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Motivated by the desire to understand the leading-order nonlinear gravitational wave interactions around
arbitrarily rapidly rotating Kerr black holes, we describe a numerical code designed to compute second-
order vacuum perturbations on such spacetimes. A general discussion of the formalism we use is presented
in [N. Loutrel et al., Phys. Rev. D 103, 104017 (2021)]; here we show how we numerically implement that
formalism with a particular choice of coordinates and tetrad conditions and give example results for black
holes with dimensionless spin parameters a ¼ 0.7 and a ¼ 0.998. We first solve the Teukolsky equation for

the linearly perturbedWeyl scalarΨð1Þ
4 , followed by direct reconstruction of the spacetime metric fromΨð1Þ

4 ,

and then solve for the dynamics of the second-order perturbed Weyl scalar Ψð2Þ
4 . This code is a first step

toward a more general purpose second-order code, and we outline how our basic approach could be further
developed to address current questions of interest, including extending the analysis of ringdown in black
hole mergers to before the linear regime, exploring gravitational wave “turbulence” around near-extremal
Kerr black holes, and studying the physics of extreme mass ratio inspiral.
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I. INTRODUCTION

In this paperwe initiate a numerical study of the dynamics
of second-order vacuum perturbations of a Kerr black hole.
Linear black hole perturbation theory has played an impor-
tant role in the study of black holes,with diverse applications
frommathematical physics to gravitational wave astrophys-
ics (for reviews see e.g., [1–3]). Regarding the latter, it is
used in interpreting the ringdown phase of a binary black
hole merger and for extreme mass ratio inspirals (EMRIs).
Studying both physical regimes are currently computation-
ally intractable to full numerical solutionwithout recourse to
perturbative methods.
For some applications it may be necessary to go beyond

linear perturbations. Here for brevity we only mention a
couple of key incentives (a more thorough discussion that
motivates this study can be found in our companion paper
[4]). In order to extract subleading modes of the ringdown
following comparable mass mergers, it may be necessary to
consider nonlinear effects. The “problem” with such
mergers is that the leading-order quadrupole mode is

excited with such high amplitude relative to subleading
modes (see e.g., [5,6]) that nonlinear mode coupling could
produce features of similar strength to subleading modes;
this is particularly so within the first few cycles of ringdown
wheremost of the observable signal, hencemost opportunity
for measurement, lies. It will be important to quantitatively
understand second-order features to reap the most out of
ringdown analysis of future loud merger events.
Nonlinear physics may also play an important role in the

ringdown of near-extremal Kerr black holes.1 This can
partly be motivated by the presence of a family of slowly
damped modes, whose damping timescale grows without
bound as the black hole spin approaches its extremal value
[11–13].2 The slower damping of perturbations implies
nonlinear effects could be more pronounced; most in-
triguing in this regard is the suggestion that mode coupling
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1We note though that comparable mass mergers cannot
produce near-extremal remnants (see e.g., [7–10]), and it is
unknown how rapidly the typical supermassive black holes in the
Universe, of relevance to EMRIs, rotate. Thus near-extremal
ringdown may end up being more a question of theoretical, rather
than astrophysical, interest.

2Though there is some controversy about exactly what the
spectrum of modes of extremal and near-extremal black holes is;
see e.g., [14–18].
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induces a turbulent energy cascade in near-extremal Kerr
black holes [19], similar to that seen in a few studies of
black holes and black branes in asymptotically anti–de
Sitter (AdS) spacetime [20–22]. Nonlinear effects almost
certainly play some role in the physics of extremal Kerr
black holes, as those have been shown to be linearly
unstable [11,23,24] (the instability may be related to the
above mentioned slowly damped quasinormal modes, that
become “zero damped” in the extremal limit).
Finally, we mention that second-order black hole pertur-

bation theory plays an important role in computing the
second-order self-force of a small particle orbiting a black
hole, which is relevant to modeling EMRIs (e.g., [25]). We
note though that in this paper we only consider the second-
order vacuum perturbation of aKerr black hole, so our results
are not directly applicable to modeling EMRI physics.
Following a brief summary of our formalism in Sec. II A

(which isdescribed inmoredetail inourcompanionpaper [4]),
in the remainder of this paper we describe a numerical
implementationof themethodandthenanalyzea fewexample
runs from our code. In the remainder of the introduction we
give a general overview of our numerical approach.
Several steps are required to arrive at the desired second-

order perturbation. First is to solve for a linear gravitational
wave perturbation characterized by the Weyl scalar Ψ4 (or
equivalently Ψ0) using the Teukolsky equation [26]. As
described in Sec. II B, with more details given in the
Appendix C, we begin with the Kerr metric in Boyer-
Lindquist form and a rotated version of theKinnersley tetrad
[27] and then transform these to a hyperboloidal compacti-
fied, horizon penetrating coordinate system. In these coor-
dinates thenwe numerically solve the Teukolsky equation in

the time domain, starting with Cauchy data for Ψð1Þ
4 . (We

note that many codes have been developed over the years to
solve the Teukolsky equation; see, e.g., [28–35].)
Campanelli and Lousto first showed that the evolution of

the second-order perturbation of Ψ4 is also governed by the
Teukolsky equation, with a source term that depends on all
components of the first-order metric perturbation hμν [36].
The next step in our calculation is therefore to reconstruct
this first-order metric correction from the first-order per-
turbation of Ψ4. We directly reconstruct the metric by
solving a set of nested null transport equations in the
outgoing radiation gauge [37]. Once this is complete, we
numerically solve the Teukolsky equation in the time
domain with the second-order source term for the sec-
ond-order correction toΨ4. This latter quantity is in general
not invariant under first-order gauge or tetrad transforma-
tions (see [36]); as discussed in Sec. III, in our coordinate
system we can avoid these issues if we measure the waves
at future null infinity in an asymptotically flat gauge, which
is one reason why we employ a hyperboloidal slicing and
the outgoing radiation gauge.
One difficulty with using null transport equations in

conjunction with the (3þ 1) Cauchy evolution scheme we

use for the Teukolsky equation is that their domains of
integration do not “easily” overlap. An implication of this is
if we wanted to solve for the second-order perturbation over
the entire domain of our Cauchy evolution, we would need
to solve a set of first-order constraint equations on the initial
T ¼ 0 slice to give self-consistent initial data for the
reconstruction equations. As explained more in Sec. IV
and illustrated in Fig. 1, we avoid this issue here by

choosing initial data for the first-order Ψð1Þ
4 that has

compact support on the initial slice and only solve for
the first-order metric beginning on an ingoing null slice (vu)
intersecting T ¼ 0 outside of this region (as we explain in
Fig. 1, our metric reconstruction equations are transport
equations along the ingoing null tetrad vector nμ). Then,
initial data for reconstruction only need to be specified
along the outgoing null curves u ¼ uu, which is trivially the
Kerr solution. In principle we could immediately begin the

FIG. 1. Schematic Penrose diagram demonstrating the domains
of evolution and metric reconstruction. The Teukolsky equation is
integrated using a Cauchy evolution scheme along hypersurfaces
of constant time T, whereas metric reconstruction is carried
out using null transport equations in the u direction, with
characteristics tangent to the ingoing Newman-Penrose vector

nμ. We provide initial data for the first-order Ψð1Þ
4 at T ¼ 0, with

compact support in radial distance from the black hole in the
range r ¼ ðrl; ruÞ, intersecting a range in advanced (retarded)
time of u ¼ ðuu; ulÞ (v ¼ ðvl; vuÞ). Thus only in the region
u > uu; T > 0, does the spacetime differ from Kerr, which allows
for trivial initial data for the first-order metric reconstruction
equations along u ¼ uu. For simplicity, as explained in the text,

we begin evolution of the second-order perturbation Ψð2Þ
4 at

T ¼ Ts; in a sense then this is our “true” initial data surface for
the gravitational wave perturbation of Kerr calculated to second-
order. For technical reasons explained in Sec. IV, this initial data

setup only leads to consistent metric reconstruction if Ψð1Þ
4 has

azimuthal mode content jmj ≥ 2.
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second-order evolution for v ≥ vu, though again to simplify
the Cauchy evolution we only start second-order evolution
at a constant hyperboloidal time Ts after all the ingoing data
from vl to vu have entered the black hole horizon. The
Cauchy evolution prior to this is then, in a sense, simply

providing a map from initial data for the first-order Ψð1Þ
4

specified on T ¼ 0 to the “true” initial time T ¼ Ts. As
implemented in the code, during each step of the Cauchy
evolution we also perform reconstruction (and second-
order integration for T > Ts). The reconstruction will
therefore not be consistent until evolution crosses
v ¼ vu, but for illustrative purposes we also show inde-
pendent residuals of our reconstruction procedure prior to
that, to demonstrate that the inconsistency then has no
effect on the consistency of the solution afterward.
As described in Sec. V, we use pseudospectral methods

to solve both the Teukolsky and null transport equations;
the code can be downloaded from [38]. Example results are
given in Secs. VI A and VI B for a black hole with
dimensionless spin a ¼ 0.7 and a ¼ 0.998, respectively.
Specifically, for the examples we consider the linear wave
only contains azimuthal eimϕ angular dependence for

m ¼ 2. This linear field sources a second-order Ψð2Þ
4

containing modes with both m ¼ 0 and m ¼ 4. We con-
clude in Sec. VII, which includes a discussion of how our
methods and code will be extended to tackle the problems
we are ultimately interested in addressing.
In Appendix A we describe the conventions we use for

the Fourier transform and normalization of discrete quan-
tities used to display some of our results. In Appendix B we
provide a derivation of the metric reconstruction equations
and second-order source term in the specific gauge and
coordinates used here, which is slightly different from the
analytical example case give in [4]. We describe the
transformation of the Kerr metric and Kinnersley tetrad
in Boyer-Lindquist coordinates to the coordinates we use in
the code in Appendix C. Finally, in Appendix D we collect
some useful properties of spin-weighted spherical harmon-
ics, which are used in our pseudospectral code.

A. Notation and conventions

We use geometric units (8πG ¼ 1, c ¼ 1) and follow the
definitions and sign conventions of Chandrasekhar [39] (in
particular the þ − −− signature for the metric), except we
use Greek letters μ; ν… to denote spacetime indices. We
use the nonstandard symbols ϖ ¼ 3.14159… for the
number “pi” (to avoid confusion with the Newman-
Penrose scalar π) and the symbolsR and I to, respectively,
denote the real and imaginary parts of fields. We use an
overbar f̄ to denote complex conjugation of a quantity f.
We write the perturbed metric gμν about a background

solution gð0Þμν as gμν ¼ gð0Þμν þ hμν, where hμν is the first-order
perturbation. Other than the metric, we denote an nth-order
quantity in a perturbative expansion with a trailing

superscript ðnÞ; e.g., the Newman-Penrose scalar Ψ2 ¼
Ψð0Þ

2 þΨð1Þ
2 to linear order. However, for brevity, in terms of

expressions where the correction to a background quantity
will lead to a higher-order perturbation than considered, we
drop the ð0Þ superscript from the background quantity. For
example, in the Teukolsky equation, Eq. (3) below, all

symbols other than Ψð1Þ
4 are background quantities.

II. DESCRIPTION OF THE SCHEME

In this section we summarize details of the
reconstruction scheme and second-order perturbation equa-
tion described in [4] that are particular to our numerical
implementation.

A. Use of the NP and GHP formalisms

We make extensive use of the Newman-Penrose (NP)
[40] formalism. In Appendix A of the companion paper [4]
we gave a brief overview of the NP formalism, and to avoid
excessive repetition we do not reproduce that here.
However, we now mention the most salient definitions
of the NP formalism necessary to understand the main
points of this paper.
The NP formalism decomposes the geometry and

Einstein equations in terms of an orthonormal basis of
null vectors, flμ; nμ; mμ; m̄μg; lμ (nμ) is an outgoing
(ingoing) real null vector, and mμ is a complex angular
null vector with m̄μ its complex conjugate. These define the
four directional derivative operators

D ¼ lμ∂μ; Δ ¼ nμ∂μ; ð1Þ

δ ¼ mμ∂μ; δ̄ ¼ m̄μ∂μ: ð2Þ

A vacuum geometry is characterized by the five complex
scalars fΨ0;Ψ1;Ψ2;Ψ3;Ψ4g, which are contractions of the
Weyl tensor with various products of the null tetrad. The
complex spin coefficients (essentially combinations of Ricci
rotation coefficients, the tetrad analog of the connection in a
metric formalism) are fα; β; γ; ϵ; ρ; λ; π; μ; ν; τ; σ; κg. We
choose a null tetrad, the explicit form of which is given
later, such that for the backgroundKerr solutionΨ0 ¼ Ψ1 ¼
Ψ3 ¼ Ψ4 ¼ σ ¼ κ ¼ ν ¼ λ ¼ 0 (which is always possible
for a general typeDbackground) and γ ¼ 0 (which is always
possible when the background is Kerr).
In the NP formalism, perturbations of the Kerr spacetime

lead to one master equation for the linearly perturbed Weyl
scalarΨ4 known as the Teukolsky equation [26], specifically

T Ψð1Þ
4 ≡ ½ðΔþ 4μþ μ̄ÞðDþ 4ϵ − ρÞ

− ðð0 þ 4π − τ̄Þðð − τÞ − 3Ψ2�Ψð1Þ
4 ¼ 0: ð3Þ

[Herewe havemade use of theGeroch-Held-Penrose (GHP)
operators ð and ð0, which we define in Eq. (4).] The first step
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of our procedure is to solve the Teukolsky equation forΨð1Þ
4 .

