
 

Photon emission from inside the innermost stable circular orbit

Takahisa Igata ,1,* Kazunori Kohri ,1,2,3,† and Kota Ogasawara 4,‡

1KEK Theory Center, Institute of Particle and Nuclear Studies, High Energy Accelerator Research
Organization, Tsukuba 305-0801, Japan

2The Graduate University of Advanced Studies (SOKENDAI), Tsukuba 305-0801, Japan
3Kavli Institute for the Physics and Mathematics of the Universe (WPI),

University of Tokyo, Kashiwa 277-8583, Japan
4Theoretical Astrophysics Group, Department of Physics, Kyoto University, Kyoto 606-8502, Japan

(Received 4 March 2021; accepted 8 April 2021; published 14 May 2021)

We consider a situation where a light source orbiting the innermost stable circular orbit (ISCO) of the
Kerr black hole is gently falling from the marginally stable orbit due to an infinitesimal perturbation.
Assuming that the light source emits photons isotropically, we show that the last radius at which more than
50% of emitted photons can escape to infinity is approximately halfway between the ISCO radius and the
event horizon radius. To evaluate them, we determine emitter orbits from the vicinity of the ISCO, which
are uniquely specified for each black hole spin, and identify the conditions for a photon to escape from any
point on the equatorial plane of the Kerr spacetime to infinity by specifying regions in the two-dimensional
photon impact parameter space completely. We further show that the proper motion of the emitter affects
the photon escape probability and blueshifts the energy of emitted photons.
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I. INTRODUCTION

In recent years, significant progress has been made in
observing a massive compact object located at the center of a
galaxy. The shadow observation of the M87 galactic center
suggests that the central object is a black hole [1]. In
principle, we cannot receive any signals coming from inside
the black hole because nothing can escape from it, but we
can observe phenomena just outside the event horizon. In
other words, all the observations of black holes, including
the shadow observations, without exception focus on unique
phenomena in the vicinity of the horizon. However, naively,
the strong gravitational sphere of a black hole does not allow
most signals emitted from the region close to the horizon to
escape. Therefore, some mechanisms to increase the escape
probability of such signals are necessary to observe unique
phenomena near the horizon [2].
Recently, the escape probability of photons emitted

isotropically from an emitter orbiting a circular geodesic
near a Kerr black hole was shown to be more than 50% for
an arbitrary black hole spin parameter and an arbitrary
orbital radius [3,4]. Furthermore, depending on the direc-
tion of the emission, the Doppler shift cancels the gravi-
tational redshift, and as a result, the signals can reach a
distant observer in observable bands [3,5,6]. The mecha-
nism common to both phenomena is a relativistic boost or

beaming due to the proper motion of the emitter. In recent
years, such the relativistic effects have been actively
investigated through observations of a star orbiting around
the center of our galaxy [7–9]. Even though the radius of
the innermost stable circular orbit (ISCO) arbitrarily
approaches the horizon radius in the maximum spin limit,
the escape probability still exceeds a half [3,4], and the
Doppler blueshift is still dominant at least for the forward
emission, suggesting that the emitter on the ISCO is a
useful probe of the near-horizon. In fact, a light source that
seems to be orbiting the ISCO was observed [10]. In
particular, in the Atacama Large Millimeter/submillimeter
Array observations of a black hole candidate with an
accretion disk at the center of our galaxy (Sagittarius
A*), a short-timescale variation of the radio flux density
was reported [11]. This variation timescale (∼30 minutes)
is comparable to the orbital period of the Schwarzschild
ISCO (∼3rg, where rg is the Schwarzschild radius). We can
interpret this phenomenon as a sign that a hot spot is
orbiting on the inner edge of the accretion disk and as the
appearance of the relativistic beaming effect due to orbiting
at high speed.
If an object orbiting the ISCO, such as a hot spot, is

perturbed slightly, it must transit from the marginal orbit to
a plunge orbit into the center. If we continue to receive
signals from the falling emitter, to what depth of the
gravitational potential will we achieve the observation?
In other words, if we assume that the escape probability of a
photon is 50% or more as an indicator of observability,
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what is the last radius where the probability becomes a
half? This threshold value is closely related to the unstable
photon circular orbit [12] and appears in the context of the
loosely trapped surfaces [13], which are the recent develop-
ment of photon surfaces [14–16]. The purpose of this paper
is to identify some thresholds related to the photon escape
probability if the emitter gently leaves the ISCO and falls
into the black hole.
This paper is organized as follows. In Sec. II, we review a

formulation of particle motion in the Kerr spacetime. In
Sec. III, clarifying necessary and sufficient escape con-
ditions for photons emitted from the equatorial plane, we
completely specify the photon escape parameter region in
the space of impact parameters. In Sec. IV, we describe the
dynamics of an emitter plunging from the ISCO into the
horizon. In Sec. V, formulating the escape probability of a
photon measured in the rest frame of the emitter, we
evaluate the photon escape probability for each black hole
spin and discuss some properties relevant to the emitter
dynamics. Section VI is devoted to a summary and
discussions. In this paper, we use units in which G ¼ 1
and c ¼ 1.

