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The effect of gravitational wave of cosmological wavelength on the gravitational lensing is investigated.
When the source, deflector, and observer are aligned in a highly symmetric configuration, an Einstein ring
will be observed by the observer. There will be no time delays between different locations on the Einstein
ring in the absence of gravitational wave. Otherwise, time delays between different locations on the
Einstein ring will emerge if cosmological gravitational wave propagates through the system. Previous
studies demonstrated that the time delay resulting from the aligned source-deflector-observer configuration
in the presence of gravitational wave of cosmological wavelength could be equivalent to that of a similar
lens with a nonaligned source-deflector-observer configuration in the absence of gravitational wave.
Results in this work show that gravitational lens with the aligned source-deflector-observer configuration
could serve as a potential gravitational wave detector when the whole Einstein ring observed by the
observer is taken into account.
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I. INTRODUCTION

Primordial gravitational waves (PGW)with a nearly scale-
invariant spectrum [1–7] are one of the key predictions of
inflation which gave rise to the structure in Universe by
producing seed perturbations [8–11]. Detection of PGW
background is of great significance in cosmology due to the
fact that information of the early Universe could be deduced
based on PGW, allowing one to determine the energy scale
of inflation and test different scenarios associated with the
origin of the initial perturbations. The widely considered
indirect method of detecting PGW with extremely low
frequency in the range of 10−18 Hz‐10−16 Hz is the signature
imprinted on cosmic microwave background (CMB) polari-
zation pattern, the so-called B-modes of polarization [12,13].
Direct detection of inflationary gravitational waves at deci-
Hertz frequencies is one of the ambitious goals of spaced-
based gravitational-wave detectors.
Although CMB polarization shows to be a promising

probe of extremely low frequency PGW, finding a com-
plementary observational feature induced by PGW besides
its effect on the polarization of CMB will provide an
alternative confirmation. Galaxy-galaxy n-point correlation
functions with an upper limit on the stochastic gravitational
wave background are investigated in [14]. [15–17] studied
the proper motion of distant astrophysical objects influ-
enced by gravitational wave. A perspective of using
gravitational lensing of the CMB has been proposed by
[18] for the detection of such gravitational wave.

Propagation of light through gravitational waves produced
oscillations in apparent position of the source at the period
of the gravitational wave, causing a characteristic pattern of
apparent proper motions given that intervals of time is
much shorter than the gravitational wave period with the
condition that the frequency of the gravitational wave is
limited to ω ≫ c

l (ω ≫ 10−17 if l ¼ 1 Gpc) where l is the
distance from the source to the observer [19]. The idea to
detect gravitational waves via microlensing has been
proposed by [20,21], where the gravitational waves are
emitted by binary sources.
Another possible way to detect extremely low frequency

PGWwas proposed by Allen [22,23]. Perturbation induced
by such PGW to the metric of gravitational lens would
cause additional time delays between different images
besides time delays by the difference in geometric path
between, and in the gravitational potential of the deflector
traversed by, the different light rays of a distant quasar.
Thus, Allen [22,23] suggested that gravitational lenses
could serve as detectors to probe such PGW using time
delays between different images of a quasar. Later on,
Frieman [24] showed that the method proposed by Allen
[22,23] could not detect such PGWwith the conclusion that
the time delay induced by cosmological gravitational wave
cannot be observationally distinguishable from the intrinsic
time delay arising from the geometry of the gravitational
lens given that source and observer are equidistant from
and aligned with the deflector with the assumption that
ωLη ≪ 1 and h ≪ η where L is the distance from the
source/observer to the deflector (the speed of light is set
to be c ¼ 1), η is the Einstein radius, and ω, h are the*674602871@qq.com
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frequency and the dimensionless amplitude of the gravi-
tational wave, respectively.
In order to measure the time delay due to PGW in

