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Dilepton production from hot, dense and magnetized quark matter is studied using the three-flavor
Polyakov loop extended Nambu–Jona-Lasinio (PNJL) model in which the anomalous magnetic moment
(AMM) of the quarks is also taken into consideration. This is done by first evaluating the thermomagnetic
spectral function of the vector current correlator employing the real time formalism of finite temperature
field theory and the Schwinger proper time formalism. The constituent quark mass which goes as an input
in the expression of the dilepton production rate (DPR), has been calculated using the three-flavor PNJL
model employing Pauli-Villiars (PV) regularization. The obtained constituent quark mass being strongly
dependent on the temperature, density, magnetic field and AMM of the quarks, captures the effect of
“strong” interactions specifically around the (pseudo) chiral and confinement-deconfinement phase
transition regions. The analytic structure of the spectral function in the complex energy plane has been
analyzed in detail and a nontrivial Landau cut is found in the physical kinematic domains resulting from the
scattering of the Landau quantized quark/antiquark with the photon which is purely a finite magnetic field
effect. Due to the emergence of the Landau cut along with the usual unitary cut, the DPR is found to be
largely enhanced in the low invariant mass region. Owing to the magnetic field and AMM dependence of
the thresholds of these cuts, we find that the kinematically forbidden gap between the unitary and Landau
cuts vanishes at sufficiently high temperature, density and magnetic field leading to the generation of a
continuous spectrum of dilepton emission over the whole invariant mass region. In order to see the effects
of strangeness and confinement-deconfinement, the rates are compared with the three-flavor NJL and the
two-flavor NJL and PNJL models. Finally, an infinite number of quark Landau levels is incorporated in the
calculation so that no approximations are made on the strength of the background magnetic field like strong
or weak as usually done in the literature.
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I. INTRODUCTION

The main objective of heavy ion collision (HIC) experi-
ments in Relativistic Heavy Ion Collider (RHIC) and Large
Hadron Collider (LHC) is to study deconfined state of
strongly interacting quarks and gluons in local thermal
equilibrium, commonly known as the quark-gluon plasma

(QGP). The hot and dense matter created after the HIC goes
through different stages while it cools via rapid expansion
under its own pressure. However, the whole process is very
short lived (few fm/c) and direct observations are not
possible. So to investigate microscopic as well as bulk
properties of QGP, many indirect probes and observables
are proposed [1] among which the electromagnetic probes,
i.e., photons and dileptons, have been extensively studied in
the literature [2–11]. A prime benefit of this probe over
hadrons, which are emitted from the freeze out surface after
undergoing intense rescattering, is that photons/dileptons
are emitted during all the stages of the expanding fireball.
Since they participate only in electromagnetic interaction,
their mean free paths are much larger than the typical size
and lifetime of this novel state of matter. Consequently
once produced, they leave the hot and dense medium
without suffering further interactions and reach the detector
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with unaltered information about the circumstances of their
production.
One of the primary theoretical tools to examine various

properties of QGP is the study of different n-point current-
current correlation functions or in-medium spectral func-
tions of local currents. The electromagnetic spectral
function is one such example which is obtained from
the vector-vector current correlator which, in turn, is
connected to the dilepton prduction rate (DPR) from
the hot and dense medium [6,12,13]. In the QGP medium,
the asymptotically free quarks can interact with an
antiquark to generate a virtual photon, which decays into
a dilepton. It should be noted that, there exist several other
sources of dileptons in HIC experiments, like scattering of
charged hadrons, hadron resonance decays (π0; ρ;ω; J=ψ ),
Drell-Yan process etc. [13].
Recent studies [14,15] suggest that, in a noncentral or

asymmetric HIC experiment, very strong magnetic fields of
the order ∼1018 Gauss or larger are believed to be
generated. These fields are, in principle, time dependent
and immediately decay after few fm/c. However, as argued
in Refs. [16–19], the presence of large electrical conduc-
tivity of the hot and dense medium created during HICs can
substantially delay the decay of these transient magnetic
fields. Apart from this, strong magnetic fields can be
present in several other physical environments. For exam-
ple, in the interior of certain astrophysical objects called
magnetars [20,21], magnetic field ∼1015 Gauss can be
present. Moreover, it is conjectured that, in the early
universe during the electroweak phase transition, magnetic
fields as high as ∼1023 Gauss [22,23] might have been
produced. Since, the magnitude of the magnetic fields are
comparable to the typical quantum chromodynamics
(QCD) energy scale (eB ∼ Λ2

QCD), the bulk as well as
microscopic properties of the QCD matter could be
significantly modified (see [24,25] for recent reviews).
Furthermore, the presence of a strong background magnetic
field results in a large number of interesting physical
phenomena [26–29] owing to the rich vacuum structure
of the underlying QCD, e.g., the chiral magnetic effect
(CME) [14,30–32], magnetic catalysis (MC) [33–36],
inverse magnetic catalysis (IMC) [37,38], chiral vortical
effect (CVE), vacuum superconductivity and superfluidity
[39,40] etc.
The modification of the DPR in the presence of a

uniform background magnetic field has been studied in
the literature using different approaches [41–48]. In
[41,42], the DPR from hot magnetized quark matter is
obtained using phenomenological inputs considering the
effects of synchrotron radiation as well as quark-antiquark
annihilation. In [43], the Ritus formalism is used to evaluate
the general structure of photon polarization tensor and DPR
at finite temperature and finite magnetic field. The DPR in
strong and weak magnetic field approximations using the
imaginary and real time formalism of finite temperature

field theory have been reported in Refs. [44,45]. In
Ref. [46], the DPR for a hot QGP matter in presence of
arbitrary external magnetic field has been estimated using
the effective fugacity quasi-particle model (EQPM) in
which the effect of strong interactions are captured in
the temperature dependent fugacities of the partons and
significant enhancement is found in low invariant-mass
region.
The imaginary part of the electromagnetic vector current

correlator containing the thermomagnetically modified
quark propagators is the most important component in the
calculation of DPR which determines the thresholds as well
as the intensity of emission of dileptons [5,6]. These in turn
depend crucially on the value of quark mass. Now, as the
system cools down from a (pseudo) chirally symmetric phase
to a broken phase, the quarkmass acquires large values (∼ of
few hundred MeV) owing to the build up of the quark
condensate. Simultaneously the color deconfined matter
converts to hadronic matter through a crossover or phase
transition at smaller values of temperature. The theoretical
analysis of these phenomenausing first principle calculations
is severely restricted by the nonperturbative nature ofQCDat
low energies. As an alternative one thus takes recourse to
effective theories which possess some of the essential
features of QCD and is mathematically tractable.
The Nambu–Jona-Lasinio (NJL) model [49,50] is one

such model, which provides a useful scheme to probe the
vacuum structure of QCD at arbitrary values of temperature
and density. This model has been extensively used to
examine some of the nonperturbative properties of the
QCD vacuum as it respects the global symmetries of QCD,
most importantly the chiral symmetry (see [51–53] for
reviews). As mentioned in Ref. [51], the pointlike inter-
action among the quarks makes the NJL model non-
renormalizable. Thus, a proper regularization scheme has
to be chosen to deal with the divergent integrals and the
parameters associated with the model are fixed to reproduce
some well-known phenomenological quantities, for exam-
ple the pion-decay constant, quark condensate etc.
Moreover, the NJL model lacks confinement; poles of
the massive quark propagator are present at any temper-
ature and/or chemical potential. But in QCD, both the
dynamical chiral symmetry breaking and the confinement
are realized as the global symmetries of the QCD
Lagrangian. It is well known that the Polyakov loop can
be used as an approximate order parameter for the
deconfinement transition associated with the spontaneous
symmetry breaking of the center symmetry [54,55]. Thus,
in order to obtain a unified picture of confinement and
chiral symmetry breaking, the Polyakov loop extended
Nambu–Jona-Lasinio (PNJL) model was introduced by
incorporating a temporal, static, and homogeneous gluon-
like field [56,57]. NJL/PNJL model has been extensively
used to study the chiral symmetry restoration in the
presence of a background electromagnetic field [35,58–73].
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As discussed above, while calculating DPR from a hot
and dense magnetized medium, the thermomagnetic quark
propagator plays a primary role. Using NJL/PNJL model
one can further modify the quark propagator by considering
the magnetic field, temperature and density dependent
constituent quark mass M ¼ MðB; T; μÞ which is dynami-
cally generated. In Ref. [48], two-flavor NJL model in the
presence of an arbitrary external magnetic field at finite
temperature and baryon density including the anomalous
magnetic moment (AMM) of the quarks was used and a
continuous spectrum of the dilepton emission over the
whole range of invariant mass was obtained at high
magnetic field.
In this work, we calculate the DPR from hot and dense

quark matter in the presence of an arbitrary external
magnetic field in which the AMM of the quarks is also
taken into consideration. For this, we use the three-flavor
PNJL model with a gauge invariant regularization scheme
namely the Pauli-Villiars scheme. The constituent quark
mass is calculated using the PNJL model by minimizing the
thermodynamic potential in the light of mean field approxi-
mation. We employ the real time formalism of finite
temperature field theory and the Schwinger proper time
formalism to evaluate the electromagnetic spectral function
of the vector current correlator (which is proportional to the
DPR) at finite temperature (T), chemical potential (μ),
external magnetic field (B) and AMM (κ) of the quarks
where the constituent quark mass M ¼ MðT; μ; B; κÞ will
go as an input. We then analyze the complete analytic
structure of the in-medium spectral function to obtain the
thresholds of the branch cuts in the complex energy plane in
detail. We compare the whole study with the three-flavor
NJL and the two-flavor NJL and PNJL models to observe
the effects of strangeness and confinement-deconfinement.
In all of our calculations, we will consider an infinite
number of quark Landau levels so that no approximations
will be made on the strength of the background magnetic
field like strong or weak.

