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In this paper, we solve the new evolution equation for high energy scattering amplitude that stems from
the Gribov-Zwanziger approach to the confinement of quarks and gluons. We found that (1) the energy
dependence of the scattering amplitude turns out to be the same as for QCD Balitsky, Fadin, Kuraev and
Lipatov (BFKL) evolution, (2) the spectrum of the new equation does not depend on the details of the
Gribov-Zwanzinger approach, and (3) all eigenfunctions coincide with the eigenfunctions of the QCD
BFKL equation at large transverse momenta x > 1. The numerical calculations show that there exist no new
eigenvalues with the eigenfunctions which decrease faster than solutions of the QCD BFKL equation at
large transverse momenta. The structure of the gluon propagator in the Gribov-Zwanziger approach, that
stems from the lattice QCD and from the theoretical evaluation, results in the exponential suppression of the
eigenfunctions at long distances and in the resolution of the difficulties, which the color glass condensate
and some other approaches, based on perturbative QCD, face at large impact parameters. We can conclude
that the confinement of quark and gluons, at least in the form of the Gribov-Zwanziger approach, does not
influence on the scattering amplitude except for solving the long-standing theoretical problem of its

behavior at large impact parameters.

DOI: 10.1103/PhysRevD.103.096017

I. INTRODUCTION

It is well known that perturbative QCD suffers a
fundamental problem: the scattering amplitude decreases
at large impact parameters (b) as a power of b. Such
behavior contradicts the Froissart theorem [1], and, hence,
perturbative QCD cannot lead to an effective theory at high
energy. In particular, the color glass condensate/saturation
approach (see Ref. [2] for a review), which is based on
perturbative QCD, is confronted by this problem [3,4]. At
large b, the scattering amplitude is small, and therefore only
the linear Balitsky, Fadin, Kuraev, and Lipatov (BFKL)
equation [5] describes the scattering amplitude in pertur-
bative QCD. It is known that the eigenfunction of this
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equation (the scattering amplitude of two dipoles with sizes
r and R) has the following form [6]:

¢,(r.R.b)
r2R2

- ((b +3(r=R)(b—5(r —R))2>ybﬁR (%)7'
(1)

One can see that ¢, (r, R, b) at large impact parameter b
decreases as a power of b. In particular, such a decrease
leads to the growth of the radius of interaction as a power of
the energy [3.,4], resulting in the violation of Froissart
theorem. Since it was proven in Ref. [6] that the eigen-
function of any kernel with conformal symmetry has the
form of Eq. (1), we can only change the large-b behavior by
introducing a new dimensional scale in the kernel of the
equation. A variety of ideas to overcome this problem have
been suggested in Refs. [4,7-26]. In our previous paper
[27], we used the Gribov-Zwanziger approach [28-38] for
the confinement of quarks and gluons to fix this non-
perturbative scale. We derived the generalized BFKL
evolution equation, which incorporates this new dimen-
sional scale, and demonstrated that this equation leads to
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the exponential decrease of the scattering amplitude at large
b. We will discuss both the equation and large-b behavior
of the solution in the next section, which has a review
character.

In this paper, we find the solution to this new equation. In
Sec. III, we consider the general properties of the spectrum
and eigenfunctions, which follow from an analytical
approach. In particular, we prove that the eigenfunctions
of Eq. (1) describe the eigenfunctions of the new equation
at short distances r < R. In Sec. IV, we concentrate our
efforts on the numerical solution of the equation. We show
that all eigenvalues of the new equation, that generate the
power energy increase of the scattering amplitude, coincide
with the massless BFKL eigenvalues. However, the eigen-
functions have quite a different behavior in comparison
with the eigenfunction of the massless BFKL equation, and
they crucially depend on the input from Gribov-Zwanziger
confinement approach. Finally, in Sec. V, we discuss our
results and future prospects.

II. BFKL EVOLUTION EQUATION FOR GRIBOV-
ZWANZIGER CONFINEMENT: A RECAP

A. Gribov-Zwanziger confinement: Gluon propagator

As we have alluded, it was proved [6] that eigenfunc-
tions of Eq. (1) have the same form for all kernels with
conformal symmetries. Hence, we have to modify the
kernel of the BFKL equation introducing a new dimen-
sional scale of the nonperturbative origin. In other words,
we need an approach which models the confinement of
quarks and gluons. Among numerous approaches to con-
finement, the one proposed by Gribov, [28—38] has special
advantages, which makes it most suitable for discussion of
the BFKL equation in the framework of this hypotheses.
First, it is based on the existence of Gribov copies [28]—
multiple solutions of the gauge-fixing conditions, which are
the principle properties of nonperturbative QCD. Second,
the main ingredient is the modified gluon propagator,
which can be easily included in the BFKL type of
equations. Third, in Ref. [24] (see also Ref. [39]), it is
demonstrated that the Gribov gluon propagator originates
naturally from the topological structure of nonperturbative
QCD in the form

G(q) =

1
q2 +X[;f;p
where yop = u* is the topological susceptibility of QCD,
which is related to the #' mass by the Witten-Veneziano
relation [40,41]. This allows us to obtain the principal
nonperturbative dimensional scale, directly from the exper-
imental data.

However, it is shown in Ref. [27] that the propagator of
Eq. (2), which vanishes at ¢ = 0, does not lead to the
exponential suppression of the scattering amplitude at large

impact parameters (b). Fortunately, the lattice calculation of
the gluon propagator generates the gluon propagator with
G(g = 0) # 0 (see Refs. [42-44] and references therein), in
explicit contradiction with Eq. (2).

In Refs. [43-59]," it is shown that G(q = 0) #0 is a
general feature of nonperturbative approaches and that
Gribov’s copies lead to the gluon propagator which is
final at ¢ — 0. In this paper, we parametrize the gluon
propagator in the following form:

4 + Mg
G0 = (s G)
We view this form as parametrization of the sum of
Gribov’s propagators of Eq. (2) with different values
of u, as has been discussed in Ref. [27]. We are aware
that Eq. (3), which describes the lattice QCD data, is a
simplified version of the refined Gribov-Zwanziger (RGZ)
theoretical approaches that have been discussed in
Refs. [43-59]. However, we believe that it is a good
first approximation, which allows us to introduce two-
dimensional parameters from confinement physics. In this
paper, we call the gluon propagator of Eq. (3) the lattice
QCD propagator or the RGZ propagator.
As we have mentioned, at high energies, g is a two-
dimensional vector, which corresponds to transverse
momentum carried by the gluon. Introducing

1

GHg)=——in ———,
(9) (¢* + M?) £ ip?

(4)
we can rewrite Eq. (3) in the form

1 M} - M?

G(q) =5(G"(q) + G (q)) + i (G*(q9) -G (q))

N

m|’_‘

(ReG™ (k) + (M3 — M?)ImG™* (x))
(O

M:—-M
+<1—i°42
U

)o@}
= {1+ im)GH () + (1= im)G ()}, (9
1

= =

where we use notations

2 )
10} agN
K:q_za K/:q_zs E____’ - S Ca
H H as T
M? M? — M?
m=—, my = ) 5 (6)
H H

"This list of references is not complete. More details can be
found in the reviews [37,45].
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FIG. 1.

It is worth it to mention that Eq. (6) introduces the
dimensionless variables for our problem and sets the
physical scale for the dimensionful quantities: z>.

