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Running Hubble tension and a HO diagnostic
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Hubble tension is routinely presented as a mismatch between the Hubble constant H|, determined locally
and a value inferred from the flat ACDM cosmology. In essence, the tension boils down to a disagreement
between two numbers. Here, assuming the tension is cosmological in origin, we predict that within flat
ACDM there should be other inferred values of H,, and that a “running of H, with redshift” can be
expected. These additional determinations of H, may be traced to a difference between the effective
equation of state (EoS) of the Universe within the Friedmann-Lemaitre-Robertson-Walker (FLRW)
cosmology framework and the current standard model. We introduce a diagnostic that flags such a running

of Ho.
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I. INTRODUCTION

Hubble tension suggests that we may be seeing cracks in
the flat ACDM cosmological model [1,2]. At the crux of the
tension, one finds a significant disagreement between a
local determination of the Hubble constant H, due to the
SHOES collaboration [3] and the value inferred by the
Planck team through an analysis of the cosmic microwave
background (CMB) within the flat ACDM framework [4].
A host of recent other determinations of H| exist, some
supporting the idea that there is a discrepancy [5—-9], while
others caution that the tension may be a mirage [10-13].
The jury is still out.

We will argue in this paper that, if Hubble tension is
substantiated further by upcoming observations, and if it is
cosmological in origin, then the inferred H, within the
FLRW cosmology framework can run as a function of data
redshift. Put bluntly, either H( is unique and there is no
tension, or further determinations of H, with different
values should be anticipated as new redshift ranges are
elucidated by observation. Interestingly, the HOLiCOW
collaboration have presented tentative results [5,14], further
supported by [15,16], which tease a potential descending
trend of H with redshift below z ~ 0.7 [17]. The current
significance of this descending feature is in the ~2¢ range.

Here we emphasize that the argument is general, and that
running can in principle occur at all redshifts, even if it
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turns out to be insignificant at z < O(1). Nevertheless, the
Dark Energy Spectroscopic Instrument (DESI) [18] pro-
vides a unique opportunity to confirm or eliminate the
feature in the low-redshift regime. Ultimately, if running in
H, is substantiated beyond existing observations [5,14—
16], this leads further credence to the cosmological origin
of Hubble tension. Conversely, if we do not find evidence
for a running H,, a noncosmological explanation for the
results in [1,2] becomes more likely.

Our main observation is that such a running in H, can be
naturally understood and formulated within the FLRW
cosmology. Recall that within the FLRW setup, the
Friedmann equations

szg, (1a)
(425 =20 2w, (v)

must hold. Here, all expressions are a function of redshift z,
prime denotes a derivative with respect to z and we have set
M, = c=1 for simplicity. In addition, wep = Wegr(2)
denotes the effective equation of state (EoS) of the
corresponding FLRW Universe [19].

Equation (1)can be integrated to get

3 Zl"‘WCff(Z,)
— ——74d7 ). 2
ZA 1+z @)

It is worth emphasizing again that this all follows from the
FLRW paradigm, namely the assumption that the Universe

Ho = H(z) exp (-
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is homogeneous and isotropic and is governed by Einstein’s
equations. Observe that H, does not appear in the
Friedmann equations (1): it is a result of integrating the
equations and is hence identically a constant. Nonetheless,
in practice (2) carries nontrivial information regarding H,.
Recall that in a cosmological setting H is observationally
determined by extrapolating the H(z) read from data at
higher z to z = 0, after a particular cosmological model is
chosen, or equivalently, a choice of weg(z) is made. We
work with a general we(z) in our discussion instead of a
specific cosmological model, to emphasize that H is a
truly model independent quantity [20]. Finally, note that we
can also replace H(z) on the right-hand side (rhs) of (2) by
the inverse of a derivative of the luminosity D;(z) or
angular diameter distance D (z). It can be applied beyond
observational Hubble data (OHD).

