
 

Role of D�
ðsÞ and their contributions in BðsÞ → DðsÞhh0 decays

Jian Chai,1,* Shan Cheng ,1,2,† and Wen-Fei Wang 3,4,‡

1School of Physics and Electronics, Hunan University, 410082 Changsha, China
2School for Theoretical Physics, Hunan University, 410082 Changsha, China
3Institute of Theoretical Physics, Shanxi University, 030006 Taiyuan, China
4State Key Laboratory of Quantum Optics and Quantum Optics Devices,

Shanxi University, 030006 Taiyuan, China

(Received 13 February 2021; accepted 20 April 2021; published 18 May 2021)

We demonstrate the role of D�
ðsÞ and their contributions in the quasi-two-body decays BðsÞ → DðsÞhh0

(h; h0 ¼ fπ; Kg) in the perturbative QCD approach, stemming from the quark flavor changing b̄ → c̄q2q̄1
and b̄ → cq̄1 q̄2 with q1; q2 ¼ fs=d; ug. The main motivation of this study is the measurement of
significant derivations from the simple phase-space model in the channels BðsÞ → DðsÞhh0 at B factories and
LHC, which are now clarified as the Breit-Wigner-tail effects from the corresponding intermediate resonant
states D�

ðsÞ. We confirm that these effects from D� are small (∼5%) in the quasi-two-body BðsÞ → DππðKÞ
decaying channels and predict the tiny (< 1%) contributions from D� in the BðsÞ → DsKπðKÞ decaying
channels. Our result that the Bs → DKπðKÞ decaying channel contributions were only from the Breit-
Wigner-tail effect of D�

s is in agreement with the current LHCb measurement. We recommend that the
Belle-II and the LHCb Collaborations restudy the processes Bþ → D̄�0πþðKþÞ → D−πþπþðKþÞ to reveal
the structure of D�0 and the strong decay D�0 → Dþπ−.

DOI: 10.1103/PhysRevD.103.096016

I. INTRODUCTION

Three-bodyB decays have amuch richer phenomenology
with the number of decaying channels being about 10 times
larger than the number in two-body decays. This provides
another wonderful site to study the hadron spectroscopy and
the intermediate resonant structures with the nontrivial
kinematics described by two invariant masses of three-body
final states. From the view of QCD, it is also important to
investigate the nonresonant contribution in the factorization
theorem [1]. In 2013, the LHCb Collaboration observed the
appreciable local CP violation in the Dalitz plot of B� →
K�πþπ− and B� → K�KþK− decays [2], which switched
on a new era to study the mater-antimatter asymmetry. In
order to understand the physical observables in the full
Dalitz plot with abundant phase space and complicated
dynamics, the QCD-based approaches, such as the pertur-
bative QCD (pQCD) approach [3–6] and QCD factorization
(QCDF) approach [7–10], did some pioneering studies on
the quasi-two-body B decays [11–24]. Furthermore, some

phenomenological analyses are also implemented within
the U-spin, isospin, and flavor SU(3) symmetries for the
relevant three-body B decays [25–30].
In the traditional framework of QCD-based approaches,

D�
ðsÞ is usually treated as a stable vector meson state by

embodying the heavy quark effective theory (HQET)
[31,32]. There are two categories for the single charm
two-body B decays BðsÞ → D�

ðsÞh
0: one is the Cabibbo-

Kobayashi-Maskawa (CKM) favored transition induced by
the b → c decay [33,34], and the other one stems from the
CKM suppressed b → u transition [35,36]. With the inter-
play between b → c and b → u transitions at tree level, the

BðsÞ → Dð�Þ
ðsÞK

ð�Þ decays give the dominant constraint to the

CKM angle γ [37]. Theoretical studies on this type of decay
are carried out with the factorization-assisted topological-
amplitude (FAT) approach [38], the QCDF approach [39],
and also the pQCD approach [40–42]. Recently, collabo-
rations at B factories [43–47] and LHC [48–52] have
performed lots of Dalitz analysis of the processes BðsÞ →
DðsÞhh0 and shown clearly the resonant structures D�

