. (132)
In the general case of Sec. IV A, the continuity of R and T
was mandatory due to the existence of products between
d,R and 9,T in V,V, ¢, which are now absent since
@rr = @17 = @y = 0. Thus, the particular case in study
allows for [R] # 0 and [T] #= 0. Since the scalar fields ¢
and y are written in terms of R and 7, this result implies
that the junction conditions [¢] = 0 and [y| = 0 from the
full set of Eq. (110) can be discarded. The first- and second-
order covariant derivatives of the scalar field ¢ thus become

aa(/} = aa§0+®(l) + aa(p_G(_l) + €na[¢]5(1)’ (133)

VVop = (V29)u, + eVa(lolo(D)ny).  (134)
where (V2¢),,, collectively denotes the right-hand side of
Eq. (108). Similarly to what happens in the geometrical
representation of the theory, the scalar-tensor representation
allows for one to discard a couple of junction conditions, in
this case [¢] # 0 and [y] # 0 are allowed at this point, but
at the cost of extra terms in the stress-energy tensor S5 of
the thin shell. The second term in the right-hand side of
Eq. (134) can be written explicitly as

Va(lpls(Dny) = A%, + 8(1)(Kap — eKngny, + nphgV.)|g],
(135)

where the distribution function Afb is defined as

/AZbY“bd“x: —e/[(p]nanbncch"bcﬂx, (136)
Q s

for a given test function Y. Inserting Eqs. (135) and (108)
into Eq. (134) and inserting the result back into the field
equations in Eq. (17), one verifies that the stress-energy
tensor 7'y, can be recast into the form
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Tap = T3,0(0) + T,0(-1)

+5(l)(Sab +2S(al’lb) +Snanb) +Sab(l), (137)
where the stress-energy tensor of the thin shell S, the
external momentum flux S, the external normal pressure S,
and the double-layer stress-energy tensor distribution s,
are written in terms of the geometrical quantities in the
forms

(87 + ws)Sup = —€@s[K i) + €hyyn [V 0] — €K%, 0]

(138)

(87 +y5)S, = —ehiV.[g] (139)
(87 +y3)S = K9] (140)

(87 +wy)sap(l) = hapA? — AG,. (141)

where we have defined ¢y and w5 as the average values of
the scalar fields at the hypersurface %, i.e., 2¢y = @ + ¢~
and 2yy =y +y~, and A? is the trace of A?,. One can
thus express the double-layer stress-energy tensor distri-
bution explicitly as

/ (87 + yy)sap YPd4x = —/ ehap[@nV .Y dx.
Q s
(142)

Previously, to guarantee the regularity of the potential
V(pw), we have forced the trace of the stress-energy tensor
T to be written as in Eq. (98). This condition will impose
constraints on Eq. (137). Taking the trace of Eq. (137),
simplifying the result using Eqgs. (131), (139)—(141), and
using the result n?h2 = 0, we obtain
T=T}0()+T,,0(=1)+3e5(1)n [V @] +s2(I). (143)
We can now compare Eq. (143) with Eq. (98) to conclude
that both the terms proportional to §(/) and proportional to
45 (1) must vanish identically to guarantee the regularity of
the potential V. From these considerations, the third and
fourth junction conditions arise as

Vgl =0, (144)

9] = 0. (145)
These two junction conditions also arise in the general
case of an arbitrary potential V or, in other words, for an
arbitrary function f(R, T), as can be seen in the full system
of junction conditions for that case in Eq. (110). Inserting
Egs. (144) and (145) into Egs. (138)—(140) and (142), one
verifies that the quantities S,, S and s, (/) vanish and S,

reduces to a single term proportional to the jump of the
extrinsic curvature.

Summarizing, the full set of junction conditions for the
scalar-tensor representation of the f(R,T) gravity for the
particular case where the potential is written in the form of
Eq. (126) is composed of the following five equations:

87 + ys|Sup = —€pz[Kp)- (146)
It is thus possible to consider particular forms of the potential
V(@,y) for which the junction condition [p]=0 can be
discarded from the final set of equations. However, as the
potential depends on general functions of 7', the preservation
of regularity of these terms does not allow for a gravitational
double layer to arise at X. Instead, the junction conditions
[p] =0 and [V_.¢] = 0 are recovered.