More concretely, (2) can be viewed in two complemen-

tary ways:

(I) It represents a direct comparison between observa-
tions, for example OHD, which determine H(z;) at
given (low) redshifts z;, and a model specified by
weir(z). Together, these quantities can be used to
define a Hy(z;) (namely H, inferred from the
observation at z;) via the rhs of (2). In practice,
one can take cosmic chronometers (CC) [21] and
baryon acoustic oscillations (BAO) [22] as fre-
quently used OHD. Viewed in this light, the holy
grail of cosmology is to identify the underlying
weit(z) so that H, remains z; independent and a
constant at all redshifts. When using (2) to determine
H, in terms of observations and models, we are
tacitly assuming that this is true.

(II) One can alternatively compare two different models,
model A and model B, wh1ch are resPectlvely
specified by effective EoS weff ) and w, If
model A is the assumption, but observatlons prefer
model B, then running in H, is guaranteed. In
particular, one can show that the ratio between the
Hubble constants will generically have some z-

dependence:
(4) /
HO 3 z AWeff(Z )
_— = — 7d / 3
PP <2A T+7 G)

where Awg(z) = wéff) (z) - Wf(:?f) (z). Note, only if
Awei(z) = 0 for all redshifts, one can be sure that
the rhs is a constant. Observe that H(z) which is an
observational quantity drops out in the ratio and the
rhs of (3) is a quantity integrated from today z = 0 to
a given redshift z, so even if Aweg(z) ~ 0 in some
intermediate redshift range, there can be nonvanish-

ing tension.
One may assume that model A is a cosmological model
within FLRW setup which yields the SHOES result [3] for

H(()A> and model B can be flat ACDM which yields the

Planck value [4] for H(()B). Equation (3) clearly shows that
the left-hand side (lhs) cannot remain a constant and it
should run. Note that our argument applies to all
approaches to resolving Hubble tension, for example
[23-39], which change the EoS at some ranges of redshift.
Note also that since the rhs of (3) is integrated, one cannot
infer Aw,g(z) uniquely from two discrepant H, values.

Thus, we see that a running H, is natural if we are
comparing observations or models against (other) models.
Constant H, represents the special case where the assumed
model is correct. Let us further note from (3) that we have
an explicit expression for the tension between Hj at z = 0
and that inferred from some finite z—it is the integral on the
rhs, measuring the accumulated error in the model equa-
tion of state.

We stress that the integrals in (2) or (3) can be explicitly
performed once a cosmological model is chosen, e.g., for
flat ACDM model, one gets

z]1+ o !
CXP(3/ lwiff/(Z)dZ,> :l—QmO+Q,n0(1+Z)3, (4)
0 +z

where Q,,, is the relative matter density at the present
epoch. The integrated form of this equation shows that once
a model is chosen, the accumulated error in the integral can
be traded for the error in model parameters.

Since the Hubble constant of the present epoch is
tautologically a constant in an FLRW universe, a “running
Hy” can be confusing. So let us summarize: in order to
reconstruct H, from H(z) data at some redshift, one must
use the rhs of (2). But to do that we need a model, as
defined by wgy(z), and this means (2) is no longer an
identity if our model happens to be wrong. The key point
here is that the only way one can compare the values of H,,
inferred from observations at two (sufficiently) different
redshifts, is via an assumption on wes(z), or in other words,
a model.

II. A NEW DIAGNOSTIC FOR ACDM

H, tension and a potential running H, can be sharply
formulated recalling the viewpoint (I) discussed above by
benchmarking the flat ACDM model against observational
determinations of H(z;). A priori, since the true EoS of the
Universe is unknown, but is believed to correspond to flat
ACDM to first approximation, there is no guarantee that the
lhs of (2) is a constant. We can hence use this fact to specify
possible deviations from the flat ACDM model. This may
be achieved through the H, diagnostic HO:

H(z)
\/1 - QmO + QmO(l + Z)3 ‘

HO(z) = (5)
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As explained, H(z) follows from OHD, for example CC or
BAO, but the denominator requires a little explanation.

Since we are primarily interested in low redshift obser-
vations, we have neglected radiation and neutrinos, but
otherwise the denominator corresponds to the flat ACDM
model. We propose that the denominator can be fixed by
sampling €, directly from the Markov Chain Monte Carlo
(MCMC) chains from the Planck mission [4]. This in effect
fixes the rhs so that it is only a function of redshift, yet
allows one to account for errors in €,,,. Alternatively, one
can employ supernovae to determine the denominator and
this should be attractive in coming years as WFIRST [40] is
expected to increase the number of supernovae by two
orders of magnitude. Moreover, employing supernovae
allows one to by-pass CMB and define an exclusively
low-redshift diagnostic. Here we first adopt Planck values
for Q,,9, since they provide the most constrained definition
of the standard model.