ðsÞ in
the DðsÞh invariant mass spectroscopy, which without a
doubt will enrich our knowledge of D�

ðsÞ and promote us to

study their contributions in the corresponding three-body B
decays.
A new issue that has attracted attention recently in three-

body B decays is the virtual contribution of a certain
resonant state, whose pole mass is located lower than the
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invariant mass threshold of the final two mesons and the
contribution that arose from the Breit-Wigner-tail (BWT)
effect. Within the pQCD approach, the contribution from
the BWT effect of ρð770Þ is found to be one half larger
than the contribution from the pole mass of the first excited
state ρð1450Þ in the channel B� → ρπ� → KþK−π� [53].
Inspired by the Belle [43], the BABAR [45], and the LHCb
[49,52] Collaborations measurement of B → Dπh decays,
the BWTeffects from the resonant stateD� are discussed in
Ref. [54] and calculated in the pQCD approach with the
invariant mass mDπ > 2.1 GeV [55], showing the indis-
pensable role of D�0ð2007Þ and D�þð2010Þ and indicating
a ∼5% contribution from the BWT effect to the branching
ratios. In the channels with a resonant state D�

s , some
derivations from the single phase-space model have also
been observed at B factories in the B → DsKπðKÞ decays
[46,47]. Moreover, the Dalitz plot analysis from the LHCb
Collaboration indicates a rather large virtual contribution
from D�−

s in the B0
s → D̄0K−πþ decays [48]. These mea-

surements motivate a systemic study of the BWT effect
from D�

ðsÞ in the three-body BðsÞ → DðsÞhh0 decays.
In this paper, we implement the pQCD approach to

calculate the branching ratios of quasi-two-body decays
BðsÞ → D�

ðsÞh
0 → DðsÞhh0 within a total of 46 channels,

aiming to explore the role of different resonant states,
especially to clarify the contributions from a possible BWT
effect of the ground states D� and D�

s . We will not discuss
the CP violation here since there is no contributions from
penguin operators and hence, no CP asymmetry sources in
the single charmed B decays. These types of quasi-two-
body B decays happen in two phases, say, the weak decay
of a b quark and the subsequent strong decay from the
resonant states to two stable final states. The pQCD
calculation is performed in the standard formalism of
two-body B decays with replacing the single meson wave
function by the dimeson one, in which the strong decays are
represented by means of timelike form factor and para-
metrized by the relativistic Breit-Wigner function. We will
also check the quasi-two-body decays in the narrow width
approximation, with which the light cone distribution
amplitude (LCDA) of a dimeson system shrinks into a
delta function at the physical pole mass, and the result
should directly recover the two-body calculation.
The rest of the paper is organized as follows. In Sec. II,

we give a brief introduction for the theoretical framework.
In Sec. III, the numerical results will be showed.
Discussions and conclusions will be given in Sec. IV.
Decaying amplitudes and the factorization formulas in the
pQCD approach are collected in the Appendixes.

II. FRAMEWORK AND THE (DI)MESON
WAVE FUNCTIONS

In the three-body hadronic B decays, all the events of the
final states are restricted in the Daltz plot by considering

four-momentum conservation. Different regions in the
Dalitz plot correspond to special configurations of final
particle momenta: (a) the three corners correspond to
the configuration that one hadron is soft (Ei ∼mi), and
the other two are energetic and flying back-to-back
[Ej;k ∼ ðmB −miÞ=2]; (b) the intermediate parts of
edges denote the kinematics that two hadrons move ahead
with collinear momenta, and the rest one recoils back
[Ei ∼mB=2 and Ej þ Ek ∼mB=2 in the massless approxi-
mation of final mesons]; and (c) the central region in the
Dalitz plot represents cases in which all three hadrons are
energetic and move fast in the space in an approximately
symmetric way (Ei;j;k ∼mB=3). From the QCD side, the
reliable perturbative calculation can only be carried out in
the invariant mass region of (b) when the final mesons are
all light due to the requirement of the factorization
hypothesis (the energy scale to perform the perturbative
calculation), so the physical problems in three-body had-
ronic B decays we can handle well so far as it is just for the
resonant state dynamics, which is called quasi-two-body B
decays. In the practice, the quasi-two-body B decays are
usually treated as a marriage problem,1 where the first
ingredient is the weak decay described by the low energy
effective Hamiltonian [56],

