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Studies of neutron stars are at their peak after the multimessenger observation of the binary merger event
GW170817, which strongly constrains the stellar parameters like tidal deformability, masses, and radii.
Although current and future observations will provide stronger limits on the neutron stars parameters,
knowledge of explicit interior solutions to Einstein’s equations, which connect observed parameters with
the internal structure, are crucial to have a satisfactory description of the interior of these compact objects.
A well-known exact solution, which has shown a relatively good approximation to a neutron star, is the
Tolman VII solution. In order to provide a better fitting for the energy density profile, with the realistic
equations of state for neutron stars, recently, Jiang and Yagi proposed a modified version of this model,
which introduces an additional parameter a, reflecting the interplay of the quadratic and the newly
added quartic term in the energy density profile. Here we study the dynamical stability of this modified
Tolman VII solution using the theory of infinitesimal and adiabatic radial oscillations developed by
Chandrasekhar. For this purpose, we determine values of the critical adiabatic index, for the onset of
instability, considering configurations with varying compactness and . We found that the new models are
stable against radial oscillations for a considerable range of values of compactness and the new parameter a,
thus supporting their applicability as a physically plausible approximation of realistic neutron stars.
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I. INTRODUCTION

Current studies of neutron stars (NSs) can offer impor-
tant insight on the properties of cold catalyzed matter
with densities beyond the nuclear saturation regime
n, ~0.16 fm=>, which cannot be investigated via heavy
ion collisions [1]. Astrophysical observations of a NS can
provide, in principle, valuable constraints on the equation
of state (EOS), i.e., the relation between pressure and
density, which remains one of the biggest unknowns in
relativistic astrophysics. The most well-studied parameters
of a NS are the tidal deformability [2,3] and the mass and
radius [1]. The current mission, Neutron Star Interior
Composition Explorer [4], is providing estimates of mass
and radius of NSs, thus putting tight constraints on the
realistic EOSs [5].

Besides the constraints on astrophysical parameters of
NSs, it is crucial to obtain interior solutions to Einstein’s
equations, which connects observables (tidal deformability,
mass, and radius) with the internal structure of the
configuration. Finding analytical stellar interior solutions
can be an arduous task given the complexity of the field
equations. However, some few exact solutions have been
used in the literature to model NSs. The simplest is the
constant-density Schwarzschild interior solution [6] [8,9],
which corresponds to the particular case of a polytropic
sphere with n =0 [10,11]. Another solution is the one
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found by Buchdahl [12], which turned out to be stable
against radial oscillations [13,14]. The most popular one,
however, is the so-called Tolman VII solution [15]. This
is a two-parameter solution (mass and radius), which is
characterized by a vanishing density and pressure at the
surface. This solution was found to be dynamically
stable [14,16—18], and it also exhibits trapped null geo-
desics for R/M > 3 [19].

Recently, a modified version of the Tolman VII solution
was proposed by [20], where a new parameter a was
introduced, such that the energy density becomes a combi-
nation of quadratic and quartic functions of the radial
coordinate r. It was shown that the new parameter « can be
expressed in terms of the stellar parameters—mass M,
radius R, and central energy density e.—insensitive of the
EOS. Thus, this modified Tolman VII solution is charac-
terized by three parameters (M, R, and ¢.). Due to the
complexity of the modified energy density profile, the
authors were not able to find an exact analytic solution to
Einstein’s equations, therefore, this new model remains
as an approximation. Nevertheless, this modified solution
seems to model more accurately realistic profiles of NSs
than the original Tolman VII. The I-Love-C relations for the
modified Tolman VII solution were studied in [21].

In this paper we study the dynamical stability, under
radial perturbations, of spherically symmetric fluid spheres
described by the modified Tolman VII model. We use the
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variational method developed by Chandrasekhar [22,23] to
investigate the general constraints on the stellar parameters
in order to construct solutions that are dynamically stable.
For this purpose, we determine the critical adiabatic index,
for the onset of instability, for several values of the
compactness M /R and the parameter a. Our results provide
relevant constraints for the physical plausibility of the
modified Tolman VII solution.