The HO(z) (5), evaluated as discussed above, provides us
with a null hypothesis test for the Planck ACDM model; if
HO(z) is not a constant within error bars, then Planck-
ACDM model needs modification.

III. ILLUSTRATIVE EXAMPLES

Let us work through some examples to see how the
above discussions can be used in practice. With an eye on
imminent releases from DESI [18], we will present results
based on current data and future forecasted data.
Concretely, we make use of the homogenised BAO data
in Table 2 of Ref. [41] and following [42,43], we employ
Gaussian processes to reconstruct the Hubble parameter.
Since the BAO data is relatively sparse, we augment the
BAO with the CC data compiled in Ref. [44]. The
reconstructed Hubble parameter and data are presented
in Fig. 1. Observe that there is a noticeable difference in the
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FIG. 1. The reconstructed Hubble parameter from the CC and
BAO data. We illustrate the Planck-ACDM cosmology (red line)
for comparison.

quality of CC and BAO data, but since GP reconstructs
data, we have added the CC data to provide guidance to GP
where the BAO data is sparse. Throughout we have utilised
the Matérn covariance function with v = % In a recent
study [45] it has been shown over a large number of mocks
of the same data that the errors in H decrease as v — oo,
but the difference between v :% and v = oo (Gaussian
kernel) is not so pronounced. In other words, v = % is pretty
representative. Thus, Fig. 1 is an illustrative snapshot of the
current status of the data. At higher redshifts, we see a clear
deviation from flat ACDM based on Planck values that is
driven by Lyman-a BAO.

This is in line with expectations: the Lyman-a BAO
Hubble parameter is lower than Planck and this explains the
dip in HO(z) at z ~ 2.5 in Fig. 2. In this case, the maximum
deviation from the Planck value occurs at z ~ 2.5 and the
statistical significance is ~2¢c [46]. If we restrict our
attention to z <1, where the data quality is better, one
finds that the maximum deviation is ~1.6¢ and this occurs
at z~ 0.5, as can be clearly seen from Fig. 2. In the range
0 < z < 1.5, the data has a mild preference for a higher
value of HO(z) than Planck. This could be attributed to the
CC data, which favors a slightly higher value, e.g., [47].
Overall, given the status of current observations, there is
little evidence for any deviation from flat ACDM.

However, going forward one may be able to confirm or
refute the idea that H, is running at low-redshift in flat
ACDM through future DESI data [18]. In particular, we
assume that the five-year survey covers 14,000 deg? (see
Tables 2.3, 2.5 and 2.7 of [18]) and mock up data based on
the flat ACDM model with canonical Planck values. In
practice, one is mocking up 30 odd BAO data points in the
redshift range 0.05 < z < 3.55. In Fig. 3 we have shown
our HO diagnostic (5) averaged over 100 mock realisations
of the data. While there is no deviation from flat ACDM,

0.0 0.5 1.0 1.5 2.0 2.5
z

FIG. 2. The inferred value of our diagnostic HO in units of
km/s/Mpc from the current CC and homogenised BAO data
compared against the Planck-ACDM value in red.
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FIG. 3. The inferred value of our diagnostic HO in units of
km/s/Mpc from the forecasted mock DESI BAO data compared
against the Planck-ACDM value in red.

and this is expected as flat ACDM was the basis for the
mock, the key take-away message is that the errors in the
H(z) construction have contracted from Fig. 2 to Fig. 3. In
turn, this reduces the errors in our diagnostic. It is plausible
that some running may be seen in future DESI releases.
That being said, it is worth emphasizing that our diagnostic
is equivalent to fitting a given model to binned data and
extracting the H, determination in each bin. This alter-
native approach is essentially how the descending feature
reported in [15] was identified. In future, it will be
imperative to perform such consistency checks on cosmo-
logical parameters in order to elicit full confidence in a
given model.