Heff ¼
GFffiffiffi
2

p V�
qbVq0dðsÞ½C1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞ�; ð1Þ

and the cascaded ingredient is the strong decay from the
resonant state R to two stable mesons described by the
matrix element hM1M2jRi, with the energy eigenstate of R
written by means of the Breit-Wigner formula or others.
In the case of BðsÞ → D�

ðsÞh
0 → DðsÞhh0 as depicted in

Fig. 1, R ¼ D�
ðsÞ and q; q

0 ∈ fc; u; dg; the decay amplitude

can be intuitively understood by

AðBðsÞ → Rh0 → DðsÞhh0Þ

¼ hDðsÞhjRi
1

½m2
R − s − imRΓRðsÞ�

hRh0jHeff jBðsÞi; ð2Þ

where the two matrix elements demonstrating different
interactions can be studied separately by different
approaches, and many nonperturbative parameters are
involved. In order to calculate the quasi-two-body decaying

1The factorization hypothesis is the basic idea of QCD-based
approaches to deal with two-body B decays, where the hard
scattering amplitude and nonperturbative LCDAs are convoluted
in a general formula. Considering the weak decay at the quark
level treated by the low energy effective theory and the non-
perturbative LCDAs of single mesons, and the subsequent strong
decay at the hadron level described by a timelike form factor, we
mark that the quasi-two-body B decays are actually a type of
marriage problem that involves both the perturbative calculation
and the nonperturbative study of the dimeson LCDAs.
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amplitudes in an unitive theoretical framework with reduc-
ing the number of nonperturbative parameters as much as
possible, the dimeson wave function, supplementing to the
single meson wave functions, is introduced in the pQCD
approach to describe all the internal dynamics happened
after the weak b decay. The decaying amplitudes are
exactly written as a convolution of the hard kernel H with
the hadron distribution amplitudes (DAs) ϕB, ϕh0 and
ϕDðsÞh,

AðBðsÞ → Rh0 → DðsÞhh0Þ≡ h½DðsÞh�Rh0jHeff jBðsÞi
¼ ϕBðx1; b1; μÞ ⊗ Hðxi; bi; μÞ ⊗ ϕDhðx; b; μÞ
⊗ ϕh0 ðx3; b3; μÞ; ð3Þ

in which ½DðsÞh�R indicates the dimeson system that we are
interested in, μ is the factorization scale, and bi are the
conjugate distances of transversal momenta. We present the
expressions of amplitudes A for the considered decaying
processes in the Appendixes.
We use the conventional kinematics in the light cone

coordinate under the rest frame of the B meson for the case
of quasi-two-body charmed B decays,

p1 ¼
mBffiffiffi
2

p ð1; 1; 0TÞ; k1 ¼
�
0; x1

mBffiffiffi
2

p ; k1T

�
;

pR ¼ mBffiffiffi
2

p ð1; ζ; 0TÞ; kR ¼
�
xR

mBffiffiffi
2

p ; 0; kRT

�
;

p3 ¼
mBffiffiffi
2

p ð0; 1− ζ; 0TÞ; k3 ¼
�
0; x3ð1− ζÞmBffiffiffi

2
p ; k3T

�
:

ð4Þ
Here, p1 and k1 represent the momentum of B meson and
the light spectator quark in B meson, respectively, with x1
being the longitudinal momentum fraction. The momentum
of the resonance D�

ðsÞ and the pseudoscalar meson h0 are
denoted by pR and p3, with the longitudinal momentum
fractions xR and x3, respectively. The variable ζ ≡
p2
R=m

2
B ¼ s=m2

B describes the momentum transfer from a
Bmeson to a resonance R, which in general is a function of
the invariant mass of the dimeson system decayed from the
resonance, and

ffiffiffi
ζ

p ¼ mD�
ðsÞ
=mB when the invariant mass

locates on the pole mass of the resonance
ffiffiffi
s

p ¼ mD�
ðsÞ
.