We discuss how we numerically solve this equation in
Sec. VA.
We also make some use of the GHP [41] formalism; in

particular we use the following GHP derivatives acting on
some NP scalar η:

ðη≡ ðδ − pβ − qᾱÞη; ð4aÞ

ð0η≡ ðδ̄ − pα − qβ̄Þη; ð4bÞ

where fp; qg are the (constant) weights of η (related to its
spin and boost weights).

B. Choice of background coordinates and tetrad

We choose a form for the background Kerr metric, with
mass and spin parameters M and a, respectively, that is
horizon penetrating and hyperboloidally compactified so
that the constant time T (spacelike) slices become asymp-
totically null, reaching future null infinity at finite coor-
dinate radius. An outline of how we derive these
coordinates is given in Appendix C; here we simply
summarize their most important qualities.
We use a rotated version of the Kinnersley tetrad that is

regular at future null infinity; in ðT; R;ϑ;ϕÞ component
form, the tetrad vectors read

lμ ¼ R2

L4 þ a2R2cos2ϑ

�
2M

�
2M −

�
a
L

�
2

R

�

−
1

2

�
L2 − 2MRþ

�
a
L

�
2

R2

�
; 0; a

�
; ð5aÞ

nμ ¼
�
2þ 4MR

L2
;
R2

L2
; 0; 0

�
; ð5bÞ

mμ ¼ Rffiffiffi
2

p ðL2− iaRcosϑÞ

�
−iasinϑ;0;−1;−

i
sinϑ

�
: ð5cÞ

Here R is the compactified radial coordinate, related to the
Boyer-Lindquist radial coordinate by

r≡ L2

R
; ð6Þ

with L a constant parameter (R ¼ 0 thus corresponds to
future null infinity).
With this tetrad and metric, the only nonzero Weyl

scalar is

Ψ2 ¼ −
MR3

ðL2 − iaR cosðϑÞÞ3 ; ð7Þ

and the nonzero spin coefficients are

ρ ¼ −
Rða2R2 þ L4 − 2L2MRÞ

2ðL2 − iaR cosðϑÞÞ2ðL2 þ iaR cosðϑÞÞ ; ð8aÞ

μ ¼ R
−L2 þ iaR cosðϑÞ ; ð8bÞ

τ ¼ iaR2 sinðϑÞffiffiffi
2

p ðL2 − iaR cosðϑÞÞ2 ; ð8cÞ

π ¼ −
iaR2 sinðϑÞffiffiffi

2
p ða2R2 cos2ðϑÞ þ L4Þ ; ð8dÞ

ϵ ¼ R2ða2ð−RÞ − ia cosðϑÞðL2 −MRÞ þ L2MÞ
2ðL2 − iaR cosðϑÞÞ2ðL2 þ iaR cosðϑÞÞ ; ð8eÞ

α ¼ R cotðϑÞffiffiffi
2

p ð2L2 þ 2iaR cosðϑÞÞ ; ð8fÞ

β ¼ Rð−L2 cotðϑÞ þ iaR sinðϑÞðcsc2ðϑÞ þ 1ÞÞ
2

ffiffiffi
2

p ðL2 − iaR cosðϑÞÞ2 : ð8gÞ

The coefficients α and β are singular at the poles
(ϑ ¼ 0;ϖ), but when expanded out in the equations of
motion they only appear with other terms that in combi-
nation are regular there. Other than this, all spin coefficients
are regular in the domain of interest, namely on the black
hole horizon and the region exterior to it. Notice that with
the Kinnersley tetrad ϵ ¼ 0, but we have rotated to a tetrad
where γ ¼ 0 instead.
The quantities above are sufficient to completely deter-

mine the Teukolsky and metric reconstruction equations,
and so for brevity we do not write out the explicit form of
the Kerr metric in these coordinates.

C. Choice of linearized metric gauge
and linearized tetrad

After computingΨð1Þ
4 , we need to specify a gauge inwhich

to reconstruct the first-order metric; we choose the outgoing
radiation gauge, defined by the following conditions:

hμνnμ ¼ 0; ð9aÞ

gμνhμν ¼ 0: ð9bÞ

For type D background spacetimes one can always impose
the outgoing (or ingoing) radiation gauge, despite the fact
that this imposes five conditions on the linear metric [42].
The only nonzero tetrad projections of hμν in outgoing
radiation gauge are

hll ≡ hμνlμlν; ð10aÞ

hlm ≡ hμνlμmν; ð10bÞ
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hmm ≡ hμνmμmν; ð10cÞ

and the complex conjugates of the last two, i.e., hlm̄ ≡
hμνlμm̄ν and hm̄ m̄ ≡ hμνm̄μm̄ν.
As detailed in Appendix B, in this gauge we can choose

the linearly perturbed tetrad vectors so that the first-order
corrections to the derivative operators are

Dð1Þ ¼ −
1

2
hllΔ; ð11aÞ

Δð1Þ ¼ 0; ð11bÞ

δð1Þ ¼ −hlmΔþ 1

2
hmmδ̄: ð11cÞ

D. Metric reconstruction equations

Our metric reconstruction procedure consists of solving
a nested set of transport equations that are derived by
linearly expanding some of the Bianchi and Ricci identities
in the NP formalism; see Appendix B. Unlike metric
reconstruction procedures that use “Hertz potentials”
(see e.g., [37]), our method directly reconstructs the metric
from Ψð1Þ

4 . The basic idea of this metric reconstruction
procedure was first described by Chandrasekhar [39]. One
advantage of our implementation of Chandrasekhar’s idea
is that it does not require using any specific features of a
particular coordinate system beyond the gauge and tetrad
choices we have already stated; a similar approach has
recently been rigorously analyzed by Andersson et al. [43].
A disadvantage of our implementation though is that
outgoing radiation gauge is incompatible with most forms
of source term, including from matter with a stress energy
tensor that is not trace-free or that coming from first-order
vacuum perturbations.3 Therefore, we can compute the
gravitational wave perturbation Ψ4 to second-order, but the
metric tensor only to first order. Recently [46] proposed a
method based (in part) on Hertz potentials that does not
seem to have such restrictions. However, for our purposes
we believe our method is more straightforward to

implement (see our companion paper [4] for more dis-
cussion on these different approaches to reconstruction).
Given a solution Ψð1Þ

4 to the Teukolsky equation, below
are the transport equations we solve to reconstruct the first-
order metric:

−ðΔþ 4μÞΨð1Þ
3 þ ðð − τÞΨð1Þ

4 ¼ 0; ð12aÞ

−ðΔþ μþ μ̄Þλð1Þ − Ψð1Þ
4 ¼ 0; ð12bÞ

−ðΔþ 3μÞΨð1Þ
2 þ ðð − 2τÞΨð1Þ

3 ¼ 0; ð12cÞ

−ðΔ − μþ μ̄Þhm̄ m̄ − 2λð1Þ ¼ 0; ð12dÞ

−Δπð1Þ −Ψð1Þ
3 − ðπ̄ þ τÞλð1Þ þ 1

2
μðπ̄ þ τÞhm̄ m̄ ¼ 0; ð12eÞ

−ðΔþ μ̄Þhlm̄ − 2πð1Þ − τhm̄ m̄ ¼ 0; ð12fÞ

− ðΔþ μ̄ÞðμhllÞ−μððþ π̄þ2τÞhlm̄−2Ψð1Þ
2 −πðð0−πÞhmm

þðμð0−3μπþ2μ̄π−2μτ̄Þhlm
−2ððþ π̄Þπð1Þ−2ππ̄ð1Þ ¼ 0: ð12gÞ

We solve the equations in the sequence listed, in each
step obtaining one of the following set of unknowns:

fΨð1Þ
3 ; λð1Þ;Ψð1Þ

2 ; hm̄ m̄; πð1Þ; hlm̄; hllg. We set the initial val-
ues for all these quantities to zero; as explained in the
introduction and Sec. IV, this choice is consistent from the
ingoing slice v ¼ vu shown in Fig. 1 onward (i.e., for

v ≥ vu), as long as the initial data for Ψð1Þ
4 only contain

azimuthal modes jmj ≥ 2.

E. Source term for the second-order perturbation Ψð2Þ
4

Having computed the linearized metric, we can then
solve for the second-order perturbation of the Weyl scalar,

Ψð2Þ
4 . As was first shown in [36], the equation of motion for

Ψð2Þ
2 can be written as

T Ψð2Þ
4 ¼ S½hμν�; ð13Þ

where T is the Teukolsky operator [Eq. (3)] and S is the
“source” term which depends on the first-order perturbed
metric. The general expression for S is given in [4,36].
Here we write it down in outgoing radiation gauge and with
our background tetrad choice (see Appendix B for a
derivation):

S ¼ ðΔþ 4μþ μ̄Þsd þ ðð0 þ 4π − τ̄Þst; ð14Þ

where

3We note though that the general approach of reconstructing
the metric by solving a series of nested transport equations does
not require one to use the radiation gauges; indeed Chandrasekhar
[39] does not use a radiation gauge. For a brief review of recent
works that directly reconstruct the metric: Andersson et al. [43]
work in outgoing radiation gauge for perturbations of Kerr;
Dafermos, Holzegel, and Rodnianski [44] work in a double null
gauge for perturbations of Schwarzschild; and Klainerman and
Szeftel [45] work in a Bondi gauge for perturbations of Schwarzs-
child. In a different gauge one could presumably reconstruct the
metric in the presence of linearized matter perturbations. That
being said, using a radiation gauge greatly simplifies and reduces
the number of metric reconstruction equations that we need to
solve and is sufficient for solving for the dynamics of the second-
order Weyl scalar Ψð2Þ

4 about a Kerr background.
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sd≡1

2
hllðΔþμÞΨð1Þ

4 þΨð1Þ
4

�
1

2
ððþ π̄þ2τÞhlm̄

þðΔ−μþ μ̄Þhll−
1

2
ðð0−5π−4τ̄Þhlm

�

−
1

2
Ψð1Þ

3 ½ððþ π̄þ τÞhm̄m̄þðΔ−2μþ μ̄Þhlm̄�

−
�
hlm̄Δ−

1

2
hm̄m̄ð−4πð1Þ

�
Ψð1Þ

3 −3λð1ÞΨð1Þ
2 ; ð15aÞ

st ≡ −hlmðΔþ μþ 2μ̄ÞΨð1Þ
4 þ 1

2
hmmð0Ψ

ð1Þ
4

þ Ψð1Þ
4

�
π̄ð1Þ − Δhlm þ

�
ð0 −

1

2
π −

1

2
τ̄

�
hmm

�
: ð15bÞ

III. MEASUREMENT OF THE GRAVITATIONAL
WAVE AT FUTURE NULL INFINITY

For outgoing radiation at future null infinity in an
asymptotically flat coordinate system there is a simple
relation between Ψð1Þ

4 and the linearized metric (e.g., [26]):

lim
r→∞

Ψð1Þ
4 ¼ −

1

2
ð∂2

t hþ − i∂2
t h×Þ; ð16Þ

where theþ and × subscripts refer to the “plus” and “cross”
polarizations, respectively, of the gravitational wave. From
this we can then also calculate other quantities of interest,
such as the energy and angular momentum radiated to
future null infinity.
As is discussed in [36] (see Secs. III C and IV therein),

Ψð2Þ
4 is in general not invariant under gauge or tetrad

transformations that are first order in magnitude (it is
invariant under second-order transformations). This com-

plicates the interpretation ofΨð2Þ
4 , unless the gauge or tetrad

is fixed in an appropriate way, or as outlined in [36], a
gauge invariant object is calculated that by construction

reduces to Ψð2Þ
4 in the desired gauge at null infinity. Here,

because we use the outgoing radiation gauge in an
asymptotically flat representation of Kerr, and our first-
order correction to the tetrad (B1a) amounts to a class II
transformation that leavesΨ4 invariant [39], we can directly

interpret Ψð2Þ
4 as we do Ψð1Þ

4 in (16) at future null infinity;

i.e., we can interpret the real and imaginary parts of Ψð2Þ
4 as

the second time derivative of the plus and cross gravita-
tional wave polarizations, respectively.
Another way to understand the physical interpretation of

the second-order gravitational wave perturbation at future
null infinity is through the radiated energy and angular
momentum [36]:

dE
du

����
J þ

¼ lim
r→∞

�
r2

4π

Z
Ω
dΩ

����
Z

u

−∞
du0Ψ4

����
2
	
; ð17aÞ

dJz
du

����
J þ

¼ − lim
r→∞

R
�
r2

4π

Z
Ω
dΩ

�
∂ϕ

Z
u

−∞
du0Ψ4

�

×

�Z
u

−∞
du0

Z
u0

−∞
du00Ψ4

�	
: ð17bÞ

In computing Ψð2Þ
4 at future null infinity using outgoing

radiation gauge to linear order, one can compute the linear
and leading-order nonlinear contribution to the radiated
energy and angular momentum through future null infinity.