A. Dynamical dark energy

In recent years attempts have been made to reconstruct
the dark energy sector directly from data through non-
parametric techniques, whereby the EoS of dark energy is
modeled through typically 30-40 additional parameters
relative to the base ACDM model [48,49]. In order to
overcome the large uncertainties arising from additional
parameters, one typically assumes that the parameters are
correlated through a prior covariance matrix. The most
recent analysis presents a ~3.7¢ preference for dynamical
dark energy [49].

Objectively, these nonparametric constructions have a
large number of extra parameters, so they have additional
freedom to fit datasets that may be discrepant. Some
rigidity is provided by the assumption that the covariance
matrix takes a particular form, but regardless, one typically
encounters “wiggles” as the variables oscillate around their
flat ACDM values. Our aim here is to show that such
wiggles will manifest themselves in differences in H) using
our HO(z) diagnostic (5). Thus, if the dynamical dark
energy claims of [49] are substantiated, one should expect

to see pronounced wiggles in our diagnostic (5), or
equivalently wiggles in H within the flat ACDM model
in different redshift bins. To date any deviations of low
statistical significance are simply descending trends with
no wiggles [5,14-16]. In the big picture, not seeing these
wiggles would ultimately cast doubts on the methodology
of [48,49].

Concretely, we start from the 41-dimensional XCDM
model of Ref. [49], where in addition to H, and Q,,, the
authors allow for 39 uniform binned values of X in the
redshift range z € [0, 1000]. In this context, X is defined as
the difference in the dark energy density ppg(z) at a given z
versus z = 0, X(z) = ppg(z)/ppe(z = 0). While this recon-
struction may be questionable at higher redshifts, where data
is sparse, here we focus on the lower redshift regime z < 2.5.

Indeed, the wiggles in X around X = 1 (flat ACDM) can
be recast in terms of our diagnostic as shown in Fig. 4. Here,
using the covariance matrix and mean values from [49], we
have generated a long chain of tuples (X;, Hy, Q,,0), which
can be converted into a chain of H(z;) determinations and
restricted below z < 2.5. Dividing through as in (5) with Qo
from the Planck MCMC chains [4], we get the confidence
intervals in Fig. 4. Taking into account the errors from the
Planck determination of H,, the maximum deviation occurs
at redshift z ~ 0.16 and the statistical significance is 2.5¢.
Interestingly, this is more or less the redshift where we see a
deviation from flat ACDM in the Pantheon supernovae
dataset [50-52], but here Wang et al. have employed the
JLA dataset instead [53]. The wiggles in Fig. 4 are similar to
Fig. 2 of [49], but there the data used is intrinsically low
redshift, whereas our diagnostic comprises Planck MCMC
chains: the diagnostic mixes low and high redshifts. One also
observes wiggles in matter density ,,, in the Pantheon
dataset when it is binned according to redshift [54-56]. This
observation is backed up by the compressed E(z) data
reported originally in [57]. Moreover, at lower redshift
7 < 0.7, we see some indication of a descending H, with
redshift in line with the findings of [5,14,15]. The bump and
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FIG. 4. The inferred value of HO from the XCDM

reconstruction of [49] versus the Planck value.
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FIG. 5. The inferred value of Om(z) from the XCDM
reconstruction of [49] versus the Planck value.

decay can be attributed to Lyman-a BAO at z = 2.34 [58]
and z = 2.36 [59].

For comparison, we also illustrate the Om(z) diagnostic
[60,61] in Fig. 5. Note that there is a pronounced dip just
before z = 0. While this dip is driven by the data, primarily
a SHOES prior on H), the construction of [49] demands that
X(z=0) =1, so that Om(z=0)=Q,,, =0.288 +0.008.
Deviations from the Planck result are once again evident
and the significance exceeds 3¢ beyond z= 1.85.
Curiously, this deviation is larger than the ~1.7¢ deviation
from Planck-ACDM that is usually attributed to Lyman-a
BAO in the same redshift range. It would be interesting to
revisit this study in future as more data becomes available.

B. Comments on wCDM

Our diagnostic can easily be extended to the wCDM
model or further generalizations. Before doing this, let us
recognize that the motivation for doing so may not be so
great. First, Hubble tension is a ~4¢ tension in the context
of flat ACDM. By adding additional free parameters one
can reduce the tension by inflating the errors. Moreover, if
one believes the analysis in [62], wCDM is tightly con-
strained to w = —1.046’:(())_'(())%5 even without CMB data.
Nevertheless, it is a valid exercise and may be instructive.