B. BFKL equation in momentum representation

The BFKL equation for Gribov-Zwanziger gluon propa-
gator has been derived in our previous paper [27], using the
procedure that has been described in Ref. [22].

It has two parts: the gluon Reggeization and the emission
of gluons. The first one has a general form [5],

wg(q) = G (q)Z(q)

with m@:/fjawG@—w, (7)

where G(q) is given by Eq. (3). We will discuss the
analytical expression for Eq. (7) below (see also
Appendix A of Ref. [27]).

The emission kernel has been calculated in Ref. [27]
using the decomposition of Eq. (2). Indeed, using this
decomposition, we can treat the production of the gluon as
the sum of two sets of the diagrams (see Fig. 1) with /> =
iu? and with M? = —iy?.

We sum the first diagrams of the gluon emission shown
in Fig. 1 to find the vertex I',(q, ¢') for the kernel of the
BFKL equation. It is easy to see that the sum shown in
Fig. 1 leads to the Lipatov vertex that has the form [22]

1 pz k
I(q.4)=-q—q%+p <—G“ () —+ —>
: g g H Pk prop2

.J_+m*>, (8)

P2k piopa

— Py (—G_l(ql)

where p; , and p, , are the momenta of incoming particles
(see Fig. 1 for all notations).

Using Egs. (7) and (8), the BFKL equation for Gribov-
Zwanziger confinement takes the form (for Qy = 02):

2QT is the momentum transferred by the BFKL Pomeron, a
conjugate variable to the impact parameter.

e}
e}
O

o]

=+
Q000000GN0000OG000.
S
%
=
Il

o]

NO
NO
NO

The first Feynman diagrams with gluon emission, whose sum leads to ', (g, ¢') (Lipatov vertex is denoted by the gray blob).

wp(w, q) = —206(q)P(, q)

+ as/d;q/G(q -¢)p(0.q). (9)

This equation looks similar to the BFKL equation for a
massive gluon [22] in the non-Abelian Yang-Mills theories
with a Higgs particle, which is responsible for mass
generation. However, we do not have a contact term in
Eq. (9). As we have discussed in Ref. [27], the absence of a
contact term in our equation is a direct indication that
Gribov-Zwanziger confinement does not lead to a massive
gluon.

Assuming that ¢(q) depends only on |g|, we can
integrate the emission kernel over the angle, and in terms
of the variable of Eq. (6), Eq. (9) takes the form

Ed(x) = T()(x) - / dR'K (x, k)b () (10a)

kinetic energy

emission kernel

where

T() = 3 G (R} {Re (3], (. ) + (1 4+ m3)a(m. )},

(I1a)

. 2 VK + VK + 4im
hi(x) = K(K+4m)1“<-\/,z+m>’ (1)
Lmk) = -

AT Vamk+ 2 —4

_ 2 _
X1<K+2m Vamxk + k 4), (11¢)

n
K+ 2m + Vamx + k> — 4
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mg
K(k, k') =Re , 11d
() {\/Zﬁi(K—l—K/)—i—ﬁ’lz—‘r(K—Kj)z} (11d)
K+ m+mg

In Eq. (10a)-Eq. (11e), we use the variables which are
given in Eq. (6). As has been mentioned, Eq. (6) sets the
scale for the dimensionful observables: the Gribov mass >
[see Egs. (2) and (3)]. In Eq. (11f), we introduce new
variables only to rewrite Eq. (10b) in the most com-
pact form.

g

ITI. BASICS OF THE SPECTRUM FOR THE
MASTER EQUATION

A. Equation for the eigenfunctions of the massless
BFKL equation

As has been mentioned, the eigenfunctions of the
massless BFKL equation

Lo 1

$prxi(iiy) =k~ with y = S Tw (12)

form the complete and orthogonal set of functions. Hence,

we can expect that the solution to the master equation can

be written as the sum over these functions. For this reason,

we find it instructive to consider how the emission kernel of

our master equation [see Eq. (10a)] acts on the eigenfunc-
tions of Eq. (12),

(13a)

/dK’K(K, K7 = y(p)=! = /00O dK/Re{\/2ﬁ’l(K—|—K/)

+m? + (k— K

)Z}K”" —x()!

— k71 ! r=1 _ el — ! d
{A di(t DR ( NEE * V()2 +2(t + Din/x + (1 - t)2>

— of - 1 o
+A di(t 1)R< \/(1_t)2+\/(t,h/x)2+2(t+1)tﬁ1/K+(1—t)2>} o

=1 P(x.7). (130
where the kernel of massless BFKL y(y) has the form [5]
| B | B
)=y =) +yl) =2p() =y{5+iv | +w5-iv)=2p(1) (14)

where w(z) is the Euler w-function (formula (8.36) of
Ref. [60]).

In Eq. (13Db), the region of integration over x’ is divided
in two: ¥ <k and ' > k. In the first region, the new
variable is introduced ¢ = «’/k, while in the second, the
new variable is ¢ = k/x’. In this way, we have both #’s in the
|

1

region (0,1). In addition, we subtracted in Eq. (13b) (terms
with 1 in the numerators of the equation) the contribution
from the Regge trajectory [see Eq. (7)].

Using formula (3.211) of Ref. [60], we can express these
integral over ¢ through the Appel F; function [see Ref. [60],
formulas (9.180)—(9.184)]:

K—rh—KZ\/ﬁ7K—rh+K2\/ﬁ)

K> 4+ m(3k + m)? K+ im)? K+ im)?
_(y\{41)(:—|—ifh3)\/% 1<1_y;%’%ﬂ_”x—fﬁjz&%k—f&Lf/ﬂ)
+ln<1+ 2 ) . ln<2LK[%\/ﬁi(mc—i—m)—i—&c—ﬂh])}}. (15)

1+ ac/m) Kk+m

1 K, I,\e m, 1 ; 9 ; 1;

From Egs. (13b) and (15) [see also Fig. 2(a)], we can see that P(k,y) is rather small and decreases at large
positive [ = Ink.

Since in Eq. (13b) we subtract the Reggeization term, we have redefined the kinetic term in Eq. (10a), subtracting from
T(x) of Eq. (11a) function L(x), which is
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FIG. 2. Functions P(k = e',y = 0.5) [Fig. 2(a)] and T(e!) [Fig. 2(b)] vs L In these figures, the solid lines describe the case
m = my = 0, while the dotted ones correspond to m = 1.27, mq = 3.76, which follows from the lattice QCD estimates [42].

- 1 ﬁ10 1 my
o) = d”¢<rmo/x>2+z<r+1>rrho/x+<1—z)ﬁA a2+ Dingr (1= 17

zmoln(1+ v 12+4K/ﬁ’> 4 KMo ln<21K {Kf’h\/m(4x+m)+3x+mb. (16)

K-+ m m

|
We denote fixing y = % +iv. Figure 3(a) gives Eq. (19) for
m = my = 0, which corresponds to the Gribov gluon
propagator, while in Fig. 3(b), the energy is plotted for
the lattice QCD gluon propagator with m = 1.27 and my =
3.76 [42].