Quasi-two-body charmed B decays are more compli-
cated than the charmless decays since they involve three
scales, the mass of a B meson (mB), the invariant mass of a
D�

ðsÞ resonance (jpRj ¼
ffiffiffi
s

p
), and the mass difference of the

heavy mesons and their corresponding heavy quarks
(Λ̄ ∼mB −mb ∼

ffiffiffi
s

p
−mc), which is of the order of the

QCD scale ΛQCD. To construct a reasonable pQCD for-
mulism of charmed B decays, the following hierarchies are
postulated [32]:

mB ≫
ffiffiffi
s

p
≫ Λ̄; ð5Þ

in which the first hierarchy guarantees the power counting
analysis of the hard decaying amplitude at a large recoil,
and the second hierarchy justifies the power expansion in
the definition of light cone wave functions of resonant
charm mesons (the dimeson system). In our calculation, we
take into account only the leading twist wave functions of
the heavy meson and dimeson system, say, B and DðsÞh,
and take the light meson wave functions up to a twist three
level with the chiral mass mπ

0 andm
K
0 , then only the powers

Oðmc=mB ≡ rcÞ and Oðmπ
0=mB ≡ r0Þ, and the momentum

transfer parameter ζ appear in the expressions of charmed
two-bodyB decaying amplitudes. In this way, the reliability
of pQCD approach can be checked at least at the leading
power of OðrcÞ for the charmed B decays [32–36], and in
this paper, we are working at this accuracy.
We now move to the definitions of single and dimeson

wave functions involved in the pQCD formulated Eq. (3). B
meson DAs are defined under the HQET by the dynamical
twist expansion [57]; at the leading twists level, the
nonlocal matrix element associated with B meson for
pQCD calculation isZ

d4z1eik̄1·z1h0jd̄σðz1Þbβð0ÞjB̄0ðp1Þi

¼−ifB
4Nc

�
ð=p1þmBÞγ5

�
ϕBðx1;b1Þ−

=nþ−=n−ffiffiffi
2

p ϕ̄Bðx1;b1Þ
��

βσ

;

ð6Þ
where the antiquark momentum aligns on the minus
direction on the light cone with the momentum fraction
x1 ¼ k−1 =p

−
1 . The transversal projection term is omitted,

and the integral φ�ðx1; b1Þ ¼
R
dkþ1 d

2k1 Teik1 T·b1φ�ðk1Þ

(a) (c) (d)(b)

FIG. 1. Typical feynman diagrams for the decay processes BðsÞ → D�
ðsÞh

0 → DðsÞhh0, h ¼ ðπ; KÞ, h0 ¼ ðπ; KÞ. The symbol ⊗ and ×
denote the weak vertex and all the possible attachments of hard gluons, respectively; the green rectangle represents the vector statesD�

ðsÞ.
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is underlined. The DA ϕ̄B is highly suppressed by
OðlnðΛ̄=mBÞÞ in contrast to ϕB [58]; we are working in
the symmetry limit where ϕ̄B ¼ 0 to match with the current
accuracy. The expression of DA is usually parametrized in
the exponential model,

ϕBðx1; b1Þ ¼ NBx21ð1 − x1Þ2 exp
�
−
x21m

2
B

2ω2
B
−
ðωBb1Þ2

2

�
; ð7Þ

with the normalization condition,Z
1

0

dx1ϕBðx1; b1 ¼ 0Þ ¼ 1; ð8Þ

the first inverse moment is taken as ωB ¼ 2=3Λ̄ [59,60].
The wave function of the single pseudoscalar meson

h0 ¼ π, K is defined by the nonlocal matrix element
[61,62]; we here take π−, for example,