II. GEODESIC SYSTEM IN THE KERR
SPACETIME

The Kerr spacetime metric in the Boyer-Lindquist
coordinates is given by

gμνdxμdxν ¼ −
ΔΣ
A

dt2 þ Σ
Δ
dr2 þ Σdθ2

þ A
Σ
sin2θ

�
dφ −

2Mar
A

dt

�
2

; ð1Þ

Δ ¼ r2 − 2Mrþ a2; Σ ¼ r2 þ a2cos2θ;

A ¼ ðr2 þ a2Þ2 − a2Δsin2θ; ð2Þ

where M and a are mass and spin parameters, respectively.
We assume that the metric denotes a black hole spacetime,
i.e., 0 ≤ a ≤ M. Then, the event horizon is located at
r ¼ rH ≔ M þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
. The metric admits a stationary

Killing vector ∂=∂t, an axial Killing vector ∂=∂φ, and a
nontrivial rank-2 Killing tensor [17]

Kab ¼ Σ2ðdθÞaðdθÞb þ sin2θ½ðr2 þ a2ÞðdφÞa − aðdtÞa�
× ½ðr2 þ a2ÞðdφÞb − aðdtÞb� − a2cos2θgab: ð3Þ

We consider a freely falling particle system (i.e., a
geodesic system) in the Kerr spacetime. Let pa be a
canonical momentum of a particle, and let H be the
Hamiltonian of affinely parametrized geodesic system,

H ¼ 1

2
gabpapb

¼ 1

2

�
Δ
Σ
p2
r þ

p2
θ

Σ
þ Σ
Asin2θ

p2
φ −

A
ΔΣ

�
pt þ

2Mar
A

pφ

�
2
�
;

ð4Þ

where gab is the inverse metric. Since t and φ are cyclic
variables in H, the conjugate momentum components
pt ¼ −E and pφ ¼ L are constants of motion. We can
interpret E and L as conserved energy and angular
momentum along a geodesic, respectively. From repara-
meterization invariance of an affine parameter, a particle
must satisfy the constraint condition

κ ¼ −gabpapb; ð5Þ

where κ ¼ 1 for a massive particle with unit mass, and
κ ¼ 0 for a massless particle. From the existence of the
Killing tensor (3), a particle has another quadratic constant
of motion in pa, the so-called Carter constant,

Q ¼ Kabpapb − ðL − aEÞ2: ð6Þ

The four constants of motion commute with each other
in the Poisson brackets. Therefore, the equation of motion
(i.e., the geodesic equation) in the Kerr spacetime is
integrable in the Liouville sense.
Not only is it integrable, but it causes the separation of

variables in the Boyer-Lindquist coordinates by using the
Hamilton-Jacobi method [18]. The separated equations in
the canonical variables are rewritten by the derivatives _xμ

with respect to the affine parameter as

Σ_t ¼ aðL − aEsin2θÞ þ r2 þ a2

Δ
½ðr2 þ a2ÞE − aL�; ð7Þ

Σ _φ ¼ L − aEsin2θ
sin2θ

þ a
Δ
½ðr2 þ a2ÞE − aL�; ð8Þ

Σ_r ¼ σr
ffiffiffiffiffi
Rκ

p
; ð9Þ

Σ_θ ¼ σθ
ffiffiffiffiffiffi
Θκ

p
; ð10Þ

where σr ¼ sgnð_rÞ, σθ ¼ sgnð_θÞ, and

RκðrÞ ¼ ½ðr2 þ a2ÞE − aL�2 − Δ½ðL − aEÞ2 þQþ κr2�;
ð11Þ

ΘκðθÞ ¼ Q − cos2θ

�
L2

sin2θ
þ a2ðκ − E2Þ

�
: ð12Þ

Note that Rκ and Θκ must be nonnegative for physical
solutions, as is seen from Eqs. (9) and (10). We use units in
which M ¼ 1 in what follows.
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III. PHOTON ESCAPE CONDITIONS

We consider escape conditions of a photon (i.e., κ ¼ 0)
emitted from a point on the equatorial plane. Let us denote
a momentum of a photon as ka instead of pa. Since only
considering a photon escaping to infinity, without loss of
generality, we may assume that E > 0. It is useful to
introduce impact parameters

b ¼ L
E
; q ¼ Q

E2
: ð13Þ

Rescaling ka as ka=E → ka, we obtain a two-parameter
family of the null geodesic equations parametrized
by ðb; qÞ.
Let θ� be the polar angle coordinate value of the emission

point, i.e., θ� ¼ π=2. The function Θ0 in Eq. (11) evaluated
there leads to

Θ0ðθ�Þ ¼ q − cot2 θ�ðb2 − a2 sin2 θ�Þ ¼ q ≥ 0: ð14Þ

Hence, a photon emitted from the equatorial plane must
always have a nonnegative value of q. Hereafter, we assume
that q ≥ 0.
Let us clarify the escape conditions of a photon, which

are determined from the radial equation of motion (9). The
function R0 is factored as