One can see that the wave functions of the massless
BFKL show up as the eigenfunctions of the master equation
~ - in the kinematic region of large / = Inx > 1. Generally
(E+x(r)elr=' = v VI(P(Ly) = T(1)) = "=V P(L.y). speaking, it means that the eigenvalues of Eq. (10a) could

(18) be (1) the same as the massless one or (2) selected out due
to behavior at small «, leading to the set of the eigenvalues,

T(l) =T(e') —ReL(e). (17)

T(1) is plotted in Fig. 2(b).
Using function P(,y) and T(l), we see that our equation
for the function e~ has the form

In Fig. 3, we plot which is more restricted than the massless BFKL one.
In addition, of course, could be some discrete states, whose
EW)=—y)+ 13(1, v), (19) wave functions decrease more steeply than x’~! at large
] -
u=0 —_— =
u=0.1 2 /\ — u=01
v=05 1 _‘-_J — u=05
u=0.95 zh 0 \\ ——— =095
I Sy \\ — u=25
........ =0 -1 4 I
........ 0u=0.1 -2 cemeemes y=0.1
........ v=0.5 s eemee e mm—————— u=0.5
-------- u=0.95 3 ceenean 0=0.95
10 15 20 25 30 ... V25 -30 -20 -10 O 10 20 30 .o V25
In(k) In(k)
(a) (b)

FIG. 3. The dependence of the energies of the master equation [see Eq. (10a)] versus / = In « for the eigenfunctions of Eq. (12) with
different values of }/% + iv. The dotted lines describe the eigenvalues of the massless BFKL equation. Figure 3(a) describes the energies
for the Gribov gluon propagator [see Eq. (2)], while Fig. 3(b) corresponds to the gluon propagator of Eq. (3) with m = 1.27 and
mqy = 3.76, which follows from the lattice QCD estimates [42]. The brown line in Fig. 3(b) shows E = T(x = 0).
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values of k. From the numerical solution (see below), we
see that there is no selection and all energies of the massless
BFKL equations occur as the eigenvalues of the master
equation. We can understand this, since all BFKL eigen-
values are doubly degenerate. Indeed, the eigenvalues of
the massless BFKL equation do not depend on the sign of v
[see Eq. (14)]. At [ <0, we expect the eigenfunction
of the massive BFKL equation to be constant. Replacing
this behavior by the boundary condition ¢(I =0;v) =
Const, we see that we can satisfy this boundary condi-
tion choosing ¢(I) = Ci¢prkr(l,v) + CadpprxL(l, —v) =
sin (lv + @), where ¢ is the phase. Hence, we do not bring
any selection with this procedure.

However, the eigenfunctions of the massless BFKL
equation appear the eigenfunctions of Eq. (18) also for
k<1l (I=Ink < —1) [see Fig. 3(b)], but only for the
case of m#0 and my # 0 with the eigenvalue E, =
T(k =0) =0.866 for any value of v [brown line in
Fig. 3(b)]. The independence of v means that the eigen-
value @ is infinitely degenerate. Figure 2(c) shows that in
Eq. (19) E(v) = {—x(v) + P(l,y)} — T(I) the termin {...}
vanishes at [ < 0 [see Fig. 2(c)], while T({) approaches a
constant [see Fig. 2(b)].

In principle, such solutions could be rejected for the
master equation if the behavior at small x cannot be
matched with the behavior at large x. However, it looks
very unlikely. Indeed, any function of the type ¢(x) =
P,(2x — 1)O(1 — k), where P,(z) is the Legendre poly-
nomial [see Ref. [60], formulas (8.91)], is orthogonal to
¢(x) = Const at [ < 0 (for n > 1) and satisfies Eq. (18).
The numerical calculations, which we will discuss below,
confirm that £ = E, appears as the eigenvalue of the
generalization of the BFKL equation [see Eq. (10a)].

B. General features of the spectrum

Following the general pattern of Ref. [22], we can
rewrite Eq. (10a) in the coordinate space, introducing

¥r) = [ e i), (20)

The equation takes the form

EY(r) = HY¥(r) (21)
with
H= T® - U(r) =Tk -G(r), (22)
~—— ~——
kinetic energy  potential energy
where & = —=V? is the momentum operator and G(r) is
equal to

2
G(r) = / éT‘J)Ee"WGwT) — Ko (V/r)

+ﬁ10*K0(\/ﬁ1*r)@>Re{% fe-ﬁr}. (23)
m 2r

For large r, G(r) exponentially decreases as one can see
from Eq. (23). Hence, at large r, Eq. (21) takes the form

E¥Y(r) =T((&)¥(r) (24)
with the eigenfunctions that have the following form:

2 < 0.

(25)

P(r) ~ Ve, P(r) ~ eV,

k2> 0;

Denoting the large asymptotic behavior of the eigen-

function as ¥(r) el exp (—+/ar), we see that the energy

is equal to
E =T(-a). (26)

On the other hand, in the region of small r, Eq. (22) reduces
to the massless QCD BFKL equation (see the previous
section and Refs. [5,6])

E¥Y(r)¥(r) = Ho¥(r), (27)
where [6]
Ho = In p? +In|r|> = 2y (1). (28)

The eigenfunctions of Eq. (27) are ¥(r) = r>(1=7), and the
eigenvalues of Eq. (27) can be parametrized as a function of
y [see Eq. (14)]. Therefore, for r - 0 we have the
eigenvalue which is equal to

E=x(y) (29)

From Egs. (26) and (29), we can conclude that the values of
a and y are correlated, since

E=x(y) =T(-a). (30)

Based on Eq. (29) (see also the previous section), we expect
that the minimum eigenvalue is equal to y(3) = —4In2.
From Fig. 4, we can see that Eq. (30) is violated. For
Gribov’s propagator of Eq. (2), T (k) is positive for all
values of —oo < k < +o0. For the gluon propagator that
describes the lattice QCD estimates (m = 1.27 and
my = 3.76), we can see from Fig. 4(b) that T'(x) is negative
at k < 0, and therefore, Eq. (30) can be satisfied.

On the other hand, the estimates of Eq. (26) contradict
the result of Ref. [27] that the eigenfunction of the master

096017-6
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: \_//

FIG. 4. T(x) vs k for Gribov’s propagator of Eq. (2) (m = my = 0) and for the gluon propagator that describes the lattice QCD
estimates (m = 1.27 and my = 3.76). The red line shows E = —41n 2, which is the ground state for the massless BFKL equation.

equation with the Gribov gluon propagator exhibits the
powerlike decrease at long distances. We believe that a
resolution of this inconsistency is intimately related to the
definition of ¥(r). In particular, instead of Eq. (20), we
suggest introducing the following transform to the coor-
dinate space. First, we introduce a new ¢(k) = G~ (k)¢ (k).
For this function, Eq. (9) takes the form

wp(0,q) = —2w6(q)¢(w. q)
+as [ TG 106 -0)6 o)
31

The eigenfunction in the coordinate space has the form

2
W(r) = / %ﬁel‘f-qr&s(m (32)

and the master equation has the form of Eq. (21) with the
potential energy, which has the different form

HY(r) = i(/kl ‘P(r)—/dzr’ Ur,r) ¥(r') (33)

kineticenergy potentialenergy

with

ﬁ’loﬁ’lﬁl* ﬁ”lo i~ m* Kmy ﬁ’loﬁ’lo* ﬁ’lo
T(k) = Red 0" 170 L s (P} | 4 220 | (1 - 0o ) (Mo
=%l 25| () G

DY)

i iy (L
———tmy | —s+-m
m+mg | 6m2 " °\ 2 4

=E, + Ejk

Pqr .
Ul(r, r’):/(27t>2 emrdr

< [ Sl (6 )60 - )6}

= [ @Ko+ mo)lr =)
x (=V2, +m)® + VGG —r).  (34)

One can see that for m = my = 0 the potential energy
U(r,r) « In(r) and Eq. (24) turns out to be incorrect.
For m #0 and m, # 0, the potential energy decreases
exponentially at long distances. Hence, in this case,
Eq. (24) holds.