The paper is organized as follows. In Sec. II we
summarize the methodology used by Tolman to obtain
interior solutions for relativistic fluid spheres; we review
the original Tolman VII solution and the modified version
proposed by [20]. In Sec. III we present the Chandrasekhar
variational method to study the radial stability of relativistic
spherical masses. In Sec. IV we present our results. Final
conclusions are discussed in Sec. V. Throughout the paper
we use geometric units ¢ = G = 1.

II. TOLMAN’S METHOD FOR THE SOLUTION
OF A FLUID IN EQUILIBRIUM

Following Tolman [15], we consider a static and spheri-
cally symmetric matter distribution. Thus, we choose the
line element ansatz in the standard Schwarzschild-like form

ds* = —e¥di® + e*dr* + r*(d6* + sin® 0dg?), (1)

where v and 1 depend only on . We assume that the matter
inside the configuration is described by a perfect fluid; its
stress-energy tensor satisfies the general form

T, = (e + p)uyut, + pgu,. (2)

Here ¢ indicates the energy density, p is the pressure, and
ut = dx*/ds is the four velocity.
Substituting Egs. (1) and (2) into Einstein’s equations

G,, = 8xT,,, one finds [15]
d (e?t=1 e/ d [(e*V
el B —(A+v) =0 3
dr( r2 + 2r)+e dr(Zr) - ()
BV 1
e 7 + ﬁ - ﬁ = Sﬂp, (4)
(V1 1
e ﬁ(;-p) +ﬁ:8ﬂ'€. (5)

We have three differential equations for the unknown
functions v, 4, p, and €. Once an EOS p(e), connecting
pressure with energy density, is provided, the system will
be determinate. It is conventional to define the mass m(r)
enclosed in the radius r as

i) = 1 - 2m). (6)

In a more mathematical rather than physical approach,
which turned out to be more propitious to integrate the
system of equations (3)—(5), Tolman [15] chose conven-
iently certain relations for v and 4, or both, as a function
of r, and then he analyzed the physical plausibility of the
solutions obtained. Following this approach, Tolman reder-
ived the Schwarzschild interior solution, the Einstein
universe, among others.

In the next subsection we will discuss one of the
solutions obtained by Tolman, using the method described
above, known as the Tolman VII solution.

A. Tolman VII solution

In the following we adopt the convention used in [20].
In this section we briefly summarize the analytic solution
to Einstein’s equations discovered by Tolman [15],
which we will refer to as T-VII. Tolman assumed e~*")
in the form [24]

e W =1 - Cx2(5 - 3x2), (7)

where x = r/R, with R denoting the radius of the con-
figuration, and C = M/R is the compactness. Under this
assumption, the energy density e(r), mass m(r), and
pressure p(r) are given by

M) = T3 8)

o 1] [12e7m
peT L= 15 [ Ttanﬁbm -(5- 3x2)1 )

Here ¢, is the central energy density, and M = m(R) is the
total stellar mass. In terms of the radius R and central
energy density €., the compactness can be written as

€(X) 1o = €c(1 = x?),

C = Eech' (10)
Note that the energy density vanishes at the boundary
r = R. The g,, metric component results in

e”(”)Tol = C'II‘ol COS2 ¢T017 (1 1)

1 5 [ 5
¢T01 = CgOI — leg ()Cz - 6 + W) . (12)

Here CT°' and CT°! are constants of integration [15]. It is
worthwhile to recall certain restrictions for the physical
plausibility of the T-VII solution. For instance, from Eq. (9)
we find that the central pressure diverges when C = 0.3862.
Note that this limit satisfies the general inequality Cz < 4/9

where
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derived by Buchdahl [25] for general relativistic static
fluid spheres.

An additional restriction, which was not considered in the
literature [14,16,18,19], is determined by the dominant
energy condition (DEC), which holds for all kinds of matter,
including electromagnetic and scalar fields. The DEC states
that for a perfect fluid the energy density must be non-
negative and greater or equal to the magnitude of the
pressure € > | p| [26]. We found that for the T-VII solution,
pe < €. for C < 0.3351 (see Fig. 1). Note that this limit is
lower than the one provided by the condition of finite central
pressure discussed above. Therefore, the T-VII solution
violates the DEC in the range C € (0.3351,0.3862).