R0 ¼ ½r2 þ aða − bÞ�2 − Δ½qþ ðb − aÞ2� ð15Þ

¼ rð2 − rÞðb − b1Þðb − b2Þ; ð16Þ

where

b1ðr; qÞ ¼
−2arþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rΔ½r3 − qðr − 2Þ�

p
rðr − 2Þ ; ð17Þ

b2ðr; qÞ ¼
−2ar −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rΔ½r3 − qðr − 2Þ�

p
rðr − 2Þ ; ð18Þ

which show the values of b at a radial turning point. Note
that b2 is singular at r ¼ 2, but R0 is finite there. Since
R0 ≥ 0 must hold, the allowed range of b is restricted as

b2 ≤ b ≤ b1 for r > 2; ð19Þ

b ≥ b2; b ≤ b1 for rH < r < 2: ð20Þ

We focus on extremum points of b1 and b2, which
characterize the photon escape conditions. The photon
orbits staying at the extrema are known as the spherical
photon orbits [19]. Solving equivalent conditions for the
extrema, R0 ¼ 0 and dR0=dr ¼ 0, we obtain b and q as
functions of the spherical photon orbit radius, respectively,

bSPOðrÞ ¼ −
r3 − 3r2 þ a2rþ a2

aðr − 1Þ ; ð21Þ

qSPOðrÞ ¼ −
r3ðr3 − 6r2 þ 9r − 4a2Þ

a2ðr − 1Þ2 : ð22Þ

Eliminating r from these expressions, we find the
extremum values

bsiðqÞ ¼ bSPOðriðqÞÞ ði ¼ 1; 2Þ; ð23Þ

where r ¼ riðqÞ (r2 ≥ r1) is the real solutions to the
equation q ¼ qSPO. If q ¼ 0, the radii ri reduce to those
of the unstable photon circular orbits

rc1 ¼ r1ð0Þ ¼ 2þ 2 cos

�
2

3
arccosðaÞ − 2π

3

�
; ð24Þ

rc2 ¼ r2ð0Þ ¼ 2þ 2 cos

�
2

3
arccosðaÞ

�
; ð25Þ

respectively. The extremum points appear as a pair of ri
only in the range rc1 ≤ r1 ≤ r2 ≤ rc2, and the corresponding
range of q is 0 ≤ q ≤ 27. The pair coincides with each
other at r1 ¼ r2 ¼ 3, where q ¼ 27.
We can see typical shape of bi as gray curves in

Figs. 1(a)–1(c) for 0 ≤ q < 27 and in Fig. 1(d) for
q > 27. Gray shaded regions denote forbidden regions
of photon motion, while other regions denote allowed
regions. Let us use them to specify whole parameter regions
of photon escape in a visual manner. Let r� be the radial
coordinate value of the emission point, which is drawn by
dashed vertical lines in the figures. In the case rH < r� <
r1, only photons initially emitted outward (i.e., σr ¼ 1)
with bs2 < b < bs1 can escape [see blue shaded region in
Fig. 1(a)]. In the case r1 ≤ r� < r2, photons initially
emitted outward (i.e., σr ¼ 1) with bs2 < b ≤ b1ðr�; qÞ
can escape [see blue shaded region in Fig. 1(b)],
and photons initially emitted inward (i.e., σr ¼ −1) with
bs1 < b < b1ðr�;qÞ also can escape [see orange shaded
region in Fig. 1(b)]. In the case r� ≥ r2, photons initially
emitted outward (i.e., σr ¼ 1) with b2ðr�; qÞ ≤ b ≤
b1ðr�; qÞ can escape [see blue shaded region in Fig. 1(c)],
and photons initially emitted inward (i.e., σr ¼ −1) with
bs1 < b < b1ðr�;qÞ or b2ðr�; qÞ < b < bs2 also can escape
[see orange shaded region in Fig. 1(c)]. For q ≥ 27, note
that the allowed region is disconnected. Therefore, if r�
takes a value in the outer allowed region, then photons must
have b2ðr�; qÞ ≤ b ≤ b1ðr�; qÞ and always can escape [see
blue and orange shaded region in Fig. 1(d)].
Let us summarize the photon escape conditions as a

region in the ðb; qÞ parameter space for a fixed r�. To
complete it, we introduce the following four ranges of r�:
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ðiÞ rH < r� < rc1; ð26Þ

ðiiÞ rc1 ≤ r� < 3; ð27Þ

ðiiiÞ 3 ≤ r� < rc2; ð28Þ

ðivÞ rc2 ≤ r�: ð29Þ

To identify the photon escape parameter regions com-
pletely, we introduce two specific values of q,

q� ¼ qSPOðr�Þ; ð30Þ

qmax ¼
r3�

r� − 2
: ð31Þ

For q ¼ r3=ðr − 2Þ, the functions b1;2 are degenerate, and
for q > r3=ðr − 2Þ, the position r enters the forbidden
region. Therefore, the maximum value of q is limited by
qmax for the photon emission. Finally, we can summarize
the photon escape parameter region in the ðb; qÞ plane as
Table I. Though the photon escape regions shown in
Refs. [20,21] were only Cases (i) and (ii), here we have
identified them for all the ranges of r�.

IV. DYNAMICS OF AN EMITTER

We consider an emitter (κ ¼ 1) freely falling from the
ISCO into the horizon. Assume that the emitter moves on
θ ¼ π=2 and has the same energy and angular momentum
as those of a particle orbiting the ISCO. Then, the constants
Q, E, and L of the emitter are

Q ¼ 0; ð32Þ

E ¼ r3=2I − 2r1=2I þ a

r3=4I ðr3=2I − 3r1=2I þ 2aÞ1=2
; ð33Þ

L ¼ r2I − 2ar1=2I þ a2

r3=4I ðr3=2I − 3r1=2I þ 2aÞ1=2
; ð34Þ

where rI is the radius of the ISCO [22],

rI ¼ 3þ Z2 − ½ð3 − Z1Þð3þ Z1 þ 2Z2Þ�1=2; ð35Þ

Z1 ¼ 1þ ð1 − a2Þ1=3½ð1þ aÞ1=3 þ ð1 − aÞ1=3�; ð36Þ

Z2 ¼ ð3a2 þ Z2
1Þ1=2: ð37Þ

TABLE I. Photon escape parameter region in the Kerr spacetime.