2. Matching with a double layer at X

In this section we will show that, although there are
particular forms of the function f(R,T) for which two
spacetimes V* can be matched at a separation hypersurface
X~ with a gravitational double layer in the geometrical
representation of the theory, see Sec. III C2, the same
analysis cannot be reproduced in the scalar-tensor repre-
sentation of the theory, as the equivalence between the two
representations is not well defined for these forms of the
function.

The scalar-tensor representation of the theory was
derived in Sec. II B and was proven to be well-defined
only when the determinant of the matrix M defined in
Eq. (13) is nonvanishing. In Sec. III C 2 we verified that the
gravitational double layers arise only when the function
f(R,T) is given in the form of Eq. (75). For this form of the
function, the partial derivatives with respect to R and T
become fr =1+ 2aR and f; =y, and the second-order
derivatives are frr = 2a, fr7 = frr = 0. Consequently,
the determinant of the metric M is frpfrr — frr = 0.
This implies that the relationship between R and T with ¢
and y is not unique, and thus not invertible. One concludes
that the analysis of the gravitational double layers cannot be
pursued in the scalar-tensor representation of the theory, as
it is not well defined.

V. EXAMPLES AND APPLICATIONS

A. Energy conditions of a spherically symmetric
perfect-fluid thin shell

In this section we shall briefly analyze the validity of the
energy conditions for the matter thin shell at the separation
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hypersurface X in the particular case where the thin shell is
spherically symmetric and well described by a perfect-fluid
stress-energy tensor, i.e., we can write the mixed indexes

stress-energy tensor S5 of the shell in the diagonal form

Si = diag(—0. p,. p,). (147)
where o is the surface energy density and p, is the
transverse pressure of the thin shell. Under these assump-
tions, the energy conditions, more precisely the null energy
condition (NEC), the weak energy condition), the strong
energy condition, and the dominant energy condition, are
given by the following inequalities:

o+ p. >0, (148)
c+p, >0, c>0 (149)
c+2p,>0, >0 (150)

o> |pi. (151)

respectively. In the usual spherical coordinate system
(t.r.0.¢). Eq. (26) becomes [Ki] + [K9| + [K}] = 0.
Spherical symmetry implies that K9 = Kg, and thus

[K!] = -2[KY]. Inserting these considerations and
Eq. (147) into the last of Eq. (42), one obtains a relationship
between o and p, in the geometrical representation of
f(R,T) of the form

€fr
87T+fT

K. (152)

oc=2p, =

Following the same reasoning, the equivalent of Eq. (152)
for the scalar-tensor representation of the theory can be
obtained via the insertion of the previous results for K,
and Eq. (147) into the last of Eq. (110), yielding

k]

: 153
871 ps K (153)

6=2p =

The results of Egs. (152) and (153) allow us to verify the
validity of the energy conditions. Since ¢ + p; = 306/2 and
lo| > |p.|, Eqs. (148)—(151) will be automatically satisfied
whenever ¢ > 0 and violated otherwise.

B. Martinez thin shell: Matching an interior
Minkowski to an exterior Schwarzschild

Let us now consider the matching with a thin shell
between an interior Minkowski spacetime with an exterior
Schwarzschild spacetime at a given separation hypersur-
face X, which stands at a radius ry. This situation was
considered for the first time by Martinez in Ref. [10], which
was one of the pioneer works in thin-shell thermodynamics.

The interior and exterior spacetimes are described by the
line elements:

ds? = —df* + dr* + r*dQ?, (154)

-1
ds* = —(1 - 2—M> adr® + <1 - —2M> dr? + r*dQ?,
r r
(155)

respectively, where (z,r,0,¢) are the usual spherical
coordinates, « is a dimensionless constant that we introduce
for later convenience, M is the mass of the Schwarzschild
solution, and dQ? = d@#? + sin? Od¢? is the solid angle line
element. Both spacetimes in Eqs. (154) and (155) are
vacuum spacetimes, i.e., the stress-energy tensor 7, =0
vanishes, and they are also described by vanishing
Ricci tensors R, = 0 and, consequently, vanishing Ricci
scalars R = 0.