IV. INITIAL DATA

As discussed in the introduction and illustrated in Fig. 1
there, on our T ¼ 0 initial data surface i0 we set Ψ

ð1Þ
4 to be

nonzero, smooth over a compact region p0 ⊂ i0, and set the
rest of our evolution variables (the metric reconstructed

variables fhll; hlm̄; hm̄ m̄;Ψ
ð1Þ
3 ;Ψð1Þ

2 ; λð1Þ; πð1Þg, and Ψð2Þ
4 ) to

be zero everywhere on i0. The initial data are consistent if
they satisfy all of the Einstein equations to the relevant
order in perturbation theory. Our choice of initial data is in
general only consistent in the complement of p0 and then
only, as discussed in the following subsection, for angular
components with l ≥ 2. As the reconstructed metric var-
iables are advected along nμ (the principal part of their
corresponding transport equations is Δ), the constraint-
violating modes in our initial data will also be advected
along nμ, into the black hole. As the constraint-violating
region is restricted to the initial compact region p0, within a
finite amount of evolution time all of the l ≥ 2 constraint-
violating modes will propagate off our computational
domain.
To estimate how long we must wait until the constraint-

violating modes are advected into the black hole, we
compute the travel time along nμ from the outermost point

Rmin of the support of Ψð1Þ
4 on the initial data slice to the

black hole horizon RH (recall that R increases toward the
horizon). From

Δf ¼ nμ∂μf ¼
�
2þ 4MR

L2

�
∂Tf þ R2

L2
∂Rf; ð18Þ

we see that along the characteristic we can write

dT
dR

¼ L2

R2

�
2þ 4MR

L2

�
: ð19Þ

Thus the time we need to wait is

Tmw

M
¼

Z
RH

Rmin

dR
M

L2

R2

�
2þ 4MR

L2

�

¼ 2L2

M

�
1

Rmin
−

1

RH

�
þ 4 ln

�
RH

Rmin

�
: ð20Þ
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Using the relation r≡ L2=R to convert to Boyer-Lindquist
r, with rmax ≡ L2=Rmin, and for a conservative estimate of
the wait time setting rH ≡ L2=RH ¼ M, Table I gives
several wait times for illustration.

A. Modes jmj= 0, 1
A field of spin weight s and angular number m has

angular support over modes l ≥ max ðjsj; jmjÞ (see
Appendix D). Essentially because of this, and as is well

known, the s ¼ −2 field Ψð1Þ
4 cannot describe changes to

the Kerr spacetime mass (which has support over l ¼ 0
modes) and spin (which has support over l ¼ 1modes), nor
can it fix spurious gauge modes with support over those
angular numbers l ¼ 0 and l ¼ 1 [47]. Moreover, as the
mass and spin modes do not propagate, we cannot simply
begin with a constraint-violating region of compact support
and expect the constraint-violating modes to propagate off
our domain in some finite amount of time (as they do for
l; jmj ≥ 2 propagating modes). In order to obtain fully
consistent evolution we would need to add in consistent
l ¼ 0, 1 data everywhere on our initial data surface.4

We leave constructing such nontrivial initial data for
future research and content ourselves with metric
reconstruction for jmj ≥ 2 modes. We note that while we
can only reconstruct the metric over angular modes
l; jmj ≥ 2, we can still compute their contribution to the

evolution of Ψð2Þ
4 for jmj ¼ 0, 1, as that field only has

support over angular numbers l ≥ 2. In particular, for the
examples presented here we can still consistently compute
the contribution of the m ¼ −2 and m ¼ 2 metric recon-

structed fields to the evolution of the m ¼ 0 mode of Ψð2Þ
4 .

V. CODE IMPLEMENTATION DETAILS

In this section we describe the details of our numerical
implementation. The code can be downloaded at [38]. A
Mathematica notebook that contains our derivations of the

equations of motion in coordinate form can be downloaded
at [50].

A. Teukolsky and metric reconstruction equations in
coordinate form

One can economically write a master equation for both
the spin s ¼ −2 equation governing Ψ4 (3) and the spin
s ¼ 2 equation governing Ψ0 (see [26]), so we do that here,
though the rest of the paper deals exclusively with Ψ4.
Following [26], we define the functions ψ ð1Þ

4 and ψ ð1Þ
0 via

Ψð1Þ
4 ≡ Rψ ð1Þ

4 ; ð21aÞ

Ψð1Þ
0 ≡ R

�
Ψ2

M

�
4=3

ψ ð1Þ
0 ; ð21bÞ

which are motivated by the “peeling theorem” [40]: we

expect Ψð1Þ
4 ∼ 1=r ¼ R and Ψð1Þ

0 ∼ 1=r5 ∼ R5. We next
multiply the NP form of the Teukolsky equation
Eq. (3) (and its analog spin 2 version) by 2ΣBL=R
(ΣBL ≡ r2 þ a2 cos2 ϑ) to make the leading-order terms
finite at R ¼ 0 (future null infinity). These scalings allow
one to directly solve for and read off the gravitational waves
at infinity as finite, nonzero fields. The resultant spin s ¼
�2 Teukolsky equation, in terms of these variables in our
coordinates and tetrad, is

�
8M

�
2M −

a2R
L2

��
1þ 2MR

L2

�
− a2sin2ϑ

�
∂2
Tψ

ð1Þ − 2

�
L2 − ð8M2 − a2ÞR

2

L2
þ 4

a2M
L

R3

L3

�
∂T∂Rψ

ð1Þ

−
�
L2 − 2MRþ a2

R2

L2

�
R2

L2
∂2
Rψ

ð1Þ − s=Δψ ð1Þ þ 2a

�
1þ 4MR

L2

�
∂T∂ϕψ

ð1Þ þ 2a
R2

L2
∂R∂ϕψ

ð1Þ

þ 2

�
2M

�
−sþ ð2þ sÞ 2MR

L2
−
3a2R2

L4

�
−
a2R
L2

þ isa cosϑ

�
∂Tψ

ð1Þ

þ 2R

�
−ð1þ sÞ þ ðsþ 3ÞMR

L2
−
2a2R2

L4

�
∂Rψ

ð1Þ þ 2aR
L2

∂ϕψ
ð1Þ þ 2

�
ð1þ sÞMR

L2
−
a2R2

L4

�
ψ ð1Þ ¼ 0; ð22Þ

where s should be set to −2 (2) if ψ ð1Þ ¼ ψ ð1Þ
4 (ψ ð1Þ

0 ) and s=Δ is the spin weight s Laplace-Beltrami operator on the unit two-
sphere; see Appendix D.

4Determining consistent l ¼ 0, 1 data is sometimes called “completing the metric reconstruction” procedure in the gravitational self-
force literature and remains only a partially solved problem in that field; e.g., [48,49], and references therein.

TABLE I. Example minimum wait times Tmw before constraint-
violating region exits computational the domain, and we begin

evolving Ψð2Þ
4 .

rmax=M Tmw=M

3 ∼9
5 ∼15
10 ∼28
50 ∼114
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We rewrite Eq. (22) as a system of first-order partial differential equations by defining

Pð1Þ ≡
�
8M

�
2M −

a2R
L2

��
1þ 2MR

L2

�
− a2sin2ϑ

�
∂Tψ

ð1Þ − 2

�
L2 − ð8M2 − a2ÞR

2

L2
þ 4

a2M
L

R3

L3

�
∂Rψ

ð1Þ

þ 2a

�
1þ 4MR

L2

�
∂ϕψ

ð1Þ þ 2

�
2M

�
−sþ ð2þ sÞ 2MR

L2
−
3a2R2

L4

�
−
a2R
L2

þ isa cos ϑ

�
ψ ð1Þ; ð23aÞ

Qð1Þ ≡ ∂Rψ
ð1Þ: ð23bÞ

We decompose the fields in terms of eimϕ, as the
equations of motion are invariant under shifts in ϕ.
Defining

vðT; R;ϑ;ϕÞ≡
0
B@

Pð1ÞðT; R;ϑÞ
Qð1ÞðT; R;ϑÞ
ψ ð1ÞðT; R;ϑÞ

1
CAeimϕ ð24Þ

and factoring out the overall factor of eimϕ, we can write the
Teukolsky equation as

∂Tv ¼ A∂Rv þ Bs=Δv þ Cv; ð25Þ

where A, B, and C are matrices that can be straightfor-
wardly evaluated from Eqs. (22)–(24). We empirically find
for very rapidly rotating black holes (a=M ≳ 0.99) that the
“constraint” Q − ∂Rψ4 ¼ 0 is poorly maintained by free
evolution. To amend this, we evolve our runs by imposing
the constraint Q ¼ ∂Rψ4 at each intermediate step of our
time solver (fourth-order Runge-Kutta scheme; see e.g.,
[51]) and not freely evolving Q. A test that our Teukolsky
solver gives solutions that converge to the continuum
Teukolsky equation then comes from our check that the

late time behavior of Ψð1Þ
4 matches the behavior of a mode

that one would expect for a s ¼ −2, l ¼ max ½jsj; jmj�
quasinormal mode (see Sec. V H).
Using the coordinate forms of the tetrad Eq. (C20) and

NP scalars Eq. (8), it is straightforward to write the metric
reconstruction equations (12) and directional derivative
operator Δ (1) in coordinate form; the full expressions are
not particularly illuminating, so we do not give their
explicit form here. Their full form can be found in the
Mathematica notebook [50]. We describe how we evaluate
the GHP derivatives ð and ð0 in Sec. V C.

B. Pseudospectral evolution

We numerically solve the Teukolsky equation Eq. (25)
and the metric reconstruction equations Eq. (12) using
pseudospectral methods. Here we review the basic
elements of pseudospectral methods that we implemented
in our code; see, e.g., [52–54] for a general discussion
of these methods. As mentioned, the equations of motion
are invariant under shifts of ϕ, so we first decompose

all variables in terms of definite angular momentum
number m:

ηðT; R;ϑ;ϕÞ≡ η½m�ðT; R;ϑÞeimϕ: ð26Þ

For a given m then, we have to solve a 1þ 2 (T þ ðR;ϑÞ)
dimensional system of partial differential equations.
We expand the fields as a sum of Chebyshev poly-

nomials and spin-weighted spherical harmonics. Writing

Rmax ≡ L2

rþ
; ð27aÞ

x≡ 2
R

Rmax
− 1; ð27bÞ

y≡ − cos ϑ; ð27cÞ

we have

η½m�ðT; x; yÞ ¼
X
n;l

η½m�
nl ðTÞTnðxÞsPm

l ðyÞ; ð28Þ

where Tn is the nth Chebyshev polynomial,

TnðxÞ≡ cos ðn arccosðxÞÞ; ð29Þ

and sPm
l is a spin-weighted associated Legendre polyno-

mial (see Appendix D). We use the spin weight s of a
quantity (related to how it scales under certain tetrad
transformations) as introduced by GHP [41]. All NP scalars
except for fα; β; ϵ; γg have a definite spin weight, as do our
first-order metric projections; see Table II for a listing of the
spin weights and radial falloff of the variables we solve for
in our code. Expanding each field with the matching spin-
weighted spherical harmonic sPm

l ensures the fields auto-
matically have the correct regularity properties along the
axis ϑ ¼ 0;ϖ.
We evaluate theChebyshev polynomials atGauss-Lobatto

collocation points and move to and from Chebyshev space
using fast cosine transforms (FCT)5:

5Specifically, we evaluate the fast cosine transforms using
fastest fourier transform in the west [55]; see [38].
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ηðT; x; yÞ⇄FCT
FCT

X
n

ηnðT; yÞTnðxÞ: ð30Þ

We evaluate the spin-weighted associated Legendre poly-
nomials at the roots of the nth Legendre polynomial and
move to and from spin-weighted spherical harmonics using
Gauss quadrature and direct summation:

ηðT; x; yÞ ⇄Gauss quadrature
summation

X
l

ηlðT; xÞsPm
l ðyÞ: ð31Þ

We evaluate radial derivatives by transforming to Chebyshev
space and then recursively use the relation

1

nþ 1

dTnþ1

dx
−

1

n − 1

dTn−1

dx
¼ 2Tn; ð32Þ

with the seed conditionTnmaxþ1 ¼ 0 aswe only expand out to
nmax Chebyshev polynomials. All the angular derivatives in
our equations of motion either appear in terms of the spin-
weighted spherical Laplacian s=Δ or in terms of the GHP
covariant operators ð and ð0; we discuss how we evaluate
these in Sec. V C below.
We evolve the equations in time with the method of lines,

specifically using a fourth-order Runge-Kutta integrator
(see e.g., [51]). We use a time step Δt of 9=max ðN2

x; N2
yÞ,

whereNx ðNyÞ is the number of radial (angular) collocation
points. After each time step we apply an exponential filter
to all the evolved variables in spectral space:

cnl → exp

�
−A

��
n

nmax

�
p
þ
�

l
lmax

�
p
	�

cnl: ð33Þ

For the results presented here we set A ¼ −40 and p ¼ 16.
We use A ¼ −40 as e−40 ∼ 10−18 is roughly the relative
precision of the double-precision floating point arithmetic
we used. We set p ¼ 16 so that spectral coefficients of low
n and l are largely unaffected by the filter. Note that the
filter converges away with increased resolution (i.e., larger
nmax and lmax). We found using a smooth spectral filter such
as Eq. (33) [as opposed to simply zeroing cnl above a
certain ðn; lÞ] was crucial to achieve stable evolution for
high-spin (a ≳ 0.99) black holes.
We evaluate the source term [Eq. (14)] in two steps. We

first compute sd and st [Eqs. (15)] and then Eq. (14). We
can rewrite time derivatives in sd and st in terms of spatial
derivatives using the evolution equations (12), which can
then be evaluated using pseudospectral methods (we use P

to evaluate ∂tΨ
ð1Þ
4 ). We compute the time derivative for e.g.,

ðΔþ 4μþ μ̄Þsd by saving several time steps for sd and
evaluating ∂=∂T with a fourth-order backward difference
stencil (again spatial derivatives are computed using
pseudospectral methods).