B. Modified Tolman VII solution

In this subsection we review the modified T-VII solution
proposed in [20]. In this new model, the energy density € is
assumed in the polynomial form

€mod = €1 — ax? + (a—1)x%], (13)

where a is a new free parameter of the solution. In
principle, this modified T-VII solution seems to model
more accurately the energy density profile for realistic EOS
of NSs, as compared with the original T-VII solution. When
a = 1, Eq. (13) reduces to the original T-VII energy density
[Eq. (8)]. The remaining expressions of the modified T-VII
solution are the following [20]:

1 -1
¢t = | — 8 R2x2 [5 2y Mx“] . (14)

5 7
elmod = CrInOd cos® ¢mod7 (15)
Moo (x) = dme R x> l—g)cz—l—a_lx4 (16)
mod c 3 5 7 ’
Pmod (x) e_/lm 1/2 1 2
= t —(3x" =5
€. (lOnecR2> an fmoa + 15 (337 = 3)

6(1 —a)
1672¢.R2(10 — 3a) — 105~

1 5 5e ol
Pmoa = C™4 — —log [ X2 ==+ [——|. (18)
) 6 '\ 8zR%,

Here C7°4 and CP°Y are integration constants [20]. Note
that some of Einstein’s equations are fulfilled exactly,
while the others are satisfied only approximately [20].
The modified T-VII is a four-parameter model, namely,
(e,C,R,a). Using Eq. (16) and considering that
M = mp,4(1), we can eliminate the radius R

where,

~105C
10-3a’

8ne.R? (19)
Thus, the modified T-VII model reduces to a three-
parameter (e.,C, a) solution. We will follow this conven-
tion in the subsequent calculations.

III. DYNAMICAL STABILITY OF THE
MODIFIED T-VII MODEL

The stability under infinitesimal and adiabatic radial
perturbations, for any equilibrium configuration, can be
rigorously studied via the eigenequation derived by
Chandrasekhar [22]. We follow the prescription of [27],
where the radial motion of the configuration is written in
terms of the variable &£, which represents the Lagrangian
displacement, from equilibrium

E=r2ev?, (20)

where { is the renormalized displacement function assu-
med to be in the form ¢ = {(r)e™™', with @ denoting
the frequency of the oscillations. The pulsation’ equa-
tion reduces to the Sturm-Liouville form for {(r) as
follows [27]:

Sp@orom=n

The functions P(r), Q(r), and W(r) are given in terms of
the variables of the fluid in equilibrium

P (3 _€+p B
P(r)= 7e(3 +4)/2, W(r) = s B2, (22)

1.0 —r_ T T T T I T r T T T r Tt T T T 7

[ — p(r)/e |
08 e(r)/ec 1
06l ]
0.4l ]

0.2} 4

00 L n n n 1 n n n 1 n n n 1 n n n 1 n
0.0 0.2 0.4 06 08 1.0

r/R

FIG. 1. Profiles of the energy density and pressure, in units of
the central energy density €., as a function of the dimensionless
ratio r/R, for the T-VII solution. We show profiles for a
configuration with C = 0.3351, corresponding to the limit given
by the DEC.
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d
O(r) = —4e3vt0/2,=3 dp' — 873 tA/22p(e + p)
r

dp\ 2
+ B2 2 (e 4 p)! (d—l:) . (23)

The adiabatic index y, governing the perturbations, is
given by

), (e

where (v;),4 = (Op/9e)!/? is the speed of sound (in units
of the speed of light). The subscript “ad” indicates that the
derivative is taken for an adiabatic process. Let us remark
that this adiabatic index y does not necessarily equal the
adiabatic index I' associated to the equilibrium pressure-
density relation (see, e.g., [28] for a discussion).

Physically acceptable solutions to the eigenequa-
tion (21) must satisfy the following boundary conditions.
Equation (21) diverges at the origin r = 0, but £ and d&/dr
must be finite there, so we are led to

{~r, as r—0. (25)
Condition (25) states that there are no displacements of the
fluid at the center. On the other hand, the Lagrangian
change in pressure at the surface » = R must vanish, i.e.,
Ap = 0, which implies

ypr2ev/? <§> -0, as r—R. (26)
r

The pulsation’ equation [Eq. (21)] corresponds to a
eigenvalue problem for the frequencies w and displace-
ments {. The eigenequation (21) can be reexpressed in a
variational form [7,23]. The eigenvalue ®® can be deter-
mined by the extremal value of the rhs of

o Jo [P = 0f%dr
o JEwar

(27)

where the function {(r), which gives the extremal value, is
the corresponding eigenfunction. A common technique to
solve the eigenvalue problem given by Eq. (27) is to vary
over all functions, subject to the boundary conditions (25)
and (26), which satisfy the orthogonality relation