C. Eigenfunctions in the vicinity of E,=T(k=0)

As we have discussed above, there is a possibility that
the master equation has the eigenvalues in addition to the
eigenvalues of the QCD BFKL equation. These states
should have the wave functions that decrease much more
steeply than the eigenfunction of Eq. (12). From Fig. 3, one
can expect that the vicinity of E = Ey =T(k =0) can
provide such states. Indeed, in the vicinity, E — E, T (k)

takes the form
i, m*
Emo In =

(36)

Equation (10a) takes the following form in vicinity of x — 0:

(E - Ey — E)p(x) = — / dK (k = 0,K)p(K') — & / dx’

OK (k, k")
K

p(x') + O(). (37)

k=0
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Introducing
_ E-E,
Ey— [dK aKg;’KI) le=0

, one can see from Eq. (37) that ¢(x) has a singularity,

Const
= , 38
PO e = (38)
or, in other words, the wave function has the form
Const
P(x) = < Prg (k). (39)

where ¢y, is the function which has no singularities. Since
the eigenvalue E = E,, is multiple degenerate the sum of
functions of Eq. (39) is also an eigenfunction.

It is instructive to note that the eigenfunctions of Eq. (39)
does not appear for the QCD BFKL equation. As we have
seen, the origin of such eigenfunctions is in the fact that
typical " in Eq. (37) are about the values of mass and not
equal to zero.

D. Summary

Concluding this section, we wish to emphasize two
results that we have proved. First, the eigenvalues of the
massless BFKL equation, generally speaking, are expected
to be the eigenvalues of the master equation. In principle, it
is possible that the behavior of the wave functions at small
values of x could select out some of the eigenvalues of the
BFKL equation in QCD. However, because of double
degeneracy of each of the massless BFKL eigenvalues [see
that Eq. (14) has symmetry v — —v], the boundary con-
ditions at k — 0 do not lead to a loss of the eigenvalues of
the master equation in comparison with the massless BFKL
equation.

Second, it is possible that the eigenvalues of the master
equation have a richer structure than the eigenvalues of the
BFKL equation in QCD. Indeed, there could exist states
with the wave functions that are suppressed at large «:

$(x) < k7. An example of such a function could be
Eq. (38). As we see from Fig. 3, the eigenfunctions with
E = E; have infinite degeneracy, and all of them are
eigenfunctions that have not been present in the massless
BFKL equation.

The separate problem is the state with the wave function
that decreases more steeply than the eigenfunction of the
massless BFKL equation but with the eigenvalue which is
smaller than E;, = —41n2.

At the moment, we cannot answer this question without
finding the numerical solution to the master equation.

IV. NUMERICAL SOLUTION
A. General approach

Generally speaking, we need to solve the equation which
has the structure

Ep(x) = / AWK (k. 1)), (40)

where /C is defined in Eq. (10b). The advantage of using
Eq. (10b) in comparison with Eq. (10a) is discussed in
Appendix B of Ref. [27].

For the numerical solution, we discretize the continuous
variables k and «’ using the logarithmic grid {x,} with
N + 1 nodes,

1
Kp = Kmin €Xp(nA,), A= Nln(lcmax/zcmin), n=0,...,N,

(41)

where the values of x,;, and k., are fixed. In the most
details, we consider the case with k., = 10710, k. =
10% and N = 2000, but we investigated the dependence of
the solution on the values of ki, Kmax» and N. In the
discrete variables, Eq. (40) can be approximated in the form

N
E¢(Kn) = ZKmAKK(Kn7Km)¢(Km)' (42)
m=0

Introducing the notations ¢ (k,,) =¢,, and k,, A JC(k,,,k,, ) =
KC,.m» we can rewrite Eq. (42) in the matrix form

N
Epy=> Kunbn or E¢p=Kgp,  (43)
m=0

where vector ¢ has N + 1 components ¢, and K is the
(N +1) x (N + 1) matrix. We need to find the roots of the
characteristic polynomial p(E) of the matrix K — ET where I
is the identity matrix. Hence, we need to solve the secular
equation

p(E) = det (K — EI) = 0. (44)

We solve Eq. (44) for several equations. First, we found
the solution to our new Eq. (10b) in two cases: for the
Gribov propagator of Eq. (2) and for the propagator of
Eq. (11e). In the first case, we need to put m = (0 and
my = 0 in Egs. (11a)—(11e), while in the second, we need
to choose m = 1.27 and m, = 3.76 in these equations. It
should be recalled that we use the dimensionless variables
of Eq. (6) and the scale for dimensionful observables is
u> = 0.48 GeV? [44]. Second, we solve the original BFKL
equation for QCD, which has the form
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The eigenvalues E,, of four equations: the BFKL equation in QCD [BFKL; see Eq. (45)], the BFKL equation for the modle

[Higgs; see Eq. (46)], for Eq. (10b) in the case of the Gribov propagator (G-Z, m = 0), and in the case of thelattice QCD propagator of
Eq. (3) (G-Z, m # 0). The solid lines in Fig. 5(b) show the eigenvalues calculated using Eq. (47) with f3,,, that were taken from the pattern

of zeros of the eigenfunctions given by Egs. (49), (50), and (52). All results correspond to solutions with k;, = 10710

grid size N = 2000 [see Eq. (41)].

-~ [¥2a | <¢BFKL< )= S b))

(K)- (45)

E¢BFKL

[

We believe that we need to compare our numerical
procedure with the equation which has the analytical
solution, both to check the accuracy of our numerical
estimates and to evaluate our transition to the continuous
limit. Recall that the numerical solution gives the discrete
spectrum of the eigenvalues instead of the continuous one.
|

Kmax = 10%, and

In addition, we solve the equation, which was derived in
Ref. [22] for non-Abelian gauge theory with the Higgs
mechanism for mass generation. This theory is not QCD,
since it has no confinement of quarks and gluons. However,
it has the same color structure as QCD and introduces the
dimensional scale: the mass of Higgs boson. Solving the
BFKL equation for this theory, we could find out what is
more essential: the new dimensional scale or specifics
related to the confinement. Below, we will call this
approach “the model,” and the main BFKL equation for
this model takes the form

dr’ (k') N2+1 1 o (k' )dK’

Ep(x) = K+ 1 lx/lT—f—\/_

(40)

VKvVk+4  Ve+4

AN

Pr2(k+x)+1 2N k+1 K+ 1

kinetic energy term

This equation has been investigated in detail. In Ref. [22], it
is proven that the solution of this equation coincides with
the solution to the massless BFKL equation, which is
known analytically and can be used as a control of the
accuracy of our numerical calculations.