Z
d4z2eik3·z3hπ−ðp3Þjd̄δðz3Þuαð0Þj0i

¼ −ifπ
4Nc

fγ5½=p3ϕπðx3; b3Þ þmπ
0ϕ

p
π ðx3; b3Þ þmπ

0ð=n−=nþ − 1Þϕt
πðx3; b3Þ�gαδ: ð9Þ

Once again, the integral ϕπðx3; b3Þ ¼
R
dkþ3 d

2k3 T ×
eik3 T·b3ϕπðk3Þ is indicated. The decay constant fπ reflects
the local matrix element between the vacuum and the pion
meson state,

hπþðpÞjūð0Þð∓ γτγ5Þdð0Þj0i ¼ �ifπpτ: ð10Þ

In the expression of Eq. (9), ϕπ is the leading twist LCDA,

and ϕpðtÞ
π are the twist three ones. The light cone vectors are

defined as nþ ¼ ð1; 0; 0Þ and n− ¼ ð0; 1; 0Þ, the chiral
mass mπ

0 ≡m2
π=ðmu þmdÞ originates from the equation

of motion.
Because the transversal polarized vector meson does not

contribute in B → VP decays, we only take into account
the longitudinal polarized wave function of theDsh system.
The hierarchymB ≫

ffiffiffi
s

p
makes sure that the wave function

of the energeticDsh system absorbs the collinear dynamics
but with the charm quark line being eikonalized. This is to
say, the definition of charmed meson/dimeson system wave
function is the mixing of the definitions of B meson wave
function and the pion meson wave function, which are
dominated by soft and collinear dynamics, respectively.
The P-wave component of DðsÞh system with a possible
resonance D�

ðsÞ is quoted as [31,32]

ΦP
DðsÞh ¼

1ffiffiffiffiffiffiffiffi
2Nc

p =ϵLð=pR þ ffiffiffi
s

p ÞϕDðsÞhðx; b; sÞ: ð11Þ

At leading twist, the LCDA has the same Gegenbauer
expansion as the vector meson D�

ðsÞ,

ϕDðsÞhðx; b; sÞ ¼
FDðsÞhðsÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p 6xð1 − xÞ½1þ aDðsÞhð1 − 2xÞ�

× exp

�
−
ω2
DðsÞhb

2

2

�
: ð12Þ

In the P-wave DðsÞh system, the total factor reflecting the
normalization is presented by the more general timelike
form factor FDðsÞhðsÞ, which in the case of a single D�

ðsÞ
meson (

ffiffiffi
s

p ¼ mD�
ðsÞ
) reduces to the decay constant fD�

ðsÞ
. In

the D�
ðsÞ dominant approximation, this form factor is

defined and expressed as

FDðsÞhðsÞ≡
sp̄μ

RhDðsÞhjc̄γμð1 − γ5Þqj0i
½s2 − 2sðm2

DðsÞ þm2
hÞ þ ðm2

DðsÞ −m2
hÞ2�

→

ffiffiffi
s

p
fRgRDðsÞh

½m2
R − s − imRΓRðsÞ�

; ð13Þ

where fR is the decay constant of the resonant state, p̄R
denotes the momentum difference of DðsÞ and h mesons in
the DðsÞh system, and the strong coupling is defined by
means of the matrix element gRDðsÞh ≡ hDðsÞhjRi. We
present the derivation of this approximation expres-
sion in Appendix B. With the precise measurement of
gD�D0πþ ¼ 16.92� 0.13� 0.14 [63,64] and the universal
relation [65],

gD�Dπ�fπ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�mD

p ¼ gD�DsKfK
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffimD�mDs

p ¼ gD�
sDKfK

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffimD�

s
mD

p ¼ g; ð14Þ

we obtain gD�
sDK ¼ 14.6� 0.06� 0.07 and gD�DsK ¼

14.6� 0.10� 0.13. They are consistent with the result
gD�

sDK ¼ 14.6� 1.7 and gD�DsK ¼ 14.7� 1.7 [66] that are
extracted from the CLEO Collaboration [67], and also
comparable to the predictions gD�

sDK ¼ 15.2; gD�DsK ¼
15.2 obtained from the quark model [68]. By the way,
aDh is the first Gegenbauer coefficient in the polynomial
expansion, ωDh denotes the first inverse momentum of the
P-wave DðsÞh state, for these two parameters, and we use
the values of their partner vector meson D�

ðsÞ in the

numerical evaluation.
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For the sake of generality, we go beyond the narrow
resonance approximation and take the energy dependent
width [48–52],

ΓRðsÞ ¼ Γtot
R

�
βðsÞ
βR

�
3
�

s
m2

R

�
X2ðqrBWÞ; ð15Þ

in which Γtot
R is the total decay width of the resonant state.

The nondimensional phase space factor βðsÞ of DðsÞh
system is defined by

βðsÞ ¼ 1

2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmDðsÞ þmhÞ2�½s − ðmDðsÞ −mhÞ2�

q
; ð16Þ

and βR ≡ βðmRÞ. In our case of the P-wave configuration
with L ¼ 1, the Blatt-Weisskopf barrier form factors XðzÞ
are [69]

X2ðqrBWÞ ¼
�
1þm2

R½βRrBW�2
1þ s½βðsÞrBW�2

�
; ð17Þ

where the radius of the barrier is taken at ¼ 4.0 GeV−1 ∼
0.8 fm for all resonances [70]. To obtain the result in
Eq. (17), we have implemented the relation βðsÞ≡ q=

ffiffiffi
s

p
between the phase space factor and the magnitude of
momentum for the daughter meson DðsÞ or h.
The total width of the charged vector D� meson is

precisely measured as Γtot
D�þ ¼ 83.4� 1.8 KeV, while the

width of its strange partner meson D�
s is only restricted by

the upper limit Γtot
D�þ

s
¼ 1.9 MeV so far [71]. There are

some theoretical attempts to calculate the partial width of
D�

s meson; for example, the dominant partial width
ΓD�

s→Dsγ ¼ 0.066� 0.026 KeV is obtained in the radiative
decay from lattice QCD evaluation [72], while the pre-
diction from QCD sum rules is about 10 times larger
(ΓD�

s→Dsγ ¼ 0.59� 0.15 KeV) [73], and the second dom-
inant partial width ΓD�

s→Dsπ
0 ¼ 8.1þ3.0

−2.6 eV is obtained from
the heavy meson chiral perturbation [74]. We will use the
upper limit value in the numerical evaluation to consider
the largest uncertainty.2 For the neutral vector D meson,
the result from the isospin analysis Γtot

D�0 ¼ 55.3� 1.4 KeV
[75] consists of the value (53 KeV) that we have extracted
in the previous work [55]. In order to access the virtual
contributions (BWT effect) from the state D�

ðsÞ whose pole
mass is lower than the threshold value of the invariant
mass, i.e., mR < mD þmh, the pole mass mR in βR shall
be replaced by the effective mass meff

0 to avoid the
kinematical singularity that appeared in the phase space
factor βðsÞ [49],

meff
0 ðm0Þ ¼ mmin þ ðmmax −mminÞ

×
�
1þ tanh

�
m0 − ðmmax þmminÞ=2

mmax −mmin

��
;

ð18Þ

where meff
0 ¼ mDðsÞ −mh0 and mmin ¼ mDðsÞ þmh are the

upper and lower thresholds of
ffiffiffi
s

p
, respectively.

The differential branching ratios for the quasi-two-body
BðsÞ → D�

ðsÞh
0 → DðsÞhh0 decays are written as

dB
dζ

¼ τBq3h0q
3

48π3m5
B

jAj2; ð19Þ

in which qh0 is the magnitude of momentum for the
bachelor meson h0,

qh0 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðm2

B −m2
h0 Þ2 − 2ðm2

B þm2
h0 Þsþ s2�=s

q
: ð20Þ

III. NUMERICS AND DISCUSSIONS

In Table I, we list the masses, decay constants, and total
widths of the mesons involved in the quasi-two-body
decays. We take the masses and widths from PDG [71],
use the decay constants updated from the Laplace QCD
sum rules for the light and D� mesons [76], and use the
four-flavor lattice QCD result for the B mesons decay
constants [77]. For the first inverse moments of heavy
mesons, we take ωD�0 ¼ωD�� ¼ 100� 20MeV and ωD�0