R
/0 W(”)‘fifjdrz 51‘;‘, (28)

where &; and ¢&; are the eigenfunctions for different
characteristic eigenvalues. Thus, a sufficient condition
for the instability under radial oscillations is that the rhs
of Eq. (27) vanishes for certain trial function &, which
satisfies the boundary conditions (25) and (26). The various

methods to solve the eigenvalue problem [Eq. (27)] are
discussed in [23].

The neutral, or marginally stable, mode appears when
* = 0. Imposing this condition in Eq. (27), we find the
critical adiabatic index y. for the onset of dynamical
instability

R (ReRepdr
Yer = R BN 2 [ (26028 Py’

(29)

where we have used Eq. (20). It is conventional to define,
for any equilibrium configuration, an effective, or averaged,
adiabatic index in the form [14,29]

B fée e(3y+/1)/2ypr—2[% (rze_”/ch)}zdr

= , 30
<7/> fé? e(3u+/1)/2pr—2 [% (rze—u/zé)}zdr ( )

thus there will be stable equilibrium when
{r) 2 er. (31)

The preceding discussion is the most general one, but
some few special cases have been studied in the literature
[14,22,30-32]. For instance, for the case of homogeneous
stars with constant density, Chandrasekhar obtained the
well-known result [22]

_4 (B 2
Ya =3+ <42> 20+ O(C?). (32)

In the next section we present our results for the
dynamical stability of the original and modified T-VII
solutions.

IV. RESULTS

In this section we present our results for the dynamical
stability of the modified T-VII solution. In our analysis we
consider values of a in the range a € [0, 2]. This regime is
restricted by the solution in the following way: for a < 0
the density is a nonmonotonically decreasing function of r,
which is not consistent with the realistic EOSs for NSs.
On the other hand, for @ > 2 the solution shows a negative
energy density. Note that our range of a values is more
extensive than the one considered by [20,21], who
restricted a € [0.4, 1.4] and C € [0.05,0.35], which seems
to be the characteristic regime for realistic NSs, after fitting
a numerical energy density profile with Eq. (13) for
11 EOSs.

In order to determine the stability domain of the
modified T-VII solution, we computed the critical values
of the adiabatic index ycr [Eq. (29)] and the values of the
effective adiabatic index (y) [Eq. (30)], using the following
two trial functions:
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FIG. 2. Profiles of characteristic quantities of the modified T-VII model. Left: energy density (in units of ¢.) as a function of r/R.
Right: pressure (in units of €.) as a function of r/R. We show profiles for some representative values of a € [0.4, 1.4]. The case a = |
corresponds to the original T-VII solution. Note that the energy density vanishes at the surface.

& = re’? & = rev/*, (33)

which satisfy the boundary conditions (25) and (26). These
two trial functions are the most commonly used in the
literature [14,22,29]. In principle, some other trial function,
different from the conventionally used ones, could provide
stronger limits on the compactness for stability. However,
there is no way to guess which trial function would be the
most convenient. A power series is frequently useful in
variational calculation [23].

Before presenting our results on the stability, let us discuss
some general properties of the modified T-VII solution. In
Fig. 2 we present the energy density (left panel) and pressure
(right panel), in units of the central energy density €, for the
modified T-VII model. We display profiles for several values
of a. The case @ =1 corresponds to the original T-VII
solution. Note that a common feature of this model is that the
energy density vanishes at the surface.

41— T ———
[ — 04 — 1.
: 06 — 1.2
3tk
r — 08 — 1.4
< ol
g
1k
0- 1 1 1 1 1
0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
c
FIG. 3.

In Fig. 3 (left panel) we show the ratio of the central
values of pressure and energy density p./e€., as a function
of the compactness, for the modified T-VII solution. We
consider the same values of a as in Fig. 2. Note that as «
increases, the limiting compactness for having a finite
central pressure decreases. In the same figure (right panel)
we also display the speed of sound measured at the center
(in units of the speed of light) as a function of C. Note that
the limits on the compactness set by causality are lower
than those determined by the condition of finite central
pressure.

