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Cosmological solutions and growth index of matter perturbations
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The present work studies one of Einstein’s alternative formulations based on the nonmetricity scalar Q
generalized as f(Q) theory. More specifically, we consider the power-law form of f(Q) gravity, i.e.,
f(Q) = O+ aQ". Here, we analyze the behavior of the cosmological model at the background and
perturbation level. Using the dynamical system analysis, at the background level, we find the effective
evolution of the model is the same as that of the ACDM for |n| < 1. Interestingly, the geometric component
of the theory solely determined the late-time acceleration of the Universe. We also examine the integrability
of the model by employing the method of singularity analysis. In particular, we find the conditions under
which field equations pass the Painlevé test and hence possess the Painlevé property. While the equations
pass the Painlevé test in the presence of dust for any value of n, the test is valid after the addition of
radiation fluid only for n < 1. Finally, at the perturbation level, the behavior of matter growth index
signifies a deviation of the model from the ACDM even for |n| < 1.
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I. INTRODUCTION

A manifestation of gravity through spacetime curvature is
one of the most fundamental assumptions that stem from the
equivalence principle. Geometrically, besides the curvature,
torsion and nonmetricity are also the fundamental objects
associated with the manifold’s connection determining the
gravity [1]. Depending on the choice of connection, one can
classify the theories of gravity into three classes. The first
one uses the curvature, the free torsion, and metric com-
patible connection, e.g., general relativity (GR). The second
class uses the metric compatible, curvature-free connection
with torsion, e.g., teleparallel equivalent of GR [2]. The last
one uses a curvature and torsion-free connection, which is
not metric compatible, e.g., symmetric teleparallel equivalent
of GR [3]. These three equivalent formulations based on the
three different connections are commonly known as The
Geometrical Trinity of Gravity [1]. Even if these three
theories are equivalent at the level of field equations, their
modifications may not be equivalent at the fundamental
level [4].
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A generalization of the symmetric teleparallel gravity
which has gained recent attention is the f(Q) gravity theory
[5,6]. In this theory, one considers a flat and vanishing
torsion connection where gravity is described by a non-
metricity scalar Q and hence represents one of the
geometrical equivalent formulations of GR. Interestingly,
one can simplify the corresponding connection in partial
derivatives, which vanish for some coordinate choice called
the coincident gauge. One of the essential features of the
f(Q) theory is that, unlike GR, we can also separate gravity
from the inertial effects. It is also worth mentioning that
while the field equations in f(R) gravity are fourth-order
[7], they are of second-order in f(Q) gravity, and hence,
f(Q) gravity is free from pathologies. Thus, the construc-
tion of this theory forms a novel starting point for various
modified gravity theories. It also presents a simple formu-
lation in which self-accelerating solutions arise naturally in
both the early and late Universe.

Various work in the literature suggest that the f(Q)
theory is one of the promising alternative formulations of
gravity to explain cosmological observations [8—12].
Harko et al. constructed a class of f(Q) theories where
Q is coupled non-minimally to the matter Lagrangian.
As a cosmological application they show that it can
represent an alternative approach to dark energy (DE)
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[13]. Observational constraints on the background behavior
of several f(Q) models have been performed by testing
against various current background data such as Type Ia
Supernovae, Pantheon data, Hubble data, etc. [14,15].
These studies conclude that viable f(Q) models correspond
to model parameters’ values which resemble the GR-based
model viz. the lambda cold dark matter (ACDM) model.
Mandal et. al. analyzed the energy conditions to restrict the
parameters of the power-law and logarithmic f(Q) models
compatible with the observed behavior of the Universe
[16]. In Ref. [17], Jarv et al. introduced a class of theories
in which a scalar field and nonmetricity scalar Q coupled
nonminimally. They found that such a class of theories is
related to the f(Q) theory. On perturbing around the
background Friedmann-Lemaitre-Robertson-Walker space-
time, unlike f(7) gravity models, strong coupling issues
are absent in the case of f(Q) gravity [6,18].

The interesting cosmological behavior of the f(Q)
theory at the background level motivates us to investigate
its global dynamics from a dynamical system perspective.
Dynamical system tools have been extensively used in the
context of cosmology (see [19-28] for a few related recent
works and [29] for review). However, one of the drawbacks
of the dynamical system approach is that the resulting
dynamics depend on the choice of variables. The absence
of interesting cosmological solutions does not always
imply the inability of the theory to describe such solutions.
It may be because the associated dynamical system cannot
capture the desired dynamics with the specific choice of
variables. The importance of choice of variables has been
also highlighted in the study of f(R) gravity [30,31] and
f(T) gravity [32]. Another drawback is that the dynamical
system analysis cannot provide sufficient information on
the evolution far from the critical points. Therefore, if one
obtains the analytical solutions, one might even determine
the dynamics that the dynamical system analysis cannot
explain. Most cosmological equations are nonlinear; there-
fore, one usually prefer numerical tools to solve them. The
knowledge about integrability of the dynamical system is
important to relate numerical solutions and the real sol-
utions of the system [33]. Therefore, the determination of
the analytical solutions for the field equations is crucial to
study the integrability of the system. Such analysis will
provide a preliminary investigation on the viability of a
given theory.