C. Evaluation of the GHP ð and ð0 operators

We can straightforwardly evaluate the background NP
scalars at each collocation point using Eqs. (8). Using the
expressions for the tetrad (C20), we can also straightfor-
wardly evaluate the NP derivatives in Eq. (1). The only
potential difficulty comes from fα; β; δ; δ̄g, as they all
contain components that go as ∼1= sin ϑ; i.e., they blow up
on the coordinate axis ϑ ¼ 0;ϖ. To obtain regular answers
using fα; β; δ; δ̄g, we use these terms in combinations that
have definite spin weight. In particular, these terms only
appear in combinations that make up the GHP derivative
operators fð; ð0g, which do have definite spin weight when
acting on scalar fields of definite spin weight.6 In our
coordinate system, these operators evaluate to

ðη ¼ Rffiffiffi
2

p 1

ðL2 − iaR cosϑÞ ð−ia sin ϑ∂T þ ĐÞη

−
ipffiffiffi
2

p aR2 sin ϑ
ðL2 − iaR cos ϑÞ2 η; ð34aÞ

ð0η ¼ Rffiffiffi
2

p 1

ðL2 þ iaR cosϑÞ ðia sin ϑ∂T þ Đ0Þη

þ iqffiffiffi
2

p aR2 sinϑ
ðL2 þ iaR cosϑÞ2 η; ð34bÞ

where fĐ;Đ0g are the raising and lowering operators for
spin-weighted spherical harmonics (see Appendix D) and
fp; qg are the weights of the NP field in question (see [41]).
Note that we evaluate fĐ;Đ0g in spectral space using the
relations (D8) and (D9). Written this way, the GHP
derivatives are clearly regular at ϑ ¼ 0;ϖ (as they should
be, as they are GHP-covariant quantities).

D. Boundary conditions

We place the radial boundaries of our domain at the black
hole horizon and at future null infinity, which is possible as
our coordinates are hyperboloidally compactified and
horizon penetrating (for more of a discussion on hyper-
boloidal compactifications, see e.g., [56]). At these loca-
tions none of the field characteristics point into our
computational domain, so we do not need to impose
boundary conditions at those boundaries.
The polar boundaries of the computational domain ϑ ¼

f0;ϖg are not boundaries of the physical domain, and
often in such situations regularity conditions need to be
applied there. However, as we have rewritten all the
equations so they are regular at the poles, in particular
in that we calculate angular derivatives using the GHP ð
and ð0 operators applied to the correct spin-weighted
harmonic decomposition of each variable, regularity is
ensured at ϑ ¼ 0;ϖ without any additional conditions.

6Wehave already substituted fð; ð0g for fα; β; δ; δ̄g in themetric
reconstruction equations (12) and source terms (14) and (15).
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E. Second-order equation and radial rescaling

For the second-order perturbation, the corresponding
Teukolsky equation we solve is

�
2ΣBL

1

R

�
T


Rψ ð2Þ

4

�
¼

�
2ΣBL

1

R

�
S; ð35Þ

where T is the same spin-weight −2 Teukolsky operator in
Eq. (3) as acts on the first-order perturbation; hence, the
coordinate form of the left-hand side is the same as in

Eq. (22) with s ¼ −2, but with ψ ð1Þ
4 replaced with ψ ð2Þ

4 .
The different radial falloff behavior of different NP

scalars and first-order metric fields can make it challenging
to accurately evaluate the source term S using double-
precision arithmetic. To alleviate some of this, in the code
we use versions of these quantities rescaled by their
assumed falloff, as summarized in Table II. We use a
circumflex to denote the rescaled form of a variable; for

example Ψð1Þ
4 ≡ RΨ̂ð1Þ

4 , ρ≡ Rρ̂, hlm̄ ≡ R2ĥlm̄, etc. Note the
radial derivative acting on a rescaled field is

∂Rf ¼ Rn−1ðnþ R∂RÞf̂: ð36Þ

F. Evolution of different m modes

As the Kerr background is invariant under rotations in ϕ,
to linear order in perturbation theory each m mode is
preserved. To second-order in perturbations there is mode
mixing. In particular, from the form of the source term
[Eq. (14)] and given at present we only evolve a single

magnitude jmj mode of Ψð1Þ
4 in our code, we will have

mixing of the form

fΨð1Þ½m�
4 ;Ψð1Þ½−m�

4 g → fΨð2Þ½2m�
4 ;Ψð2Þ½0�

4 ;Ψð2Þ½−2m�
4 g: ð37Þ

For any given run then we simultaneously evolve first-order
perturbative modes with angular numbers �m and second-
order perturbations with angular numbers f0;�2mg.

In astrophysical scenarios, we expect all m modes to be
excited, which would lead to more complicated mode
mixing: from the source term we see any pair of first-order
modes m1, m2 will in general produce the four second-
order modes �m1 �m2. While our code can handle such
cases, in this paper we only consider mode mixing of the
form ½m� → f½0�; ½�2m�g.

G. Functional form of our initial data

Here we present the specific functional form of initial
data for Ψð1Þ

4 , in terms of the evolved fields fψ4; Q; Pg (as
defined in Sec. VA above).
As discussed in the introduction, we choose initial data

for Ψð1Þ
4 that have compact support in r, to simplify the

initial conditions for the first-order reconstruction within
the part of the domain where we eventually solve for the

second-order perturbation Ψð2Þ
4 . For ψ ð1Þ

4 (≡rΨð1Þ
4 ), we

choose the following rescaled “bump function”:

ψ ð1Þ½m�
4

���
T¼0

¼

8>>><
>>>:

a0



r−rl
ru−rl

�
2


ru−r
ru−rl

�
2

×exp
h
− 1

r−rl
− 2

ru−r

i
sPm

l0
ðϑ;ϕÞ; rl < r< ru;

0; otherwise;

ð38Þ

where ru > rl, a0, l0 and m are constants, and sPm
l is

a spin-weighted associated Legendre polynomial (see

Appendix D). We set Qð1Þ ¼ ∂Rψ
ð1Þ
4 as per its definition

[Eq. (23b)]. We solve the following equation for Pð1Þ
[Eq. (23a)] at T ¼ 0 so that the initial gravitational wave
pulse is initially radially ingoing:

nT∂Tψ
ð1Þ
4 þ nR∂Rψ

ð1Þ
4 ¼ 0: ð39Þ

The reason for this choice is to minimize the “prompt”
response at future null infinity from an outgoing pulse that
would largely be a reflection of the initial data, thus more
quickly being able to measure the ringdown response of the
black hole to the perturbation.

H. Independent residuals and code tests

Our metric reconstruction procedure does not use all of
the Bianchi and Ricci identities; we can thus use some
of these “extra” equations as independent residual checks
of our numerical computation. We directly evaluate the
following Bianchi identity [see Eq. (1.321.d) in [39] ]:

B3 ≡ ðð0 þ 4πÞΨð1Þ
3

þ ð−D − 4ϵþ ρÞΨð1Þ
4 − 3λð1ÞΨ2 ¼ 0: ð40Þ

Beginning from [Eq. (1.321.c) in [39] ]

TABLE II. Spin weight and falloff of key variables. The falloff
is derived by assuming Ψð1Þ

4 ∼ 1=r and then considering the
metric reconstruction equations (12); these falloffs are consistent
with the peeling theorem [40] and with what we observe in our
code output. See [4] for a more detailed discussion, in particular
for a derivation of the radial falloff of hll, which depends on
several cancellations in the equations of motion.

Variable Spin weight Falloff

Ψð1Þ
4 ; λð1Þ; hm̄ m̄

−2 r−1

Ψð1Þ
3 ; πð1Þ; hlm̄ −1 r−2

Ψð1Þ
2 ; hll 0 r−3
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ð−ð0 − 3πÞΨð1Þ
2 þ ð−ð0 − 3πÞð1ÞΨ2

þ ðDþ 2ϵ − 2ρÞΨð1Þ
3 ¼ 0; ð41aÞ

using the first-order perturbed equations for δ̄ð1Þ in
Eq. (11c) and αð1Þ (see [4]), and the type D equations
for Ψ2:

ΔΨ2 ¼ −3μΨ2; ð42aÞ

ðΨ2 ¼ 3τΨ2; ð42bÞ

we obtain

B2 ≡
�
−3μhlm̄ −

3

2
τhm̄ m̄ − 3πð1Þ

�
Ψ2

− ðð0 þ 3πÞΨð1Þ
2 þ ðDþ 2ϵ − 2ρÞΨð1Þ

3 ¼ 0: ð43Þ

Another nontrivial test of our computation is to check
that hll converges to a real function. The reason it is not
manifestly real in our code is because we factor out definite
harmonic angular ϕ dependence from all variables via the
complex function eimϕ. It turns out that inconsistent initial
data (as we have prior to v ¼ vu in Fig. 1), as well as
truncation error, introduce an imaginary component to hll
after we reassemble it from the rescaled code variables.
Specifically then, we check the following residuals:

RH≡Rðh½m�
ll Þ −Rðh½−m�

ll Þ ¼ 0; ð44aÞ

IH≡ Iðh½m�
ll Þ þ Iðh½−m�

ll Þ ¼ 0; ð44bÞ

where the superscript [m] denotes the corresponding
variable excluding an eimϕ piece [see Eq. (26)].
Finally, we have also tested our Teukolsky solver by

evolving initial data with several different azimuthal
numbers m and various black hole spins and confirmed
that the late time quasinormal mode decay (before power
law decay sets in) at null infinity is consistent, to within
estimated truncation error, with known parameters of the
dominant l ¼ m mode.7

We have not implemented an independent residual check
for our source term S in Eq. (14). We are not aware of, and
have not been able to devise, a method that can do so
without knowledge of the full second-order metric. In the
future we plan to check the result with a full numerical
relativity code, though that will require some nontrivial
work in providing initial data for the latter consistent to
second-order with our perturbative solution.

VI. NUMERICAL RESULTS

In this section we present two example scenarios, first for
a perturbation of a Kerr black hole with spin a ¼ 0.7 and
then for one with spin a ¼ 0.998. In both cases we choose
m ¼ 2 for the first-order perturbations’ azimuthal depend-

ence and show them ¼ 0 andm ¼ 4 second-orderΨð2Þ
4 this

produces.

A. Example evolution with black hole spin a= 0.7

Here we consider a perturbation of a black hole with spin
a ¼ 0.7, which is close to the value found after the merger
of two initially slowly spinning, near-equal-mass black
holes (see e.g., [58]). The simulation parameters are listed
in Table III.
In Fig. 2 we plot the absolute value of the real and

imaginary parts of Ψð1Þ;½m�
4 , along with Ψð2Þ;½2m�

4 and

Ψð2Þ;½0�
4 , measured at future null infinity. The time offset

between the start of the first- and second-order compo-
nents of the waveform is due to the delayed integration
start time Tw of the latter compared to the former; T ¼
Tw is twice the earliest time we can begin the second-
order evolution with a consistent source term. In Fig. 3
we plot the absolute value of the real and imaginary parts

of Ψð1Þ
4 and Sð2Þ on the black hole horizon; Fig. 4 shows

a resolution study of the latter. The region near the
horizon is where the source term is most significant (it
decays faster than 1=r going to null infinity), and as

expected Sð2Þ ∼ ðΨð1Þ
4 Þ2 there. In Fig. 5 we plot norms of

the metric reconstruction-independent residuals discussed
in Sec. V H, at three different resolutions. After the
constraint-violating portions have left the domain, we
find roughly exponential convergence to zero, in agree-
ment with what one would expect from a pseudospectral
code with a sufficiently small time step so that the time
integration truncation error is subdominant.