Case q bðσr ¼ þÞ bðσr ¼ −Þ
(i) rH < r� < rc1 0 ≤ q ≤ 27 bs2 < b < bs1 n/a
(ii) rc1 ≤ r� < 3 0 ≤ q < q� bs2 < b ≤ b1ðr�; qÞ bs1 < b < b1ðr�; qÞ

q� ≤ q ≤ 27 bs2 < b < bs1 n/a
(iii) 3 ≤ r� < rc2 0 ≤ q < q� bs2 < b ≤ b1ðr�; qÞ bs1 < b < b1ðr�; qÞ

q� ≤ q < 27 b2ðr�; qÞ ≤ b ≤ b1ðr�; qÞ b2ðr�; qÞ < b < bs2, b
s
1 < b < b1ðr�; qÞ

27 ≤ q ≤ qmax b2ðr�; qÞ ≤ b ≤ b1ðr�; qÞ b2ðr�; qÞ < b < b1ðr�; qÞ
(iv) rc2 ≤ r� 0 ≤ q < 27 b2ðr�; qÞ ≤ b ≤ b1ðr�; qÞ b2ðr�; qÞ < b < bs2, b

s
1 < b < b1ðr�; qÞ

27 ≤ q ≤ qmax b2ðr�; qÞ ≤ b ≤ b1ðr�; qÞ b2ðr�; qÞ < b < b1ðr�; qÞ

(a) (b)

(c) (d)

r r

r r

FIG. 1. Typical shape of allowed region for the radial photon
motion and the parameter range of b for escape photons. Gray
curves denote bi (i ¼ 1, 2) as a function of r for fixed q, and gray
shaded regions denote forbidden regions, while other regions
denote allowed regions. Vertical dashed lines are the radial
coordinate value of the emission point r ¼ r�. The functions bi
in (a)–(c) have extrema bsi at r ¼ ri, respectively, and are typical
shape for 0≤q<27, where (a) rH<r�<r1, (b) r1≤ r�<r2, and
(c) r� ≥ r2. The functions bi in (d) are typical shape for q > 27, in
which the allowed region is divided into two disconnected ones,
and no longer have extrema. Blue and orange shaded regions
show the parameter range of b for an escape photon initially with
σr ¼ 1 and σr ¼ −1, respectively.
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Figure 2 shows the relation between rI and the character-
istic radii appearing in Table I. A blue solid curve shows
r ¼ rI. Green solid and dashed curves are r ¼ rc1 and
r ¼ rc2, respectively. A gray dotted line denotes r ¼ 3.
Note that rI > rc1 holds for all the range of a, and rI > rc2
holds only for a < 0.6382…, and rI > 3 holds only for
a < 0.7818…. Therefore, when we consider a plunge orbit

from the ISCO, all the cases in Table I appear only for
a < 0.6382…; on the other hand, only Cases (i)–(iii) appear
for 0.6382… ≤ a < 0.7818…, and only Cases (i)–(ii)
appear for 0.7818… ≤ a < 1. The Schwarzschild case
a ¼ 0 is special because rci ¼ 3 and will be discussed in
Appendix A.
The equations of motion (7)–(9) for the emitter are

reduced to

_t ¼ Eð1þ a2u2Þ − 2aðL − aEÞu3
a2ðu − uþÞðu − u−Þ

; ð38Þ

_u ¼
ffiffiffi
2

p
ðL − aEÞu2ðu − uIÞ3=2; ð39Þ

_φ ¼ Lu2 − 2ðL − aEÞu3
a2ðu − uþÞðu − u−Þ

; ð40Þ

where σr¼−1, and we have introduced a new variable
u¼ r−1 and constants uþ¼r−1H , u−¼r−1− ¼ð1−

ffiffiffiffiffiffiffiffiffiffiffi
1−a2

p
Þ−1,

and uI ¼ r−1I . Solving these equations, we obtain

τ − τ0 ¼ −
ffiffiffi
2

p

ðL − aEÞu2I
ffiffiffiffiffiffiffiffiffiffiffiffi
u − uI

p 2F1

�
−
1

2
; 2;

1

2
; 1 −

u
uI

�
;

ð41Þ

t − t0 ¼
1ffiffiffi

2
p

a2ðL − aEÞ

�
−

4½E − aðL − aEÞu2I �
uIðuþ − uIÞðu− − uIÞ ffiffiffiffiffiffiffiffiffiffiffiffi

u − uI
p þ a2EðuI − 3uÞ

u2I u
ffiffiffiffiffiffiffiffiffiffiffiffi
u − uI

p −
a2Eð3þ 4uIÞ

u5=2I

tan−1
� ffiffiffiffiffiffiffiffiffiffiffiffi

u − uI
uI

r �

þ 4ðaLu− − 2EÞ
ðu− − uþÞðu− − uIÞ3=2

tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u − uI
u− − uI

r �
−

4ðaLuþ − 2EÞ
ðu− − uþÞðuþ − uIÞ3=2

tanh−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u − uI
uþ − uI

r �
; ð42Þ

φ − φ0 ¼
ffiffiffi
2

p

a2ðL − aEÞ
�
−

L − 2ðL − aEÞuI
ðuþ − uIÞðu− − uIÞ ffiffiffiffiffiffiffiffiffiffiffiffi

u − uI
p þ L − 2ðL − aEÞuþ

ðu− − uþÞðuþ − uIÞ3=2
tanh−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u − uI
uþ − uI