B. Eigenvalues: The general characteristics

The eigenvalues of these four equations are shown in
Fig. 5. One can see that (1) numerical estimates do not
show the discrete eigenvalues with energy E < E;, =
—41In2, where E;, is the minimal energy of the massless
BFKL equation, and (2) none of the eigenvalues of the
massless BFKL equation has been selected out in accord
with our expectations in Sec. III A.

potential energy term

contact term

From Fig. 5, we see that all eigenvalues can be divided in
three regions: the eigenvalues E, < E, = T(k = 0), the
multiply degenerate eigenvalue Ey, and E, > E,,.

For E.;, < E, <E,, there are no other eigenvalues
except the massless BFKL ones. Indeed, we can describe
these eigenvalues using the following formulas:

() = =201 + w3+ 8(0)) v (5 - 180

ﬂ(n) = Clﬂ(l’l + 1)’ ap = Cﬂ/ In (Kmax/mé)'

For the QCD BFKL equation, c;=3.015 and
m% = Kmin» While for all other three equations, we can
put ¢z = 3.140 and mﬁ = 0.0042 [see Fig. 9(a)]. Hence,

(47)
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TABLE 1

The first 20 eigenvalues E, for the BFKL equation in QCD [QCD; see Eq. (45)]; for the model,

developed in Ref. [22] [Higgs; see Eq. (46)]; for Eq. (10b) in the case of the Gribov propagator (G-Z m = 0); and in
the case of lattice QCD propagator of Eq. (3) (G-Z, m # 0). The last column contains values defined by Eq. (47).

n E, (QCD) E, (Higgs) E, (G-Z, m =0) E, (G-Z, m #0) E, [Eq. (47)]
0 —2.7675 —2.7657 —2.7660 —2.7666 —2.7657
1 -2.7519 —2.7448 —2.7457 —2.7483 —2.7452
2 -2.7261 -2.7103 -2.7123 =2.7178 -2.7114
3 —2.6905 —2.6630 —2.6665 —2.6753 —2.6650
4 —2.6456 —2.6036 —2.6088 —2.6211 —2.6067
5 -2.5919 —2.5332 —2.5403 —2.5561 —2.5377
6 —2.5301 —2.4529 —2.4620 —2.4810 —2.4588
7 -2.4610 —2.3640 -2.3751 —2.3968 -2.3715
8 —2.3854 -2.2677 —2.2808 —2.3048 -2.2768
9 —2.3040 —2.1653 -2.1802 —2.2060 -2.1760
10 =2.2177 —2.0581 —2.0746 -2.1018 —-2.0705
11 —2.1273 —1.9472 —1.9651 —1.9932 -1.9612
12 —2.0336 —1.8337 —1.8528 —1.8815 —1.8492
13 —1.9373 —1.7186 —1.7387 —1.7675 —1.7356
14 —1.8391 -1.6029 —1.6236 —1.6523 -1.6212
15 -1.7397 —1.4872 —1.5083 —1.5368 —1.5068
16 —1.6396 —1.3724 —1.3936 —1.4215 —1.3930
17 —1.5394 —1.2588 —1.2800 —1.3072 —1.2804
18 —1.4395 —1.1470 —1.1680 —1.1944 —1.1695
19 —1.3403 —1.0374 —1.0579 —1.0835 —1.0605
20 —1.2421 —-0.9303 —-0.9501 -0.9748 —-0.9539

Fig. 5(b) and Table I demonstrate a new phenomenon: the
eigenvalues of all three equations, which introduce a
dimensional scale in the BFKL approach, turn out to be
the same. Actually, they are the eigenvalues of the QCD
BFKL equation, as shown in Eq. (47) and Fig. 5(b). In
Fig. 5, the eigenvalues from Eq. (47) are shown by the
solid lines, and one can see that all these values for
E, <E, can be perfectly described by this equation.
Equation (47) can be interpreted as an indication that the
transition to the continuous limit reduces to replacement

40 60 80 100 120 140

In Kmax

(@)

%+ if(n) > % + iv = y. In these new variables, the eigen-
values of the QCD BFKL looks familiar [2]:

E(y) ==2y(1) +w(y) —w(l-7). (48)

Table I, in which we put the first 20 roots of the secular
equation, illustrates these points. First, we see that the
solution to the QCD BFKL equation gives the eigenvalues,
which are quite close to the analytical estimates [see
Eq. (47)]. This indicates that our method of numerical

40 60 80 100 120 140

In Kmax

(b)

FIG. 6. The first several eigenvalues of Eq. (10a) vs In(kp,, ). Figure 6(a) for the Gribov propagator of Eq. (2) and Fig. 6(b) for the

lattice propagator of Eq. (3).
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FIG. 7. The examples of the eigenfunctions of Eq. (10b). Figure 7(a) for the Gribov propagator of Eq. (2), i.e., m = 0,my =0 in
Eq. (11e). Figure 7(b) for the lattice QCD propagator of Eq. (11e) with m = 1.27, m, = 3.76. Functions ¢, (x) for n = 0, 1, 2 and 10.

One can see that every ¢, (k) has n zeros.

solving provides a good accuracy. As we can see, in both
cases, the lowest eigenvalue becomes quite close to
Ein = —41n2 and the difference is negligibly small (of
the order of 5 x 1073 for k,, = 10710 and Kk, = 10%).
Figure 6 shows the dependence of the first seven roots
versus the value of k... One can see that when x,,, grows
(Kmax — ©0) the distance between neighboring roots
decreases rapidly, inferring the smooth transition to the
continuous limit.

As we can see from Fig. 5 at E, = Ey = T(xk = 0) for
three equations, that introduce a new dimensional scale, we
have multiple degenerate eigenvalues. For the Gribov
propagator, this degeneration is not very large, but in other
cases, it is so large that we can expect something like Bose-
Einstein condensation at this energy. We have discussed the
general structure of the eigenfunction at this value of
energy in Sec. III C and will consider it below. For the
scattering amplitude, all these eigenfunctions correspond to
the cross sections that decrease as a power of energy and,
because of this, do not show up in the high energy
scattering processes.

C. Eigenfunctions for E < Ey=T(k=0)
For the QCD BFKL equation [see Eq. (45)], the
eigenfunctions are given by Eq. (12), and for the numerical
solutions, they take the form

a,

¢EFKL(K) = \/ESin (ﬂn Ink + (pn)' (49)

The eigenfunctions for Eq. (46) are discussed in Ref. [22]
and can be described as follows:

1 .
D) = g (BLn(E) +9,). (50)

where
_\/K+4+\/EK>>1HK

Several examples of the eigenfunctions for Eq. (10b)
are shown in Fig. 7. One can see that the number of
zeros follows the usual pattern of a quantum mechanical
approach: the minimum energy state has no zeros. The
next has one, and so on. At large «, ¢, (k) « sin (asnInk),
or in other words, ¢,(x) = Cidppxr(Kk;5+ if,) +
C2¢BFKL(K;% —if,), where ¢gpgi(k;y) are given by
Eq. (12).