gravitational lens, the observer should be able to separate
the gravitational wave induced time delay from the one
originating from the lens geometry. Results in Frieman
[24], with a model of a two dimensional plane consisted
of the two images of a lensed quasar, demonstrated that
the time delay resulting from the lens equation for a point
(or thin axially symmetric) deflector with the aligned
source-deflector-observer configuration in the presence
of gravitational wave of cosmological wavelength can be
equivalent to that of a similar lens with a nonaligned
configuration and no cosmological gravitational wave.
In this work, we study the effect of extremely low

frequency PGW on the time delay in gravitational lensing
with the same aligned configuration as that in Frieman [24].
With such configuration, an Einstein ring will be observed
by the observer. Results from this work present that
the gravitational lens with the aligned source-deflector-
observer configuration in the presence of extremely low
frequency PGW is observationally distinguishable from a
similar lens with the source out of alignment in the absence
of gravitational wave, meaning that PGW could be detected
by such gravitational lens. That is to say, such gravitational
lens could act as a potential PGW detector.

II. TIME DELAY DUE TO GRAVITATIONAL
WAVE

We follow the same lens geometry as that in Frieman
[24] with the source, deflector, and observer aligned in a
highly symmetric configuration shown in Figure 1. A point
gravitational deflector with mass M is located at the origin
of coordinates while the source (quasar) and the observer
are at ðx ¼ 0; y ¼ 0; z ¼ −LÞ and ðx ¼ 0; y ¼ 0; z ¼ LÞ,
respectively. Given such kind of gravitational lens geom-
etry, the observer sees an Einstein ring image of the source

with an angular radius of η ¼
ffiffiffiffiffiffiffiffi

2GM
L

q

without time delay

between different locations on the Einstein ring in the
absence of gravitational wave where η ≪ 1 and the speed
of light is set to c ¼ 1. We set the gravitational potential of
the deflector to be U and consider a gravitational wave
that propagates with an inclination angle ϕ with respect to
the lens axis (z axis). The direction of propagation of the
gravitational wave lies in the x-z plane. As a result, the
metric induced by the gravitational wave is given as follows

hij ¼

2

6

4

− cos2 ϕhþ − cosϕh× sinϕ cosϕhþ
− cosϕh× hþ sinϕh×

sinϕ cosϕhþ sinϕh× − sin2 ϕhþ

3

7

5

× cosðωt − k · xÞ ð1Þ

where k ¼ ωðsinϕ; 0; cosϕÞ is the propagation vector, ω is
the frequency, hþ and h× are the amplitude of the two
polarizations of the gravitational wave, respectively.
With the above expression, we obtain the total metric

given by

ds2 ¼ ð1þ 2UÞdt2 − ð1 − 2UÞðdx2 þ dy2 þ dz2Þ
þ hijdxidxj: ð2Þ

Then, the time of travel of light is written as

T ≈
Z

L

−L
dz

�
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�
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�
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�

2
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2
hij

dxi

dz
dxj

dz
− 2U

�

:

ð3Þ

The first three terms in the bracket of Eq. (3) are due to
the lens geometry while the fifth is the contribution from
the gravitational potential of the deflector. The effect of the
gravitational wave on the time of travel is represented by
the fourth term. In order to approach the level of approxi-
mation, we replace t in Eq. (3) by t ¼ te þ ðzþ LÞwhere te
is the time the photons were emitted at ðx ¼ 0; y ¼ 0;
z ¼ −LÞ.
We study the time delay along unperturbed photon

trajectories by approximating the path of photon by straight
segments shown in Fig. 1 with the same method in [24].
Then the photon trajectories are