r �

−
L − 2ðL − aEÞu−

ðu− − uþÞðu− − uIÞ3=2
tanh−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u − uI
u− − uI

r ��
; ð43Þ

where τ is proper time, and 2F1 is the Gaussian hyper-
geometric function, and τ0, t0, and φ0 are arbitrary
constants and are set to zero in the following. Further
assume that the radial position of the emitter, r�ðτÞ, at initial
time τ ¼ τi is given by

r�ðτiÞ ¼ rI − ϵ; ð44Þ

where 0 < ϵ ≪ 1.1 It is worth noting that the plunge orbit
does not depend on the choice of ϵ; in other words, it is

unique up to the gauge freedom of τ, t, and φ. The initial
radial velocity _r�ðτiÞ is determined through Eq. (39). The
change of r�ðτÞ in Eq. (41) is shown in Fig. 3. Each curve
gradually decreases as τ increases, and it eventually
terminates at the horizon, r�ðτfÞ ¼ rH, which means that
the time duration τf − τi is always finite. As seen in
Eq. (42), however, the corresponding coordinate time
duration is infinite because of the infinite gravitational
redshift at the horizon. Typically, the emitter leaving from
the vicinity of the ISCO will orbit with little change in its
orbital radius for a while, i.e., the radial velocity component
will be relatively small in an early phase. After that, the

FIG. 2. Characteristic radii of particle circular orbits as
functions of a. Blue solid curve: the ISCO radius given by
Eq. (35). Green solid curve: the radius of photon circular
prograde orbit given by Eq. (24). Green dashed curve: the
radius of photon circular retrograde orbit given by Eq. (25).
Gray dotted line is r ¼ 3, and gray solid curve denotes the
horizon radius. The equality rI ¼ rc2 holds at a ¼ 0.6382…, and
rI ¼ 3 holds at a ¼ 0.7818….

1In the limit ϵ → 0, then τi → −∞.
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radial velocity will gradually increase and eventually shift
into a plunging orbit toward the horizon. Figure 4 shows
examples of the plunge orbits for a ¼ 0 and a ¼ 0.9.

V. PHOTON ESCAPE PROBABILITY

To evaluate the escape probability of a photon isotropi-
cally emitted from the emitter, we introduce a tetrad frame

at rest with respect to the emitter, ζðμÞ� ¼ ζðμÞjr¼r�;θ¼θ� ,
where

ζð0Þ ¼ −Edt −
ffiffiffiffiffiffi
R1

p
Δ

drþ Ldφ; ð45Þ

ζð1Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 − r2ΔA

p
�
−2a

ffiffiffiffiffiffi
R1

p
dtþ Lr3drþ A

r

ffiffiffiffiffiffi
R1

p
dφ

�
;

ð46Þ

ζð2Þ ¼ rdθ; ð47Þ

ζð3Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 − r2ΔA

p
�
ðr2Δ − EρÞdt − ρ

ffiffiffiffiffiffi
R1

p
Δ

drþ Lρdφ

�
;

ð48Þ

where ζð0Þ� coincides with the momentum of the emitter,
and

ρ ¼ EA − 2aLr: ð49Þ

The tetrad components of the photon momentum in this

frame are kðμÞ� ¼ kðμÞjr¼r�;θ¼θ� , where kðμÞ ¼ kaζðμÞa are
given by

kð0Þ ¼ br½2aEþ Lðr − 2Þ� − ρ − σr
ffiffiffiffiffiffiffiffiffiffiffi
R0R1

p
r2Δ

; ð50Þ

kð1Þ ¼ rðσrL
ffiffiffiffiffiffi
R0

p þ b
ffiffiffiffiffiffi
R1

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 − r2ΔA

p ; ð51Þ

FIG. 3. Radial motion of the emitter for each value of a. It falls from the vicinity of the ISCO into the horizon. Each curve terminates at
the horizon radius.

FIG. 4. Top view of the plunge trajectories of an emitter from the vicinity of the ISCO into the horizon. The blue solid curves show the
plunge orbits, and the gray dashed circles denote the horizon radii. The left figure shows the case a ¼ 0, for which rH ¼ 2 and rI ¼ 6,
and the initial condition is chosen as ϵ ¼ 0.1118. The right figure shows the case a ¼ 0.9, for which rH ≃ 1.4358 and rI ≃ 2.3208, and
the initial condition is chosen as ϵ ¼ 0.06379. The size of each frame coincides with each ISCO radius. The coordinates are defined by
ðx; yÞ ¼ ðr cosψ ; r sinψÞ, where ψ is the angle in the ingoing Kerr-Schild coordinates (see Appendix B).
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kð2Þ ¼ σθ

ffiffiffi
q

p
r

; ð52Þ

kð3Þ ¼ Lrρ½2aþ bðr − 2Þ� − ðA − 2abrÞðEρ − r2ΔÞ − σrρ
ffiffiffiffiffiffiffiffiffiffiffi
R0R1

p

r2Δ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 − r2ΔA

p : ð53Þ

Note that σr and σθ are for an emitted photon. We can relate
the impact parameters ðb; qÞ to the emission angle ðα; βÞ
measured in the rest frame by

cos α ¼ kð1Þ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkð1Þ� Þ2 þ ðkð3Þ� Þ2

q ; sin α ¼ kð3Þ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkð1Þ� Þ2 þ ðkð3Þ� Þ2

q ;

ð54Þ

cos β ¼ kð2Þ�
kð0Þ�

; sin β ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkð1Þ� Þ2 þ ðkð3Þ� Þ2

q

kð0Þ�
; ð55Þ

where the sign of cos β flips only with the sign flip of σθ.