The stability regime for the modified T-VII solution is
shown in Fig. 4, where we compare the effective adiabatic
index (y) [Eq. (30)] and the critical value y. [Eq. (29)].
The results depicted here correspond to the case o = 0.7
(left panel) and the original T-VII solution (right panel) and
were determined using the trial function &,. In general, we
consider « in the whole range a € [0, 2], and we also used
the trial function &£;; we will present all of our results in

0.0
0.05

I 1 I P I 1 I I P 1 I I P
0.20 0.25 0.30 0.35

c

I 1 P I I 1 P I
0.10 0.15

Properties of the modified T-VII model. Left: central pressure (in units of €.) as a function of the compactness. Right: speed of

sound at the center (in units of ¢) as a function of C. We show profiles for the same values of a as in Fig. 2.
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FIG. 4. Stability domain for the modified T-VII model for @ = 0.7 (left panel) and the original T-VII solution (right panel), as
determined by comparison of the effective and critical adiabatic indices. The values of y., were computed via the trial function &,.
The stability regime is determined by the condition (y) > y.,. The intersection point marks the limiting value of the compactness for
stability.
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Critical (top left panel) and effective (top right panel) adiabatic indices for the modified T-VII solution, as a function of the

compactness, for some representative values of the parameter a as determined by using the trial function &;. Bottom panels show the

same quantities but are determined using the trial function &,.
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TABLE I. The lower limits for y for dynamical stability of the modified T-VII solution, for various values of C and a. The y. were
evaluated with the trial functions &; and &,.

a 0.4 0.6 0.8 1.0 1.2 1.4

¢ 7l vE 7l vE 7l 7l 78 7l 78 7l v&
0.007 13404 13404 1.3405 1.3405 1.3407 1.3407 1.3410 1.3410 1.3414 13414 13420 1.3420
0.123 15124 15138 15135 1.5152 1.5169 1.5188  1.5238 1.5259 1.5364 1.5386 1.5594 1.5613
0.169 1.6313 1.6350 1.6310 1.6355 1.6351 1.6404 1.6465 1.6524 1.6705 1.6766  1.7179  1.7232
0242 19785 1.9934 19637 19831 1.9620 1.9861 1.9849 2.0132 2.0552 2.0856 2.2259 2.2514
0279 23351 23679 22926 23368 22741 2.3308 2.3054 2.3743 24434 25201 2.8351 2.9022
0.309 2.8581 29292 27587 2.8562 27005 2.8285 2.7393 29001 3.0118 3.2022 3.9396  4.1407

Fig. 7. The stability regime is given by the condition,
(y) 27« [Eq. (31)]; thus the shaded region in Fig. 4
corresponds to configurations, which are dynamically
unstable. The intersect point of the curves indicates the
maximum compactness for the onset of instability. For
instance, for the original T-VII solution, we found that it
becomes unstable for C ~ 0.3427, which corroborates the
value reported by [14,16]. Note that in the Newtonian limit
C — 0, the critical adiabatic index approaches the well-
known value 4/3.

In Fig. 5 we display the critical adiabatic index y and the
corresponding effective adiabatic index (y), as a function of
the compactness, for the modified T-VII solution. Here we
consider several values of a € [0.4,1.4]. Note that in the
Newtonian limit, all the cases approach to the expected value
Yo = 4/3. We also observe that for configurations with the
same compactness and o > 1, the critical adiabatic index
rises as compared with the original T-VII solution.

Some representative values of y,,, for varying C and a,
are listed in Table I. For the original T-VII solution (a = 1),
our results for the critical adiabatic index are in good
agreement with those reported by [14]. It can be observed
that for small values of the compactness C, the y, predicted
by both trial functions is practically the same. For larger
values of the compactness, the trial function &, is better
than &, in the sense that &, provides a lower value of y,,.

TABLE II. Limits on the compactness C, for different values of
the parameter a, for the modified T-VII solution in order to satisfy
the following conditions: (a) causality, (b) finite ratio p./e., (c)
radial stability, and (d) dominant energy condition.