The first two junction conditions for a matching with a
thin shell in the geometrical and the scalar-tensor repre-
sentation of the theory are the same, i.e., [, = 0 and
[K] = 0 [see the systems of Eqs. (42) and (110)]. The first
junction condition sets a value for the constant « that
guarantees that the time coordinate of the two spacetimes in
Egs. (154) and (155) are continuous,

2MN\ -1
a= (1——) .
rs

Since the two regions V* are spherically symmetric, the
angular components of the extrinsic curvature are the same,
Le., Kgg = K. Thus, the trace of the extrinsic curvature
for both regions can be written in the general form
K=K+ ZKZ. The second junction condition thus
becomes

(156)

2 M—-2
[K]:___gzo_

N

(157)

This condition is a constraint on the radius r at which the
matching can be performed. Solving Eq. (157) for r one
finds that the matching is only possible if the hypersurface
2 has a radius of

9
rZI_M,

; (158)

which implies upon replacement into Eq. (156) that @ = 9.
This is a major difference between general relativity and
more complicated theories like e.g., f(R), f(R,T) and
hybrid metric-Palatini gravity: in general relativity, one can
choose to perform the matching at any radii ry as long as
rs > 2M to prevent the collapse to a black hole, whereas in
these theories the extra junction condition [K] = 0 forces
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the matching to be performed at a specific value of ry.
This particular value obtained for ry in Eq. (158) is
widely known in the literature and it corresponds to the
Buchdabhl radius, i.e., the compactness limit for a perfect-
fluid isotropic star with a nonincreasing density. Although
this result is not mandatory in GR, it does arise for the
particular case of thin shells satisfying the equation of state
of radiation, i.e., ¢ = 2p. Since we have proven in Sec. VA
that in f(R, T) gravity all spherically symmetric thin shells
will obey the same equation of state, see Eqs. (152) and
(153), our results seem to indicate that the behavior or
radiation thin shells in this theory is consistent with the
expected result from GR.

1. Matching in the geometrical representation

First of all, it is essential to verify if the metrics given in
Egs. (154) and (155) are solutions of the field equations in
Eq. (7) and for which forms of the function f(R,T).
Inserting these metrics into the field equations, one verifies
that the function f(R, T) is constrained to vanish at R = 0
and T =0, i.e., £(0,0) =0.

Let us now analyze the remaining junction conditions in
the geometrical representation of the theory. Since both
spacetimes present identically vanishing stress-energy ten-
sor T, and Ricci tensor R, and consequently vanishing
traces 7 and R, the junction conditions [R] = 0 and [T] = 0
are automatically satisfied. Furthermore, taking the first-
order partial derivatives of R and 7, one verifies that the
junction condition fzg[0.R] + frr[0.T] = 0 is also auto-
matically satisfied independently of the form of the
function f(R,T), as long as fzr and fgr are nonsingular
atR=0and T =0.

We are thus left with the last junction condition of the set
of Eq. (42). Since we are dealing with spherically sym-
metric spacetimes, the analysis of a thin shell under these
conditions is already done in general in Sec. VA and the
results for the surface energy density ¢ and transverse
pressure p, of the thin shell are already given in Eq. (152).
Using the spacetimes in Egs. (154) and (155), and the
matching radius ry from Eq. (158), we obtain

rs :87t—|—f727M’

f M( 1_2_M>‘l fr_ 16

(159)

where we have considered ¢ = 1 as the normal vector n? to
the hypersurface X is a spacetime vector pointing in the
radial direction. From Eq. (159), one concludes that the
energy conditions in Eqgs. (148) to (151) will be satisfied
whenever fr > 0 and fr > -8z or fr < Oand f; < —8x.
The second of these combinations is not ideal as it inverts
the sign of the linear contribution of R in f(R,T), and
thus it shall be discarded. Combining these constraints
with f(0,0) = 0 previously obtained, one concludes that

the function f(R,T) can be written in a very general
form as

f(R, T) :a]R+a2T+O(2), (160)
where a; are constants constrained by the inequalities
a, >0 and a, > -8z, and O(2) collectively denotes all
the possible combinations of products of order 2 or higher
in R and T, ie., a3R?, a4T?, asRT, etc., with arbitrary
constants a;.