Figure 5 illustrates the relation between kðμÞ� and ðα; βÞ.
Then, we define the photon escape probability as

Pðr�; aÞ ¼
1

4π

Z Z
E
dα ∧ dβ; ð56Þ

where E denotes the whole parameter region of escape
photons in the ðα; βÞ plane (i.e., the photon escape cone
[12,20,23]). The region E are translated from the photon
escape parameter region in Table I. One of the practical
ways to evaluate P is shown in Appendix C.

Figure 6 shows P of r� for a fixed value of a, which are
shown by solid curves. Each dashed curve shows the escape
probability of a photon emitted from an emitter orbiting
circular geodesics [3]. Each dot at the connection between
solid and dashed curves shows the limit value PðrI; aÞ
in the limit r� → rI (i.e., ϵ → 0).2 We find that once the
emitter gently starts to fall from the vicinity of the ISCO,
the probability P decreases monotonically with r�. Even
when the emitter crosses the unstable photon circular
orbit radii, P shows no characteristic behavior. As the left
endpoint of each curve shows, P vanishes when the emitter
reaches the horizon.
As the emitter moves along the plunge orbit, P will

certainly be less than a half somewhere along the way (see
gray lines in Fig. 6). Let r0 be the radius at which P ¼ 1=2.
For a ¼ 0, we find that r0 ≃ 3.46, which is outside the
photon sphere at r ¼ 3. Since the photon escape probability
for a static light source is just a half at r ¼ 3 [12], our result
shows that P tends to be suppressed by the effect of the
proper motion [see also Fig. 8(a)]. Several values of r0 are
summarized in Table II, and the plots of r0 are shown in
Fig. 7 (see orange dots). The radius r0 decreases mono-
tonically as a increases. We can roughly evaluate r0 as
being approximately intermediate value between rI and rH,

2r0
rI þ rH

≃ 1: ð57Þ

Therefore, if we adopt r0 as one of the indicators that
divides the region where plunge orbits are observable or
not, we can conclude that our plunge orbits are observable
up to the middle of rI and rH.
Similarly for the case a ≠ 0, it is useful to compare r0

with the radius at which the escape probability of a photon
emitted from an emitter stationary relative to the black hole
[i.e., an emitter at rest in the locally nonrotating frame
(LNRF)] is a half, where the LNRF is given by

eð0Þ ¼
ffiffiffiffiffiffiffi
ΣΔ
A

r
dt; eð1Þ ¼

ffiffiffiffi
Σ
Δ

r
dr; eð2Þ ¼

ffiffiffi
Σ

p
dθ;

eð3Þ ¼
ffiffiffiffi
A
Σ

r
sin θ

�
dφ −

2ar
A

dt

�
: ð58Þ

FIG. 5. Emission angles ðα; βÞ defined at the rest frame of the
emitter.

2The value PðrI; aÞ decreases as a increases but approaches
to a finite value P ¼ 0.5464… even in the extremal limit
a → 1 [3,4].

PHOTON EMISSION FROM INSIDE THE INNERMOST STABLE … PHYS. REV. D 103, 104028 (2021)

104028-7



Recall that the LNRF reduces to the static frame in the
Schwarzschild case (a ¼ 0). Figure 8 shows the compar-
isons between P in Eq. (56) (solid curves) and the escape
probability of a photon emitted from a rest source at the
LNRF, PL (dotted curves). We can regard PL as the photon
escape probability that is not affected by the proper motion
of an emitter. With PL as the reference, for all a, we find
that P > PL in the early phase. We can interpret it as an
increase in P due to the effect of the proper φ-motion, i.e.,
the relativistic beaming toward spatial infinity occurs. On
the other hand, we find that P < PL in the late phase. We
can interpret it as the suppression of P due to the increase of
the velocity ratio

ν ¼
���vð1Þ� =vð3Þ�

��� ð59Þ

in the late phase, where vðiÞ� are the 3-velocity components
relative to the LNRF,

vðiÞ� ¼ uaeðiÞa
uaeð0Þa

����
r¼r�;θ¼θ�

: ð60Þ

The ratio ν monotonically increases from nearly zero at the
initial point to infinity at the horizon. In other words, as
the effect of the proper r-motion increases, the rate of the
relativistic beaming toward the black hole increases, and as
a result, P is suppressed. Let r0;L be the radius at which
PL ¼ 1=2. For a ≲ 0.401, we have r0 > r0;L. This means
that the proper motion of the emitter acts to suppress P and
makes a negative contribution to observability. However,
for a≳ 0.401, we have r0 < r0;L. In other words, the proper
motion of the emitter acts to increase P and expands the
observable region toward the horizon.
Let us focus on the frequency shift of escape photons.