s
¼

200� 40 MeV for the vector charmed mesons and take
ωB0 ¼ ωB� ¼ 400� 40 MeV and ωB0

s
¼ 500� 50 MeV

for the B mesons [78]. The Gegenbauer moments in the
leading twist LCDAs of light mesons are taken from the
QCD sum rules [61] as aπ2 ¼ aK2 ¼ 0.25, aK1 ¼ 0.06, and
the moments of vector D meson are taken from the pQCD
fitting with the B → D�P, D�V decays data [41] as aD

�0
1 ¼

aD
��

1 ¼ 0.5� 0.1 and aD
�0
s

1 ¼ 0.4� 0.1. Besides these, the
CKM matrix elements in the effective Hamiltonian are

TABLE I. Masses, decay constants, and total widths of the
mesons involved in the quasi-two-body decays.

Meson mðMeVÞ fMðMeVÞ Γtot
D� ðKeVÞ=τBð10−12 sÞ

π�=π0 140=135 130 [76] � � �
K�=K0 494=498 156 [76] � � �
D�� 2010 250� 11 [76] 83.4� 1.8
D�0 2007 250� 11 [76] 55.3� 1.4 [75]
D��

s 2112 270� 19 [76] < 1900

B� 5279 189 [77] 1.638� 0.004
B0 5280 189 [77] 1.520� 0.004
B0
s 5367 231 [77] 1.509� 0.004

2This value is also employed by the LHCb Collaboration in the
study of the virtual contribution from D�

s in the decaying channel
B0
s → D̄0K−πþ [48].
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determined by the Wolfenstein parameters λ ¼ 0.22650�
0.00048, A ¼ 0.790þ0.017

−0.012 , ρ̄ ¼ 0.141þ0.016
−0.017 , and η̄ ¼

0.357� 0.01 [71]; the masses of D mesons are also taken
from PDG with mD0 ¼ 1.865 GeV, mD� ¼ 1.870 GeV,
and mD�

s
¼ 1.968 GeV; and the chiral masses of light

mesons are chosen at mπ
0 ¼ 1.4� 0.1 GeV and mK

0 ¼
1.9� 0.1 GeV [78],
Our predictions for a total of 46 channels of quasi-two-

body decays B0=Bþ=B0
s → D�

ðsÞh
0 → DðsÞhh0 are collected

in Tables II–IV in turn. In each table, all the possible
P-wave resonancesD�

ðsÞ are presented to clarify the strength
of the weak interactions in two-body BðsÞ decays, and the
power hierarchy for the result of different two-body decays
BðsÞ → D�

ðsÞh
0 can be read from the weak decay amplitudes

presented in Appendix A. For example, the channel B0 →
D�−πþ is first color allowed, and second, both the emission
and annihilation typological diagrams give contributions.
The channel B0 → D�−Kþ is CKM suppressed [OðλÞ] with

TABLE II. The pQCD predictions of the branching ratios for quasi-two-body decays B0 → D�
ðsÞh

0 → Dhh0, where
the result of the channels happened by the BWT effect are denoted by Bv. Theoretical uncertainties come from the
inputs of ωB, fD� , aDh, A, ωDh in turn.