2. Matching in the scalar-tensor representation

To reproduce the previous results in the scalar-tensor
representation one must first set an explicit form of the
function f(R, T') and compute the corresponding potential.
To facilitate the analysis, let us consider one of the simplest
forms of the function f(R,T) for which the scalar-tensor
representation is well defined and the constraint £(0,0) =0
is satisfied, as

RT
f(RRT)=R+T+—,
Ry

(161)

where R, is a constant with dimensions of R. The second-
order partial derivatives of Eq. (161) are thus frr = f77=0
and fry =1/Ry,, from which we obtain that the
determinant of the matrix M defined in Eq. (13) is
frefrr — [3r = Ry # 0 and the scalar-tensor representa-
tion of the theory is well defined. Thus, we can compute the
scalar fields from Eq. (14) which are

R
w=1+— (162)

—1+T
¢ = ) Ry’

Ry
The relations in Eq. (162) are invertible, and one can write
R and T as functions of ¢ and w as R = Ry(y — 1) and
T = Ro(¢ — 1). Using Eq. (15), we can now compute the
potential V(¢,y) which takes the form

RT

Vip.w) = R Ro(p— D)y —1).

(163)
Taking the partial derivatives of Eq. (163) one verifies
that V,, = Ry(y —1) =R and V,, = Ry(p — 1) = T, and
so the equations of motion for the scalar fields, i.e.,
Egs. (18) and (19), are not only automatically satisfied
but also allow us to compute the solutions for the scalar
fields in this particular case as ¢ =1 and w = 1, both
constants. Inserting these considerations into the field
equations in Eq. (17), one verifies that both metrics in
Egs. (154) and (155) are solutions of these equations.
Let us now analyze the remaining junction conditions in
the scalar-tensor representation. As we have already com-
puted the solutions for the scalar fields ¢ and y in the
particular choice of f(R, T) considered and concluded that
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they are constant, the junction conditions [p] =0 and
[w] =0 are automatically satisfied. Furthermore, taking
the first-order partial derivatives, one also verifies that
[0.¢] = 0 is satisfied.

Finally, we have to settle the last junction condition of
Eq. (110). Again, the analysis of the stress-energy tensor of
the thin shell is already done in Sec. VA and the resultant
surface energy density ¢ and transverse pressure p, are
given in Eq. (153). Using the metrics in Eqgs. (154) and
(155) and ry from Eq. (158) we find

, v M ([ _2m I BT
o = = _—— f— —_—,
Pr 87 +ws s rs 8z +127M

(164)

where we have used ¢ = 1 since the normal vector n“ to the
hypersurface £ points in the radial direction. The result
in Eq. (164) could be obtained directly from Eq. (159) via
the insertion of the particular form of f(R,T) chosen in
Eq. (161), which confirms the equivalence between the two
representations of the theory.

C. A thin shell surrounding an interior
Schwarzschild black hole

Finally, let us consider the matching between two
Schwarzschild spacetimes with different masses with a
thin shell at a given hypersurface X with radius ry, i.e., this
spacetime represents a Schwarzschild black hole sur-
rounded by a thin shell, as first introduced in Ref. [59].
The interior and exterior spacetimes are described respec-
tively by the line elements

2M; 2M N\ !
ds* = —<1 - l)dtz + (1 - l) dr* + r*dQ?,
r r

2M
ds? = —<1 ——e>adt2 -+ <1
r

where we have considered the usual spherical coordinates
(t,r,0,¢), a is a dimensionless constant introduced to
maintain the continuity of the time coordinates, M; and M,
are the masses of the interior and exterior Schwarzschild
spacetimes respectively, and dQ is the solid angle line
element. As both the spacetimes in Egs. (165) and (166) are
vacuum spacetimes in GR, they feature vanishing stress-
energy tensors T, = 0, Ricci tensors R, = 0, and con-
sequently Ricci scalars R = 0.