The paper is organized as follows. In Sec. II along with
its two subsections, the DPR is obtained at both zero and
finite external magnetic field case. Next in Sec. III, the
evaluation of the constituent quark mass using the two- and
three-flavor NJL/PNJL model is discussed. After that,
Sec. IV is devoted for showing the numerical results and
finally we summarize and conclude in Sec. V.

II. DILEPTON PRODUCTION RATE

The dilepton production rate (DPR) from a hot and
dense magnetized medium is already calculated in
Refs. [12,45,46,48]. But, for completeness of the presen-
tation, we will recapitulate few important steps here. We
consider an initial state jii ¼ jIðpIÞi consisting of a quark/
antiquark with momentum pI evolving to a final state
jfi ¼ jF ðpF Þ; lþðpþÞl−ðp−Þi involving a quark/antiquark
of momentum pF plus a pair of leptons of momenta pþ and
p− respectively. The probability amplitude for the tran-
sition from the initial to the final state is jhfjŜjiij2, where Ŝ
is the scattering matrix expressed as

Ŝ ¼ T
�
exp

�
i
Z

LintðxÞd4x
��

ð1Þ

in which T is the time-ordering operator and

LintðxÞ ¼ jμðxÞAμðxÞ þ JμðxÞAμðxÞ ð2Þ

is the Lagrangian (density) for local interaction. Metric
tensor gμν ¼ diagð1;−1;−1;−1Þ will be used throughout
this paper. In the above equation, AμðxÞ is the photon field
which is coupled to the conserved vector currents corre-
sponding to the leptons and quarks denoted by jμðxÞ and
JμðxÞ respectively. After a few algebraic steps [46], one can
arrive at an expression of the squared amplitude jhfjŜjiij2
up to the second order given by,

jhfjŜjiij2 ¼
ZZ

d4x0d4xeiðpþþp−Þ·x0 1

ðpþ þ p−Þ4
hlþðpþÞl−ðp−Þjjμð0Þj0ih0jjν†ð0ÞjlþðpþÞl−ðp−Þi

× hF ðpF ÞjJμðx0ÞjIðpIÞihIðpIÞjJ†νð0ÞjF ðpF Þi: ð3Þ

Now the dilepton multiplicity from thermal QGP medium
is given by [12]

N ¼ 1

Z

X
spins

Z
d3pþ

ð2πÞ32p0þ

×
Z

d3p−

ð2πÞ32p0
−

X
I ;F

expð−p0
I=TÞjhfjŜjiij2 ð4Þ

where Z is the partition function of the system and
the summation implies sum over all leptonic spin
configurations. Substituting Eq. (3) into Eq. (4) and
simplifying, we get

N ¼
Z

d4x
Z

d4q
ð2πÞ4 e

−q0=T 1

q4
WþμνðqÞLμν

þ ðqÞ ð5Þ

where,
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Wμν
þ ðqÞ ¼

Z
d4xeiq·xhJμðxÞJν†ð0Þi; ð6Þ

Lμν
þ ðqÞ ¼

Z
d4xeiq·xh0jjν†ðxÞjμð0Þj0i: ð7Þ

Here q0 is the total energy of the lepton-pair and h…i
represents the ensemble average. So the dilepton produc-
tion rate (DPR) becomes

DPR ¼ dN
d4xd4q

¼ 1

ð2πÞ4
e−q

0=T

q4
WþμνðqÞLμν

þ ðqÞ: ð8Þ

Now it is more useful to express both the Wμν
þ ðqÞ and

Lμν
þ ðqÞ in terms of time ordered correlation functions; so

that Wμν
þ ðqÞ will be calculated at finite temperature

employing the real time formalism (RTF) of thermal field
theory (see [46,48] for details). Thus we arrive at

DPR ¼ dN
d4xd4q

¼ 1

4π4q4

�
1

eq
0=T þ 1

�
ImWμν

11ðqÞImLμνðqÞ:

ð9Þ
Next we calculate the quantities Wμν

11ðqÞ and LμνðqÞ for
which the explicit form of the currents JμðxÞ and jμðxÞ are
required. They are given by

JμðxÞ ¼ eΨ̄ðxÞQ̂γμΨðxÞ; ð10Þ

jμðxÞ ¼ −eψ̄ðxÞγμψðxÞ ð11Þ

where,Ψ ¼ ðu d sÞT is the quark field with three flavors up,
down, and strange respectively with corresponding charge
Q̂ ¼ diagð2

3
;− 1

3
;− 1

3
Þ, ψ is the lepton field and e is the

electric charge of a proton. Using Eqs. (10) and (11) it can
be shown that

Wμν
11ðqÞ ¼ i

Z
d4k
ð2πÞ4 Trd;f;c½γ

μQ̂S11ðp ¼ qþ kÞγνQ̂S11ðkÞ�;

ð12Þ

LμνðqÞ ¼ ie2
Z

d4k
ð2πÞ4 Trd½γ

νSðp ¼ qþ kÞγμSðkÞ� ð13Þ

where the subscript “d,” “f,” and “c” in the trace correspond
to trace over Dirac, flavor, and color spaces respectively;
S11ðpÞ is the 11-component of the real time quark propa-
gator and SðkÞ is the Feynman propagator for leptons
given by

SðpÞ ¼ −ðpþmLÞ
p2 −m2

L þ iε
ð14Þ

with mL being the mass of the lepton. Notice that, as a
consequence of the conservation of the currents JμðxÞ and

jμðxÞ: ∂μJμðxÞ ¼ ∂μjμðxÞ ¼ 0, both the matter tensor
Wμν

11ðqÞ and the leptonic tensor LμνðqÞ are transverse to
the momentum qμ, i.e.,

qμW
μν
11ðqÞ ¼ qμLμνðqÞ ¼ 0: ð15Þ

Now we will consider the following two cases separately:
(i) zero external magnetic field (B ¼ 0) and (ii) nonzero
external magnetic field (B ≠ 0) in order to calculate the
DPR in the following subsections.

A. DPR at B= 0

At B ¼ 0, the transversality condition qμLμνðqÞ ¼ 0 of
Eq. (15) suggests that the Lorentz structure of LμνðqÞ has to
be of the following form:

LμνðqÞ ¼
�
gμν −

qμqν

q2

��
1

3
gαβLαβ

�
: ð16Þ

Substituting the above equation in Eq. (9), and making use
of qμW

μν
11ðqÞ ¼ 0 we get the DPR at B ¼ 0 as

DPRB¼0 ¼
�

dN
d4xd4q

�
B¼0

¼ 1

12π4q4

�
1

eq
0=T þ1

�
gμνImWμν

11ðqÞgαβImLαβðqÞ:

ð17Þ
gαβImLαβðqÞ can be calculated in a straightforward way by
substituting Eq. (14) into Eq. (13) and performing some
algebraic steps we get

gαβImLαβðqÞ¼−e2

4π
q2
�
1þ2m2

L

q2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2
L

q2

s
Θðq2−4m2

LÞ:

ð18Þ
In order to calculate gμνImWμν

11ðqÞ, we note that the 11-
component of the real time thermal quark propagator is

S11ðp;MfÞ

¼ðpþMfÞ
�

−1
p2−M2

fþ iε
−2πiηðp ·uÞδðp2−M2

fÞ
�

ð19Þ

where, Mf is the constituent quark mass of flavor f,
uμ is the four-velocity of the thermal bath, ηðxÞ ¼
ΘðxÞfþðxÞ þ Θð−xÞf−ð−xÞ,

f�ðxÞ ¼
�
exp

�
x ∓ μB=3

T

�
þ 1

�
−1

ð20Þ

and μB is the baryon chemical potential. In the local rest
frame (LRF) of the medium, uμLRF ≡ ð1; 0⃗Þ. Substitution of
Eq. (19) into Eq. (12) yields, after some simplifications,

CHAUDHURI, GHOSH, SARKAR, and ROY PHYS. REV. D 103, 096021 (2021)