C
a v,(0) <1 Finite p./e. Stability DEC
0.4 0.1950 0.3957 0.3651 0.3394
0.6 0.2326 0.3940 0.3597 0.3392
0.8 0.2556 0.3913 0.3549 0.3381
1.0 0.2697 0.3861 0.3427 0.3351
1.2 0.2769 0.3759 0.3131 0.3288
1.4 0.2772 0.3570 0.2676 0.3171

Note also that for fixed compactness, the increase in the
parameter « raises the value of the critical adiabatic index.

In Fig. 6 we show the pulsation frequency (Rw), in
dependence on the compactness, for the modified T-VII
solution. We display the profiles for a € [0.4,1.4]. In the
left (right) panel we show the frequencies computed
using the trial function &; (&,). For the original T-VII
solution (a = 1), the maximum compactness for stability,
as found using the trial function &,, is C=~0.3427,
which corroborates our result found previously using the
stability condition (y) > y.,. Both approaches follow from
the variational principle [Eq. (27)], so the agreement is
expected.

The most important results of our analysis are summa-
rized in Fig. 7, where we determine the stability and
causality domains in the (C, @) parameter space, for the
whole allowed domain in a € [0,2]. The solid blue line
indicates the causality limit as determined by the condition
that the speed of sound at the center of the configuration
must be subluminal, (Op/Je),_, < 1. The solid red line
illustrates the limit where the central pressure diverges. The
solid orange line indicates the limit determined by the DEC.
Finally, the blue and black solid lines correspond to the
stability domain (SD), as obtained via the trial functions &;
and &,, determined by the condition of dynamical stability
discussed in Sec. III. Some results for representative
configurations are provided in Table II.

A first observation is related to the limits established
by the DEC. We note that for a given «, the maximum
compactness allowed by the DEC is less than the compact-
ness set by the condition of finite central pressure. The
whole region where the DEC is violated is shaded in Fig. 7.
Even though in this region the central pressure is finite, our
results indicate that it would not be possible to find a
configuration in this region which could represent a model
of a NS in this framework.

Regarding the stability, we observe that the trial function
&, puts stricter constraints on the maximum compactness
for stability, for a given a, as compared to the trial function
&, atleast up to C ~ 0.35 (see Fig. 7). For low values of C,
there is good agreement in the stability limits predicted by
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FIG. 6. Oscillation frequency in dependence of the compactness C, for the modified T-VII solution, for various values of a. The
frequencies were computed from Eq. (27) by using the trial function &; (left panel) and the trial function &, (right panel).
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FIG. 7. Constraints on the compactness C and the parameter a
for the modified T-VII solution. The solid light blue line indicates
the causal limit as determined by the condition vs(x =0) <1,
i.e., the central speed of sound must be less or equal to the speed
of light (in units where ¢ = 1). The brown line corresponds to the
limit set by the DEC. The solid red line illustrates the limit where
the central pressure diverges. The blue and black solid lines
indicate the limits on the SD, given by the condition (y) > 7., as
determined using the trial functions &; and &, (see Fig. 4 for
details). Configurations with given parameters (C, @) below these
lines are dynamically stable.

both trial functions; however, as the compactness grows,
the differences also grow.

V. CONCLUSIONS AND DISCUSSIONS

In this paper we studied the stability, under radial
oscillations, of the recently proposed modified Tolman

VII solution. For this purpose we employed the
well-established linearized analysis of time-dependent
radial perturbations developed by Chandrasekhar [22].
We solved the Chandrasekhar pulsation’ equation and
determined the critical adiabatic index .., for the onset
of instability, for different values of the parameters o and
compactness C. First of all, we confirmed the results
reported by [14,16-18] on the dynamical stability of the
original Tolman VII solution (@ = 1) for a wide range of
compactness. We extended our analysis for values of a in
the whole range allowed by the solution, i.e., a € [0, 2].
Our study shows that the modified T-VII solution is stable
against radial oscillations for a considerable range of values
of the parameters (C, a), thus supporting the physical
viability of this solution as an approximate realistic model
for the interior of neutron stars.

Let us comment on the methods we used here. A

different approach to study the dynamical stability of
relativistic spheres rely on energy considerations. The
connection between the extremum mass and the normal
modes is discussed in the classical textbooks [7,28]. Since
the energy density profile of the modified T-VII solution is
fixed by the initial assumption, the adaptation of this
method in this situation is not suitable.
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