The solution of a differential equation usually refers to an
explicit function connecting the dependent and independent
variables of the differential equation. However, this is not a
unique way to express the solution of differential equations.
Alternatively, one can write the differential equation into an
algebraic equation with the use of similarity transformations.
The use of such similarity transformations is true when there
exist a sufficient number of invariant functions or first
integrals. The latter definition of integrability is mainly
related to the concept of symmetry. An alternative approach

describing integrability based on movable singularities was
established by Kovalevskaya [34]. This pioneering approach
was applied to determine the third integrable case of Euler’s
equations for a spinning top. Based on this approach, the
French School of Painlevé at the beginning of the
last century established the method of singularity analysis
[35-38]. In this approach, the given differential equation is
deemed integrable if it possesses the Painlevé property. The
latter property is directly related to the existence of a Laurent
expansion about a movable polelike singularity in the
complex plane, describing the relations between the depen-
dent and independent variables of the differential equations.
Hence the solution is expressed in terms of power series. In
the last few years, the singularity analysis has been applied
extensively to investigate the integrability of gravitational
models with an emphasis on modern cosmology [39-51].
The existence of a movable singularity for the cosmological
field equations can be related to the existence of cosmo-
logical singularities or with the dominant factor from the
fluid components. Suppose the field equations possess the
Painlevé property. In that case, the analytic solution can be
written in terms of Laurent expansion or specifically with the
use of Puiseux series, where the dominant term can be seen
as an asymptotic solution. Thus, it is possible to extract
information for the existence of movable singularities from
the nature of the asymptotic solutions of the field equations.
Such a discussion can be found in [52] where the asymptotic
solutions of the Szekeres system are related with the
dominant terms of the Painlevé series describing the analytic
solution for the gravitational model. Furthermore, we can
determine the stability properties of the solution from the
nature of the series. In the present work, we shall attempt to
determine the cosmological analytical solutions of the
power-law model of f(Q) theory motivated by previous
work on singularity analysis in cosmology.

After examining the gravity theory at the background
level, the next logical step is to test its viability at the
perturbation level. The study on the growth rate of matter
perturbations is an effective approach to estimate the
distribution of matter in the Universe [53] and also to
theoretically differentiate various gravity theories [54-56].
For instance, the growth index is approximately constant
throughout the evolution of GR-based DE models.
However, there is a significant variation in the value of
the growth index in the case of modified gravity theories. It
is important to note that the growth index of matter
perturbations is one of the observational tools to study
the matter’s growth history of a given model [57].
Therefore, studying the evolution of matter perturbations
will allow us to draw an overall impact of the f(Q) gravity
at the cosmological level.

The background behavior of the specific f(Q) model
Ge., f(Q)=0+ aQ?) mimics that of the ACDM.
However, it shows deviation at the perturbative level by
testing against redshift space distortion data [58]. Further, a
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deviation of f(Q) model from the ACDM at the linear
perturbation level is observed by analyzing their prediction
toward the matter power spectrum, lensing power spectrum,
and an enhanced integrated-Sachs-Wolfe effect. Thus it is
imperative to investigate the evolution behavior of the f(Q)
model at the perturbation level by analyzing the nature of
the growth index of matter perturbations. Therefore, in this
work we shall investigate the dynamics of the power-law
f(Q) model at the background level and the linear growth
index of matter perturbations.

The work plan is as follows: In Sec. II, we present the
basic cosmological equations of the general f(Q) theory.
We performed the dynamical system analysis of the power-
law model of f(Q) theory in Sec. III. We follow this by the
determination of the analytic solutions of the model using
the singularity analysis method in Sec. IV for two cases:
(a) dust fluid only in Sec. IVA, (b) dust fluid along with
radiation in Sec. IV B. We then investigate the implications
of the growth of linear matter perturbations within the
subhorizon scale in Sec. V. Finally, we draw our conclusion
in Sec. VL

IL £(Q) COSMOLOGY

In the present work, we shall consider a modified gravity
theory in which the fundamental object is the nonmetricity
tensor given by [5]

Qayy = vagyw (1)

where g, is the metric. The two independent traces of O,
are

O, = Qaﬂw 0, = Qﬂaﬂ' (2)

The invariant nonmetricity scalar is defined as a contraction
of Qg given by

Q - _Qanyaﬂyv (3)
where P is the nonmetricity conjugate and
4Pa;w = _Qa/w + 2Q{(l/u/) - Qag;w - Qag;w - 5?”Ql/> (4)

Using the nonmetricity scalar, the action of the f(Q)
gravity is given by [5]

5= / Bf(Q) +cm] S, (5)

where f(Q) is an arbitrary function of the scalar Q, g is the

determinant of g, and L,, is the matter Lagrangian density.
On varying the action (5) with respect to the metric, one

obtains the corresponding Einstein’s field equations

2 1
[ v /— P -
\/__g a( ng ;w) + ) g;wf
+fQ(PﬂaﬁQvaﬁ - 2Qaﬁﬂpaﬂv) = _T/w,
3(V=9Lm)

where f = % and T, = — . We assume that

2

V=g 6g”
the matter is a perfect fluid whose energy-momentum
tensor T, is given by

T, = (p+ p)u,u, + pg,,.

where u,, is the four-velocity satisfying the normalization
condition u,u* = —1, p and p are the energy density and
pressure of a perfect fluid respectively. Under the homo-
geneous and isotropic universe described by the
Friedmann-Lemaitre-Robertson-Walker metric

ds* = —di* + a*(1)6,,dx"dx*, (u,v=0,1,2,3) (6)
the nonmetricity scalar is given by Q = 6H?, where H = g
is the Hubble parameter with a(¢) denoting scale factor
and the upper dot denotes derivative with respect to the

coordinate time 7. On taking f(Q) = Q+ F(Q), the
corresponding field equations can be written as

F
3H = p+ 5 = OF . (7)

(20F g0 + Fo + DH + (0 +20F, - F) = ~2p. (8)

Here, we consider the case that the Universe is filled with
dust and radiation fluids, therefore

1

5 Prs (9)

P=Pntpn  P=3

where p,, and p, are the energy densities of dust and
radiation, respectively. Then from Eqgs. (7) and (8), we get

1
Hz :g(pm +pr+pde)7 (10)
a: 2 Pr
2H+3H __?_pde’ (11)

where py. and pg. are respectively the DE’s density and
pressure contribution due to the geometry given by

F
Pde :E_QFQ7 (12)
Pae = 2H(20F g + Fo) = pae- (13)

Therefore, the equation of state due to DE is given by
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 Dde 4H(2QF oo + Fy)
Wie = — = —1

Pde F— 2QFQ

(14)

Additionally, assuming that matter and radiation are not
interacting with each other, the conservation equation of the
energy-momentum tensor for pressureless matter and
radiation can be respectively written as

pm+3Hp, =0,  p,+4Hp, =0. (15)
From the above equations, we obtain p,, = p,,0a~> and
P, = poa”* where p,0, p,o denote the matter and radiation
energy density at the present time. To better understand the
evolution of energy densities, we respectively introduce the
energy density parameters of a pressureless matter, radia-
tion, and DE as

P Pr
= —, Qr = s
" 3H? 3H?