To get the new diagnostic, one just needs to evaluate the
rhs of (2) for wCDM. Doing so, one finds

HO(2) = H(z) ()

V0= Qu0)(1+ 20 1 Q,0(1 + 2)°

Once again, one can extract ,,, and w from the Planck
MCMC chains and this fixes the rhs to be a function of z.
Adding curvature is an immediate generalization.

Now that we have introduced the wCDM model, we can
make one further comment. In [30] w ~ —1.3 is proposed as
a resolution to Hubble tension. Of course, this is at odds
with [62], but let us leave this aside for the moment. We can
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FIG. 6. Running of H(, assuming flat ACDM (5) based on data
mocked up as wCDM with w = —1.3.

ask how would H, evolve if w & —1.3 and one assumed flat
ACDM? One can answer this by mocking up wCDM data
in the DESI forecasted range 0.05 < z < 3.55 with the
Planck values for H, and Q,,,, while setting w = —1.3.
Here the assumed value of H|, is not so important, simply
the trend in H, captured by our diagnostic is of interest.
This is somewhat close to the viewpoint formulated in item
(II) and in (3). In this case, one finds

V=20 (142005 +0,0(142)°

HO(z) =H,
’ \/I_Qm()"i_QmO(l—i_Z)3

:Ho(1+§<1—9mo><1+w>z

+%(1 —-Q,0)(1+w)(1 +3§2m0(w—3)+3w)z2>

+... (7)

where we have expanded the first two terms to highlight the
initial trend. By plotting the above analytic expression for
Q,0=0.3 and w = —1.3, one sees that the ratio initially
decreases with z until z = 0.3 before increasing beyond that
redshift. This feature is clearly visible from the mean values
(dashed line) in Fig. 6 where once again we have averaged
over 100 mock realisations. It is interesting to note that the
wiggles in HO(z) undulate over much larger redshift ranges
than the XCDM model of [49] (see Fig. 4) and that there is
a low value of HO(z) relative to the Planck value at z = 0.
This appears to be an artifact of extrapolating beyond the
range of the data. Since GP is a data reconstruction/
interpolation technique, it is questionable beyond the
outermost data points.

IV. DISCUSSION

The point of this short note is to stress that a running H,,
should not instill us (or the HOLICOW collaboration) with
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fear, since it is very natural within the FLRW paradigm
provided Hubble tension is indeed cosmological in origin.
In essence, if there are two discrepant values of H, one
should be able to identify further values: only when one
correctly identifies the model through its effective EoS can
one be confident that H is a constant. At the moment, flat
ACDM represents our best guess, but this is being
challenged by Hubble tension. Nevertheless, given that
the true effective EoS of the Universe is unknown, this
motivates our diagnostic HO(z) as a means to uncover
potential running behavior, tentative signals of which may
have already been reported [5,14—16].

It should be stressed that we have not specified a redshift
where the EoS differs from flat ACDM, and it is conceiv-
able that some variation in the early Universe is required, as
argued in [63-65], for example [66-70] (see [71-77] for
related discussion). Given probes of the pre-CMB Universe
are limited, this may preclude us from observing a running
in H,. However, a competitive determination of the age of
the Universe from globular clusters may yet force us into a
late Universe modification [78]. Therefore, in light of
upcoming late Universe experiments: DESI [18];
WFIRST [40]; Euclid [79]; it is timely to eliminate a
variation in the EoS from flat ACDM at low redshift and the
ensuing running in H,. This is where our diagnostic may
come into its own and it is an important consistency check
on the flat ACDM model that H, does not vary with
redshift. Conversely, as argued in [15], a confirmed running
H, would disfavour early Universe resolutions to Hubble
tension.