xA;B ¼ �ηðzþ LÞ; z < 0 ð4Þ

xA;B ¼ ∓ηðz − LÞ; z > 0 ð5Þ

yC;D ¼ �ηðzþ LÞ; z < 0 ð6Þ

yC;D ¼ ∓ηðz − LÞ; z > 0 ð7Þ

FIG. 1. S, G, and O represent the source, the deflector and the
observer, respectively. S, G, and O are on the z axis with
coordinates S ðx ¼ 0; y ¼ 0; z ¼ −LÞ, G ðx ¼ 0; y ¼ 0; z ¼ 0Þ
and O ðx ¼ 0; y ¼ 0; z ¼ LÞ. A, B, C, and D are on the Einstein
ring with the condition that the line consisted of A, G, and B is
perpendicular to the line consisting of C, G, and D. A, G, and B
are on the x axis with coordinates A ðx ¼ Lη; y ¼ 0; z ¼ 0Þ,
and B ðx ¼ −Lη; y ¼ 0; z ¼ 0Þ while C, G, and D are on the
y axis with coordinates C ðx ¼ 0; y ¼ Lη; z ¼ 0Þ, and D ðx ¼ 0;
y ¼ −Lη; z ¼ 0Þ.
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where the subscripts represent the trajectories of photons
traveling through different locations on the Einstein ring.
With the symmetry of the light paths shown in Fig. 1, the

only contribution to time delay is from gravitational wave
represented by the fourth term in Eq. (3). Integrating Eq. (3)
combined with Eqs. (4)–(7) in the case of ϕ ¼ π

2
, hþ ≠ 0,

and h× ¼ 0 for simplicity, we get the time delay with the
condition of ωLη ≪ 1 and h ≪ η

ΔTAB ¼ −
hη
ω

½sinωðte þ 2LÞ þ sinωte

− 2 sinωðte þ LÞ cosωLη�

≈ 4
hη
ω

sin2
�

ωL
2

�

sinωðte þ LÞ ð8Þ

ΔTAC ¼ ΔTAD ≈ 2
hη
ω

sin2
�

ωL
2

�

sinωðte þ LÞ

−
hη2

ω
cosωðte þ LÞ sinðωLÞ ð9Þ

ΔTCB ¼ ΔTDB ≈ 2
hη
ω

sin2
�

ωL
2

�

sinωðte þ LÞ

þ hη2

ω
cosωðte þ LÞ sinðωLÞ ð10Þ

where h ¼ hþ, we define ΔTMN ¼ TSMO − TSNO in which
M=N represents A, B, C, and D on the Einstein ring, TSMO
represents the time travel of the light traveling from the
source S through the point M on the Einstein ring to the
observer O.
Based on the conclusion in Frieman [24], the time delay

resulting from the lens equation for a point (or thin axially
symmetric) lens with the aligned source-deflector-observer
configuration in the presence of cosmological gravitational
wave is equivalent to that of a lens with a nonaligned
configuration with an effective misalignment angle βg in
the absence of gravitational wave. With such equivalent, we
obtain the effective misalignment angle

βg ¼ −
h
ωL

sin2
�

ωL
2

�

sinωðte þ LÞ: ð11Þ

The corresponding time delay between A and B is

ΔTAB ¼ −4βgηL ¼ 4
hη
ω

sin2
�

ωL
2

�

sinωðte þ LÞ: ð12Þ

We focus on the relic gravitational wave which origi-
nated from quantum fluctuations in the early Universe and
was amplified during the inflation expansion. The charac-
teristic strain of the isotropic stochastic gravitational wave
background can be written as [25,26]

hcðfÞ ¼ A

�

f
yr−1

�

α

ð13Þ

where A, ranging from 10−17 to 10−15, is the strain
amplitude at a characteristic frequency of 1 yr−1. α ranges
from −1 to −0.8.
When choosing h ¼ 10−7, ω ¼ 10−18 Hz according to

Eq. (13) and setting η ¼ 10−5, L ¼ 1 Gpc, and assuming
sinωðte þ LÞ ¼ 1, we get βg ≈ 2.5 × 10−9 and