Pde
Q4. = . 16
de 3 Hz ( )
The Friedman equation (10) relates the above-defined
quantities as

Q, +Q,+ Q4 = 1. (17)

From (17), one can define the matter dominated universe as
a scenario where Q,, = 1, Q, = 0, Q;. = 0. Similarly, one
can also define radiation dominated universe or DE
dominated universe, when Q, or €. dominates over the
others, respectively. From Eqs. (10) and (11), we can also
define the effective energy density p. and effective
pressure p.g respectively as

F
Peffzﬂm+Pr+§—QFQ» (18)

Pr F
Peit :g‘i‘ <QFQ +§>

4 20F 0 + F
- <pm +_pr> < Qe g > (19)
37 J\20F g0 + 1+ Fy

Therefore, the effective equation of state wg is given by

Wff:peff:_1+ Qm +%Qr (20)
T et 20Fpp + 1+ Fy

Similarly, we can define the deceleration parameter g
which is directly related to wgg as

H - 1 +3weff

H? 2 (21)

g=-1-
The deceleration parameter is of fundamental importance as
it describes whether the universe undergoes acceleration
(g < 0 or wegr < —3) or deceleration (g > 0 or weg > —1).

To obtain a qualitative information on the solution’s
dynamical features of the system of cosmological equa-
tions, in the next section, we shall analyze the dynamics
using the dynamical system techniques.

III. DYNAMICAL SYSTEM ANALYSIS

To analyze the dynamics of the f(Q) model, we shall
transform the equations of motion (7), (8), and (15) into an
autonomous system of the first-order differential equations
using the following dimensionless variables:

20F,-F o
T e 0 Y T 3pe

(22)

Basically, by referring from the cosmological equations (7),
(8), and (15), we have four dynamical variables viz.
H,p,,p, and pg. As we have considered the usual
H-normalized variables, the variable H is combined with
other variables, so we are left with three variables.
However, the remaining variables are connected by relation
17)), therefore, we are left with only two independent
variables which are expressed as x and y. As favored
by observations, we consider an expanding universe, i.e.,
H > 0 and hence, the above variables are well-defined.

Using the above variables, the cosmological equa-
tions (7), (8), and (15) can be transformed into the
following dynamical system:

¥ = 2% (Fo = 20F po) — ). (23)

H
Y ==2y (2 + ﬁ> : (24)
where prime denotes a derivative with respect to Ina and
H 1 3-3x+y
H?>  22QFpp+Fo+1

To close the above system, one has to specify the function
F(Q). In case the system cannot be closed, one has to
introduce additional variables which increase the dimen-
sion of the system. In this work, we will focus on a power-
law form of function F given by

F(Q) = aQ", (25)

where o and n are dimensionless parameters. We remark
here that for n = 0, the model reduces to the standard
ACDM model with the quantity  playing the role of the
cosmological constant [14,58]. The case n = 1 is equiv-
alent to the symmetric teleparallel equivalent of general
relativity subject to the rescaling of Newton’s gravitational
constant by a factor of @ + 1 [6]. However, modification
from the GR evolution occurs at low curvatures regime for

103521-4



COSMOLOGICAL SOLUTIONS AND GROWTH INDEX OF MATTER ...

PHYS. REV. D 103, 103521 (2021)

n < 1 and modification at high curvatures regime occurs
for n > 1. Hence, while models with n» > 1 will be
applicable for the early Universe, models with n < 1 will
be applicable to the late-time DE dominated Universe.
Therefore, we shall focus on the case where n # 1. For this
example, we have

and hence, the system (23)—(24) can be rewritten as
x/:(l—n)(3—3x+y)x (27)
nx + 1 ’
V= _Y[(4n+3)x—y+1] (28)

nx + 1

Further, we can rewrite Q,, Qge, €,,, Werr and wy, in terms
of variables x, y as

Qr:yv Qde:xv Qm:]_x_yv
_ I3nx+3x-y
[ R
2n H n(3-3x+y)
Wde:_l___zz_ —_— .
3H 3(nx+1)

Under a physical condition 0 < Q,,, Q, <1, the phase
space of the system (27)—(28) is given by

Y={(x,y) €R}0<x+y<1,0<y<l,-y<x<l-y}

To analyze the cosmological dynamics of the model, we
extract the critical points of the system (27)-(28) by solving
the equations x’ = 0 and y’ = 0. The system contains three
critical points presented in Table I whose stability property
depends on the value of n. In what follows, we describe the
stability nature of each critical point by examining the
eigenvalues corresponding to the Jacobian matrix of a
system (27)—(28) at each point.

(1) Point A(0,1) corresponds to a decelerated, radiation
dominated universe (Q, = 1, we = %). In this case,
the eigenvalues are 1, 4(1 — n). Therefore, this point
is an unstable node when n < 1, saddle if n > 1.
Point B(0,0) corresponds to a decelerated, matter
dominated universe (Q,, =1, wys = 0). As the
eigenvalues of this point are —1, 3(1 — n), therefore,

(ii)

this point is a stable node when n > 1, saddle

if n <1.
(iii) Point C(1,0) corresponds to an accelerated, DE
dominated universe (4. = 1, weir = —1). Note that

denominator of the right hand side of the equa-

tions (27)—(28) is nx + 1, therefore, this point does

not exist for n = —1. The eigenvalues evaluated at

this point are —4, 3;’:11). Therefore, this point is a
stable node when n < 1, saddle if n > 1.