TABLE III. Parameters for spin a ¼ 0.7 black hole evolution
(unless stated otherwise in the figure captions). Tw is the “wait”

time before starting the evolution of Ψð2Þ
4 , which we choose to be

twice the “minimum” wait time Tmw for the initial data we
choose; see Sec. IV.

Mass 0.5

Spin 0.35 (a ¼ 0.7)
Low resolution Nx ¼ 160, Nl ¼ 28
Med resolution Nx ¼ 176, Nl ¼ 32
High resolution Nx ¼ 192, Nl ¼ 36
Tw 2 × Tmw ≈ 17.6M
m 2
l0 2
a0 0.1
rl 1.1 × rH
ru 2.5 × rH

7We take these quasinormal ringdown frequencies from [57],
who computed them using Leaver’s method.
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Though these initial data are more to illustrate our
solution scheme and are not astrophysically accurate, it
is useful to begin to understand the nonlinear response
when the black hole is excited by the fundamental l ¼
m ¼ 2 quasinormal mode, in particular if we wait a
sufficiently long time for overtones present in the initial
data to decay.8 Figure 2 suggests T ¼ Tw might not be early

enough, as Ψð1Þ
4 has just started to enter its decaying phase.

In Fig. 6 then we show results for the second-order modes
with the evolution begun at 2Tw and 3Tw, in addition to Tw
depicted in Fig. 2. The later start times show qualitatively
similar behavior, except the amplitude is lower by a factor

close to the square of the decay in the amplitude of Ψð1Þ
4

over the relevant delay time. To help interpret the results
further, in Fig. 7 we plot the normalized absolute value of
the Fourier transform of Ψ4, taken with two different

windows: an earlier time window to capture the prompt
second-order response (but still sufficiently past T ¼ 0 that
the first-order source is dominated by the single decaying
quasinormal mode) and a later time window to show the
late time behavior once second-order transient effects have
decayed. Also shown for reference are Fourier transforms
of pure damped sinusoids corresponding to the dominant
fundamental quasinormal modes expected for each m.
These plots illustrate a couple of interesting aspects of

the second-order piece of a quasinormal mode perturbation
of an a ¼ 0.7 spin Kerr black hole. First, beginning with

zero initial data for Ψð2Þ
4 on our T ¼ const slice, the

response at future null infinity builds up to a maximum
over 1–2 local dynamical timescales, before settling down
to a quasinormal modelike decay. This is in part because
where the source term is most significant is spread out over
a region a few Schwarzschild radii about the horizon and in
part because of our prompt start of the second-order
evolution. Second, the source term clearly excites the
fundamental m ¼ 0 and m ¼ 4 quasinormal modes (i.e.,
solutions one would obtain from the source-free Teukolsky
equation), and these dominate the late time response due to

FIG. 2. Behavior of the real (left) and imaginary (right) parts of r ×Ψð1Þ;½m�
4 (here m ¼ 2) at future null infinity (J þ), compared with

r × Ψð2Þ;½2m�
4 (top) and r ×Ψð2Þ;½0�

4 (bottom), for the a ¼ 0.7 case (see Table III for simulation parameters). For reference we show the

same Ψð1Þ
4 data in the top and bottom panel for each case, though notice the different vertical scales. Ψð1Þ

4 is initially zero as the data are

compactly supported near the origin, and Ψð2Þ
4 is zero until we begin its evolution at Tw ¼ 17.6M; see Fig. 6 for results with this turn-on

time delayed to 2Tw and 3Tw. The data are from the “high-resolution” run, and the truncation error estimate for all these functions
remains ≲1% throughout the evolution.

8In a Kerr spacetime, setting initial data (38) with a single l0
mode of the spin-weighted Legendre polynomials sPm

l0
will excite

a spectrum of different l quasinormal modes measured at infinity,
unless the black hole spin a ¼ 0.
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FIG. 3. Comparison of the magnitude of the real (left) and imaginary (right) components of Ψð1Þ
4 with the corresponding components

of the second-order source terms for Sð2Þ;½4� (top) and Sð2Þ;½0� (bottom), at the black hole horizon, for the a ¼ 0.7 case (Table III). For

reference we show the same Ψð1Þ
4 data in the top and bottom panel for each case.

FIG. 4. A resolution study of the real (left) and imaginary (right) parts of the second-order source terms Sð2Þ½4� (top) and Sð2Þ½0� (bottom)
at the black hole horizon, for the a ¼ 0.7 case (Table III). This demonstrates that we are resolving the source terms until relatively late
times (t=M ∼ 120 at high resolution).
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FIG. 5. The discrete two norm [see Eq. (A1)] of independent residuals B3, B2, and H for metric reconstruction [see, respectively,
Eqs. (40), (43), and (44)], for the spin a ¼ 0.7 case, as a function of time for three different resolutions (Table III). We only begin to
obtain convergence to zero once the region with inconsistent initial data has left our computational domain (around t=M ∼ 10).

FIG. 6. Comparison of the real (left) and imaginary (right) components of the second-order Ψð2Þ;½4�
4 (top) and Ψð2Þ;½0�

4 (bottom) fields,
from the same a ¼ 0.7 first-order perturbation depicted in Fig. 2, as a function of when we begin evolving the second-order field. Three
cases are shown, including for reference the Tw case also shown in Fig. 2.
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their slower decay. Or said another way, suppose the late
time response was purely a driven mode, then (following
the behavior of the source term in Fig. 3) one would expect
the slope to be twice that of the first-order mode, and the
amplitude of the second-order piece at a given late time
should not depend on the start time, unlike what is shown in
Figs. 2 and 6.9 From the perspective of the Fourier

transforms in Fig. 7, for m ¼ 4 the presence of this early
time behavior can be inferred by the narrower shape of the
numerical data curve compared to that of the fundamental
quasinormal mode: the driven and fundamental modes have
essentially the same frequency to within the resolution of
the Fourier transform here, and, despite the more rapid
decay of the former, the initial growth phase (Fig. 6) makes
the transform of their sum look slightly closer to that of an
undamped sinusoid (a delta function). The interpretation of
the m ¼ 0 mode in this sense is less clear.
An implication of the above for ringdown studies are

(caveats about the physical accuracy of our initial data
aside): if an l ¼ m ¼ 4 component is searched for follow-
ing a comparable mass merger, given this mode’s low
amplitude relative to the l ¼ m ¼ 2 mode, in the first few

FIG. 7. Normalized absolute value of the Fourier transform (A3) of the real (left) and imaginary (right) parts of Ψð1Þ;½2�
4 , Ψð2Þ;½4�

4 , and

Ψð2Þ;½0�
4 , taken over two different windows, for the a ¼ 0.7 case (see Table III). The data for the second-order components come from the

3Tw start time (see Fig. 6). The window for the top panels is from ½3Tw; 150M�, thus including the early time behavior of the response,
while for the bottom panels is ½5Tw; 150M� to focus on the late time response. The darker plotted lines are from the numerical output,
while the lighter plotted lines are the Fourier transform of e−ωI t sin ðωRtÞ with damping time 1=ωI and frequency ωR of the l ¼ m (e.g.,
l ¼ 2; m ¼ 2) quasinormal mode for an a ¼ 0.7 spin black hole computed via Leaver’s method (taken from [57]).

9All this behavior can qualitatively be captured by a driven,
damped harmonic oscillator model, d2yðtÞ=dt2 þ λdyðtÞ=
dtþ ω2yðtÞ ¼ fðtÞ, where the source fðtÞ is zero before being
turned on at time t0. In addition to the driven (particular solution)
response to fðtÞ, demanding continuity in y and dy=dt at t ¼ t0
will generically require that the fundamental modes (homo-
geneous solutions) of the oscillator are also excited then.
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cycles of ringdown nonlinear energy transfer from the l ¼
m ¼ 2 to the l ¼ m ¼ 4 mode could be observable and
should be accounted for. Furthermore, once past this and in
the linear regime, the amplitude and phase of the l ¼ m ¼ 4
mode that may be measured then would differ from the
linear evolution of what one could consider as the “initial”
amplitude and phase of this mode excited by merger. With
proposals to coherently stack multiple detected events to

search for common subdominant modes that rely on
knowledge of predicted amplitudes and phases [59], this
implies nonlinear effects need to be accounted for, either by
incorporating them in the models or using the “final”
amplitudes and phases if only the linear portion of the
waveforms are included.

B. Example evolution with black hole spin a= 0.998

Here we show results from a simulation of the perturba-
tion of a black hole with a spin near the “Thorne limit” [60]
a ∼ 0.998, which is expected to be the maximum black hole
spin that can be achieved within a class of thin-disk
accretion models. Our simulation parameters are listed in
Table IV. Note that the relevant dynamical timescale for a
near-extremal black hole is Td∼M=

ffiffiffiffiffiffiffiffiffiffi
1−a

p
. For a ¼ 0.998,

Td ∼ 22M, so evolving for T ∼ 150M corresponds to
T ∼ 7 × Td, a considerably shorter time in terms of Td
than for a ¼ 0.7. Given that it is computationally intensive
to evolve the a ¼ 0.998 case for a comparable number of
dynamical timescales with our present code, we leave
investigating late time effects to future work.
We show the same set of data as from the a ¼ 0.7 runs:

the magnitudes of Ψð1Þ
4 and Ψð2Þ

4 at future null infinity

(Fig. 8), the magnitudes of Ψð1Þ
4 and Sð2Þ at the horizon

FIG. 8. Behavior of the real (left) and imaginary (right) parts of r ×Ψð1Þ;½m�
4 (here m ¼ 2) at future null infinity (J þ), compared with

r × Ψð2Þ;½2m�
4 (top) and r ×Ψð2Þ;½0�

4 (bottom), for the a ¼ 0.998 case (see Table IV for simulation parameters). As with the data shown for
the a ¼ 0.7 case in Fig. 2, the truncation error estimates are less than ∼1% throughout.

TABLE IV. Parameters for spin a ¼ 0.998 black hole evolution
(unless stated otherwise in the figure captions).Tw is the “wait” time

before starting the evolutionofΨð2Þ
4 ,whichwechoose to be twice the

“minimum”wait timeTmw for the initial datawe choose; seeSec. IV.

Mass 0.5

Spin 0.499 (a ¼ 0.998)
Low resolution Nx ¼ 176, Nl ¼ 32
Med resolution Nx ¼ 192, Nl ¼ 36
High resolution Nx ¼ 208, Nl ¼ 40
Tw 2 × Tmw ≈ 13.6M
m −2
l0 2
a0 0.1
ru 1.1 × rH
rl 2.5 × rH
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(Fig. 9), a resolution study of the latter (Fig. 10), con-
vergence of the metric reconstruction independent residuals
(Fig. 11), the second-order response with varied start time

(Fig. 12), and Fourier transforms of Ψð1Þ
4 and Ψð2Þ

4 at future
null infinity (Fig. 13).
For the most part, the interpretation of the results is

similar to the a ¼ 0.7 case, taking into account the shorter
evolution time in terms of Td for the a ¼ 0.998 case. A
notable difference though is a significant nonoscillatory
component to the second-order m ¼ 0 mode. One can
roughly understand why such a component might appear

given our initial data for Ψð1Þ;½m�
4 ∝ eiωRt−ωI t (we follow the

quasinormal mode convention where an exponential eiωt

has complex frequency ω≡ ωR þ iωI). The m ¼ 0 source
term largely comes from reconstructed fields of the form

p½m� × q½m�, where p½m�; q½m� ∝ Ψð1Þ;½m�
4 ; hence their oscilla-

tory components can cancel, leaving a real exponential

piece decaying at roughly twice the rate of Ψð1Þ;½m�
4 . For

near-extremal spins (in contrast to the a ¼ 0.7 case), this
driven component has a decay rate quite close to the
fundamental m ¼ 0, l ¼ 2 harmonic,10 which is why it
remains visible in the waveform at late times. We find that

how much of an oscillatory vs pure exponential piece is

visible in either of the real or imaginary parts of Ψð2Þ;½0�
4

depends quite sensitively on the relative amplitudes and

phases of the real vs imaginary components of Ψð1Þ
4 in the

initial data.

VII. CONCLUSION AND FURTHER EXTENSIONS

We have presented a new numerical evolution scheme to
reconstruct the linear metric from the Weyl scalar Ψð1Þ

4 in
Kerr spacetimes, along with a numerical implementation of
the equations of motion for the second-order perturbation

Ψð2Þ
4 (a more detailed discussion of the analytic framework

we used is discussed in the Appendixes of this paper and in
our first paper [4]). This first implementation is limited in
several respects, and in the remainder of this section we
outline possible extensions that will allow more direct
application to our desired goals of studying second-order
effects in postmerger black hole ringdown, investigating
gravitational wave turbulence, and other related issues for
rapidly rotating Kerr black holes.
In this study we only considered mode coupling from a

single mode of angular number m, Ψð1Þ;½m�
4 , to produce the

frequency-doubled second-order components Ψð2Þ;½2m�
4 and

Ψð2Þ;½0�
4 . Astrophysically realistic sets of initial data will

FIG. 9. Comparison of the magnitude of the real (left) and imaginary (right) components of Ψð1Þ
4 with the corresponding components

of the second-order source terms for Sð2Þ;½4� (top) and Sð2Þ;½0� (bottom), at the black hole horizon, for the a ¼ 0.998 case (Table III).