096021-4



gμνImWμν
11ðqÞ ¼ Nc

X
f

e2fπ
Z

d3k
ð2πÞ3

1

4ωkωp
½f1 − f−ðωkÞ − fþðωpÞ þ 2f−ðωkÞfþðωpÞgN ðk0 ¼ −ωkÞδðq0 − ωk − ωpÞ

þ f1 − fþðωkÞ − f−ðωpÞ þ 2fþðωkÞf−ðωpÞgN ðk0 ¼ ωkÞδðq0 þ ωk þ ωpÞ
þ f−f−ðωkÞ − f−ðωpÞ þ 2f−ðωkÞf−ðωpÞgN ðk0 ¼ −ωkÞδðq0 − ωk þ ωpÞ
þ f−fþðωkÞ − fþðωpÞ þ 2fþðωkÞfþðωpÞgN ðk0 ¼ ωkÞδðq0 þ ωk − ωpÞ� ð21Þ

where, eu ¼ 2e=3, ed ¼ −e=3, es ¼ −e=3, ωk ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þM2

f

q
, ωp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þM2

f

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq⃗þ k⃗Þ2 þM2

f

q
and

N ðq; kÞ ¼ 8ðk2 þ q · k − 2M2
fÞ. Now, let us briefly discuss

the analytic structure of ImWμν
11ðqÞ in the complex q0 plane

following [46,48]. Note that, the four different Dirac delta
functions appearing in the Eq. (21) are responsible for
different physical processes such as decay or scattering.
The first delta function, termed as the unitary-I cut,
corresponds to the contribution from quark-antiquark
annihilation to a positive energy timelike virtual photon
(and the time reversed process as the decay of the photon to
the quark-antiquark pair). The delta function appearing in
the second term (the unitary-II cut) corresponds to the
quark-antiquark annihilation to a negative energy timelike
virtual photon (and the time reversed process as the vacuum
to quark-antiquark-photon transition). Similarly, the last
two delta functions (called the Landau cuts, are purely a
medium effect) correspond to the scattering processes
where a quark/antiquark absorbs a spacelike virtual photon
(and the corresponding time reversed process involves the
emission of the photon by the quark/antiquark). All these

terms are nonvanishing in their respective kinematic
domain controlled by the delta functions [46]. It can be
shown that, the kinematic domains for the unitary-I and

unitary-II cuts are respectively
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þ 4M2

f

q
< q0 < ∞ and

−∞ < q0 < −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þ 4M2

f

q
. On the other hand, nonzero

contributions from the Landau cuts is expected when
jq0j < jq⃗j. Now, we will restrict ourselves to the case of
physical dileptons with positive energy and time-like four
momentum, i.e., q0 > 0 and q2 > 0 respectively. Then, it
follows that, only unitary-I cut contributes as shown by the
green region in Fig. 1. So, in the kinematically allowed
region considered here, processes like photon decay and
formation are permitted via the unitary-I cut. However, the
scattering and emission processes cease to occur. Notice
that, in the above analysis, the kinematic domains can be
different for different flavors and it is directly related to
constituent quark mass Mf.
Now with the physical restrictions q0 > 0 and q2 > 0,

the angular integrals of Eq. (21) can be performed using the
first Dirac delta function. As a result we get:

gμνImWμν
11ðqÞ ¼

X
f

Θðq2 − 4M2
fÞ

Nce2f
16πjq⃗j

Z
ωþ

ω−

dωkf1 − f−ðωkÞ − fþðωpÞ þ 2f−ðωkÞfþðωpÞgN ðk0 ¼ −ωkÞ
				
θ¼θ0

ð22Þ

where,ω� ¼ 1
2q2 ½q0q2 � jq⃗jλ1=2ðq2;M2

f;M
2
fÞ�, θ is the angle between q⃗ and k⃗ and θ0 ¼ cos−1ðq2−2q0ωk

2jq⃗jjk⃗j Þwith λðx; y; zÞ being
the Källén function. Simplifying further we arrive at

gμνImWμν
11ðqÞ ¼ −

X
f

Θðq2 − 4M2
fÞNce2f

Tq2

4πjq⃗j coth
�
q0

2T

��
1þ 2M2

f

q2

�
ln

��
eðq0þq−Þ=T þ 1

eðq0þqþÞ=T þ 1

��
eqþ=T þ 1

eq−=T þ 1

��
ð23Þ

FIG. 1. The branch cuts of Wμν
11ðqÞ in the complex q0 plane for a given q⃗. Kinematic domain for the physical dileptons production

defined in terms of q0 > 0 and q2 > 0 corresponds to the green region.

DILEPTON PRODUCTION FROM MAGNETIZED QUARK MATTER … PHYS. REV. D 103, 096021 (2021)

096021-5



where, q� ¼ − 1
2
½q0 � jq⃗j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
f

q2

r
� þ μB=3. Finally substituting Eqs. (18) and (23) into Eq. (17) yields the following

analytical expression for the DPR

DPRB¼0 ¼
�

dN
d4xd4q

�
B¼0

¼
X
f

Θðq2 − 4m2
LÞΘðq2 − 4M2

fÞNc

e2e2f
192π6

T
jq⃗j

�
1

eq
0=T − 1

�

×

�
1þ 2m2

L

q2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
L

q2

s �
1þ 2M2

f

q2

�
ln

��
eðq0þq−Þ=T þ 1

eðq0þqþÞ=T þ 1

��
eqþ=T þ 1

eq−=T þ 1

��
ð24Þ

which is consistent with the results previously obtained in
[74]. The step functions appearing in the above expression
indicates that the production of dileptons with invariant
mass q2 < 4m2

L and q2 < 4M2
f are kinematically restricted.

B. DPR at B ≠ 0 including AMM of the quarks

Let us consider the same situation in presence of a finite
background magnetic field along the positive z-direction.
Since, the presence of external magnetic field leads to
breaking of the rotational symmetry, any four vector aμ

can be decomposed into its parallel and perpendicular
component in the following manner, aμ ¼ ðaμk þ aμ⊥Þ
where aμk ¼ gμνk aν and aμ⊥ ¼ gμν⊥ aν. To achieve this the

metric tensor should be decomposed accordingly as

gμν ¼ ðgμνk þ gμν⊥ Þ satisfying gμνk ¼ diagð1; 0; 0;−1Þ and

gμν⊥ ¼ diagð0;−1;−1; 0Þ.
To ease our analytical calculations, it is convenient to

take the resultant transverse momentum of the dileptons to
be zero, i.e., q⊥ ¼ 0. Then, from the transversality con-
dition qμkLμνðqkÞ ¼ 0 of Eq. (15), one can immediately
write down the Lorentz structure of LμνðqkÞ as:

LμνðqkÞ ¼
�
gμνk −

qμkq
ν
k

q2k

�
ðgαβk LαβÞþgμν⊥

�
1

2
gαβ⊥ Lαβ

�
: ð25Þ

Putting the above result in Eq. (9), and simplifying by using
the condition qkμW

μν
11ðqkÞ ¼ 0, we obtain the DPR in

presence of external magnetic field as

DPRB≠0 ¼
�

dN
d4xd4q

�
B≠0

¼ 1

4π4q4k

�
1

eq
0=T þ 1

��
gμνk ImW11

μνðqkÞgαβk ImLαβðqkÞ þ
1

2
gμν⊥ ImW11

μνðqkÞgαβ⊥ ImLαβðqkÞ
�
: ð26Þ

The quantities gμνk;⊥ImLμνðqkÞ appearing within the third bracket of the above equation can be easily calculated by
comparing Eqs. (16) and (25). The result is

gμνk;⊥ImLμνðqkÞ ¼ ζk;⊥gαβImLαβðqÞ ð27Þ

where ζk;⊥ ¼ ð1; 2Þ. Now in order to calculate gμνk;⊥ImW11
μνðqkÞ, first we note that, the 11-component of the thermomagnetic

quark propagator becomes

S11ðpÞ ¼

0
B@

Su11ðpÞ 0 0

0 Sd11ðpÞ 0

0 0 Ss11ðpÞ

1
CA ð28Þ

in which, the diagonal elements corresponding to up, down, and strange quarks are modified differently due to the presence
of the external magnetic field. In the above equation,

Sf11ðpÞ ¼
X

s∈f�1g

X∞
n¼0

Df
nsðpÞ

�
−1

p2
k − ðMf

n − sκfefBÞ2 þ iε
− 2πiηðp · uÞδðp2

k − ðMf
n − sκfefBÞ2Þ

�
ð29Þ

where Mf
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f þ 2njefBj
q

, κf is the anomalous magnetic moment of quark flavor f ∈ fu; d; sg and
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Df
nsðpÞ ¼ ð−1Þne−αfp 1