Similarly to the example in Sec. V B, the first junction
condition of the sets in Eqs. (42) and (110), i.e., [A,45] =0
sets the value of the constant a that guaranteed the

(165)

oM\ !
——e> dr® + r2dQ?,
.

(166)

continuity of the time coordinate across the hypersurface
Y, which is in this case

rs _2Ml
==\ 167
“ rE—ZMe ( )

As the two regions V* are again spherically symmetric,
the angular components of the extrinsic curvature coincide,
ie., Kgg = Ky, and the corresponding trace simplifies to
K=K!+ 2KZ. The second junction condition in Eqgs. (42)
and (110), i.e., [K] = 0, thus yields

1 [3M,-2r

3M, —2r
(K] =3

2M,-_ oM,
VRN

This condition serves as a constraint to set the value of r at
which the matching can be performed. In this case however,
Eq. (168) features two roots for r, one of which standing in
the range 0 < r < 2M; independently of the value of M,.
These solutions are nonphysical, as the thin shell would
stand inside the event horizon of the interior black hole and
thus one expects the system to undergo full gravitational
collapse instead of being in an equilibrium static configu-
ration. We thus discard this solution and keep solely the
solution for which the matching occurs ar r > 2M; inde-
pendently of the value of M,, which is

=0. (168)

(169)

9 , 4
r2=§ Me+Mi+ (Me_Mi) +§M6Mi .

From this solution one verifies that if M, > M;, the
matching must occur at R > 3M;, whereas if M, < M,
the matching will occur at R < 3M,. In particular, we verify
that if M; = 0 we recover the limit obtained in Eq. (158) for
the Martinez shell. Finally, after setting the values of M,
and M, one can replace the value of ry from Eq. (169) into
Eq. (167) to compute the value of a.

1. Matching in the geometrical representation

Before proceeding, one should verify if the spacetimes in
Egs. (165) and (166) are solutions of the field equations
in Eq. (7). As previously demonstrated in Sec. V B, the
Schwarzschild solution is a solution of these field equations
as long as the function f(R,T) satisfies the condition
£(0,0) =0.

Similarly to the previous example, both the interior and
exterior spacetimes considered are vacuum spacetimes in
GR, and thus they present identically vanishing stress-
energy tensors 7',;, and Ricci tensors R,;,. Taking the traces,
one verifies that also 7 and R vanish identically, and thus
the junction conditions [R] = 0 and [T] = 0 are automati-
cally satisfied. Taking the first-order partial derivatives
of R and 7, one verifies that the junction condition
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FrrlOR]) + frr[0.T) =0 is also automatically satisfied
provided that frzr and frr are nonsingular at R =0
and T = 0.

Finally, the last junction condition in the set of Eq. (42)
must be considered. For spherically symmetric spacetimes,
this analysis was already conducted in general in Sec. VA
and the results for the surface energy density o and
transverse pressure p, are given in Eq. (152). For the
spacetimes in Eqgs. (165) and (166), these results become

fR Me Mi
r2(fr + 87) \/1_% \/1_%
rs rs

c=2p, = , (170)

where ry is provided in Eq. (169) and we have considered
€ = 1 as the normal vector n* to the hypersurface X is a
spacelike vector pointing in the radial direction. From
Egs. (170) and (169), one verifies that the energy conditions
in Egs. (148) to (151) will be satisfied in four different
situations. If M, > M;, then one must have fz > 0 and
fr>—-8zor fr <0and fr < —8x. On the other hand, if
M, < M;, one must have fp > 0and f; < =8z or fr <0
and f; > —8xz. These results present a crucial difference
with respect to GR or f(R) theories of gravity. In GR, the
choice M, < M, prevents completely the energy conditions
to be fulfilled. In f(R), although there are particular forms
of the function f(R) that allow for the energy conditions
to be fulfilled, one needs to impose f'(R) <O, thus
effectively inverting the sign of the linear R contribution
to the function f(R). In f(R,T) however, one can chose
M, < M; and still satisfy both fr > 0 and all the energy
conditions, by imposing the constraint f; < —8z. Similarly
to Sec. V B, these considerations allow the function f(R, T)
to have the general form

f(R,T) :CllR+azT+O(2), (171)
where a; are constants constrained by the inequalities
a; >0 and a,>—-8x if M,>M,;, or a; >0 and a, < -8z
is M, < M;, and = (2) collectively denotes all possible
combinations of products of R and T of order 2 or higher.