For k > 1, all eigenfunctions can be parametrized in the
following way:

a,(k +m)

) =-EEsin o) + ). (52

where
K ~ O >1
Ln(x) = Z{Re(mo 1)) + fgimy*l, }— Ink.  (53)

Parameter f, has the simple form defined by Eq. (47):

3.140

= 1), =——. 54
O R
It was found that for the Gribov propagator (m =0,
mg = 0) and for the propagator with m # 0, mg # 0 the
same mé = 0.0042 can be used [see Fig. 9(a)]. While ¢,

needs a bit more complicated parametrization:
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(b)

Parameters /3, [Fig. 8(a)] and ¢, [Fig. 8(b)] of Eq. (52) for the eigenfunctions ¢, (k) vs n. Presented data correspond to the

eigenfunctions obtained with i, = 1071° and «,,,, = 10%. One can see that /3, has simple linear dependence while ¢, has a more
complicated form given by Eq. (55). Solid lines correspond to the proper parametrizations [i.e., Eq. (54) for g, and Eq. (55) for ¢,,].

Pn = dyo + Ay n + a(p.Z(n - I’l(/,)?’. (55)

For Ky, = 109, we obtain the following values for
parameters a,, ;:

a,o = 0.486(1.520); a, = 0.0350(-0.0223);
a,, = 0.425 x 1074(1.211 x 1074); n, = 21.71(21.76).
(56)

In Eq. (56), the values of a,, ; for the case m # 0, my # 0 are

complicated pattern: ¢, « n with variations described by
Eq. (55). Figure 9(a) shows the dependence of a; on the
value of k,,, for Gribov’s (m = 0) and lattice QCD (m # 0)
gluon propagators. One can see that Eq. (54) describes this
dependence quite well.

As far as dependence on k., of B,, ¢,, and a, is
concerned, we found that they have quite a simple scaling
property, which allows us to relate their values obtained
with different x.,.: values of some parameter P, =
P(n;kmax1) corresponding to kp. fit well to results
P(n; kmaxo) after simple change of the scale of n,

given in parentheses. Figure 8 shows the n dependence of P(n:x ) & P(nS:x ) g_ In(Kpax2) (57)
p, and ¢, for n <40. One can see that the linear » Fmaxl » fmax2/s In(Kpax1)
dependence of Eq. (54) holds for £, but ¢, shows a more
0.12
sl B ]
0.10
0.08 6 r 7
m=0—
0.06 m#0
. AL )
0.04
2+ i
0.02
0‘00 d . d‘ . dr .JA il 0 1 1 1 1
1010 10%0 1030 10%0 10%° 1060 1070 0 100 200 300 400 500
Kmax n

(@)

(b)

FIG. 9. Figure 9(a): az vs Ky, for Gribov’s and lattice QCD gluon propagators. The solid line corresponds to Eq. (54) with
m/Z, = 0.0042 for both cases. Figure 9(b): 3, of Eq. (52) for the eigenfunctions ¢, (k) obtained with x,,;, = 1071 and x,,,, = 109 at

k> 1vsn.
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FIG. 10. Scaling on k,,, for parameter ¢,. Values on Fig. 10(a) correspond to the Gribov’s gluon propagator and on Fig. 10(b) to the
lattice QCD propagator. Open symbols denote parameter obtained at different x,,,, = 102, 1030, 10, 10%. Sets of ¢ scaled on 7 to

Kmax = 109 are denoted by appropriate solid symbols.

Such scaling behavior for B, follows from Eq. (54),
while Fig. 10 illustrates such x,,, scaling for parameter ¢,,.
The figure shows parameters obtained at different «,,, in
the range from 10?° to 109, Sets of ¢ were scaled on n with
the proper coefficient [see Eq. (57)] t0 Kkpa = 10%°. One
can see that “scaled” points are in good agreement with
original values for x,,, = 10%.

For the Gribov propagator, the eigenfunction ¢, (k) « x
in the region of small . In other words, the eigenfunctions
in the coordinate space exhibit the powerlike decrease at
long distances. It turns out that for small x we can use
Eq. (52), which introduces the dependence of parameter a,,
on n. Figure 11(a) shows the scaling behavior of Eq. (57)
for a, in the case of Gribov’s propagator. It should be

0.7+ ap A i
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0.5+ A o 00 odd i
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n
(a)
FIG. 11.

stressed that the same scaling behavior holds for the case
of m # 0.

Figure 11(b) shows the dependence of a,, on n. From this
figure, we see that a,,  n” for the Gribov’s propagator with
a, = 0.3 at n = 0. In other words, the typical x turns out to
be in the region of x = 0.27 + 0.75. It should be stressed
that Eq. (52) describes quite well the behavior of the
eigenfunctions both at large « > 1 and at small « < a,,, but
at k ~a,, Eq. (52) does not lead to a good fit of the
eigenfunctions. For the case of the lattice QCD propagator
[Eq. (11e) with m = 1.27 and mg = 3.76], Fig. 11(b)
shows that a, decreases with n approaching a, ~ 0.4 at
n — 40. One can see that for small n the typical values of
k ~ 1. and the range of typical x is 0.4 + 1. We would like to

1.2 B
Qn
I’DDDDDDDDDDDDDDDDDDDD o
DDD
0.8 oo, 1
DD
o, 50000
0.6 | 0095 1
oOOOO DDD
e =1
0.4 F 00° g
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00000000 m=0 °
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Values of parameter a,, from the Eq. (52) vs n. Figure 11(a) demonstrates scaling property of this parameter for the case with

Gribos’s propagator. Figure 11(b) shows a,, for both variants (i.e., Gribov’s and QCD propagators) corresponding to eigenfunctions with

Kiin = 10719 and «,,,, = 10%.
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stress that the value of a, cannot be viewed as a typical
scale for the x dependence of the eigenfunctions. Indeed,
one can see directly from Fig. 7 that the typical « is about
k ~ 1 for both cases.

D. Eigenfunctions for E,=Ey=T(k=0)

As we have discussed above, the solution leads to the
multiple degenerate state at E,, = E, = T'(k = 0). Using
Eq. (47), we can estimate the value of f°, viz., Ey=
=2y (1)+w(3+if°) +w(3—ip°). The corresponding eigen-
function index n, where the first degenerate eigenvalue
appears, can be estimated using Eq. (54): the degenerate
eigenfunction sequence starts when S, reaches value $°.
For the Gribov propagator, f° ~ 0.85 [see Fig. 8(a)] leads
to the value n = 41 in the case with i, = 10%°, while for
the RGZ gluon propagator, f° ~ 0.92 gives n = 45 [see
Fig. 8(a)]. At such values of n, the x behavior of the
eigenfunctions shows a discontinuity in x: of course,
numerical values of eigenfunctions at In (k/kp;,) = nA
[see Eq. (41)] are still finite, but the values in the
neighboring nodes have a different sign and derivative,
indicating that eigenfunctions have pole in x located
somewhere between nodes.

The structure of the eigenfunctions with this eigenvalue
is rather simple for the lattice (RGZ) QCD gluon propa-
gator [see Eq. (11e) with m = 1.27 and my = 3.76], and it
is close to 1, which is discussed in Ref. [22] for Eq. (46).
The eigenfunctions for E, = E, have poles in x =k, , as
has been shown in Sec. III C. Actually, the minimal value of
Kpn 18 equal to ky, [strictly speaking, the first pole is
located somewhere between the first node xy = x,;, and
the next node k| = Kpin €Xp(A,) & Kmin(1 + A,)]. With

1 [on(R)] 1
n=50 —
om0 | n=150 —
10720 L
10730 L
1040 |

1010 1 1010 1020 1030 10% 1059 1090
K

(a)

each increase of the n, the pole moves exactly to the next
interval on « (i.e., the second pole is located between x; and
k, and so on). This sequence terminates when the pole
reaches the maximal value of x = k¥ ~ 3, where «° is the
location of the first zero of the eigenfunction of Eq. (52).
All eigenfunctions with E,, = E,, have the same number of
zeros. All these features can be seen from Fig. 12.