2Mf
n
ð1 − δ0nδ

−1
s Þ½ðMf

n þ sMfÞðpk − κfefBþ sMf
nÞð1þ signðefÞiγ1γ2ÞLnð2αfpÞ

− ðMf
n − sMfÞðpk − κfefB − sMf

nÞð1 − signðefÞiγ1γ2ÞLn−1ð2αfpÞ
− 4sðpk − signðefÞiγ1γ2ðκfefB − sMf

nÞÞsignðefÞiγ1γ2p⊥L1
n−1ð2αfpÞ� ð30Þ

where αfp ¼ −p2⊥=jefBj. Substituting Eq. (29) into Eq. (12) and simplifying, we get

gμνk;⊥ImW11
μνðqkÞ ¼ Nc

X
f∈fu;d;sg

e2f
X

sk∈f�1g

X
sp∈f�1g

X∞
l¼0

X∞
n¼0

π

Z
d3k
ð2πÞ3

1

4ωlf
k ω

nf
p

× ½f1 − f−ðωlf
k Þ − fþðωnf

p Þ þ 2f−ðωlf
k Þfþðωnf

p ÞgN fln
k;⊥ðk0 ¼ −ωlf

k Þδðq0 − ωlf
k − ωnf

p Þ
þ f1 − fþðωlf

k Þ − f−ðωnf
p Þ þ 2fþðωlf

k Þf−ðωnf
p ÞgN fln

k;⊥ðk0 ¼ ωlf
k Þδðq0 þ ωlf

k þ ωnf
p Þ

þ f−f−ðωlf
k Þ − f−ðωnf

p Þ þ 2f−ðωlf
k Þf−ðωnf

p ÞgN fln
k;⊥ðk0 ¼ −ωlf

k Þδðq0 − ωlf
k þ ωnf

p Þ
þ f−fþðωlf

k Þ − fþðωnf
p Þ þ 2fþðωlf

k Þfþðωnf
p ÞgN fln

k;⊥ðk0 ¼ ωlf
k Þδðq0 þ ωlf

k − ωnf
p Þ� ð31Þ

where, ωlf
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þ ðMf

l − skκfefBÞ2
q

, ωnf
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ ðMf

n − spκfefBÞ2
q

and

N fln
k;⊥ðqk; kkÞ ¼ gμνk;⊥Trd½γμDf

nspðp ¼ qþ kÞγνDf
lsk
ðkÞ�: ð32Þ

It can be seen that, Eq. (31) also contains four Dirac delta functions corresponding to the unitary and Landau cuts similar to
Eq. (21), although, the kinematic regions for the different cuts are modified as a consequence of the nonzero background
field as well as the finite values of the AMM of the quarks [48,75,76]. Analyzing Eq. (31),one can find that, the new

kinematic domains for the unitary-I and unitary-II cuts are respectively
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ 4ðMf − κfefBÞ2

q
< q0 < ∞ and −∞ <

q0 < −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ 4ðMf − κfefBÞ2

q
whereas the same for the Landau cuts comes out to be

jq0j <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f þ 2jefBj
q

þ κfefB − jMf − κfefBj
�
2

r
: ð33Þ

The modified analytic structure of Wμν
11ðqkÞ in presence of

external magnetic field with AMM of quarks is shown in
Fig. 2. Again restricting ourselves to the situation where the
physical dileptons are produced with positive total energy

and timelike resultant momentum quantified as q0 > 0 and
q2k > 0 (shown as green region in Fig. 2), we find that the
unitary-II cut does not contribute. However, contributions
from a portion of the Landau cut is added to the physical

FIG. 2. The branch cuts of Wμν
11ðqkÞ in the complex q0 plane for a given qz and B. The points qU and qL refer to qU ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2z þ 4ðMf − κfefBÞ2
q

and qL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f þ 2jefBj
q

þ κfefB − jMf − κfefBjÞ
2

r
. The green region corresponds to the physical

dileptons defined in terms of q0 > 0 and q2k > 0.
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region q0 > 0 and q2k > 0 which is purely a magnetic field
dependent effect. The physical processes associated with
this portion of the Landau cut correspond to the emission/
absorption of timelike virtual photon with positive energy
by a quark/antiquark which changes its Landau level by
unity, i.e., the quark in the Landau level l goes to the
Landau level l� 1 after absorbing/emitting the photon.

This will lead to an enhancement of dilepton yield in the
low invariant mass region.
Next, we perform the d2k⊥ integral of Eq. (31) by using

the orthogonality of the Laguerre polynomials and evaluate
the remaining dkz integral using the Dirac delta functions
which will be converted to theta functions to ensure
kinematic restrictions discussed above. This leads to the
following expression

gμνk;⊥ImW11
μνðqkÞ ¼ Nc

X
f∈fu;d;sg

e2f
X

sk∈f�1g

X
sp∈f�1g

X∞
l¼0

Xðlþ1Þ

n¼ðl−1Þ

X
kz∈fk�z g

1

4
λ−

1
2ðq2k;M2

lfsk
;M2

nfsp
Þ

× ½f1 − f−ðωlf
k Þ − fþðωnf

p Þ þ 2f−ðωlf
k Þfþðωnf

p ÞgÑ fln
k;⊥ðk0 ¼ −ωlf

k ÞΘ


q0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ ðMlfsk þMnfspÞ2

q �
þ f1 − fþðωlf

k Þ − f−ðωnf
p Þ þ 2fþðωlf

k Þf−ðωnf
p ÞgÑ fln

k;⊥ðk0 ¼ ωlf
k ÞΘ



−q0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ ðMlfsk þMnfspÞ2

q �
þ f−f−ðωlf

k Þ − f−ðωnf
p Þ þ 2f−ðωlf

k Þf−ðωnf
p ÞgÑ fln

k;⊥ðk0 ¼ −ωlf
k ÞΘð−q0 − qminÞΘðq0 þ qmaxÞ

þ f−fþðωlf
k Þ − fþðωnf

p Þ þ 2fþðωlf
k Þfþðωnf

p ÞgÑ fln
k;⊥ðk0 ¼ ωlf

k ÞΘðq0 − qminÞΘð−q0 þ qmaxÞ� ð34Þ

where

Ñ fln
k ðqk; kkÞ ¼

jefBj
2π

1

Mf
l M

f
n
ð1 − δ0l δ

−1
sk Þð1 − δ0nδ

−1
sp ÞðMf

l − skκfefBÞðMf
n − spκfefBÞ

× ½−4jefBjnδn−1l−1 − δn−1l−1 ðM − skM
f
l ÞðM − spM

f
nÞ − δnl ðM þ skM

f
l ÞðM þ spM

f
nÞ�; ð35Þ

Ñ fln
⊥ ðqk; kkÞ ¼ −

jefBj
2π

1

Mf
l M

f
n
ð1 − δ0l δ

−1
sk Þð1 − δ0nδ

−1
sp Þ½skspðk2k þ qk · kkÞ þ ðMf

l − skκfefBÞðMf
n − spκfefBÞ�

× ½δnl−1ðM − skM
f
l ÞðM þ spM

f
nÞ − δn−1l ðM þ skM

f
l ÞðM − spM

f
nÞ� ð36Þ

in which

Mlfsk ¼ jMf
l − skκfefBj ð37Þ

is the effective quark mass when finite values of AMM of the quarks are considered and

k�z ¼ 1

2q2k
½−qzðq2k þM2

lfsk
−M2

nfsp
Þ � jq0jλ1

2ðq2k;M2
lfsk

;M2
nfsp

Þ�; ð38Þ

qmin ¼ min

�
qz;

Mlfsk −Mnfsp

jMlfsk �Mnfsp j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ ðMlfsk �MnfspÞ2

q �
; ð39Þ

qmax ¼ max

�
qz;

Mlfsk −Mnfsp

jMlfsk �Mnfsp j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ ðMlfsk �MnfspÞ2

q �
: ð40Þ

The presence of the step functions in Eq. (34) dictates the
kinematic domains in which the quantity gμνk;⊥ImW11

μνðqkÞ is
nonzero. It can now clearly be seen that, for q0 > 0 and
q2k > 0, the second term within the third bracket (the
unitary-II cut) of Eq. (34) does not contribute.

Now DPR in the presence of arbitrary external magnetic
field can be obtained by substituting Eqs. (27) and (34) into
Eq. (26). Note that, while calculating DPR one needs the
constituent quark mass which depends on the external
parameters, such as, temperature T, chemical potential μB,
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external magnetic field eB and κf. So we will use the NJL
model and its modifications to estimate the dependence of
constituent quark mass of different flavors on external
parameters, i.e., Mf ¼ MfðT; μB; eB; κfÞ.

III. THE CONSTITUENT QUARK MASS
IN THE (P)NJL MODEL

In this section we briefly outline few important steps to
calculate constituent quark mass using NJLmodel. Since we
want to study the effect of bothPolyakov loop and the strange
quark in the DPR from a hot and dense magnetized medium
we will consider both two- and three-flavor PNJL model.
One can always obtainNJLmodel results starting fromPNJL
model by modifying the distribution functions [77].