In this paper we have focused on OHD, essentially CC and
BAO. As is clear from Fig. 2, there are hints of some
deviations from the Planck value Hy, = 67.4 + 0.5 km/s/
Mpc [4] in current data, which can largely be attributed to
Lyman-a BAO observations. Using the Gaussian process
technique [42,43] for a nonparametric reconstruction of
H(z), any deviation is at most in the ~2¢ window. That
being said, DESI data is imminent and in Fig. 3 we have
illustrated how the confidence intervals will contract using
the same methodology and forecasted mock BAO data based
on flat ACDM with canonical Planck values.

Our diagnostic has some overlap with the Om(z)
diagnostic [60,61] (see also [80,81]), but there are a few
differences worth highlighting. First, Om(z) is a diagnostic
specific to flat ACDM leading to a yes-no statement on
whether data is consistent with flat ACDM or not. In
contrast (2) applies to any model, a feature captured in the
effective EoS. Second, as we will argue in the Appendix,
Om(z) is a less sensitive diagnostic than HO(z) at low
redshifts. Third, the strength of Om(z) is that it does not
depend on model parameters [82], whereas since our goal is
to explicitly falsify specific models, (2) and (5) do depend
on model parameters. In an era of late-cosmology domi-
nated by Hubble tension, a simple diagnostic along the
lines of (5) may be long overdue.

Finally, one last comment is warranted. While the current
CC and BAO data at best provides a hint of some running in
H,, nothing more nothing less, there are studies of
dynamical dark energy where “wiggles” in the EoS are
favored over the constant dark energy EoS w = —1 at 3.7¢
[48,49]. Returning to (3), one can compare the Planck value
for H, directly to the value inferred from the difference in
the EoS. This leads to a running in H,, which can be
captured by our diagnostic (5) (see Appendix). The key
take-home here is that wiggles in the EoS will manifest
themselves in differences in H,, when contrasted with
flat ACDM.
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APPENDIX: OTHER DIAGNOSTICS FOR ACDM

Here we discussed the HO diagnostic (5) and there has
been another diagnostic discussed in the literature, the
Om(z) diagnostic [60,61],

E*(z) -1

Om(z) = (1T+z3 -1

(A1)

where E(z) := H(z)/H, is the normalized Hubble param-
eter. When H(z) is exactly the one predicted by the flat
ACDM, Om(z) = Q,,0 = const and any z dependence in
Om(z) signals a deviation from flat ACDM.

It is inevitable that Om(z) has large error bars once
evaluated using low redshift data [81]. To see this, note
that we can Taylor expand any cosmology E(z) = 1+
(1 + qo)z + O(z%), where g is the deceleration parameter.
Thus, at low redshift, Om(z) reduces to Om(z) =3 (1+
qo) + O(z). Now, since ¢ is subleading in z relative to H,
one has to go to suitably high z to determine it to some degree
of precision. As a result, if there is a deviation at sufficiently
low redshift, we can expect Om(z) to be insensitive. This
partially motivates our new diagnostic.

One may also wonder if one can construct other similar
diagnostics within ACDM. There are three parameters
Hy, Q,, Q,,0 in ACDM which are related by two equations,
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H(Z)2 = H%(Qm()(l + Z>3 + QA)? QA + QmO =1

(A2)

One can hence think of three such diagnostics:

(1) Om(z) (A1) which is based on eliminating H,, Q,
from the above equations and the fact that for
ACDM E(z)> =1 =Q,0((1+2)*=1).

(2) Our HO (5) which stems from constancy of H and

(3) DE(z), which stems from eliminating H, Q,,o and
writing (1 +2z)? — E(z)?> = Q,((1 4+ z)> = 1). One
can, however, readily see that DE(z) = 1 — Om(z)
and hence it is not independent of Om(z).

There are therefore only two such diagnostics. Om(z) is

fitter to capture deviations in the energy budget of the

universe from that of flat ACDM, whereas HO is more apt
to flag an “integrated” difference of a model (conveniently
chosen as the standard flat ACDM cosmology) with the
data or another model, within a range of redshifts.

What Om(z) really checks for is if €, is some constant.
The diagnostic (5) on the other hand works once the model
is completely specified by providing specific values for
the cosmological parameters before it can return us a result
for the null test. The reason behind this is that Q, is a
parameter in the model, while H, is an integration constant.
In this sense, the H, diagnostic is a more resolved
diagnostic of models. Of course, since data precision is
a bottleneck, this point is somewhat academic at the
moment.
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