Generally, for m # 0 and m # 0, the eigenfunction can
be approximated by the following expression:

a
i ;Eq. (52
%ﬂ_K+¢Am q. (52))

a
=P 4 (k& m)3 sin(f°Ln(k) + @,).
KPs” -K (K + an)

¢£lappr0x) (K‘)

(58)

Eq. (58), having ° [see Fig. 9(b)], which does not depend
on n, reflects the fact that for all these states the behavior
of the eigenfunctions at large x > 1 can be described by
one function with the same number of zeros. Figure 13
shows the n dependence of other parameters of ¢5,ap prox) (k)
[see Eq. (58)]. One can see that the position of the
pole «,, and its residue a,, are proportional to n
(In(x,,) < n,In(a,,) xn), while the parameters of
¢,(k;Eq. (52)): a, and ¢, do not depend on n in the
range n = 50-250 which corresponds to E, = E,. The
value of a,, = 1 gives us the typical transverse momentum
q = p [see Eq. (6)].

For Gribov’s gluon propagator, the structure of the
eigenfunction with E, = E, is much more complex.
First, one can notice from Fig. 14 that the number of zeros

108

| (5]

104 n =50 . A
n =150
n =250

- u
1::>~<:g\\\ . n=230 -
A
\\ qr\_f\!\:é

1071} \Q:

1078 f\ﬁ

10-10  10-8 106 10~4 102 1 102

FIG. 12. The examples of the eigenfunctions with the eigenvalue E, = Ey = T'(k = 0) for the lattice QCD gluon propagator
[Eq. (11e) with m = 1.27 and m( = 3.76]. Figure 12(a) shows ¢, (k) vs k with n = 50, 150, 250 for which E,, = E, and ¢h4o(x) with
E, 0 > Ejy. One can see that all eigenfunctions with E, = E; have the same number of zeros. The same eigenfunctions are shown in
Fig. 12(b) but in the region of small x < 100. It is clearly seen that ¢, (x) have the pole whose position moves from x, to k = 1.
Function ¢4 (k) has a different number of zeroes, which corresponds to increase of the value of § in Eq. (58).
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Parameters of the wave functions with E,, = E, vs n. Figure 13(a) shows the position of the pole &, ,, in Eq. (52) as a function

of n, while Fig. 13(b) presents the n dependence of the residue a,, ,. Figure 13(c) and Fig. 13(d) describe the dependence of parameters

a, and ¢, on n.

is not the same for these eigenfunction but #° in Eq. (59)
changes with n rather slowly [see Fig. 8(a) for n in the
region n = 41 +70].

Second, we see that ¢, (k) with E,, = E, have two poles.
The first pair of poles k), | < k,, appears near k = 1. With
the increase of n, the smaller one (x, ;) decreases, while
Kk, increases. On each increment of n, only one of k), ;
moves to the neighboring k interval between nodes. So, the
distance between these poles (in terms of the index of «
nodes) each time increases exactly on 1. The contribution
of each of these poles vanishes at k — 0, and residues of
these poles can have the same or opposite sign.

Third, the positions of the poles are in the region
k =0.1+10, and they exist also in the eigenfunctions
with E, > E. Fourth, two poles in the eigenfunctions have
close positions. Equation (59) reflects the main features that
we have discussed, but the actual structure of the eigen-
function turns out to be much more complex. However, for
the Gribov propagator (m = 0, my = 0), the eigenfunction
vanishes at x = 0 and can be approximated as follows:

(approx) Kdp,1 (I’L) Kap.Z(n)
n = +
¢ (k) K — K?,,l (n) k> - K‘%’Z(I’O
+ % sin (B°Lnk + ¢,,).  (59)
K+ a,

The appearance of two poles in Eq. (59) looks natural
(see Sec. III C) due to multiple degeneracy of this eigen-
value. Indeed, due to this, the sum of two functions with
one pole in each is also the eigenfunction. Figure 15
demonstrates that the region of n for the degenerate states
with E, = E, is very narrow but the structure of the
eigenfunction with two poles lasts for E, > E,,.

E. Eigenfunctions for E, > Eg=T(x=0)

For E, > E|, the eigenfunctions take the form for x > 1

(i) = Zsin (B,Ln(K) + @)

& (60)
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FIG. 14. The examples of the eigenfunctions with the eigenvalue E, = E, = T(x = 0) for Gribov’s gluon propagator [Eq. (11e) with
m = 0 and my = 0]. Figure 14(a) shows ¢, (k) vs k with n = 50, 63, 73 for which E, ~ E, and ¢¢3(x) with E;o3 > E,. (For better
clarity, some functions were scaled: values for n = 63 are multiplied by 10, n = 73 are multiplied by 10, and n = 103 are multiplied
by 10°.) One can see that all eigenfunctions with E, = E, have approximately the same number of zeros, but # in Eq. (59) is not a
constant but slowly grows as n increase. In Fig. 14(b), the same functions are shown in the region of small x < 100. It is clearly seen that
¢, (k) have two poles whose positions move in opposite directions from x = 1. The open circles in Fig. 14(b) show the region where the
function is negative.
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FIG. 15. The eigenvalues for the Gribov gluon propagator [see Eq. (11e) with m = 0 and m, = 0] vs n [Fig. 15(a)]. The value of n at

which energy E, reaches E; can be found from the equation 8, = ° = 0.85. Figure 15(b) shows the dependence of two poles in
Eq. (59) on n at different values of k. Note that the minimal value of n when two poles «, ; appear is determined by the same
condition f, = ° = 0.85.

with f, «x n for both Gribov’s and lattice QCD gluon
propagators, as seen from Fig. 9(b). One can see from
Fig. 5(a), that, for x > 1, E, tends to the same asymp-
totic values for all four equations that we have studied in
this paper. For k < 1, the eigenfunctions have the similar

wip = —agE, < wg = —agEy < 0, they do not contribute
to the high energy behavior of the scattering amplitude.