A. Two-flavor model

The Lagrangian for the two-flavor PNJL model consid-
ering the AMM of free quarks in presence of constant
background magnetic field is given by [70,71]

L ¼ Ψ̄ðxÞ
�
iD − m̂þ γ0μq þ

1

2
eâσμνFext

μν

�
ΨðxÞ

þ GfðΨ̄ðxÞΨðxÞÞ2 þ ðΨ̄ðxÞiγ5τΨðxÞÞ2g
− UðΦ; Φ̄;TÞ ð41Þ

where the flavor (f ¼ u, d) and color (c ¼ r, g, b) indices
are omitted from the Dirac field ðΨfcÞ for a convenient
representation. In Eq. (41), m̂ ¼ diagðmu;mdÞ is current
quark mass representing the explicit chiral symmetry
breaking. We will take mu ¼ md ¼ m0 to ensure isospin
symmetry of the theory at vanishing magnetic field and μq
is the chemical potential of the quark. The constituent
quarks interact with the Abelian gauge fields Aμ, the
external electromagnetic field Aext

μ and the SUcð3Þ gauge
field Aμ via the covariant derivative

Dμ ¼ ∂μ − ieQ̂ðAμ þ Aext
μ Þ − iAa

μ: ð42Þ

The factor â ¼ Q̂ κ̂, where Q̂ ¼ diagð2=3;−1=3Þ and
κ̂ ¼ diagðκu; κdÞ, are 2 × 2 matrices in the flavor space,
Fext
μν ¼ ð∂μAext

ν − ∂νAext
μ Þ and σμν ¼ i½γμ; γν�=2. All the

other details can be found in Ref. [71]. The potential
UðΦ; Φ̄;TÞ in the Lagrangian (Eq. (41) governs the
dynamics of the traced Polyakov loop and its conjugate
and is given by [78]

UðΦ; Φ̄;TÞ
T4

¼ −
aðTÞ
2

Φ̄Φ

þ bðTÞ ln½1− 6Φ̄Φþ 4ðΦ̄3 −Φ3Þ− 3ðΦ̄ΦÞ2�
ð43Þ

where

aðTÞ ¼ a0 þ a1

�
T0

T

�
þ a2

�
T0

T

�
2

;

bðTÞ ¼ b3

�
T0

T

�
3

: ð44Þ

Values of different coefficients [78] are tabulated in Table I.
Following the argument in Ref. [59] we have chosen
T0 ¼ 210 MeV. Now under the mean field approximation
one can show that, the thermodynamic potential for a two-
flavor Polyakov NJL model considering the AMM of the
quarks at finite temperature (T) and chemical potential (μq)
in presence of a uniform background magnetic field can be
expressed as

Ω¼ðM−m0Þ2
4G

þUðΦ;Φ̄;TÞ−3
X
n;f;s

jefBj
2π

Z
∞

−∞

dpz

2π
ωnfs

−
1

β

X
n;f;s

jefBj
2π

Z
∞

−∞

dpz

2π
½lngðþÞðΦ;Φ̄;TÞþ lngð−ÞðΦ;Φ̄;TÞ�

ð45Þ
where ωnfs are the energy eigenvalues of the quarks in the
presence of external magnetic field as a consequence of the
Landau quantization of the transverse momenta of the
quarks and is given by

ωnfs ¼
h
p2
z þ

n
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jefBjð2nþ1− sÞþM2

q
− sκfefB

�
2
oi1

2

ð46Þ
with n and s being the Landau level and the spin indices
respectively. The quantities gðþÞðΦ; Φ̄; TÞ and gð−ÞðΦ; Φ̄; TÞ
are defined as

gðþÞðΦ; Φ̄; TÞ ¼ 1þ 3ðΦþ Φ̄e−βðωnfs−μqÞÞe−βðωnfs−μqÞ

þ e−3βðωnfs−μqÞ; ð47Þ

gð−ÞðΦ; Φ̄; TÞ ¼ 1þ 3ðΦ̄þΦe−βðωnfsþμqÞÞe−βðωnfsþμqÞ

þ e−3βðωnfsþμqÞ: ð48Þ

Now from Eq. (45) one can obtain the expressions for the
constituent quark mass (M) and the expectation values of the
Polyakov loops Φ and Φ̄ using the following stationary
conditions:

∂Ω
∂M ¼ 0;

∂Ω
∂Φ ¼ 0 and

∂Ω
∂Φ̄ ¼ 0 ð49Þ

which leads to the following sets of coupled equations

TABLE I. Parameter set for Polyakov potential.

a0 a1 a2 b3

3.51 −2.47 15.2 −1.75
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M ¼ m0 þ 6G
X
n;f;s

jefBj
2π2

Z
∞

0

dpz
M
ωnfs

�
1 −

sκfqfB

M̃nfs

�
− 6G

X
n;f;s

jefBj
2π2

Z
∞

0

dpz
M
ωnfs

�
1 −

sκfefB

M̃nfs

�

× ½fþðΦ; Φ̄; TÞ þ f−ðΦ; Φ̄; TÞ�; ð50Þ
�
−
aðTÞ
2

Φ̄ − 6bðTÞ Φ̄ − 2Φ2 þ ðΦ̄ΦÞΦ
1 − 6Φ̄Φþ 4ðΦ3 þ Φ̄3Þ − 3ðΦ̄ΦÞ2

�
¼ 3

T3

X
n;f;s

jefBj
2π2

Z
∞

0

dpz

�
e−βðωnfs−μqÞ

gðþÞ þ e−2βðωnfsþμqÞ

gð−Þ

�
; ð51Þ

�
−
aðTÞ
2

Φ − 6bðTÞ Φ − 2Φ̄2 þ ðΦ̄ΦÞΦ̄
1 − 6Φ̄Φþ 4ðΦ3 þ Φ̄3Þ − 3ðΦ̄ΦÞ2

�
¼ 3

T3

X
n;f;s

jefBj
2π2

Z
∞

0

dpz

�
e−2βðωnfs−μqÞ

gðþÞ þ e−βðωnfsþμqÞ

gð−Þ

�
ð52Þ

where

M̃nfs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jefBjð2nþ 1 − sÞ þM2

q
; ð53Þ

fþðΦ; Φ̄; TÞ ¼ ðΦþ 2Φ̄e−βðωnfs−μqÞÞe−βðωnfs−μqÞ þ e−3βðωnfs−μqÞ

1þ 3ðΦþ Φ̄e−βðωnfs−μqÞÞe−βðωnfs−μqÞ þ e−3βðωnfs−μqÞ ; ð54Þ

f−ðΦ; Φ̄; TÞ ¼ ðΦ̄þ 2Φe−βðωnfsþμqÞÞe−βðωnfsþμqÞ þ e−3βðωnfsþμqÞ

1þ 3ðΦ̄þΦe−βðωnfsþμqÞÞe−βðωnfsþμqÞ þ e−3βðωnfsþμqÞ : ð55Þ

One has to solve Eqs. (50), (51), and (52) self-consistently of
obtain T and/or μq dependence ofM, Φ, and Φ̄ for different
values of background magnetic field. Note that in Eq. (50),
the medium independent integral is ultraviolet divergent.
Since the theory is known to be nonrenormalizable owing to
the pointlike interaction between the quarks, a proper
regularization scheme is necessary. Our preferred regulari-
zation scheme throughout this article is thePauli-Villars (PV)
regularization which we apply only to the diverging vacuum
terms.Oneof themost important features of thePVscheme is
that, it preserves the gauge invariance [51]. With PV
regularization, the calculations are more reliable at larger
external parameters like temperature, density and electro-
magnetic fields as it allows for a larger energy scale [79]. It is
shown in Refs. [66,67] that, when a cutoff scheme is used in
the chiral limit, the transversevelocity of theGoldstonemode
is larger than the speed of light violating the causality.
However with the PV scheme, causality is always guaran-
teed. In Ref. [80], it is discussed that, a sharp three-
momentum cutoff introduces large regularization artifacts
when dealing with inhomogeneous phases.
Let us now outline few important steps describing the

implementation of PV scheme. In case of vanishing
magnetic field, under the PV regularization, the vacuum
integrals can be regularized by making the following
replacements [51]

Z
d3p⃗
ð2πÞ3 fðωÞ →

XN
i¼0

Ci

Z
d3p⃗
ð2πÞ3 fðωiÞ ð56Þ

where ω2
i ¼ p⃗2 þM2 þ biΛ2 with the regularized mass

M2 → M2
i ¼ M2 þ biΛ2. The coefficients Ci and bi are

determined by following constrain relations

XN
i¼0

Ci ¼ 0 and
XN
i¼0

CiM2
i ¼ 0 ð57Þ

with C0 ¼ 1 and b0 ¼ 0.
In the case of finite magnetic field considering the

nonzero values of the AMM of the quarks, the energy of
quarks are given by ω2

nfs ¼ p2
z þM2

eff, where M2
eff¼

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jefBjð2nþ1−sÞþM2

q
−sκfefBÞ

2¼ðM̃2
nfs−sκfefBÞ2.