10See e.g., Table II of [61] for their a ¼ 0.98 case, the closest
spin to our value that they list.
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FIG. 10. A resolution study of the real (left) and imaginary (right) parts of the second-order source terms Sð2Þ½4� (top) and Sð2Þ½0�
(bottom) at the black hole horizon, for the a ¼ 0.998 case (Table IV). This demonstrates that we are resolving the source terms over the
entire integration time (T ¼ 0; 150M).

FIG. 11. The discrete two norm [see Eq. (A1)] of independent residuals B3, B2, and H for metric reconstruction [see, respectively,
Eqs. (40), (43), and (44)], for the spin a ¼ 0.998 case, as a function of time for three different resolutions (Table IV). We only begin to
obtain convergence to zero once the region with inconsistent initial data has left our computational domain (around t=M ∼ 5).

RIPLEY, LOUTREL, GIORGI, and PRETORIUS PHYS. REV. D 103, 104018 (2021)

104018-18



include many different modes, and the second-order
perturbations for an m mode will be a sum over all modes
ðm1; m2Þ such that m1 þm2 ¼ m. We leave exploring such
more complicated mode mixing to future work.
Constructing astrophysically realistic initial data for

Ψð1Þ
4 , and the l ¼ 0, 1 components of the metric and NP

scalars that represent the changes in mass and spin

corresponding to the given Ψð1Þ
4 , remain unsolved problems

in black hole perturbation theory. This will require speci-

fying a Ψð1Þ
4 that matches a desired scenario at T ¼ 0 and

then solving a set of constraint equations to give consistent
initial conditions (perturbed metric and related NP quan-
tities) for the reconstruction transport equations. These
constraint equations are most naturally expressed in terms
of geometric quantities intrinsic to the spacelike hypersur-
face T ¼ 0, giving rise to the familiar Hamiltonian and
momentum constraint equations. One approach to take
could be based on solving these equations using established
approaches [62] and then transforming the solutions to
initial conditions for our scheme. Following a merger,

finding appropriate values ofΨð1Þ
4 (or equivalently choosing

the free initial data for hμν in a traditional scheme)
describing the perturbation of the remnant is less well
understood. One possible approach to tackle this is to

follow the lines of earlier analytical studies, including the
close limit approximation to comparable mass black hole
mergers [63] or related work done for the EMRI problem
[64,65]. Another approach might be to map the data from a
constant time slice of a full numerical simulation to our
coordinates and try to extract a perturbation relative to the
late time Kerr solution. (And we note that, as discussed in
more detail in the companion paper [4], our goal is not to
simply “solve” for the postmerger waveform to second-
order; numerical relativity can already give us the full
nonlinear solution as accurately as computer resources
allow. Rather, we want to be able to interpret ringdown
studies in terms of quasinormal modes, which requires
understanding the waveform at a quantitative level that the
full “answer,” in terms of a waveform by itself, can-
not give).
Another area of future work we mention is to investigate

whether one can adapt our scheme to a gauge condition that
is less restrictive on matter and effective matter in the
spacetime than the outgoing radiation gauge. For at present
we cannot study (for example) the EMRI problem, where
there is a matter source representing the small body, and we
cannot reconstruct the second-order metric corresponding
to the second-order piece of Ψ4. To list two potential ways
forward, it may be possible to continue to work in a

FIG. 12. Comparison of the real (left) and imaginary (right) components of the second-order Ψð2Þ;½4�
4 (top) and Ψð2Þ;½0�

4 (bottom) fields,
from the same a ¼ 0.998 first-order perturbation depicted in Fig. 8, as a function of when we begin evolving the second-order field.
Three cases are shown, including for reference the Tw case also shown in Fig. 8.
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radiation gauge but evolve a “corrector tensor” to include
matter fields as in [46] or to directly reconstruct the metric
in a different gauge, as is done in [39,43].
We emphasize that we have implemented a form of

“ordinary” perturbation theory (e.g., [66]), based on
expansion in the curvature (or equivalently the perturbed
metric)

Ψ4 ¼ Ψð1Þ
4 þ Ψð2Þ

4 þ � � � ; ð45Þ

where the corrections are solved order by order and at each
order the new correction is assumed smaller than the prior
sum. Up to second-order then, the only nonlinear phenom-
ena we can explore is mode coupling. We mentioned one of
our goals was to understand whether Kerr black holes could

exhibit “turbulence,” though exactly what turbulence
means in the case of black holes is a bit nebulous.
Regardless, the authors of [19,21], who first suggested
turbulence could be present in the 4D case, argued it would
be a more subtle effect than can be described by ordinary
perturbation theory or at least would require some
“resumming” of many terms in the sum. Instead then, they
proposed an alternative perturbative expansion to try to
capture such effects at leading beyond-linear order, show-
ing in a scalar field model that a kind of parametric
instability resulted that might be able to drive a turbulent
cascade. It is still unknown whether such an effect occurs
for gravitational perturbations of Kerr, though mode
coupling more along the lines of what we describe here
has been seen in full numerical solutions of both perturbed

FIG. 13. Normalized absolute value of the Fourier transform (A3) of the real (left) and imaginary (right) parts of Ψð1Þ;½2�
4 , Ψð2Þ;½4�

4 , and

Ψð2Þ;½0�
4 , taken over two different windows, for the a ¼ 0.998 case (see Table IV). As in Fig. 7 for the a ¼ 0.7 case, the data for the

second-order components come from the 3Tw start time (see Fig. 12), the top (bottom) panels use a ½3Tw; 150M� (½5Tw; 150M�) window,
darker lines are from the numerical output, and the lighter lines are the Fourier transforms of the corresponding quasinormal modes of a
spin a ¼ 0.998 black hole. The small angular oscillations in the measured Fourier transforms are due to our (Dirichlet) windowing of the
measured waveform.
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4D Kerr black holes [67] and black holes in 5D AdS
spacetime [68]. We leave it to future work for a more
thorough comparison with full numerical results, as well as
how close second-order mode coupling, augmented with
energy transfer between modes guided by measurements at
null infinity mentioned in Sec. III, could come to describing
a turbulentlike cascade of energy for rapidly spinning
black holes.
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APPENDIX A: CONVENTIONS FOR DISCRETE
NORMS AND FOURIER TRANSFORMS

As fields are typically complex in the NP formalism, the
discrete two norm of a field f at a time level n is defined to
be the sum

jfðtnÞj2 ≡
�

1

NxNy

XNx

i¼1

XNy

j¼1

ððRfðtn; ri;ϑjÞÞ2

þ ðIfðtn; ri; ϑjÞÞ2Þ
�

1=2
: ðA1Þ

Our conventions for the Fourier transform are

f̂ðωÞ ¼
Z

∞

−∞
dte−iωtfðtÞ;

fðtÞ ¼
Z

∞

−∞

dω
2π

eiωtf̂ðωÞ: ðA2Þ

And we define a normalized Fourier transform by

N f̂ðωÞ≡ 1

max f̂
jf̂ðωÞj: ðA3Þ

For reference the absolute value of the Fourier transform of
fðtÞ ¼ ΘðtÞe−ωI t sin ðωRtÞ is

jf̂ðωÞj ¼ ωRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω2

R þ ω2
I − ω2Þ2 þ 4ω2

Iω
2

p : ðA4Þ

APPENDIX B: DERIVATION OF METRIC
RECONSTRUCTION EQUATIONS AND SOURCE
TERM IN THE OUTGOING RADIATION GAUGE

1. Tetrad, gauge, and first-order spin coefficients

We assume the background is type D, that the back-
ground tetrad has been chosen to set Ψ0 ¼ Ψ1 ¼ Ψ3 ¼
Ψ4 ¼ κ ¼ σ ¼ ν ¼ λ ¼ 0, the linearized tetrad is as in
(11a), and we are using outgoing radiation gauge for the
first-order metric perturbation (9a). For the Kerr spacetime
we can also rotate the background tetrad to set γ ¼ 0 (see
Appendix C), and we assume we have done this.
It is worth noting that the tetrad components of the metric

perturbation (10a) are all scalars of definite spin and boost
weight, which we catalog in Table V (for the angular tetrad
projections we list the spin and boost of their complex
conjugates, which is what we mostly use).
We can write the first-order perturbed tetrad in terms

of the background tetrad. Following [69] (see also [4,36])
we have

lð1Þμ ¼ 1

2
hllnμ; ðB1aÞ

nð1Þμ ¼ 0; ðB1bÞ

mð1Þ
μ ¼ hlmnμ −

1

2
hmmm̄μ; ðB1cÞ

which then immediately gives the expressions for the
perturbed derivative operators listed in (11a).
With the above choices for the tetrad and gauge, we find

the following first-order corrections to the spin coefficients
(for the more general version of these expressions, without
the choice of ingoing radiation gauge and γ ¼ 0, see [4]):

κð1Þ ¼ ðD − 2ϵ − ρ̄Þhlm
−
1

2
ðδ − 2ᾱ − 2β þ π̄ þ τÞhll; ðB2aÞ

λð1Þ ¼ −
1

2
ðΔ − μþ μ̄Þhm̄ m̄; ðB2bÞ

TABLE V. Nonzero contractions of the perturbed metric.

Scalar Weight Spin weight Boost weight

hll f2; 2g 0 2
hlm̄ f0; 2g −1 1
hm̄ m̄ f−2; 2g −2 0
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σð1Þ ¼ 1

2
ðD − 2ϵþ 2ϵ̄þ ρ − ρ̄Þhmm − ðπ̄ þ τÞhlm; ðB2cÞ

ϵð1Þ ¼ −
1

4
ðΔ − μþ μ̄Þhll −

1

4
ðδ − 2ᾱþ π̄ þ 2τÞhlm̄

þ 1

4
ðδ̄ − 2α − 3π − 2τ̄Þhlm; ðB2dÞ

ρð1Þ ¼ 1

2
μhllþ

1

2
ðδ̄−2α−πÞhlm−

1

2
ðδ−2ᾱþ π̄þ2τÞhlm̄;

ðB2eÞ

αð1Þ ¼ −
1

4
ðΔ − 2μþ μ̄Þhlm̄ −

1

4
ðδ − 2ᾱþ π̄ þ τÞhm̄ m̄;

ðB2fÞ

βð1Þ ¼ −
1

4
ðΔþ μþ 2μ̄Þhlm þ 1

4
ðδ̄þ 2β̄ − π − τ̄Þhmm;

ðB2gÞ

πð1Þ ¼ −
1

2
ðΔþ μ̄Þhlm̄ −

1

2
τhm̄ m̄; ðB2hÞ

τð1Þ ¼ 1

2
ðΔþ μÞhlm −

1

2
πhmm: ðB2iÞ

The following perturbed NP scalars are zero:

νð1Þ ¼ γð1Þ ¼ μð1Þ ¼ 0: ðB3Þ

Notice that

πð1Þ þ τ̄ð1Þ ¼ −
1

2
ðπ̄ þ τÞhm̄ m̄; ðB4Þ

so it is straightforward to find e.g., τ̄ð1Þ once we know πð1Þ
and hm̄ m̄.

2. Reconstructing the metric from Ψð1Þ
4

Here we list the sequence of step we use to reconstruct all
the metric coefficients hll, hlm̄, and hm̄ m̄ from the curvature

component Ψð1Þ
4 .