ΔTAB ≈ 104s ð14Þ

ΔTAC ¼ ΔTAD ≈ 5 × 103s ð15Þ

ΔTCB ¼ ΔTDB ≈ 5 × 103s: ð16Þ

The perpendicular distance between the equivalent
misaligned source and the line consisting of G and O is
Lmis ¼ 2Ljβgj ≈ 1.5 × 1017m ≈ 5.8 × 103 light days which
is much larger than the typical physical size of a quasar
(light hours to light days) [27], thus, a complete Einstein
ring would not be observed by the observer if there indeed
exists such misalignment in the absence of a gravitational
wave, meaning that the gravitational lens with the aligned
source-deflector-observer configuration in the presence of
gravitational wave of cosmological wavelength could not
be equivalent to a similar lens with a nonaligned configu-
ration and no gravitational wave.
Especially, when sinωðteþLÞ¼0 and cosωðteþLÞ¼1,

we get

ΔTAB ¼ 0 ð17Þ

ΔTAC ¼ ΔTAD ≈ −
hη2

ω
sinðωLÞ ¼ −ΔTCB ¼ −ΔTDB

ð18Þ

If setting η ¼ 10−5, h ¼ 10−7, ω ¼ 10−18 Hz and
L¼1Gpc, we obtain ΔTCA¼ΔTDA¼ΔTCB¼ΔTDB≈1s.
When ϕ ¼ 0, we get the follows based on Eqs. (2)–(7)

ΔTAB ¼ 0 ð19Þ

ΔTAC ¼ ΔTAD ¼ ΔTBC ¼ ΔTBD ¼ −2Lhη2 cosωðte þLÞ
ð20Þ

It shows that ΔTAC ¼ 2s with parameters of η ¼ 10−5,
h ¼ 10−7, ω ¼ 10−18 Hz and L ¼ 1 Gpc when
cosωðte þ LÞ ¼ −1.
The time delay between arbitrary two images with

locations which are symmetrical about the gravitational
lens is
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ΔT ≈ −4βgηL ¼ 4
hþη
ω

cos θ sin2
�

ωL
2

�

sinωðte þ LÞ

ð21Þ

where θ is the angle between line consisted of the two
images and the projection of the direction of propagation
of gravitational wave on the plane containing the Einstein
ring, and

βg ¼ −
hþ
ωL

cos θ sin2
�

ωL
2

�

sinωðte þ LÞ ð22Þ

Throughout the above, we adopt the condition of
ωLη ≪ 1 and h ≪ η, and assume the same constant
deflection of each light ray as the way adopted by [24].
In reality, photon trajectories would be perturbed by
gravitational wave [24], but the resulting time delays are
consistent with Eq. (21) in the limit of ωLη ≪ 1 and h ≪ η
[24]. The image angular positions are as follows when
perturbation from a gravitational wave is taken into
account [24]

θ1;2 ≈�ηþ 1

2
βg ð23Þ

With the parameters above Eq. (14) and combined with
Eqs. (22) and (23), it shows that βg ≪ η, meaning that the
relative deflection 1

2
βg is negligible compared with η. Thus,

it is expected that a full Einstein ring could be observed
by the observer, resulting that the difference of fluxes/
magnifications between specific images on the Einstein
ring in the presence of gravitational wave is negligible since
propagation of light through gravitational waves preserves
surface brightness and total intensity of a source [28–30].
Therefore, the conclusion that results derived above with
assumption of the same constant deflection of each light ray
is equivalent to those obtained from the real photon
trajectories perturbed by gravitational wave, is valid only
when the condition of ωLη ≪ 1 and h ≪ η is satisfied
(in fact, the condition of ωLη ≪ 1 and h ≪ η could be
satisfied easily in the case of gravitational wave of
cosmological wavelength).
In the general case of an aligned source-deflector-

observer configuration with a gravitational wave of arbi-
trary polarization and direction of propagation, the time
delay between arbitrary two images with locations which
are symmetrical about the gravitational lens is