V. SCATTERING AMPLITUDE

structure as for E, = Ey; i.e., they have one pole
[see Fig. 13(a)] for the lattice gluon propagator and two
poles for the Gribov one [see Fig. 15(b)]. Since
these eigenvalues correspond to the Pomeron intercept

A. Green’s function of the BFKL Pomeron for the
Gribov-Zwanziger confinement

The Green’s function of the BFKL equation on Y =
In(1/x) representation takes the general form
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e e+ioo o 1
G<Y, Kfin OvKin) = Z/ A ewY¢n (Kin)¢n (Kfin)

= Je-ico 2riw — w,

- Z e %E b (Kin) b (Ksin) - (61)
n=0

At high energies, the main contribution stems from the
minimal energy. However, we cannot restrict ourselves by
calculating only one term in Eq. (61). To demonstrate this,
we use Eq. (52) for the approximate eigenfunctions, which
can be written in the form

I = @, (x) sin (ay(n + 1)Ln(k) +,).  (62)
where
o) = Gkt m)
D, (k) ko) (63)

The eigenvalues of Eq. (47) we calculate in diffusion

approximation in which
w(n) = —asE, = ogpx, — Dajn® + O(n’) = wgpx — DF?,
(64)

where wgpk; = 41n2ag; D = 14¢(3)as. Therefore, in this
approximation, the Green’s function takes the form

[ee]
_ 2,2
> Kfin |V, Kip) = € 'n\Kfin )@n\Kin ) €
G(Y, k5|0, Kin) = €55 > " gh, (i) (in) e ™2 "
n=0

et /)oo d/}¢(Kﬁnv/})(p(Kinvﬂ)e_DYﬂz'
(65)

Taking the integral over f in Eq. (65), we obtain the
following Green’s function at large values of Y:

1 P
0. ki) = q)0<Kﬁn)q)0<Kin>§€wBFKLY by

(Ln(xgin)~Ln(Kip))* (Ln(kgin)+Ln(Kin)+2a5)>
4Da2Y 4Da2y
X qe B —e 4 .

(66)

G(Y, Kfin

One can see that, at large Y, G(Y,kg,|0,k,) «
(DY)™3/2¢®sxY - which should be compared with the
massless BFKL case for which G(Y,kg,|0,k,) o
(DY)_I/zemBFKLY.

These estimates show that we need to sum the contri-
butions of the eigenvalues in the vicinity of n = 0. The
source of such a contribution can be seen from the first two
components of the sum over n in Eq. (61), which can be
rewritten as

G(Y, K]0, ki) o D (Kpin ) Py (ki) 7BF6LY

% Mé“"y
(1 " Do (Kfin ) o (Kin) ) o

where Aw; = —ag(Eq — E)).

For k. = 00 Aw; — 0, however, the product Aw,Y at
large k.« and Y is undefined. Hence, we have to perform
numerical estimates for the sum of Eq. (61) to determine the
answer. We will discuss such a kind of estimate below. At
the moment, we wish to emphasize that, since in the
vicinity of n =0 the spectrum of the master equation
coincides with the QCD BFKL equation, one can see that
the influence on the asymptotic behavior of the scattering
amplitude due to Gribov-Zwanziger confinement is rather
small. Indeed, as we have seen from the above estimates,
we obtain extra suppression of the scattering of the order of
1/(DY) for our case.

B. Transverse momentum distribution in the BFKL

Pomeron for the Gribov-Zwanziger confinement

Using Eq. (61), we can find the scattering amplitude,
which will be equal to

N(Yik) =Y c,e™B7 g, (k).
n=0

with ¢, = [ diudy(a)N(Y =0,k (69

log,o(v/k N(Y,k)) = const

10~4 102 1 102 10*

FIG. 16. The contour with constant kN (Y, k) (see dashed line)
for the QCD BFKL equation and for the BFKL equation for
Gribov-Zwanziger confinement: the blue curve is for m = 0, and
the red one is for m > 0.
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where N(Y = 0,k;,) is the initial condition for the scatter-
ing amplitude at Y = 0. In Fig. 16, N(Y = 0, k;,) is taken to
be equal to 1/(x + 1)?. We plot in Fig. 16 the contours on
which function kN (Y, k) [see Eq. (68)] is constant. In QCD,
we have transverse momentum distribution, which depends
on |Ink|. The QCD evolution results in the increase of
|Ink| with Y. Such an increase leads to two possible
branches (depending on different sign of In ) with increas-
ing and decreasing average transverse momentum. Such
behavior is seen in Fig. 16.

For our master equation, one can see that the confine-
ment cuts the small transverse momenta and the average
kr are larger than the values of x; in initial conditions,
which we consider «;, =1, and they grow with Y.
Therefore, introducing the Gribov-Zwanziger confinement
in the framework of the BFKL equation, we obtain the
transverse momentum distribution, which is determined by
the behavior of the scattering amplitude at large transverse
momenta (at short distances), where we can trust the
perturbative QCD approach.

VI. CONCLUSIONS

In this paper, we solved the new evolution equation for
high energy scattering amplitude that stems from the
Gribov-Zwanziger approach to the confinement of quarks
and gluons [see Eq. (10a)]. We find the results of this
solution quite surprising and instructive for future develop-
ment of high energy physics.

First, the energy dependence of the scattering amplitude
turns out to be the same as for QCD BFKL evolution. In
particular, the eigenvalues of the new equation, which
exceed wy = —agEy = —asT(k =0), coincide with the
QCD BFKL equation. Second, the spectrum of the new
equation does not depend on the details of the Gribov-
Zwanzinger approach and coincides with the set of the
eigenvalues of the model: non-Abelian gauge theories with
the Higgs mechanism for mass generation, developed in
Ref. [22]. This model has no relation to a QCD approach
except having the same color structure. These features
support the ideas that come out of the analytical analysis of
the equation: the main influence of the confinement is in
taking off the double degeneration of the QCD BFKL
equation, which shows up in independence of the spectrum
of the QCD BFKL equation on the sign of v [see Eq. (14)].
Third, all eigenfunctions coincide with the eigenfunc-
tions of the QCD BFKL equation at large transverse
momenta k > 1.

The numerical estimates show that there exist no new
eigenvalues with the eigenfunctions that decreases faster
than the eigenfunction of the QCD BFKL equation at large
transverse momenta. The eigenfunctions of the master

equation with the Gribov gluon propagator tends to zero
at small transverse momenta. In the coordinate repre-
sentation, it means that the eigenfunctions exhibit the
powerlike decrease at long distances, leading to the power-
like decrease in the impact parameters and therefore to the
severe problem with Froissart theorem and s-channel
unitarity (see Refs. [3,4,27]). In other words, the gluon
propagator, which tends to zero as the Gribov’s propagator
does, cannot solve the problem with large-b dependence of
the scattering amplitude in the color glass condensate
approach. However, the structure of the gluon propagator
in the Gribov-Zwanziger approach that stems from the
lattice QCD estimates and from the theoretical evaluation
(see Refs. [43-59]) leads to the gluon propagator which
tends to a finite value at zero transverse momentum
[G(g = 0) # 0]. This results in the exponential suppres-
sion of the eigenfunction at long distances and in the
resolution of the difficulties that the CGC approach and
other approaches, based on perturbative QCD, face at large
impact parameters.

For the intercept w = —agT(k = 0), we have the multi-
ple degeneration of this eigenvalue, which is strongly
correlated with the new dimensional parameter that we
introduced to the theory from the confinement. This
degeneration looks like Bose-Einstein condensation, but
it does not contribute to the scattering amplitude at high
energy.

We calculated the momentum distributions of the scat-
tering amplitude and found that the typical transverse
momentum increases with energy and becomes indepen-
dent of the typical confinement scales that we have
introduced in our equation. Therefore, to our surprise,
we have to conclude that the confinement of quark and
gluons, at least in the form of the Gribov-Zwanziger
approach, does not influence the scattering amplitude
except for solving the long-standing theoretical problem
of the large impact parameter behavior of the scattering
amplitude. This is a very optimistic message for the color
glass condensate approach, but before coming to the strong
conclusions, we have to check the solution to the nonlinear
equation with the new kernel. This will be our next
problem.
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