(1) With Ψð1Þ
4 one can find Ψð1Þ

3 and λð1Þ. We begin with
the following Bianchi identity [Eq. (1.321.h) in
[39] ]:

3νΨ2 − 2ðγ þ 2μÞΨ3 þ ð4β − τÞΨ4

þ δðΨ4Þ − ΔðΨ3Þ ¼ 0; ðB5Þ

linearizing this gives

3νð1ÞΨ2 − 4μΨð1Þ
3 þ ð4β − τÞΨð1Þ

4

þ δΨð1Þ
4 − ΔΨð1Þ

3 ¼ 0: ðB6Þ

Using the gauge condition (B3) and writing out the
NP fδ; δ̄g derivatives in terms of the GHP deriva-

tives fð; ð0g, i.e., ðΨð1Þ
4 ¼ ðδþ 4βÞΨð1Þ

4 , we obtain

ðð − τÞΨð1Þ
4 − ðΔþ 4μÞΨð1Þ

3 ¼ 0: ðB7Þ

The above is a first-order differential equation for

Ψð1Þ
3 in terms of the known Ψð1Þ

4 . Similarly, the
linearization of

λð3γ − γ̄ þ μþ μ̄Þ − νð3αþ β̄ þ π − τ̄Þ
þ Ψ4 þ ΔðλÞ − δ̄ðνÞ ¼ 0 ðB8Þ

[Eq. (1.310.j) in [39] ] gives

−Ψð1Þ
4 − ðΔþ μþ μ̄Þλð1Þ ¼ 0; ðB9Þ

a differential equation for λð1Þ.
(2) With Ψð1Þ

3 we can find Ψð1Þ
2 . The linearization of

2νΨ1 − 3μΨ2 þ 2βΨ3 − 2τΨ3

þ σΨ4 þ δðΨ3Þ − ΔðΨ2Þ ¼ 0 ðB10Þ

[Eq. (1.321.g) of [39] ] gives

− 3μΨð1Þ
2 þ 2βΨð1Þ

3 − 2τΨð1Þ
3 þ σΨð1Þ

4

þ δΨð1Þ
3 − ΔΨð1Þ

2 ¼ 0: ðB11Þ

By using ðΨð1Þ
3 ¼ ðδþ 2βÞΨð1Þ

3 , we obtain the de-

sired differential equation for Ψð1Þ
2 :

ðð − 2τÞΨð1Þ
3 − ðΔþ 3μÞΨð1Þ

2 ¼ 0: ðB12Þ

(3) With λð1Þ we can now solve for hm̄ m̄ using (B2b).
(4) With λð1Þ, hm̄ m̄, and Ψð1Þ

3 we can find πð1Þ. Using the
linearization of

ð3ϵþ ϵ̄Þν − γπ þ γ̄π − λðπ̄ þ τÞ
− μðπ þ τ̄Þ −Ψ3 þDðνÞ − ΔðπÞ ¼ 0 ðB13Þ

[Eq. (1.310.i) of [39] ], namely,

−λð1Þðπ̄þτÞ−μðπþ τ̄Þð1Þ−Ψð1Þ
3 −Δπð1Þ ¼0; ðB14Þ

and using (B4) gives the differential equation to
solve for πð1Þ:

−λð1Þðπ̄þ τÞþ1

2
μðπ̄þ τÞhm̄m̄−Ψð1Þ

3 −Δπð1Þ ¼ 0:

ðB15Þ
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(5) With πð1Þ and hm̄ m̄ we can solve for hlm̄ using (B2h).
(6) With Ψð1Þ

2 , hlm and hmm we can find hll. The
linearization of

Ψ2 ¼ ϵμþ ϵ̄μþ κνþ ᾱπ − βπ − ππ̄

− μρ̄ − λσ þDðμÞ − δðπÞ ðB16Þ

[Eq. (1.310.h) of [39] ] gives

Ψð1Þ
2 ¼ ðϵð1Þ þ ϵ̄ð1ÞÞμþ ðᾱð1Þ − βð1ÞÞπ

þ ð−δþ ᾱ − β − π̄Þπð1Þ − ππ̄ð1Þ

− μρ̄ð1Þ −
1

2
hllΔðμÞ þ

�
hlmΔ −

1

2
hmmδ̄

�
ðπÞ;

ðB17Þ

where we used (11a). From (B2d), we deduce

ϵð1Þ þ ϵ̄ð1Þ ¼ −
1

2
Δhll − ðπ̄ þ τÞhlm̄ − ðπ þ τ̄Þhlm;

ðB18Þ

and from (B2e), we find

ρ̄ð1Þ ¼ 1

2
μ̄hll þ

1

2
ðð − π̄Þhlm̄ −

1

2
ðð0 þ π þ 2τ̄Þhlm;

ðB19Þ

where we have used ðhlm̄ ¼ ðδ − 2ᾱÞhlm̄ and
ð0hlm ¼ ðδ̄ − 2αÞhlm.
From (B2f) and (B2g), we obtain

ᾱð1Þ − βð1Þ ¼ μ̄hlm −
1

2
ðð0 þ α − β̄Þhmm; ðB20Þ

where we have used ð0hmm ¼ ðδ̄þ 2β̄ − 2αÞhmm.
Substituting the above in (B17) gives

Ψð1Þ
2 ¼

�
−
1

2
Δhll−ðπ̄þτÞhlm̄−ðπþ τ̄Þhlm

�
μ

þ
�
μ̄hlm−

1

2
ðð0þα− β̄Þhmm

�
π

þð−ð− π̄Þπð1Þ−ππ̄ð1Þ−μ

�
1

2
μ̄hllþ

1

2
ðð− π̄Þhlm̄

−
1

2
ðð0þπþ2τ̄Þhlm

�
−
1

2
hllΔðμÞ

þ
�
hlmΔ−

1

2
hmmðð0−αþ β̄Þ

�
ðπÞ; ðB21Þ

which we rewrite as

−
1

2
ðΔþ μ̄ÞðμhllÞ −

1

2
μððþ π̄ þ 2τÞhlm̄

þ 1

2
ðμðð0 − πÞ þ 2μ̄πÞhlm

−
1

2
πð0hmm − ððþ π̄Þπð1Þ − ππ̄ð1Þ

þ hlmΔπ −
1

2
hmmð0π − Ψð1Þ

2 ¼ 0: ðB22Þ

Using (B13) and Eq. (1.310.g) in [39],

3ϵλþ κ̄ν − πðα − β̄ þ πÞ − λðϵ̄þ ρÞ
− μσ̄ þDðλÞ − δ̄ðπÞ ¼ 0; ðB23Þ

evaluated on a type D background (γ ¼ 0) to write

ΔðπÞ ¼ −μðπ þ τ̄Þ; ð0ðπÞ ¼ −ππ; ðB24Þ

we finally obtain the transport equation for hll:

− ðΔþ μ̄ÞðμhllÞ − μððþ π̄ þ 2τÞhlm̄
þ ðμðð0 − 3π − 2τ̄Þ þ 2μ̄πÞhlm − πðð0 − πÞhmm

− 2ððþ π̄Þπð1Þ − 2ππ̄ð1Þ − 2Ψð1Þ
2 ¼ 0: ðB25Þ

With fhll; hlm̄; hm̄ m̄g one can readily compute the rest of
the NP scalars in outgoing radiation gauge, and we are now
able to compute the second-order source term.

3. Source term for Ψð2Þ
4

In this section we rewrite the vacuum source term Sð2Þ

for the Teukolsky equation for Ψð2Þ
4 [36]:

Sð2Þ ≡ −½d4ðDþ 4ϵ − ρÞð1Þ − d3ðδþ 4β − τÞð1Þ�Ψð1Þ
4

þ ½d4ðδ̄þ 2αþ 4πÞð1Þ − d3ðΔþ 2γ þ 4μÞð1Þ�Ψð1Þ
3

− 3½d4λð1Þ − d3νð1Þ�Ψð1Þ
2

þ 3Ψð0Þ
2 ½ðdð1Þ4 − 3μð1ÞÞλð1Þ − ðdð1Þ3 − 3πð1ÞÞνð1Þ�;

ðB26Þ

in outgoing radiation gauge, with a tetrad chosen so that
γ ¼ 0. In the above we have introduced the background
operators

d3 ≡ δ̄þ 3αþ β̄ þ 4π − τ̄; ðB27aÞ

d4 ≡ Δþ 4μþ μ̄ ðB27bÞ

and their first-order corrections

NUMERICAL COMPUTATION OF SECOND-ORDER VACUUM … PHYS. REV. D 103, 104018 (2021)

104018-23



dð1Þ3 ≡ δ̄ð1Þ þ 3αð1Þ þ β̄ð1Þ þ 4πð1Þ − τ̄ð1Þ;

dð1Þ4 ≡ 0:

We now consider the expansion of Sð2Þ line by line.
(1) The first line is

−½d4ðDþ 4ϵ − ρÞð1Þ − d3ðδþ 4β − τÞð1Þ�Ψð1Þ
4 :

ðB28Þ
By using (B2d), we expand

ðDþ4ϵ−ρÞð1ÞΨð1Þ
4

¼
�
−
1

2
hllΔ− ðΔ−μþ μ̄Þhll− ðδ−2ᾱþ π̄þ2τÞhlm̄

þðδ̄−2α−3π−2τ̄Þhlm−ρð1Þ
�
Ψð1Þ

4

¼−
1

2
hllΔΨ

ð1Þ
4 −Ψð1Þ

4 ðΔ−μþ μ̄Þhll
−Ψð1Þ

4 ððþ π̄þ2τÞhlm̄þΨð1Þ
4 ðð0−3π−2τ̄Þhlm

−Ψð1Þ
4 ρð1Þ: ðB29Þ

By using (B2g) and (B4), we expand

ðδþ4β− τÞð1ÞΨð1Þ
4

¼
�
−hlmΔþ1

2
hmmδ̄− ðΔþμþ2μ̄Þhlm

þðδ̄þ2β̄−π− τ̄Þhmmþ π̄ð1Þ þ1

2
ðπþ τ̄Þhmm

�
Ψð1Þ

4

¼−hlmΔΨ
ð1Þ
4 þ1

2
hmmδ̄Ψ

ð1Þ
4

þΨð1Þ
4 ½−ðΔþμþ2μ̄Þhlmþðδ̄þ2β̄−π− τ̄Þhmm

þ π̄ð1Þ þ1

2
ðπþ τ̄Þhmm�

¼−hlmðΔþμþ2μ̄ÞΨð1Þ
4 þ1

2
hmmð0Ψ

ð1Þ
4

þΨð1Þ
4

�
−Δhlmþ

�
ð0−

1

2
π−

1

2
τ̄

�
hmmþ π̄ð1Þ

�
:

ðB30Þ

The above quantity has GHP weight fp;qg¼
f−3;−1g, and therefore d3 can be written as d3 ¼
δ̄þ 3αþ β̄ þ 4π − τ̄ ¼ ð0 þ 4π − τ̄. This finally
gives

− ½d4ðDþ 4ϵ − ρÞð1Þ − d3ðδþ 4β − τÞð1Þ�Ψð1Þ
4

¼ −ðΔþ 4μþ μ̄Þ
�
Ψð1Þ

4 ð−ððþ π̄ þ 2τÞhlm̄ − ρð1Þ þ ðð0 − 3π − 2τ̄Þhlm − ðΔ − μþ μ̄ÞhllÞ −
1

2
hllΔΨ

ð1Þ
4

�

þ ðð0 þ 4π − τ̄Þ
�
1

2
hmmð0Ψ

ð1Þ
4 − hlmðΔþ μþ 2μ̄ÞΨð1Þ

4 þΨð1Þ
4

�
π̄ð1Þ − Δhlm þ

�
ð0 −

1

2
π −

1

2
τ̄

�
hmm

��
: ðB31Þ

(2) The second line is

½d4ðδ̄þ 2αþ 4πÞð1Þ − d3ðΔþ 2γ þ 4μÞð1Þ�Ψð1Þ
3 ¼ d4ðδ̄þ 2αþ 4πÞð1ÞΨð1Þ

3 ; ðB32Þ

where we used that ðΔþ 2γ þ 4μÞð1Þ ¼ 0. By using Eq. (B2f), we rewrite the expression follow d4 in the following
way:

ðδ̄ð1Þ þ 2αð1Þ þ 4πð1ÞÞΨð1Þ
3 ¼

�
−hlm̄Δþ 1

2
hm̄ m̄δ −

1

2
ðΔ − 2μþ μ̄Þhlm̄ −

1

2
ðδ − 2ᾱþ π̄ þ τÞhm̄ m̄ þ 4πð1Þ

�
Ψð1Þ

3

¼
�
−hlm̄Δþ 1

2
hm̄ m̄δþ 4πð1Þ

�
Ψð1Þ

3 −
1

2
Ψð1Þ

3 ½ðΔ − 2μþ μ̄Þhlm̄ þ ðδ − 2ᾱþ π̄ þ τÞhm̄ m̄�

¼
�
−hlm̄Δþ 1

2
hm̄ m̄ðþ 4πð1Þ

�
Ψð1Þ

3 −
1

2
Ψð1Þ

3 ½ðΔ − 2μþ μ̄Þhlm̄ þ ððþ π̄ þ τÞhm̄ m̄�;

ðB33Þ
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where we used ðhm̄ m̄ ¼ ðδþ 2β − 2ᾱÞhm̄ m̄ and

ðΨð1Þ
3 ¼ ðδþ 2βÞΨð1Þ

3 . This finally gives

d4ðδ̄þ2αþ4πÞð1ÞΨð1Þ
3

¼ðΔþ4μþ μ̄Þ
��

−hlm̄Δþ1

2
hm̄m̄ðþ4πð1Þ

�
Ψð1Þ

3

−
1

2
Ψð1Þ

3 ðððþ π̄þ τÞhm̄m̄þðΔ−2μþ μ̄Þhlm̄Þ
�
:

ðB34Þ

(3) The third line is given by

− 3½d4λð1Þ − d3νð1Þ�Ψð1Þ
2

¼ −3ðΔþ 4μþ μ̄Þðλð1ÞΨð1Þ
2 Þ ðB35Þ

since νð1Þ ¼ 0.
(4) The fourth line

3Ψ2½ðdð1Þ4 − 3μð1ÞÞλð1Þ − ðdð1Þ3 − 3πð1ÞÞνð1Þ� ¼ 0

ðB36Þ

since dð1Þ4 ¼ μð1Þ ¼ νð1Þ ¼ 0.
We have thus rewritten the second-order source term

entirely in terms of the variables reconstructed from Ψð1Þ
4

[though in the form listed in Eq. (15) we have additionally
replaced ρð1Þ in line 1 above (B31) using (B19)].