2. Matching in the scalar-tensor representation

Let us now verify that the analysis conducted in the
scalar-tensor representation of the theory yields the same
results. To do so, one must consider a particular form of
the function f(R,T) and compute the corresponding
potential and scalar fields. For simplicity, let us chose
the simple form of f(R,T) for which the scalar-tensor
representation is well defined and the condition f(0,0) = 0
is satisfied:

RT
f(R,T) :a1R+612T—|—R—, (172)

0

where q; are arbitrary dimensionless constants and R is a
constant with units of R. The second-order derivatives of
Eq. (172) are frr = frr = 0and f;x = 1/Ry, and thus the
determinant of M in Eq. (13) is R 2 £ 0 and the scalar-
tensor representation is well defined. The scalar fields can
thus be computed from Eq. (14) and are

R
w=ar+ - (173)

T
=a; +—, )
(7 1 Ry Ry
These relations are invertible and one can write R =
Ro(p —a;) and T = Ry(w — a,). Thus, one can compute
the potential V (¢, y) from Eq. (15), which is

RT

Vip,w) = Ry Ryl —a))(w — az).

(174)
Taking the partial derivatives of V(¢,y) one has V, =
Ro(y —ay) =R and V,, = Ry(¢ — a,) = T, and thus the
equations of motion for the scalar fields are automatically
satisfied and they yield the constant solutions ¢ = a; and
W = a,. As a consequence, one is then able to verify that
the metrics in Egs. (165) and (166) are solutions of the field
equations in Eq. (20).

Since the two scalar fields arising from this choice of the
function f(R, T) are constant, the third and fourth junction
conditions in Eq. (110), i.e., [¢] =0 and [w] =0 are
automatically satisfied. Furthermore, taking the first deriva-
tive of ¢ one verifies that the junction condition [0,.¢] = 0
is also automatically satisfied for a constant ¢.

Finally, considering the last junction condition of
Eq. (110), and since the spacetimes considered are spheri-
cally symmetric, the general results for the surface energy
density ¢ and the transverse pressure p, of the thin shell are
already given in Eq. (153). Using the metrics in Egs. (165)
and (166), we obtain

Px Me _ Mi
ri(ys + 87) \/1_% \/1_%
rs rs

6=2p, = . (175)

where ry is given in Eq. (169) and we have used ¢ = 1
since n“ points in the radial direction. Comparing this
result with Eq. (170), one verifies that Eq. (175) could be
obtained directly from the previous results simply by
introducing the transformation fr = ¢ and f; = w. The
constraints on the constants a; for the energy conditions
in Egs. (148) to (151) to be satisfied depending on the
relationship between M, and M, are the same as obtained in
the geometrical representation of the theory, i.e., a, > 0
and a, < —8x for M, < M; or a; > 0 and a, > —8x for
M, > M;, which emphasizes the equivalence between the
two approaches.
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VI. CONCLUSIONS

In this work we have used the distribution formalism to
derive the junction conditions of the f(R,T) theory of
gravity not only in the well-known geometrical represen-
tation but also in a dynamically equivalent scalar-tensor
representation obtained by the introduction of two auxiliary
fields. As expected, the generalization of f(R) gravity to
f(R,T) gives rise to new junction conditions in both
representations, which implies that solutions matched in
f(R) may not necessarily be solutions in this theory.

In the geometrical representation, we verified that all the
junction conditions previously obtained in Ref. [18] for
f(R) gravity are also present in this theory. However, the
fact that the field equations depend explicitly in 7" and its
partial derivatives (via the differential terms in f) leads to
two extra junction conditions: the trace of the stress-energy
tensor of the thin shell must vanish, i.e., S = 0, and the
trace of the stress-energy tensor 7'y, must be continuous at
the separation, i.e., [T] = 0. The first of these conditions
forces the terms proportional to [0 R] and [0,] to cancel in
S, and thus, unlike f(R), the thin shell is completely
described by the discontinuity of the extrinsic curvature
K,,. For the particular case of smooth matching, one
recovers that the extrinsic curvature and the partial deriv-
atives of R must be continuous similarly to f(R), which
also forces the partial derivatives of 7 to be continuous.