Indeed, for n = 0 one recover the ACDM model. From
the stability behavior of critical points, we see that for
—1 < n < 1, the Universe evolves from a radiation domi-
nated epoch toward a matter dominated epoch and even-
tually settles to an accelerated DE dominated epoch. The
phase space evolution describing the transition of the
Universe along with the evolution of the cosmological
parameters is given in Fig. 1. Additionally, we also require
a fine-tuning of the initial conditions to have a long matter
dominated epoch. Otherwise, we obtain an unusual early
behavior where the Universe evolves directly from radia-
tion dominated epoch to DE dominated one. So, for
|n| <1, the present model’s background dynamics are
consistent with the present observational data, with the
effective evolution resembles that of the ACDM. It is
important to note that late-time acceleration is solely due to
the geometric sector of the action.

IV. ANALYTICAL SOLUTIONS BY SINGULARITY
ANALYSIS METHOD

To determine the analytical solution of the cosmologi-
cal equations, we apply the singularity analysis technique.
The method of singularity analysis has been extensively
applied to various cosmological models based on
the standard GR [39-46] or modified gravity theories
[47-51]. In the present work, we focus on a systematic
technique of singularity analysis known as the Ablowitz-
Ramani-Segur (ARS) algorithm [59-61]. The algorithm
allows us to determine whether a given differential
equation passes the Painlevé test and hence possesses
the Painlevé property i.e., the solution can be written as a
Painlevé series (or Laurent expansion) around a movable
singularity.

Consider the differential equation H(z,a,a,d(t),...)=0,
where a(¢) is the dependent variable and 7 is the indepen-
dent variable. The application of the ARS algorithm is
summarized in the following three steps:

TABLE 1. Critical points of the system (27)—(28).

Point (x,y) Existence Q, Q, Qe Weit Acceleration Stability

A0, 1) Always 0 1 0 % No Unstable node if n < 1 saddle if n > 1
B(0,0) Always 1 0 0 0 No Saddle if n < 1 stable node if n > 1
C(1,0) n+#-1 0 0 1 -1 Always Stable node if n < 1 saddle if n > 1
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(a) Phase portrait of the system (27)—(28) with n = 0.2. The shaded area represents the region of accelerated expansion.

(b) Time evolution of Q,, Q,,, Q4. and w.y. Here, z denotes redshift given by z = ”—a" — 1 where ag =1 is the scale factor at the

present time.

The first step of the ARS algorithm is to deter-
mine whether a movable singularity exists. We substitute
a(t) = agz? in the differential equation in whichz = 7 — ¢,
and 7, is the location of the putative singularity. The
dominant powers which share a common scale symmetry
are selected, and we require them to be the dominant
behavior of the original differential equation. Hence, the
coefficient a, and the exponent p are determined. The
exponent p should be a negative value for the singularity to
be a pole. However, nowadays, exponent p can be a
fractional number, even positive ones, as the derivative
of a positive fractional exponent eventually give a negative
exponent and so a singularity.

The second step of the ARS algorithm is determining the
resonances, which provides the integration constants’ loca-
tion for the differential equation. In order to do that, we
substitute a(r) = agr? + mrP*" into the dominant terms of
the equation and collect the terms linear in m as that is where
the coefficient firstly enters the expansion. If the multiplier of
m is zero, the value of m is arbitrary. The coefficient is a
polynomial in r. We then equate the coefficient to zero to
obtain the values of r. One of the solutions must be —1,
which is associated with the moveable singularity at ¢,.

Finally, the third step in the ARS algorithm is to perform
the consistency test by substituting the Painlevé series to
the original equation. We emphasize that the step of the
Painlevé series is determined by the leading order term and
the resonances. The idea is to check whether the series is
indeed a true solution.

Note that the consistency test determines the coefficients
of the Painlevé series. The nature of resonances determines
the type of series. The series can be expressed as a right
Laurent expansion; for negative resonances, the series is
left Laurent expansion; otherwise, the series is a mixed

Laurent expansion. In what follows, we perform the
analysis for the power-law model in the presence of (a) dust
fluid only, (b) dust with radiation fluid.

A. Dust fluid

For performing the first step of singularity analysis, we
substitute a(r) = agz® in (8) (taking p, = 0 and hence
right-hand side of (8) vanishes), we then obtain

-2t a6? 16" (2n — 1)(2n — 36) + 27726(36 — 2) = 0,
(29)

where 7 =1—1ty, ty is a constant of integration which
determine the position of singularity. Then, we search for
the leading terms which determine the value of 6. As
discussed earlier, we focus our study to two different cases
n<1andn>l1.

1. n <1 case

For the case n < 1, it follows from Eq. (29), that the
leading order behavior is obtained from the term
2t726(36 — 2). Therefore, if the leading-order behavior
describes the solution at the singularity then we have

2

(36 —2) =0, i.e., 0 = 35, which is independent of n and

ay is arbitrary. The leading term a(z) = ay7* implies that
near singularity, i.e., t > ty, we have a(f) — 0 but the
derivatives of a(t) diverge.

Next in order to find the resonances r, we substitute
a(r) = ay +mrit" in (8) and linearize around m = 0.
From the remaining terms, we solve r from the coefficient
of the leading order term and obtain an equation
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r(r+1) =0, (30)

giving two solutions r; = —1 and r, = 0. The value of r,
confirms the existence of singularity as one of the solutions
of resonances must be —1. The second resonance confirms
that the coefficient a, of the leading-order term is arbitrary,
and it is another integration constant apart from f,. Since
the system contains two integration constants viz. ¢y and a,
therefore, the system passes Painlevé test. However, to
obtain some information on analytical solutions that are
physically interesting, in what follows, we perform the last
step of the singularity analysis. Due to the presence of
remainder terms arising from the substitution of a leading
term in (8), the leading term is not a solution of the system.
By inspecting the resonances, we can express the solution
in the right Laurent expansion with step % and so we have

+o0 _
T) = ag + Z a;Ts. (31)
i1

At this point, we have determined the two free parameters
of the problem, coefficient a, and f, representing the
position of the singularity. Hence, the consistency test is
not necessary to conclude that the cosmological system
possesses the Painlevé property. However, we perform the
consistency test in order to determine the values of
a;(i=1,2,3,...). Performing the consistency test for a
general n is difficult as comparison of terms is involved.
Therefore, for the sake of completeness, we shall fix the
value of n.