Here, under PV scheme we make following replacements
[66,67,73,81]

X
n

Z
∞

−∞

dpz

2π
fðωnfsÞ→

XN
i¼0

Ci

X
n

Z
∞

−∞

dpz

2π
fðωnfs;iÞ ð58Þ

where ωnfs;i ¼ p2
z þM2

eff þ biΛ2. The coefficients are
determined using

XN
i¼0

CiM
2j
i ¼ 0 for j ¼ 0; 1; 2;…; N − 1 ð59Þ

with C0 ¼ 1, b0 ¼ 0 and M2
i ¼ m2

eff þ biΛ2. In all the
treatments in this article, we have used N ¼ 3 with bi ¼
f0; 1; 2; 3g and Ci ¼ f1;−3; 3;−1g for convergence.
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B. Three-flavor model

The Lagrangian for the three-flavor PNJL model con-
sidering the AMM of free quarks in presence of constant
background magnetic field is given by

L ¼ Ψ̄ðxÞ
�
iD − m̂þ γ0μq þ

1

2
eâσμνFext

μν

�
ΨðxÞ

þ GS

X8
a¼0

fðΨ̄ðxÞλaΨðxÞÞ2 þ ðΨ̄ðxÞiγ5λaΨðxÞÞ2g

− K½det Ψ̄ð1þ γ5ÞΨþ det Ψ̄ð1 − γ5ÞΨ�
þ UðΦ; Φ̄;TÞ: ð60Þ

In the above, Ψ ¼ ðu d sÞT is the quark field with three
flavors (Nf ¼ 3) and three colors (Nc ¼ 3), m̂ ¼
diagðmu;md;msÞ is the current quark mass matrix, and
λa are the flavor SUfð3Þ Gell-Mann matrices. The isospin
symmetry on the Lagrangian level is assumed, i.e.,
mu ¼ md ¼ m0, while SUfð3Þ-symmetry is explicitly bro-
ken, so that ms ≠ m0. GS represents the strength of scalar
coupling and the K term represents the six-point
Kobayashi-Maskawa-t’Hooft (KMT) interaction that
breaks the axial Uð1ÞA symmetry (see [51] for a general
review on three-flavor model). The factor â ¼ Q̂ κ̂, where
Q̂ ¼ diagð2=3;−1=3;−1=3Þ and κ̂ ¼ diagðκu; κd; κsÞ, are
3 × 3 matrix in the flavor space. All the other terms are
defined in same manner as in case of the two-flavor model.
Again using mean field approximation one can show that

Ω ¼ UðΦ; Φ̄;TÞ þ GS

X
f∈fu;d;sg

hΨ̄Ψi2f þ 4KhΨ̄ΨiuhΨ̄ΨidhΨ̄Ψis − 3
X
n;f;s

jefBj
2π

Z
∞

−∞

dpz

2π
ωnfs

−
1

β

X
n;f;s

jefBj
2π

Z
∞

−∞

dpz

2π
½ln gðþÞðΦ; Φ̄; TÞ þ ln gð−ÞðΦ; Φ̄; TÞ� ð61Þ

where

hΨ̄Ψif ¼ −Nc
jefBj
2π

X
n;s

Z
∞

−∞

dpz

2π

Mf

ωnfs

�
1 −

sκfefB

M̃nfs

�
½1 − fþðΦ; Φ̄; TÞ þ f−ðΦ; Φ̄; TÞ�: ð62Þ

We obtain the gap equations by minimizing the thermodynamic potential given by Eq. (61) with respect to the order
parameters ðMu;Md;Ms;Φ; Φ̄Þ which yields a set of five coupled equations

Mu ¼ m0 − 4GshΨ̄Ψiu þ 2KhΨ̄ΨidhΨ̄Ψis; ð63Þ

Md ¼ m0 − 4GshΨ̄Ψid þ 2KhΨ̄ΨishΨ̄Ψiu; ð64Þ

Ms ¼ ms − 4GshΨ̄Ψis þ 2KhΨ̄ΨiuhΨ̄Ψid; ð65Þ
�
−
aðTÞ
2

Φ̄ − 6bðTÞ Φ̄ − 2Φ2 þ ðΦ̄ΦÞΦ
1 − 6Φ̄Φþ 4ðΦ3 þ Φ̄3Þ − 3ðΦ̄ΦÞ2

�
¼ 3

T3

X
n;f;s

jefBj
2π2

Z
∞

0

dpz

�
e−βðωnfs−μqÞ

gðþÞ þ e−2βðωnfsþμqÞ

gð−Þ

�
; ð66Þ

�
−
aðTÞ
2

Φ − 6bðTÞ Φ − 2Φ̄2 þ ðΦ̄ΦÞΦ̄
1 − 6Φ̄Φþ 4ðΦ3 þ Φ̄3Þ − 3ðΦ̄ΦÞ2

�
¼ 3

T3

X
n;f;s

jefBj
2π2

Z
∞

0

dpz

�
e−2βðωnfs−μqÞ

gðþÞ þ e−βðωnfsþμqÞ

gð−Þ

�
: ð67Þ

Again the self-consistent solution of Eqs. (63)–(67) results
in T and/or μq dependence of Mu, Md, Ms, Φ, and Φ̄ for
different background magnetic field. We would like to
emphasize that, in all the calculations presented in this
paper, no approximation is made while considering the
strength of the magnetic field.

C. Parameters of the (P)NJL model

For the two-flavor model, we take a parameter set of
Table II which has been fitted to the vacuum values of the
pion mass and the pion decay constant decay constant (fπ).
For the three-flavor model we have chosen the param-

eters following Ref. [82] and they are tabulated in Table III.
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The following values of AMM of the quarks are used
κu ¼ 0.101, κd ¼ 0.175, and κs ¼ 0.049 in units of GeV−1
[83] through out this article.

IV. NUMERICAL RESULTS

We first briefly discuss the numerical results for con-
stituent quark masses of different flavors which are the
main inputs while calculating the DPR in the presence of a
background magnetic field. In Fig. 3 we have shown the
variation of the constituent quark masses (M) as a function
of temperature (T) at zero baryon chemical potential ðμBÞ
for both zero and nonzero values of the background

magnetic field with and without considering the finite
values of AMM of the quarks using (a) two-flavor NJL
model, (b) two-flavor PNJL model, (c) three-flavor NJL
model and (d) three-flavor PNJL model respectively. The
overall behavior of constituent masses of the low lying
quarks (up and down) are qualitatively similar in all the
cases as it starts from a high value at low T, remains almost
constant in the smaller values of T, falls off sharply in a
small range of temperature and finally become nearly equal
to the bare masses of the quarks at high T values
representing the (partial) restoration of the chiral symmetry.
However, the constituent mass for the strange quark
decreases smoothly when compared to that of the up/down
quark, as shown in Figs. 3(c) and 3(d). It is also worth
mentioning that even at T ¼ 350 MeV, the s quark mass is
still higher than its current mass. Now, from Fig. 3(a), it can
be seen that in presence of background magnetic field,
the constituent quark mass increases at T → 0 limit and the
transitions to the symmetry restored phase take place at the
larger values of temperature. This phenomenon is known
as magnetic catalysis (MC) [33–36], which explains that
the magnetic field has a strong tendency to enhance (or
catalyze) spin-zero fermion-antifermion condensates hΨ̄Ψi.
Moreover, when finite values of the AMM of the quarks are
considered at low T the effect of MC slightly strengthen
which leads to small increase in the values of constituent

TABLE II. Parameter set for two-flavor model.

m0 (MeV) Λ (MeV) GΛ2

10.3 744.2 6.21

TABLE III. Parameter set for three-flavor model.

mu ¼ md (MeV) ms (MeV) Λ (MeV) GsΛ2 KΛ5

10.3 236.9 781.2 4.90 129.8
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FIG. 3. Variation of the constituent quark mass (M) as a function of temperature for different values of external magnetic field and
AMM of the quarks at μB ¼ 0 using (a) two-flavor NJL model (b) two-flavor PNJL model (c) three-flavor NJL model, and (d) three-
flavor PNJL model.
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quark masses. From Fig. 3(b), one can observe that, as a
result of including the Polyakov loop in the two-flavor
model constituent mass goes to bare quark mass limit at
higher values of T compare to the simple two-flavor NJL
model. In the three-flavor case the effects of magnetic field
and the Polyakov loop are similar as described above.
However, it is important to note that, the magnitude of
electric charge of each quark plays a dominant role in MC
effect [63]. This is manifested in the fact that, increase in
the constituent mass of strange quarks are smaller com-
pared to that of up quarks. A similar effect can also be seen
in constituent mass of down quarks which are not plot-
ted here.
In Fig. 4, the temperature dependence of constituent

quark masses are plotted at finite baryon chemical potential
considering the same physical scenario as previously
mentioned. One can observe that, there are no major
modifications at lower temperatures but the system goes
to (pseudo) chiral symmetric phase at smaller values of
temperature in contrast to the μB ¼ 0 case.
Next we present the numerical results for DPR from a hot

and dense magnetized medium. Note that, the results are
evaluated ignoring the lepton mass, i.e., mL ¼ 0 and
considering the longitudinal momentum qz ¼ 250 MeV.
In Fig. 5 we have shown DPRs at T ¼ 125 MeV and
μB ¼ 0 in presence of a uniform background magnetic field

i.e., eB ¼ 10m2
π as a function of the dilepton invariant massffiffiffiffiffi

q2
p

without considering finite values of the AMM of the
quarks using (a) two-flavor NJL model, (b) two-flavor
PNJL model, (c) three-flavor NJL model and (d) three-
flavor PNJL model respectively. For all the cases men-
tioned, the DPRs at eB ¼ 0 (black solid line) are also
shown for comparison. Since we have taken mL ¼ 0, the
only nontrivial theta function in Eq. (24) isΘðq2 −M2

fÞ. As
a result the threshold invariant mass for dilepton production
at eB ¼ 0 coincides with unitary-I cut threshold of
ImWμν