ΔT ≈ −4βgηL ¼ 4η

ω
sinϕ

�

hþ cos θ þ h×
2 sin θ

1 − cosϕ

�

× sin2
�

ωL
2

ð1 − cosϕÞ
�

sinωðte þ LÞ

ð24Þ

where

βg ¼ −
1

ωL
sinϕ

�

hþ cos θ þ h×
2 sin θ

1 − cosϕ

�

× sin2
�

ωL
2

ð1 − cosϕÞ
�

sinωðte þ LÞ: ð25Þ

Let us reconsider the lens geometry shown in Fig. 1.
Assuming that the angle between the line AGB and the
projection of the direction of propagation of gravitational
wave on the plane containing the Einstein ring is θ, the
angle between the line AGB and the line CGD is ∠AGC ¼
a (a is an arbitrary angle and not limited to π

2
in this case)

and the angle between the line CGD and the line EGF is
∠CGE ¼ b, we obtain the following relationship between
ΔTAB, ΔTCD, and ΔTEF based on Eq. (24)

ΔTCD ¼ ΔTAB

�

cos a −
sin a cosðaþ bÞ

sinðaþ bÞ
�

þ ΔTEF
sin a

sinðaþ bÞ ð26Þ

which is a unique feature possessed only by an aligned
source-deflector-observer configuration in the presence
of gravitational wave with extremely low frequency and
where sinðaþ bÞ ≠ 0.
From the results in [31], it is expected that an aligned

lens in the presence of large scale structure fluctuations is
equivalent to a nonaligned lens with an effective misalign-
ment angle in the absence of perturbations from large scale
structure. But the large scale structure cannot produce the
particular relationship shown in Eq. (26), meaning that
large scale structure perturbations could not mimic the time
delays resulting from cosmological gravitational waves and
could not rule out the possibility of using lensed quasars as
gravitational wave detectors.

III. CONCLUSION AND DISCUSSION

We study the time delays in an aligned lens configuration
where the source and the observer are equidistant from the
deflector. In contrast to the conclusion from Frieman [24]
where the time delay resulting from the lens equation for a
point (or thin axially symmetric) deflector with the aligned
source-deflector-observer configuration in the presence of
gravitational wave of cosmological wavelength could be
equivalent to that of a lens with the source out of alignment
in the absence of gravitational wave, results of this work
show that gravitational lens where the source, lens and
observer are aligned could serve as a possible detector of
cosmological gravitational wave.
In order to use gravitational lens as a gravitational wave

detector, the observer should be able to separate the time
delay induced by gravitational wave from the intrinsic time
delay due to the lens geometry. When only considering the
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time delay between the images in the two dimensional plane
consisted of the two images and the aligned source-deflector-
observer, the observer could not distinguish the origin of the
time delay due to the fact that the lens geometry is not a priori
and should be deduced from detailed observations, resulting
that the observer cannot tell whether the time delay originates
from the gravitational wave in the aligned source-deflector-
observer geometry or it is a natural outcome of the gravi-
tational lens with a small misalignment in the absence of
gravitational wave. When the whole Einstein ring is taken
into account, images from different locations on the Einstein
ring have different time travel with the relationship shown in
Eq. (26), meaning that such gravitational lens could be used
as a possible detector to confirm the presence of gravitational
wave with extremely low frequency.
Up to now, only dozens of Einstein ring systems have

been discovered [32–34], showing complete or nearly

complete ring morphology. In the future, many gravita-
tional lenses with nearly perfect Einstein rings of distant
quasars may be discovered [35,36]. Quasars usually exhibit
variability originating from the inner accretion disk sur-
rounding the central supermassive black hole and the time
resolution in observation could approach minutes [37,38]
which is far less than the time delay due to cosmological
gravitational wave from inflation shown in Eq. (24).
Thus, it is possible to use a gravitational lens with an
aligned source-deflector-observer configuration to detect
an extremely low frequency gravitational wave.
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