Let z be the blueshift factor distribution of photons emitted
from the emitter,

z ¼ 1þ kð0Þ� : ð61Þ

Figure 9 shows the maximum value zmax of the blue-
shift factor z, where the corresponding parameters are
ðb; q; σrÞ ¼ ðb1ðr�; 0Þ; 0; 1Þ for r� ≥ rc1 (solid curves)
and ðb; q; σrÞ ¼ ðbc1; 0; 1Þ for rH < r� < rc1 (dash-dotted
curves). Dashed curves and dots in the range r� ≥ rI also
denote the maximum blueshift factor of an escape photon
emitted from an emitter orbiting circular geodesics and the
ISCO, respectively, where the corresponding parameters

TABLE II. Numerical values of characteristic radii for several values of a.

a 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99 0.999 0.9999

rI 6 5.6693 5.3294 4.9786 4.6143 4.2330 3.8290 3.3931 2.9066 2.3208 1.4544 1.1817 1.0785
r0 3.46 3.34 3.21 3.07 2.92 2.75 2.57 2.36 2.11 1.80 1.28 1.10 1.04
rc1 3 2.8821 2.7591 2.6300 2.4933 2.3472 2.1889 2.0133 1.8110 1.5578 1.1676 1.0520 1.0163
rz 2.883 2.775 2.663 2.545 2.419 2.285 2.138 1.974 1.784 1.543 1.167 1.051 1.017
rH 2 1.9949 1.9797 1.9539 1.9165 1.8660 1.8 1.7141 1.6 1.4358 1.1410 1.0447 1.0141

FIG. 6. Photon escape probability Pðr�; aÞ for each value of a. Solid curves: the escape probabilities of a photon emitted from the
emitter plunging from the ISCO into the horizon. Dashed curves and dots are the escape probabilities of a photon emitted from an emitter
on circular geodesics and the ISCO, respectively.

FIG. 7. Plots of r0 and rz. Orange dots: r ¼ r0. Red dots:
r ¼ rz. Blue solid curve: the ISCO radius given by Eq. (35).
Green solid curve: the radius of photon circular prograde orbit
given by Eq. (24). Gray solid curve: the horizon radius.
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are ðb; q; σrÞ ¼ ðb1ðr�; 0Þ; 0; 1Þ. Let rz be the radius at
which zmax ¼ 0. For all a, we have zmax > 0 in the range
r > rz, i.e., the energy of escape photons can blueshift
there. On the other hand, we have zmax < 0 in the range
r < rz. This means that all the escape photons are no longer
blueshifted in this region. Several values of rz are shown in
Table II and are plotted in Fig. 7. We see that r0 > rz for
all a. This implies that the Doppler blueshift due to the
emitter proper motion is dominant and can sufficiently

cancel the gravitational redshift in the observation of the
emitter in the range r > r0.

VI. SUMMARY AND DISCUSSIONS

We have considered isotropic photon emission from
an emitter moving near the Kerr black hole. Clarifying
necessary and sufficient escape conditions for photons
emitted from the equatorial plane, we have specified whole
parameter regions of photon escape in the two-dimensional

FIG. 8. Escape probabilities of a photon emitted from an emitter in various states of motion. Solid curves denote P, and dotted curves
denote PL, as functions of r�. Dashed curves: the escape probabilities of a photon emitted from an emitter on circular geodesics.

FIG. 9. Maximum blueshift. Solid curves: zmax in the range rc1 ≤ r� < rI. Dash-dotted curves: zmax in the range rH < r� < rc1. Dashed
curves and dots: the maximum blueshift of an escape photon emitted from an emitter orbiting circular geodesics and the ISCO, respectively.
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impact parameter space without restricting the radial
position of the emission. We have focused on the dynamics
of an emitter, which falls gently from the ISCO and plunges
into the black hole horizon. Assuming initial conditions of
the emitter to be adiabatically shifted slightly inward from
the ISCO radius, we have obtained the unique plunge orbits
analytically. In the early phase, the emitter orbits the black
hole many times in the vicinity of the ISCO, and eventually,
it turns to plunge toward the horizon in the late phase.
We have defined the escape probability P of a photon

isotropically emitted from the emitter and have shown that
P decreases monotonically with the radial position of the
emitter. In this paper, we have supposed that the emitter is
observable if P > 1=2. For any black hole spin parameter,
P is greater than 1=2 initially. As it falls toward the center
and passes through r ¼ r0, the probability eventually
becomes less than a half. Therefore, we have concluded
that the emitter is observable until it reaches r ¼ r0, which
is estimated as approximately intermediate value between
the radii of the ISCO and the horizon. We have further
clarified that P depends on the proper motion of the emitter.
The probability is larger than the reference value PL due to
proper φ-motion in the early phase, while in the late phase,
P is smaller than PL due to proper r-motion. However, for
a≲ 0.401, the proper motion acts to make r0 larger; in
other words, it makes a negative contribution to observ-
ability. On the other hand, for a≳ 0.401, the proper motion
acts to make r0 smaller, which means that the proper
motion positively affects the observability, and we can
continue to observe the emitter closer to the horizon.
Furthermore, we have seen that the Doppler shift due to
the proper motion can cancel the gravitational redshift and
can cause blueshift.
The distribution of the blueshift factor may contain

additional characteristics related to the proper motion,
which will be reported in a separate paper in detail.3

The quantities we have discussed here, the escape cone
E, the photon escape probability P, and the blueshift factor
distribution z, provide a basis for evaluating observables
such as energy fluxes. The evaluation and characterization
of such physical quantities are left for future work.
We have assumed a small value for the radial initial

velocity of our emitter, which is justified in the standard
disk model. In the radiatively inefficient accretion flow
model, we may have to assume a larger value for its initial
velocity. This is also left for future work.
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APPENDIX A: SCHWARZSCHILD CASE (a= 0)