As an illustration, let us take n = —1 and we substitute
the expression (31) in Egs. (7) and (8). Then, we obtain
pmo =34y and the nonzero coefficients are ajy

(k=1.2,.) with aj,=330aa, 2=-33aq etc.

ap
Similarly, on taking n = —2, we obtain p,,g = %ao and
the nonzero coefficients are ajg, (k€ N) with
a;g = 3‘5‘34 aay, Z?Z = }éég; ag etc. In both the cases we
see that many coefficients close to the dominant terms
vanish and therefore the solution is approximated by the

leading order term 6107%, i.e., by a dust fluidlike solution.
Therefore, near singularity, the solution (31) corresponds to
a decelerated universe with g = % The presence of right
Laurent expansion (31) implies that the matter dominated
universe near singularity is not a stable solution. This can
also be confirmed from the saddle nature of a matter
dominated critical point B (see Sec. III).

Indeed, in the Laurent expansion (31) as we move far
from the singularity 7 > 0, the terms right from the leading-
order behavior 75 dominates and describe the solution of the
differential equation. This type of property of the solution
has been observed before in previous cosmological studies
[47]. If the resonances were negative, then the analytic
solutions would be expressed by a left Painlevé Series

which indicates that the leading-order behavior describes
the attractor of a stable asymptotic solution.

One also may be interested in the investigation of the
analytical solution in terms of the Hubble function. Since,
the scale factor a(z) can be expressed in terms of the
Laurent expansion, the leading term of the solution of H(7)
near the putative singularity is given by H(z) = pr~!
where p is the leading exponent of a(z). Near singularity,
such solution describes the universe’s era dominated by an
ideal gas With Weip = —1 +% For the present case, we
have p = Wthh indeed describes the matter dominated
era (Wepr = O). On substituting H(z) =%7' + mr™'*" in
(8) and linearize around m = 0, we obtain » = —1, which
implies that the singularity is movable. Since the differ-
ential equation in H is first order, we do not need to proceed
with the analysis. However, for the sake of completeness,
we continue to perform the consistency test. For the test, we
choose n = —1, then the solution can be expressed as a
Laurent expansion

2 <2 ,
H(7) :51_1 +ZHiT_l+l’ (32)
i=1

where the nonzero coefficients are Hy, (k= 1,2,..) with
H, = 80, Hg = — % etc. We note here that the only
integration constant of Eq. (8) is 7, which is the location of
the singularity. Thus, in the present case, Eq. (8) possesses
the Painlevé property and hence deemed to be integrable.

2. n>1 case

For the case n > 1, we found that the leading order
behavior is 6 =% and qq is arbitrary, ie., a(r) = ayT.
Therefore, the dominant term comes from the geometric
term Q" of the action. Depending on the value of n, we
either have 2 ¢ N or 22 € N.

First let us assume the case where 2 5 & N. In this case, we
obtain resonances r; = —1, 0. Therefore as in the case of
n < 1, the system passes the Painlevé test and the solution
can be expressed in terms of a right Laurent expansion. As
the step for the Laurent expansion depends on the value of
n therefore to find the series expansion we have to fix the
value of n. For the sake of illustration, let us take n = 2,
then the right Laurent expansion is given by

a(t) = ayt + Z a;rs. (33)

Performing a consistency test, we get p,,o = Séz aay, ie.,

a > 0 for p,,o > 0 and the nonzero coefficients ag = 288“,

17
a1y = g5 €IC.

On the other hand, for %” e N, say 23—” = M, to determine a
movable singularity, we replace a(z) by b7!(7) in the

cosmological equations (7)—(8). So, the dominant term is
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b(t) = byt~ and resonances are 0, —1. If we take n = 3

2’
the analytical solution of the scale factor is

“+o0
a(t)™' = by + z b1, (34)
i=1
here by — -2 p — — b0 ote al ith p,,o = &Y6a
where by = %=, b, Soe C1C-» along with 0 = 2

which is positive for a > 0.
In general, for n > 1, the solution of the scale factor near

the singularity approximated by the dominant term is given
by the power-law solution a(7) « 7%, which corresponds to
an effective fluid of equation of state parameter wyy = 1%"
Therefore, the solution near singularity describes a decel-

erated universe for 1 < n < %, an accelerated universe for
n> % a Milne universe for n :% and a cosmological
constant as n — oo. We also note that the solution runs
fast from the scaling behavior as this solution does not
correspond to any asymptotic structure. For instance, by
comparing the scaling solution a(r) = agrs with the
effective equation of state parameter, one can find that
x= ”Z—‘n' (with y = 0), which is indeed not a critical point of
the system (27)—(28).

As in the previous case, here, we find the behavior of the
Hubble function. For this case, the leading order behavior is
H(r) =%'77" and the resonance is r = —1 which confirms
the existence of a movable singularity. For the consistency
test, we choose n = 2 and the Laurent expansion for H is
given by

on +o0 )
H(r) ==+ > Ha (35)
i=1

where the nonzero coefficients are H,; (k= 1,2,..) with
H, =- ﬁ, H, = ﬁ etc. Thus, in summary, we find that
the present model possesses the Painlevé property in the
presence of dust fluid for any parameter n.

B. Dust with radiation fluid

In this section, we shall consider the case where the
matter component includes dust with radiation. As in the
previous case, we focus our study on two different cases:
n<1andn>1.

1. n <1 case

Following a similar procedure as earlier, it follows from
Eq. (29), that the leading term is a(z) = ay72. We note here
that a, is not arbitrary, but it is given by ag =3%p,.
Therefore, contrary to the case where only dust is present,
the dominant behavior is radiationlike.