APPENDIX C: DERIVATION OF HORIZON
PENETRATING HYPERBOLOIDALLY

COMPACTIFIED COORDINATES
FOR KERR SPACETIME

A Mathematica notebook that contains some of the
algebraic manipulations we undertook to derive the coor-
dinates and tetrad we used can be accessed at [50].

1. Starting point: Kerr in Boyer-Lindquist
coordinates and the Kinnersley tetrad

We begin with the Kerr metric in Boyer-Lindquist
coordinates (e.g., [39])

ds2 ¼
�
1 −

2Mr
ΣBL

�
dt2 þ 2

�
2Marsin2ϑ

ΣBL

�
dtdφ

−
ΣBL

ΔBL
dr2 − ΣBLdϑ2

− sin2ϑ

�
r2 þ a2 þ 2Ma2r

sin2ϑ
ΣBL

�
dφ2; ðC1Þ

where

ΣBL ≡ r2 þ a2cos2ϑ; ðC2aÞ

ΔBL ≡ r2 − 2Mrþ a2: ðC2bÞ

The outer and inner horizons are at Δðr�Þ ¼ 0.
The Kinnersley tetrad [27] in Boyer-Lindquist

coordinates is

lμKin ¼
�
r2 þ a2

ΔBL
; 1; 0;

a
ΔBL

�
; ðC3aÞ

nμKin ¼
1

2ΣBL
ðr2 þ a2;−ΔBL; 0; aÞ; ðC3bÞ

mμ
Kin ¼

1

21=2ðrþ ia cosϑÞ
�
ia sinϑ; 0; 1;

i
sinϑ

�
: ðC3cÞ

The Kinnersley tetrad vectors lμKin and nμKin are aligned
with the outgoing and ingoing principle null directions of
Kerr. The Kinnersley tetrad sets the maximal number of NP
scalars to zero for a general type D spacetime and sets
ϵ ¼ 0 as well.

2. Intermediate step: Kerr in ingoing
Eddington-Finkelstein coordinates

We transform to ingoing Eddington-Finkelstein coordi-
nates, which renders the metric nonsingular on the black
hole horizon, via

dv≡ dtþ dr� − dr; ðC4aÞ

dϕ≡ dφþ a
r2 þ a2

dr�; ðC4bÞ

where

dr�
dr

≡ r2 þ a2

ΔBL
: ðC5Þ

The results are

ds2 ¼
�
1 −

2Mr
ΣBL

�
dv2 −

4Mr
ΣBL

ðdr − asin2ϑdϕÞdv

−
�
1þ 2Mr

ΣBL

�
ðdr2 − 2asin2ϑdrdϕÞ

− Σdϑ2 −
�
a2 þ r2 þ 2Mr

a2

ΣBL
sin2ϑ

�
dϕ2 ðC6Þ

and

lμKin ¼
�
1þ 4Mr

ΔBL
; 1; 0;

2a
ΔBL

�
; ðC7aÞ

nμKin ¼
1

2ΣBL
ðΔBL;−ΔBL; 0; 0Þ; ðC7bÞ
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mμ
Kin ¼

1

21=2ðrþ ia cosϑÞ
�
ia sinϑ; 0; 1;

i
sinϑ

�
: ðC7cÞ

This tetrad is still singular on the horizons. Furthermore,
it is more useful for metric reconstruction in outgoing
radiation gauge to have

ϵ ≠ 0; γ ¼ 0 ðC8Þ

(the Kinnersley tetrad has the opposite property).
Therefore, we rescale and rotate the tetrad to obtain one
that is regular on the horizon and has γ ¼ 0, ϵ ≠ 0:

lμ →
ΔBL

2ΣBL
lμ; ðC9aÞ

nμ →
2ΣBL

ΔBL
nμ; ðC9bÞ

mμ → exp

�
−2i arctan

�
r

a sin ϑ

��
mμ; ðC9cÞ

giving

lμ ¼
�
r2 þ 2Mrþ a2

2ΣBL
;
ΔBL

2ΣBL
; 0;

a
ΣBL

�
; ðC10aÞ

nμ ¼ ð1;−1; 0; 0Þ; ðC10bÞ

mμ ¼ 1

21=2ðr− iacosϑÞ
�
−iasinϑ;0;−1;−

i
sinϑ

�
: ðC10cÞ

3. Coordinates used in our code: Kerr in horizon
penetrating hyperboloidally compactified coordinates

Now we give the final step, hyperboloidal compactifi-
cation (see [56] for a more general description of this), to
arrive at the coordinates and tetrad we use in our code.
The ingoing and outgoing radial null characteristic

speeds11 for Kerr in ingoing Eddington-Finkelstein coor-
dinates are found by solving for the characteristics of the
eikonal equation for the metric

gμνξμξν ¼ 0; ðC11Þ

setting ξϑ ¼ ξϕ ¼ 0, and then computing

c�≡ ∓ ξv
ξr
: ðC12Þ

We obtain

cþ ¼ 1 −
4Mr

2Mrþ ΣBL
; ðC13aÞ

c− ¼ −1: ðC13bÞ

We define a new radial coordinate RðrÞ and time
coordinate Tðv; rÞ. The ingoing and outgoing radial null
characteristic speeds are now

c̃� ¼ dR=dr
1
c�
∂vT þ ∂rT

: ðC14Þ

We want to choose a time coordinate that sets c̃−jr¼∞ ¼ 0
while keeping 0 < c̃þjr¼∞ < ∞. We choose the time
coordinate to be of the form

Tðv; rÞ ¼ vþ hðrÞ: ðC15Þ

We compactify the radial coordinate by choosing

RðrÞ≡ L2

r
; ðC16Þ

where L is a constant length scale (we set L ¼ 1 in
numerical code). Series expanding about r ¼ ∞, we have

c̃þ¼
�
1þ4M

r
þ8M2

r2
þO

�
1

r3

�
þdh
dr

�
−1
�
−
L2

r2

�
; ðC17aÞ

c̃− ¼
�
−1þ dh

dr

�
−1
�
−
L2

r2

�
: ðC17bÞ

We see that the choice

dh
dr

¼ −1 −
4M
r

ðC18Þ

sets c̃−jR¼0 ¼ 0 while keeping 0 > c̃þjR¼0 > −∞ (our
choice of compactification flips the signs of the ingoing
and outgoing characteristics, and r ¼ ∞ is mapped
to R ¼ 0).
In summary we choose

RðrÞ≡ L2

r
; ðC19aÞ

Tðv; rÞ≡ v − r − 4M ln r: ðC19bÞ

In these coordinates future null infinity is located at R ¼ 0,
and the black hole horizon is located at RðrþÞ.
We apply this set of coordinate transformations to the

tetrad Eq. (C10) to obtain
11We do not need to consider angular characteristic speeds as

those die off more quickly as we go to future null infinity.
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lμ ¼ R2

L4 þ a2R2cos2ϑ

�
2M

�
2M −

�
a
L

�
2

R

�
;

−
1

2

�
L2 − 2MRþ

�
a
L

�
2

R2

�
; 0; a

�
; ðC20aÞ

nμ ¼
�
2þ 4MR

L2
;
R2

L2
; 0; 0

�
; ðC20bÞ

mμ ¼ R

21=2ðL2 − iaR cos ϑÞ
�
−ia sin ϑ; 0;−1;−

i
sinϑ

�
:

ðC20cÞ

We list the nonzero Ricci rotation coefficients in this
coordinate system in Eqs. (8).

APPENDIX D: SPIN-WEIGHTED SPHERICAL
HARMONICS

Here we collect relevant properties of the spin-weighted
spherical harmonics for reference, as we found them to be
useful in evaluating the ð and ð0 operators. For further
discussion see e.g., [70–72].

1. Basic properties

The spin-weighted spherical harmonics are eigenfunc-
tions of the spin-weighted Laplace-Beltrami operator on the
two-sphere:

s=ΔYm
l ≡ 1

sinϑ
∂ϑðsinϑ∂ϑsYm

l Þþ
�
s−

ð−i∂φþ scosϑÞ2
sin2ϑ

�
sYm

l

¼−ðl−sÞðlþ sþ1ÞsYm
l : ðD1Þ

We write sYm
l ðϑ;φÞ as

sYm
l ðϑ;φÞ≡ eimφ

sPm
l ðϑÞ; ðD2Þ

where the spin-weighted associated Legendre (swaL)
functions sPm

l ðϑÞ satisfy (setting y≡ − cos ϑ)

d
dy

�
ð1−y2ÞdsP

m
l ðyÞ
dy

�

þ
�
ðl−sÞðlþsþ1Þþs−

ðm−syÞ2
1−y2

�
sPm

l ðyÞ¼0: ðD3Þ

There exist explicit formulas for the swaL functions. For a
function of spin weight s, sf, it is convenient to define12

Đsf ≡
�
−∂ϑ −

i
sin ϑ

∂φ þ s cot ϑ

�
sf; ðD4aÞ

Đ0
sf ≡

�
−∂ϑ þ

i
sin ϑ

∂φ − s cotϑ

�
sf: ðD4bÞ

One can show that

sYm
l ¼

�ðl − sÞ!
ðlþ sÞ!

�
1=2

ĐsYm
l ðD5Þ

and moreover that

s=Δ ¼ Đ0Đ: ðD6Þ

We also have

sȲm
l ¼ ð−1Þmþs−sY−m

l ; ðD7Þ

ĐsYm
l ¼ ½ðl − sÞðlþ sþ 1Þ�1=2sþ1Y

m
l ; ðD8Þ

Đ0
sYm

l ¼ −½ðlþ sÞðl − sþ 1Þ�1=2s−1Ym
l : ðD9Þ

2. Relation between spin-weighted spherical harmonics
and the Jacobi polynomials

To evaluate the spin-weighted spherical harmonics in our
code, we write them in terms of Jacobi polynomials, which
can be straightforwardly computed using well-known
numerical packages (such as mpmath [73]). Here we review
the steps that establish how those two classes of functions
are related to one another.
We rearrange Eq. (D3) to obtain the “generalized

associated Legendre equation” (e.g., [74])

d
dy

�
ð1−y2ÞdsP

m
l ðyÞ
dy

�

þ
�
lðlþ1Þ− μ21

2ð1−yÞ−
μ22

2ð1þyÞ
�

sPm
l ðyÞ¼ 0; ðD10Þ

where

μ21 ≡ ðm − sÞ2; ðD11Þ

μ22≡ðmþ sÞ2: ðD12Þ

This equation has regular singular points at f�1;∞g,
so we can reduce it to a hypergeometric equation. In fact
we can also reduce it to a Jacobi equation and thus write
the sPm

l in terms of Jacobi polynomials.13 We define the
transformation

sPm
l ðyÞ≡ ð1 − yÞjμ1j=2ð1þ yÞjμ2j=2fðyÞ ðD13Þ

and obtain the Jacobi differential equation
12Note that, unlike the standard references, we use Đ (capital

ð), to avoid confusion with the GHP ð. 13We follow the conventions of [75].
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ð1 − y2Þ d
2f

dy2
þ ðβ − α − ðαþ β þ 2ÞyÞ df

dy

þ nðnþ αþ β þ 1Þf ¼ 0; ðD14Þ

where

α ¼ jμ1j ¼ jm − sj; ðD15Þ

β ¼jμ2j ¼ jmþ sj; ðD16Þ

n ¼ l −
αþ β

2
: ðD17Þ

The solutions f are the Jacobi polynomials f ¼ Pðα;βÞ
n .

The variables α, β, and n are all positive integers (note as
well that for the Jacobi polynomials we need n to be a
positive integer). We see that the orthonormal swaL
functions are

sP̂
m
l ðyÞ ¼ sN m

l ð1 − yÞα=2ð1þ yÞβ=2Pðα;βÞ
n ðyÞ; ðD18Þ

where sN m
l is a normalization constant to make the

functions orthonormal (see also [72]). We can compute
sN m

l with the identity

Z
1

−1
dxð1−xÞαð1þxÞβPðα;βÞ

m ðxÞPðα;βÞ
n ðxÞ

¼ 2αþβþ1

2nþαþβþ1

Γðnþαþ1ÞΓðnþβþ1Þ
n!Γðnþαþβþ1Þ δmn; ðD19Þ

so that the sPm
l are orthonormal:

R
1
−1dxsP

m
l ðxÞsPm

l0 ðxÞ¼δll0 .
As α and β are positive integers for us, we can replace the

Gamma functions with factorials. We conclude the nor-
malization factor is

sN m
l ¼ð−1Þmaxðm;−sÞ

�
2nþαþβþ1

2αþβþ1

n!ðnþαþβÞ!
ðnþαÞ!ðnþβÞ!

�
1=2

¼ð−1Þmaxðm;−sÞ

×
�
2lþ1

22lminþ1

ðl− lminÞ!ðlþ lminÞ!
ðl− lminþαÞ!ðl− lminþβÞ!

�
1=2

; ðD20Þ

where we have defined

lmin ≡ αþ β

2
: ðD21Þ
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