1. Photon escape conditions

In the Schwarzschild case a ¼ 0, the radial equation of
motion (9) reduces to

_r2 þ VðrÞ ¼ 1

qþ b2
; ðA1Þ

VðrÞ ¼ 1

r2
−

2

r3
; ðA2Þ

where we have rescaled τ by ðqþ b2Þ1=2. The function V is
the familiar effective potential of photon motion and is
related to bi in Eqs. (17) and (18) as V ¼ ðqþ b2i Þ−1. It
takes a local maximum value V ¼ 1=27 at r ¼ 3 (i.e.,
rci ¼ 3). As a result, the photon escapable parameter region
in Table I reduces to Table III, where we have used
qþ ðbsiÞ2 ¼ 27 and qmax ¼ V−1ðr�Þ.

2. Dynamics of an emitter

We consider the plunge orbit of Sec. IV in the case of the
Schwarzschild spacetime. The energy and angular momen-
tum of the emitter reduces to E ¼ 2

ffiffiffi
2

p
=3 and L ¼ 2

ffiffiffi
3

p
,

respectively. Then, Eqs. (38)–(40) reduce to

_t ¼ Er
r − 2

; ðA3Þ

_r ¼ −
1

3

�
6

r
− 1

�
3=2

; ðA4Þ

_φ ¼ L
r2

; ðA5Þ

where we have used rH ¼ 2 and rI ¼ 6. Integrating these
equations, we obtain

rI
r
¼ 1þ L2

ðφ − φ0Þ2
; ðA6Þ

t − t0 ¼ −
2

ffiffiffi
2

p ð24u − 1Þ
u

ffiffiffiffiffiffiffiffiffiffiffiffiffi
6u − 1

p − 44
ffiffiffi
2

p
tan−1ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
6u − 1

p
Þ

þ 4tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð6u − 1Þ=2
p 	

; ðA7Þ

TABLE III. Photon escape parameter region in the Schwarzs-
child spacetime (a ¼ 0).

Case σr ¼ þ σr ¼ −

2 < r� < 3 qþ b2 < 27 n/a
r� ≥ 3 qþ b2 ≤ qmax 27 < qþ b2 < qmax

3It was recently discussed that the maximum blueshift of a light
source falling vertically in the radial direction in the Schwarzschild
black hole spacetime is related to the light ring [24].
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which correspond to Eqs. (42) and (43) for a ¼ 0, respec-
tively. These results coincide with those of Ref. [25].

APPENDIX B: INGOING KERR-SCHILD
COORDINATES

The dynamics of particles near the horizon is not well
described in the Boyer-Lindquist coordinates because ðdtÞa
and ðdφÞa are singular in the horizon limit (i.e., the norms
kdtk; kdφk → ∞ as r → rH). As seen in Eqs. (7) and (8) or
Eqs. (38) and (40), even though ua is regular on the
horizon, the components _t ¼ uaðdtÞa and _φ ¼ uaðdφÞa
diverge in the horizon limit. Therefore, it is useful to adopt
the ingoing Kerr-Schild coordinates ðv; r; θ;ψÞ, which are
regular even on the future horizon, rather than the Boyer-
Lindquist coordinates to describe the dynamics of particles
near the horizon. The coordinate transformation between
these coordinates (see, e.g., Ref. [26]) are given by

v¼ tþ
Z

r2 þ a2

Δ
dr

¼ tþ rþ MrHffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p ln

���� rrH − 1

����− Mr−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p ln

���� rr− − 1

����;
ðB1Þ

ψ ¼ φþ
Z

a
Δ
dr ¼ φþ a

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p ln

���� r − rH
r − r−

����: ðB2Þ

Then, the metric in the ingoing Kerr-Schild coordinates is
given by

ds2 ¼ −
�
1 −

2Mr
Σ

�
dv2 þ 2dvdrþ Σdθ2 þ A

Σ
sin2θdψ2

− 2asin2θdrdψ −
4Mar
Σ

sin2θdvdψ : ðB3Þ

APPENDIX C: EVALUATION OF THE PHOTON
ESCAPE PROBABILITY

We demonstrate one of the practical ways to evaluate
P in Eq. (56). Let ðαcrit; βcritÞ be the values of ðα; βÞ
evaluated with σθ ¼ −1, b ¼ bSPOðξÞ, and q ¼ qSPOðξÞ,
which are the so-called critical angles of photon escape
[20]. We define a function fσrðr�; ξÞ in terms of these
angles by

fσrðr�; ξÞ ¼
1

2π
cos βcrit

dαcrit
dξ

¼ 1

2π

cos βcrit
cos αcrit

d sin αcrit
dξ

:

ðC1Þ

Then, the photon escape probability P is written as

Pðr�; aÞ ¼ pþ Θð−pÞ; ðC2Þ

where Θ is a step function (i.e., ΘðηÞ ¼ 1 for η ≥ 0 and
ΘðηÞ ¼ 0 for η < 0), and

pðr�; aÞ ¼
Z

rc
1

rc
2

f1dξ ðrH < r� < rc1Þ; ðC3Þ

pðr�; aÞ ¼
Z

r�

rc
2

f1dξþ
Z

rc
1

r�
f−1dξ ðrc1 ≤ r� < rc2Þ;

ðC4Þ

pðr�; aÞ ¼
Z

rc
1

rc
2

f−1dξ ðr� > rc2Þ: ðC5Þ
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