Substituting a(z) = agz? + mz2*” in (8) and linearize
around m =0, we obtained resonances r; = —1 and
ry = % The second resonance confirms that the coefficient

ag is not arbitrary, instead, the coefficient @, is arbitrary (an
integration constant). From the nature of resonances, the
Painlevé series can be expressed in a right Laurent
expansion with step 1, i.e.,

+0o0
a(t) = age + Z a;Te. (36)
i=1

To determine the values of a;, we perform a consistency test
by substituting (36) in (7)—(8). As in the case of dust fluid

. a? a3
only, we take n = —1 and obtain a, = —%a—(‘) ay = %a—; etc.,
0

and p,o = 3 ag. Also, Eq. (7) yields p,,0 = 3 a,a}. We have
checked that n = —2 yields same values of coefficients a;
as in the n = —1 case.

The connection with the critical points is similar to that
with the case of dust, where in here the leading order
behavior is that of the radiation fluid, that is, point A.
Therefore, the solution (36) corresponds to a decelerated
universe with weg = % The presence of right Laurent
expansion (36) implies the unstable nature of a radiation
dominated universe near a singularity, which accord with the
nature of radiation dominated critical point A (see Sec. III).

2. n > 1 case

For the case n > 1, we found that the leading order

behavior is ¢ = % Therefore, the dominant term comes

from the geometric term Q" of the action. Similar to the
case of dust fluid case, we consider n such that %” & N or
23—" € N. In both cases, we obtain resonances 0 and —1.
However, the corresponding Painlevé series fails to satisfy
Egs. (7) and (8). This result implies that the system does not
possess the Painlevé property for n > 1, which means we
cannot solve the solution in Laurent expansion.

Hence, in the presence of dust fluid with radiation, the
present model passes the Painlevé test when we work with
a(t) only for n < 1. We summarize the result of the
singularity analysis performed in this section for the case
of dust fluid and the dust fluid with radiation on Table II.

Before we conclude this section, we remark that the
system in the presence of dust with radiation fluid does not
admit the Painlevé property when we work with the Hubble
function H(r). This is a common problem in the singularity
analysis as the Painlevé property is coordinate dependent
and hence depends on the equation or variables we apply,
which is contrary to the symmetry analysis. For instance,
the well-known integrable oscillator, in general, does not
possess the Painlevé property, but one has to define
coordinates to satisfy the property [62]. Similarly, the
Starobinsky model of inflation admits the Painlevé property
only for a specific choice of coordinates [47,50]. To further
investigate the viability of the model, in the next section, we
shall analyze the model’s behavior at the linear perturba-
tion level.
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TABLE II. A summary on the result of singularity analysis.

Cases Range of n  Painlevé Property Leading order of a(z) Nature of solutions in a(z) Dominant fluid

Dust fluid n<l Satisfied 4 Right Painlevé series Dust
n>1 Satisfied = Right Painlevé series F(Q)

Dust fluid with radiation n <1 Satisfied P Right Painlevé series Radiation
n>1 Inconclusive Inconclusive Undetermined Undetermined

V. LINEAR GROWTH INDEX

In this section, we shall study the linear growth of dark
matter fluctuations for the power-law form model F(Q) =
aQ" in the matter dominated era (neglecting the radiation
component, i.e., p, = 0). From (10), one can find that the
present matter density parameter is

_ Pmo _ _F(Qo)
" " 3H] 6H?

+(2Fg)g-g,»  (37)

where Q) = 6H3 (H, is the Hubble constant) and so we
have

1-Q
= (6H3)!-" iy 38
a = (6H3) 1 L~ O 38)
Now dividing Eq. (10) by H2, we get
H2
E*(a) = 77 Qa7 + (1= Qu0)E".  (39)
0

The differential equation describing the evolution of matter
density perturbations ¢ defined by § = % at smaller scale
compared to the Hubble radius is given by [63-65]

8+ 2HUS — dmup,,5 = 0. (40)

The quantities p and v are associated with the physics of DE
and measure the deviation of GR’s theory. For DE models
within the framework of GR, one has ¢ =v = 1. On the
other hand, for various modified gravity theories, we have
v=1 and u # 1. Further, if the matter component is
allowed to couple with DE, we have v # 1 and p # 1.
Since, in our present model, there is no interaction between
dark sectors, we have [6]

1
L4 Fy

v=1, U (41)

In order to have a better picture on the evolution of growth
of matter perturbation, it is convenient to consider the
growth factor f which is defined in terms of & as [57]

_dIné

f:dlna'

(42)

In terms of E, we can rewrite Q,, as

Qm()a_3
E*(a) -

Differentiating (43) with respect to scale factor, we get

dQ Q
—’”:—3—”‘<1+
a

(44)

3dlna

2dInE
da '

Using the definition (42) and Eq. (44), we can write
Eq. (40) as a first-order differential equation given by

af dinE\ 3 1
—_— 2 == Q,. 4
dlna+f +( +d1na)f 214 Fy " (45)

On differentiating (39) with respect to In @ and using (43)
we get

dinE 31— E?2(1 = Q,0) (46)
dina 21 —-nE"2(1-Q,)’
and so Eq. (45) becomes
df 2 31— E2n—2(1 - QmO)
o 2=
dlna+f +f 21 —nE"2(1-Q,0)
3 Q,,
= 5 1 _ n(l_gmo)E2n—2 * (47)
2n—1

As we are interested in the behavior of matter perturbations
in the matter dominated era, we shall use the common
parametrization of f in terms of Q,, given by [57]

f=Q(a). (48)

where y is the growth index of matter perturbations. It is
worth mentioning that in the literature, there are various
theoretical speculations on the functional form of the
growth index. In the present work, we consider the
following phenomenologically interesting parametrization
of y in terms of scale factor [66]:

y(a) =70+ riy(a). (49)

The above equation can be treated as a first-order Taylor
expansion of y around some cosmological function y(a)
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with coefficients y,, ;. To determine the growth index’s
behavior, one has to specify the function y(a). In what
follows, we shall investigate the growth index for two
different parametrizations of y(a). First, we consider the
case where y(a) =InQ,(a). Here, for z>1, ie,
Q,(a) = 1, the growth index approach an asymptotic
value y, with y, =y, which is redshift independent.
Such a form of y is also called the constant growth index.
We consider another form of y(a) given by y(a) =1 —a.
In this case, the growth index is redshift-dependent, and
therefore, it is known as a time-varying growth index. We
note that the growth index’s redshift-dependent form can
provide a more accurate approximation for the growth rate
factor compared to a constant parametrization. In what
follows, we shall discuss the constant growth index’s
behavior and the time-varying growth index separately.