If one considers the scalar-tensor representation instead,
one verifies that the action that describes the theory is similar
to a Brans-Dicke action with two scalar fields with a
parameter wgp = 0 and a potential depending on both
fields. Since this scalar-tensor representation is only defined
when the Hessian matrix of the function f(R, T) is invert-
ible, which corresponds also to an invertibility of the
functions @(R,T) and w(R,T), then one verifies that the
scalar fields ¢ and yw must be continuous. This result
emphasizes the difference between the scalar-tensor repre-
sentations of f(R) and respective extensions, of which
f(R,T) is an example, and Brans-Dicke theories with a
potential, as in the latter the continuity of the scalar fields
only arises if the scalar fields feature a kinetic term, i.e.,
when wgp # 0. The junction condition for the trace S = 0 of
the thin shell forces the partial derivatives of the scalar field ¢
to be continuous and one recovers the dependency of S,
solely in the lump of the extrinsic curvature [K,,]. For
smooth matching, one recovers the continuity of the extrinsic
curvature and the partial derivatives of the scalar field y, thus
proving the equivalence between the two representations.

If the function f(R, T) is at most second order in R, and
first order in RT, some of the junction conditions pre-
viously obtained can be discarded, namely the continuity of
R and T This happens because the terms from which these
junction conditions arise are proportional to second-order
derivatives of f(R,T) which vanish in this particular case.
Unlike in f(R), it was shown that these particular cases do
not lead to the appearance of gravitational double layers at

the separation hypersurface due to the condition S =0,
which imposes a relationship between [0.R] and [0,.T], as
well as [R] and [T], which effectively cancels the terms
associated to the double layers. The same behavior is found
in the scalar-tensor representation of the theory, in which
one is able to discard the junction condition [y] = O for the
corresponding potential V(¢@,y) without giving rise to
gravitational double layers.

Nevertheless, there are still particular forms of the
function f (R, T) for which gravitational double layers arise,
associated to forms of the function at most quadratic in R and
linear in T without crossed products. These cases again
allow for R and T to be discontinuous and all the quantities
related to the double layer, i.e., energy and momentum
fluxes, tangential stresses, and the double-layer distribution
function, depend explicitly on [R] and [7T]. These particular
cases do not have any counterparts in the scalar-tensor
representation of the theory as, for the forms of the function
f(R,T) necessary to conduct this analysis, the scalar-tensor
representation is not well defined and the determinant of the
Hessian matrix of f(R,T) vanishes identically.

It is particularly interesting that the extra junction
condition forcing the trace of the stress-energy tensor of
the thin shell to vanish has important consequences in
spacetimes with spherically symmetric thin shells. In
particular, these thin shells are described by an equation
of state of radiation, i.e., ¢ = 2p,. Consequently, all the
energy conditions (null, weak, strong and dominant) will be
satisfied simultaneously if the surface energy density of the
shell is positive, and violated simultaneously otherwise.
This effectively eases the analysis of physically relevant
thin shells in this framework, as one can focus solely in
guaranteeing that o is positive, without the need to fine-tune
the parameters in an attempt to verify the energy conditions
for ¢ and p, simultaneously, as it happens in other theories
e.g., hybrid metric-Palatini gravity [24].

Another possible application of the junction conditions
derived in this work is the construction of thin-shell
wormhole solutions [60,61] via the truncation of two
black-hole solutions at a given radius r > r,, where r,
is the radius of the event horizon. The junction condition
[K] = 0 might prevent this procedure to be applicable to
Schwarzschild black holes, but it is expectable that this task
can be fulfilled with charged black holes [62]. Furthermore,
it has been shown that the condition [K] = 0 is discarded in
the Palatini approach to f(R) gravity [20], which simplifies
the construction of thin-shell wormholes [63]. In this sense,
it would be of major importance to compute the junction
conditions of the f(R, T') gravity in the Palatini formalism.
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