11ðqÞ which is
ffiffiffiffiffi
q2

p
> 2MfðT; μBÞ where Mf is the

constituent quark mass of flavor f. This feature is observed
in all the plots shown in Fig. 5. Considering Fig. 5(a), one
can observe that, the threshold for dilepton production
starts just below 0.6 GeV which can be understood from
Fig. 3(a) as at T ¼ 125 MeV, μB ¼ 0 in two-flavor NJL
model where the constituent quark mass is around
≈0.290 GeV in absence of background field. However,
when the magnetic field is turned on, DPR receives
contributions from both Landau cut as well as unitary-I
cut which is understandable from the discussions below
Eq. (32). In presence of the background magnetic
field without considering the finite values of AMM of
the quarks the thresholds for unitary-I and Landau cuts are
given by
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FIG. 4. Variation of the constituent quark mass (M) as a function of temperature for different values of external magnetic field and
AMM of the quarks at μB ¼ 600 MeV using (a) two-flavor NJL model (b) two-flavor PNJL model (c) three-flavor NJL model and
(d) three-flavor PNJL model.
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unitary-I cut∶
ffiffiffiffiffi
q2k

q
> 2Mf and

Landau cut∶
ffiffiffiffiffi
q2k

q
<


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f þ 2jefBj
q

−Mf

�
: ð68Þ

Now, at eB ¼ 10m2
π , T ¼ 125 MeV and μB ¼ 0 for

two-flavor NJL model without Polyakov loop,
Mu ¼ Md ≈ 0.310 GeV. This explains, when put into
the inequalities previously mentioned, the shifting of
unitary-I cut toward higher values of invariant mass as
well as termination point of the contribution from the
Landau cut which is around ≈0.27 GeV. In all the cases
with finite background field, the spikelike structures can be
observed over whole range of allowed invariant mass for
dilepton production. The appearance of spikes at nonzero
magnetic field is a well-known phenomena and can be
explained in terms of “threshold singularities” which
occurs at each Landau level. These threshold singularities
are basically manifestations of the fact that, in Eq. (34), the
Källén function appearing in the denominator vanishes
at each threshold defined in terms of step functions.
In Fig. 5(b) we have shown the variation of DPRs with
the invariant mass for same external parameters using

Polyakov extended two-flavor NJL model. While describ-
ing Fig. 3, we have already discussed that the inclusion of
Polyakov loop results in an increase of transition temper-
ature from chiral symmetry broken to the restored phase
and as a consequence the constituent quark mass remains
almost constant for larger values of temperature (upto
∼150 MeV). This explains the shift of the unitary-I cuts
for both zero and nonzero values of eB toward higher
values of invariant mass compared to simple NJL model.
As a result the forbidden gap between unitary-I and Landau
cut contributions also increases due to the inclusion of
Polyakov loop. In case of three-flavor NJL model (Fig. 5(c))
the position of the unitary-I and Landau cuts can be
explained in a similar fashion as described earlier.
Moreover, a close observation, reveals that, DPRs at higher
invariant mass are slightly higher in case of three-flavor
models. Later, we will discuss this feature in more detail.
Inclusion of Polyakov loop in the three-flavor NJL model,
depicted in Fig. 5(d), leads to the same qualitative behavior
as seen in case of two-flavor model.
It may be pointed out that, our results for SUð3Þ PNJL

model at finite magnetic field are in good agreement with
the results presented in Ref. [46] where the authors have
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FIG. 5. Dilepton production rate at qz ¼ 250 MeV, T ¼ 125 MeV, μB ¼ 0 at eB ¼ 10m2
π using (a) two-flavor NJL model (b) two-

flavor PNJL model (c) three-flavor NJL model and (d) three-flavor PNJL model without considering the finite values of AMM of the
quarks. The DPR at eB ¼ 0 (black solid line) is also shown for comparison.
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used the effective fugacity quasiparticle model (EQPM) to
incorporate the effect of “strong” interaction and no
approximations were made on the strength of the magnetic
field as in the present work. Moreover, we have also
checked that our results in the strong field approximation
(also known as lowest Landau level (LLL) approximation)
are in good qualitative agreement with Refs. [44,47] in
which LLL approximation is used. The spikelike structures
as seen in the invariant mass dependence of the dilepton
production rate (DPR) in presence of magnetic field are
also in good agreement with the earlier works cited in
Refs. [43,46,48,84].
In Fig. 6 we have taken the same parameters described in

Fig. 5 except finite baryon chemical potential which is
600 MeV in this case. From Fig. 6(a), where we have used a
simple two-flavor NJL model to calculate DPR from a hot
and dense magnetized medium, one can observe that, finite
values of baryon chemical potential results in a substantial
change in the DPR when compared to the μB ¼ 0 case [see
Fig. 5(a)]. This is a manifestation of the fact that, at
T ¼ 125 MeV, the constituent quark mass in two-flavor
NJL model significantly modified at μB ¼ 600 MeV in
contrast to μB ¼ 0 case as can be seen from Fig. 4(a).

The positions of the unitary and Landau cuts again can be
precisely determined using Eq. (68). Note that, the thresh-
old for unitary-I cut moves toward the lower invariant mass
as the constituent mass decreases. However, the contribu-
tions from Landau cut survives for higher values of
invariant mass when constituent quark mass reduces.
This explains the decrease in the gap between thresholds
of unitary-I and Landau cuts. Moreover, the overall
magnitude of the DPRs for both B ¼ 0 and B ≠ 0 cases
increase compared to the μB ¼ 0 case shown in Fig. 5(a)
because of the enhancement of the thermal phase space.
The similar effect of inclusion of nonzero baryon chemical
potential is also visible in case of three-flavor NJl model.
However, for Polyakov extended two- and three-flavor NJL
model, at μB ¼ 600 MeV [see Figs. 6(b) and 6(d)], there
are no noticeable modifications in DPRs for zero and finite
eB case compared to the μB ¼ 0 scenario as depicted in
Figs. 5(b) and 5(d). This is understandable from Figs. 4(b)
and 4(d) where it can be seen that, at T ¼ 125 MeV and
μB ¼ 600 MeV, constituent mass of quarks in Polyakov
loop extended models are nearly equal to μB ¼ 0 case.
From the discussions of Figs. 5 and 6, we observe

that different thresholds for DPR at zero and nonzero
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FIG. 6. Dilepton production rate at qz ¼ 250 MeV, T ¼ 125 MeV, μB ¼ 600 MeV at eB ¼ 10m2
π using (a) two-flavor NJL model

(b) two-flavor PNJL model (c) three-flavor NJL model and (d) three-flavor PNJL model without considering the finite values of AMM
of the quarks. The DPR at eB ¼ 0 (black solid line) is also shown for comparison.
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background fields are strongly related to the constituent
masses of quarks which in turn depends highly on T, μB
and eB. From Eq. (68) we have seen that unitary-I (Landau)
cut shifts toward lower (higher) values of invariant mass as
constituent mass decreases. Moreover, it is well known that
in NJL-type models with increasing temperature and/or
baryon chemical potential the constituent mass goes to bare
mass limit. So it is expected that for sufficiently high values
T and/or μB the contributions from unitary-I and Landau
cuts merge with each other and dilepton production can
occur for the whole range of invariant mass. In Fig. 7 we
have plotted DPRs using the four different models for both
zero and nonzero eB at T ¼ 200 MeV and μB ¼ 0. Now in
case of two and three-flavor NJL models at zero μB, as can
be seen from Fig. 3(a) and 3(c), at T ¼ 200 MeV the
constituent mass of low lying quarks are less than 100MeV.
As a result, in Figs. 7(a) and 7(c), the threshold for unitary-I
cut contributions in zero eB case starts at invariant mass
less than 200 MeV and when finite background magnetic
field is present unitary-I and Landau cut contributions have
merged with each other resulting in production of dileptons
throughout the whole range of invariant mass. One should
also observe that, due to large temperature value considered

in this plot, the availability of the thermal phase space
increases resulting a substantial change in the overall
magnitude of DPRs in Figs. 7(a) and 7(c) (almost two
orders of magnitude when compared to Figs. 5(a) and 5(c)
where T ¼ 125 MeV). In Figs. 7(b) and 7(d), we have used
Polyakov loop extended models to evaluate DPRs. In this
case there are appreciable changes in the positions of
unitary-I and Landau cuts as well as the in the magnitude of
DPRs. This is because, from Figs. 3(b) and 3(d) one can
observe that, at T ¼ 200 MeV, constituent masses of low
lying quarks are smaller than the same at T ¼ 125 MeV.
So, one can infer that, for a particular value of μB, the
presence of the Polyakov loop can shift the merging of
unitary-I and Landau cut contributions toward higher
values of temperature.
Now, in Fig. 8, we consider a situation where both

temperature and chemical potential are sufficiently high,
i.e., T ¼ 200 MeV and μB ¼ 600 MeV. From Fig. 4 it can
be seen that in all the cases at T ¼ 200 MeV the u and d
quarks are in bare mass limit. As a result, irrespective of the
type of models used, unitary-I and Landau cuts have
merged with each other and there is a considerable incre-
ment in DPRs in all four cases compared to Fig. 5.
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FIG. 7. Dilepton production rate at qz ¼ 250 MeV, T ¼ 200 MeV, μB ¼ 0 at eB ¼ 10m2
π using (a) two-flavor NJL model (b) two-

flavor PNJL model (c) three-flavor NJL model and (d) three-flavor PNJL model without considering the finite values of AMM of the
quarks. The DPR at eB ¼ 0 (black solid line) is also shown for comparison.
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However, it is noteworthy that, since both T and μB
considered in this case are higher than all the previous
cases, the dilepton yield is highest due to availability of
larger thermal phase space.
So far we have observed that, the T and/or μB depend-

ence of constituent quark mass of low lying quarks plays a
dominant role in the modifications of DPRs. From Figs. 3
and 4, it can be seen that, inclusion of finite values of the
AMM of the quarks does not yield any significant mod-
ifications in the qualitative behavior of constituent mass. As
a result the changes in DPRs are also not appreciable. For
example, in Fig. 9 we have depicted DPRs at T ¼
200 MeV and μB ¼ 600 MeV in presence of a uniform
background magnetic field, i.e., eB ¼ 10m2

π as a function
of the dilepton invariant mass

ffiffiffiffiffi
q2

p
considering the finite

values of the AMM of the quarks using (a) two-flavor NJL
model, (b) two-flavor PNJL model, (c) three-flavor NJL
model and (d) three-flavor PNJL model respectively. As
expected, the results are qualitatively same with the
scenario when the AMM of the quarks is turned off.
However, quantitative differences exists since the expres-
sions for determining the thresholds of unitary-I and
Landau cuts will be modified following Eq. (33).