A. Constant growth index

In this subsection, we consider the simplest form of the
growth index known as the asymptotic or constant growth
index. For finding the value of the asymptotic growth
index, we use an analytical approach developed in [67].
Based on an analytical method, for high redshift z > 1, 1i.e.,
Q,, — 1, the asymptotic growth index y., is given by

3(My+ M) —2(H, + N;)

pu— ) 50
Voo 2—4H, + 3M, (50)
where
du

My = plg, 1 M, = ,

2=l dinQ,|q _
N dv :d(fiiﬁg) (51)

' dng,lg LdnQ,fg

We note here that

10
09
08F /
0.7F S

Yoo

0.6F -7

05 bmmmmmmm===""""

04 - - -
-04 -02 0.0 0.2 04

du  Q,n(1-2n)
dinQ, Qn+n-1"

After some algebraic calculations, we obtain

0 ifn:%
My =1, M, = n it
1-2n 2

3(n—=1)

N1:O, H1: (52)

2

Therefore, the value of the asymptotic growth index is
given by

9
6

6(n—1)?
(2n—1)(—11+6n)

: 1
if n =72

ifn#l.

—

Indeed, for n = 0, one recover the standard value % for the
ACDM model. We note that the value of y, is undefined
for n = 4. Interestingly, for n = 4, the value of y,, = %
which coincide with that of the Finsler-Randers cosmo-
logical model [68]. We found some differences in the value
of the growth index from the GR-based model, i.e., the
ACDM, while background cosmology for n = % is the same
as that of GR for any matter content [6]. In Fig. 2, we plot
the asymptotic growth index as a function of a parameter n
and compare it with that of the ACDM model. The plot
shows that the value of the growth index for the power-law

model is greater than that of ACDM only for 0 < n <1 or

% < n < 6. As mentioned earlier, the varying growth index
contains more information about the growth of structures
described by gravity’s underlying theory; therefore, we
now proceed to analyze a time-varying growth index.

B. Varying growth index

For the redshift-dependent growth index, we consider the
parametrization introduced in [69] which is expressed as a
Taylor expansion around the present time, i.e., a(z) = 1 as:

0.70
0.65
0.60 §

8 (.55 b— == 1
28055 e

0.50

045¢

0.40
4

FIG. 2. The evolution of y, for the power law model F(Q) = aQ" as a function of parameter n (in dashed curve). The solid line

Yoo = 1% corresponds to the ACDM model, i.e., n = 0.
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r(a) =vo+r(1-a), (54)
where y, y; are the coefficients. The parametrization (54)
is commonly used in the literature to approximate the
growth rate of matter perturbation. It provides a very good
approximation to the ACDM and DGP models. Here, we
shall analyze it for the power law form of f(Q) gravity. On
substituting f(a) on (45) and using (44), yields

dy ’ 1 2dInE
aln(Qm)%—i- Q-3 (y 5) (1 +§—dlna>
1 3
~ A me: .
+2 2H 0 (55)

V1=

Again for large redshift z> 1 (or a(z) - 0), we have
Y = Yo and so from (54), it can be seen that y, ~y, + 7;.
Therefore, using the expression of y, from Eq. (53),
one can find the expressions of y, and y; in terms of
Q,, and n.

In Fig. 3, we plot the variation of quantities y, and y; for
0.2 <Q,0 <0.4. We find that the values of y, and y, are
larger (or smaller) than those in the ACDM model (i.e.,
n =0) for n > 0 (or n < 0). This result implies that the
effective gravity of the f(Q) theory is weaker for n > 0 and
stronger for n < 0 in comparison to GR. Such features
provide distinct signatures for the f(Q) theory. It can be
also noted that for various GR based models, we have

0.64
n=0.2

0.62 1

0.60 r

0.58 |

Yo

n=0
0.56 ¢

0.54 1

052 ¢

0.50 t,
0.20

0.30 0.35 0.40

'QmO
(a)

0.25

FIG. 3.

At the present time which corresponds to a =1, i.e.,
redshift z = 0, the above equation becomes

dy 1) 1 2dInE
Ym0 3y =) (142
dal,_, "m0 %0 "W =3 )" *33ma)
+l—§ﬂ 91—7(1) -0 (56)
2 H0%mo ’
e

By employing the parametrization (54) in Eq. (56), we
obtain y; in terms of y, as

i %00 (

@uo-Dn-1\ 1 3 .
”(gg;no—l)+1> __5 OQI :|

'm0 (57)

2

I
ly1(z = 0)| £0.02 and can be greater for models beyond
GR framework [70]. Hence in principle, one can discrimi-
nate the f(Q) gravity from Einstein gravity through the
values of yq, 7.

Finally, in Fig. 4, we plot the growth index’s evolution
for positive and negative values of n. We can see that
throughout the evolution, the growth index is smaller in
comparison to that of ACDM for n < 0 and larger for
n > 0. Such behavior of the growth index can be related to
the nature of the effective Newton’s gravitational constant
[see Eq. (41)]. As the growth index’s evolution depends on
the value of parameter n, one needs to perform constraint on
Y0, Y1 concerning various observational growth rate data.

0.04 + 0202
002 r
= 000+
n=0

-0.02 /’—/ /
n=-0.2
-0.04
0.20 0.25 030 035 0.40
Q'mO
(b)

Evolution of y, and y, against Q,,, for n = —0.2, 0.2 and n = 0 which corresponds to the ACDM model.
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0.70
065}
n=0.2
> 060}
0.55F n=0
— n=-0.2
0.50 ‘ ‘ ‘
0.0 05 10 15 20
z

FIG. 4. The evolution of growth index y against redshift z for n = —0.2, 0.2 and for the ACDM model, i.e., n = 0 with Q,,, = 0.28.

This exercise will restrict the possible values of n favorable
with the structure formation data.

VI. CONCLUSION

We studied the recently modified gravity theory’s
cosmological behavior known as the f(Q) theory in
the present work. More accurately, we focussed the
analysis on the power-law form, i.e., f(Q) = Q + aQ".
While the theory modifies high curvature regime for
n > 1, it modifies low curvature regime for n < 1.
Therefore, the theory applies to the early Universe for
n > 1 and to the late time Universe for n < 1. It is worth
mentioning that for n = %, the background evolution is the
same as that of GR. However, Ref. [71] reported some
interesting observational signatures distinct from that of
the ACDM model at the perturbation level. Therefore, in
this work, we have investigated the behavior of the
power-law model of f(Q) theory at the background level
and perturbation level.

At the background level, we perform a dynamical system
analysis and singularity analysis of the model. From the
dynamical system analysis performed in Sec. III, we see
that for |n| <1, the model is cosmologically viable,
exhibiting a cosmological sequence: radiation era — dark
matter era — DE era. Therefore, for such a case, the overall
background evolution is the same as that of the ACDM. It is
worth mentioning that the DE behavior is solely due to the
geometry of the theory without the need to introduce an
exotic component.

A dynamical system usually contains model parameters
and initial conditions, which we require to fine-tune for
performing numerical analysis. In such a scenario, one may
not understand the system’s general properties defined by
the theory. Therefore, finding the analytical solutions for
given differential equations is crucial to understand their
properties further. In the present work, we determine the
analytical solutions of the scale factor and the Hubble
function by employing the singularity analysis techniques

in Sec. IV. We followed the ARS algorithm, which allows
us to determine whether the differential equation possesses
the Painlevé property. Further, we compared the Laurent
expansion with the nature of critical points obtained from
the dynamical system analysis. More precisely, we per-
formed the singularity analysis for two cases: (a) dust fluid
only in Sec. IVA (b) dust fluid along with radiation in
Sec. IV B.

In the case of dust only, the system passes the Painlevé
test for both n <1 and n > 1. For n < 1, the solution
around singularity is approximated by a dust fluidlike
solution, and it is expressed as a right Painlevé series. The
nature of the series also confirmed the saddle behavior of a
matter dominated critical point B of the system (27)—(28).
If n > 1, the solution near singularity corresponds to a
scaling solution due to the geometric term Q". It describes

decelerated Universe for 1 <n < %, an accelerated
Universe for n > %, a Milne universe for n :% and a
cosmological constant as n — co. However, we note that
the solution does not correspond to any asymptotic struc-
ture of a dynamical system.

In the presence of dust and radiation, the system passes
the Painlevé test only for n < 1. In such a case, the solution
around singularity is approximated by a radiation-like
solution, and it is expressed as a right Painlevé series.
As before, the nature of the series also confirmed the
unstable nature of radiation dominated critical point A of
the system. Therefore, the singularity analysis results
complement the dynamical system analysis performed in
Sec. III. Failure of the Painlevé test in the presence of
radiation and matter for n > 1 suggests that the system is
likely to be nonintegrable. The nonintegrability of the
system may lead to the onset of chaotic behavior.
Therefore, we believe that the singularity analysis allows
us to understand the onset of chaos in gravity theories. Most
importantly, the present work contributes to the subject of
integrability of gravitational field equations in the context
of cosmology.
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The singularity analysis for the power-law form of f(R)
gravity, i.e., f(R) =R+ gR" has been performed in
[47,50] for n > 1 and n # 3. The analysis is carried out
in the absence of radiation and for n > 1 only. However, no
such analysis have been reported for n <1 or in the
presence of radiation for f(R) gravity. By comparing the
results of f(R) gravity with that obtained in the present
work, we find that both theories provide similar dominant
power-law solutions except n = 2. Hence, both f(R) and
f(Q) theories resemble near a movable singularity forn > 1.

The knowledge about the integrability of the field
equations is crucial for the existence and determining real
solutions. We note that apart from the singularity analysis,
the symmetry analysis which is coordinate independent is
another method that allows us to extract information if the
system is integrable. Therefore, in the future we aim to use
both approaches in other theories of gravity.

Apart from the background analysis, we studied the
growth rate of matter perturbations within the subhorizon
scale. In particular, we analyze the growth rate index’s
nature for two different choices: the asymptotic value of
growth index and varying form of growth index. We find
that the value of the asymptotic growth index depends on
parameter n. For n = 0, we recover the standard value of
the ACDM which is %. Forn = %, it is well-known that at
the background level, the dynamics are the same as that of
GR [6]. Such a result is further confirmed by the dynamical
system analysis performed in Sec. IIl. However, we find

that the value of the asymptotic growth index for n = § is
which interestingly deviates from that of the ACDM model.
More specifically, the value of growth index for the present

model is greater than that of ACDM when 0 < n < % or
% < n < 6, otherwise it is smaller than that of ACDM (see
Fig. 2). Finally, we generalized the analysis by considering
the growth index parametrization, which varies with red-
shift introduced in [69]. The investigation reveals that
throughout the evolution, the varying growth index is
smaller to that of the ACDM for n < 0 and larger for
n > 0, which can be related to the nature of gravity [see
parameter u from Eq. (41)]. The results obtained here also
confirmed the possible peculiar or measurable signature at
the linear regime of cosmic perturbations investigated in
[71]. Hence, we require further analysis to test the theory’s
viability with upcoming precise observational data at the

perturbation level.
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