As the temperature of quark matter produced in HIC is
expected to be of the order of ∼300–400 MeV, we have
evaluated DPR for both two and three-flavor system at
higher temperature compared to the previous cases. In
Figs. 10(a) and 10(b) we have compared dilepton production
rate in presence of nonzero background field at T ¼
300 MeV in two and three-flavor NJL and PNJL models
at μB ¼ 0 without considering the finite values of AMM of
the quarks. At this high value of T, the constituent mass of
both u and d quarks, independent of type of models, is in
bare quark mass limit indicating partial restoration of chiral
symmetry. However the constituent mass of s quarks are
still larger than its bare mass as can be seen from Figs. 3(a)
and 3(b). As a consequence of this, in Fig. 10(a), one can
observe the enhancement in the DPRs for three-flavor model
for both eB zero and nonzero case at higher values of
invariant mass when compared to the two-flavor case. In
Fig. 10(b), Polyakov loop extended NJL model is used.
It can be noticed that, the results are almost identical
with Fig. 10(a). This is because at high values of T
considered here, Φ, Φ̄ → 1 and it is well known that in
this limit NJL and PNJL models lead to similar results [77].
In Figs. 10(c) and 10(d) we have examined the same system
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FIG. 8. Dilepton production rate at qz ¼ 250 MeV, T ¼ 125 MeV, μB ¼ 600 MeV at eB ¼ 10m2
π using (a) two-flavor NJL model

(b) two-flavor PNJL model (c) three-flavor NJL model and (d) three-flavor PNJL model without considering the finite values of AMM
of the quarks. The DPR at eB ¼ 0 (black solid line) is also shown for comparison.
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at μB ¼ 600 MeV. From Figs. 3 and 4, it can be found that,
at high T values, the modifications in the constituent mass of
quarks due to inclusion of finite values of μB are insignifi-
cant. So again the results shown in Figs. 10(c) and 10(d) are
almost similar to that in Figs. 10(a) and 10(b). It should be
noted that, one can also study the effects of strange degrees
of freedom in the DPRs considering the finite values of
AMM of the quarks in the similar manner. We expect the
behavior will be similar to what we have shown in Fig. 10.
Finally, we would like to discuss how DPR from a hot

and dense magnetized medium may be modified due to
presence of inverse magnetic catalysis (IMC) effect. In the
absence of quark chemical potential, results from Lattice
QCD simulations [32,37,38,85] show that at vanishing
temperature, finite magnetic field has strong tendency to
strengthen the spin-zero fermion-antifermion condensate,
resulting in Magnetic Catalysis. However, at finite temper-
ature, an opposite effect is observed which leads to the
decrease of pseudocritical temperature for chiral symmetry
breaking with increase in eB, indicating inverse magnetic
catalysis (IMC). It is well known that NJL-type models are
in agreement with the MC effect at T ¼ 0, as we have
already seen in Fig. 3, although, they are unable to predict

the IMC at finite temperature. However, there are several
attempts to obtain IMC effect with NJL-type models by
introducing T and eB dependent couplings or going
beyond mean-field and so on (see Ref. [86] for a review).
Using these different strategies, if one ensures that, at finite
values of temperature IMC is present, then it will modify
the T-dependence of constituent mass of quarks which will
approach the bare mass limit at comparatively lower values
of T owing to the partial restoration of chiral symmetry.
While discussing Figs. 5 and 6, we have observed that, the
threshold of unitary-I and Landau cuts have strong
dependence on the constituent mass of the low lying
quarks. It is found that, with decreasing values of con-
stituent mass of quarks the threshold of unitary-I cut moves
toward lower values of invariant mass, whereas, the
Landau cut contributions survive up to large values of
invariant mass as M decreases. So in the presence of the
IMC effect, it is expected that the merging of the unitary-I
and Landau cuts (which enables the production of con-
tinuous spectrum of dileptons through out the whole
invariant mass region) will occur at smaller values of
temperature compared to the scenario when the IMC is
absent.
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FIG. 9. Dilepton production rate at qz ¼ 250 MeV, T ¼ 125 MeV, μB ¼ 600 MeV at eB ¼ 10m2
π using (a) two-flavor NJL model

(b) two-flavor PNJL model (c) three-flavor NJL model and (d) three-flavor PNJL model with considering the finite values of AMM of
the quarks. The DPR at eB ¼ 0 (black solid line) is also shown for comparison.
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V. SUMMARY AND CONCLUSIONS

In summary, considering the finite AMM of the quarks,
we have calculated the DPR from hot and dense quark
matter in the presence of an arbitrary external magnetic
field. Employing the real time formalism of finite temper-
ature field theory and the Schwinger proper time formal-
ism, we have evaluated the electromagnetic spectral
function of the vector current correlator at finite temper-
ature, chemical potential, external magnetic field, and
AMM of the quarks in which the constituent quark mass
M ¼ MðT; μ; B; κÞ has entered as an input. The three-flavor
PNJL model with the gauge invariant Pauli-Villiars scheme
has been used to obtain the constituent quark mass in the
mean field approximation. The constituent quark mass is
found to depend strongly on the external parameters like
temperature (T), chemical potential (μ), magnetic field (B)
and AMM (κ) of the quarks M ¼ MðT; μ; B; κÞ and it
essentially captures the effect of strong interactions spe-
cifically around the (pseudo) chiral and confinement-
deconfinement phase transition regions. The constituent
quark massM ¼ MðT; μ; B; κÞ of different flavors is found
to play a primary role in the determination of the thresholds

and intensity of dilepton emission. We have also analyzed
the complete analytic structure of the in-medium spectral
function in the complex energy plane and have found a
nontrivial Landau cut in the physical kinematic region
resulting from the scattering of the Landau quantized
quark/antiquark with the photon; a purely finite magnetic
field effect. We have also compared the whole study with
the three-flavor NJL and the two-flavor NJL and PNJL
models to observe the effects of strangeness and confine-
ment-deconfinement. In all the calculations, we have
considered an infinite number of quark Landau levels so
that no approximation has been made on the strength of the
background magnetic field.
We observe that, in the presence of background magnetic

field, independent of the types of model used, DPR
acquires contributions from both the unitary-I and
Landau cuts owing to the kinematic restrictions for pro-
duction of physical dileptons with positive energy and
timelike four momentum. As a result, the DPR obtained is
found to be largely enhanced in the low invariant mass
region due to the emergence of the Landau cut contribu-
tions, which is purely the effect of finite background field.
The detailed analysis of the analytic structure of the two
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FIG. 10. Comparison of Dilepton production rate at qz ¼ 250 MeV, T ¼ 300 MeV, at eB ¼ 10m2
π using two and three-flavor NJL

and PNJL models at μB ¼ 0 [in figures (a) and (b)) and μB ¼ 600 MeV (in figures (c) and (d)) without considering the finite values of
AMM of the quarks. The DPR at eB ¼ 0 are also shown for comparison.
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point correlator indicates the non-trivial dependence of the
thresholds of unitary-I and Landau cut contributions on
magnetic field and AMM of the quarks which in turn
affects the constituent quark mass. For a particular value of
T and/or μB, we have found that, the width of the forbidden
gap (between the unitary and Landau cuts) is large for both
two- and three-flavor PNJL models when compared to the
scenarios where simple NJL model is used. However, as the
values of temperature and/or baryon chemical potential
increases the forbidden gap between unitary-I and Landau
cut contributions keep on decreasing and finally merges
with each other enabling the production of a continuous
spectrum of dileptons through out the whole range of
invariant mass. We find that, the presence of Polyakov loop
can shift this merging of unitary-I and Landau cut con-
tributions toward higher values of temperature. At these
high values of T and/or μB, a substantial increase in overall
magnitude of DPRs is observed as a consequence of

enhancement in the availability of the thermal phase space.
Finally, at very high values of T and μB, the DPRs for both
NJL and PNJL models are found to be slightly enhanced
when the three-flavor model is used due to contributions
from strange quarks. With Pauli-Villiars regularization,
which is used through out this article, the inclusion of
finite values of the AMM of the quarks do not lead to
significant change in values of the constituent mass of
quarks.
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