Decay modes B=Bv Results Units

B0 → D�−πþ → D̄0π−πþ B 1.69þ0.57þ0.15þ0.13þ0.07þ0.04
−0.52−0.15−0.11−0.05−0.02 10−3

→ D−π0πþ B 7.79þ3.70þ0.70þ0.58þ0.33þ0.25
−2.34−0.67−0.69−0.23−0.13 10−4

→ D−
s K0πþ Bv 1.25þ0.62þ0.11þ0.10þ0.05þ0.02

−0.38−0.11−0.09−0.04−0.04 10−5

B0 → D�þπ− → D0πþπ− B 1.01þ0.39þ0.09þ0.00þ0.04þ0.02
−0.25−0.08−0.00−0.03−0.01 10−6

→ Dþπ0π− B 4.64þ1.72þ0.41þ0.03þ0.18þ0.01
−1.22−0.40−0.00−0.13−0.02 10−7

→ Dþ
s K̄0π− Bv 1.64þ0.59þ0.15þ0.00þ0.06þ0.00

−0.42−0.14−0.00−0.04−0.00 10−8

B0 → D�−Kþ → D̄0π−Kþ B 1.38þ0.64þ0.16þ0.04þ0.06þ0.04
−0.42−0.09−0.10−0.04−0.03 10−4

→ D−π0Kþ B 6.39þ2.78þ0.57þ0.56þ0.27þ0.05
−2.13−0.56−0.52−0.19−0.28 10−5

→ D−
s K0Kþ Bv 1.02þ0.48þ0.10þ0.09þ0.04þ0.03

−0.31−0.09−0.08−0.03−0.02 10−6

B0 → D̄�0π0 → D̄0π0π0 B 1.05þ0.45þ0.10þ0.02þ0.05þ0.03
−0.27−0.09−0.00−0.03−0.02 10−4

→ D−πþπ0 Bv 1.02þ0.37þ0.10þ0.02þ0.04þ0.01
−0.27−0.09−0.02−0.03−0.01 10−5

→ D−
s Kþπ0 Bv 2.39þ0.94þ0.23þ0.00þ0.11þ0.02

−0.66−0.22−0.02−0.07−0.03 10−6

B0 → D�0K0 → D0π0K0 B 9.49þ2.57þ0.85þ0.40þ0.38þ0.19
−1.76−0.81−0.46−0.27−0.14 10−7

→ Dþπ−K0 Bv 6.32þ2.50þ0.58þ0.15þ0.26þ0.02
−1.69−0.54−0.15−0.17−0.05 10−8

→ Dþ
s K−K0 Bv 9.89þ2.65þ0.90þ0.42þ0.40þ0.21

−2.05−0.90−0.47−0.28−0.15 10−9

B0 → D̄�0K0 → D̄0π0K0 B 1.66þ0.88þ0.15þ0.04þ0.07þ0.01
−0.45−0.14−0.05−0.03−0.02 10−5

→ D−πþK0 Bv 1.55þ0.62þ0.14þ0.00þ0.07þ0.03
−0.43−0.13−0.00−0.05−0.03 10−6

→ D−
s KþK0 Bv 3.46þ1.36þ0.31þ0.00þ0.15þ0.03

−0.94−0.30−0.00−0.10−0.03 10−7

TABLE III. The same as Table II, but for the quasi-two-body Bþ → D�
ðsÞh

0 → Dhh0 decaying channels.

Decay modes B=Bv Results Units

Bþ → D�þπ0 → D0πþπ0 B 5.81þ1.45þ0.52þ0.03þ0.23þ0.05
−1.20−0.50−0.05−0.16−0.02 10−7

→ Dþπ0π0 B 2.65þ0.70þ0.24þ0.00þ0.10þ0.01
−0.46−0.23−0.03−0.07−0.00 10−7

→ Dþ
s K̄0π0 Bv 9.04þ3.04þ0.89þ0.03þ0.36þ0.01

−2.26−0.79−0.01−0.25−0.01 10−9

Bþ → D̄�0πþ → D̄0π0πþ B 3.22þ1.30þ0.29þ0.09þ0.13þ0.05
−0.94−0.28−0.22−0.09−0.03 10−3

→ D−πþπþ Bv 2.33þ0.98þ0.21þ0.13þ0.10þ0.04
−0.72−0.20−0.16−0.07−0.05 10−4

→ D−
s Kþπþ Bv 3.52þ1.54þ0.32þ0.17þ0.15þ0.06

−1.03−0.30−0.17−0.10−0.07 10−5

Bþ → D̄�0Kþ → D̄0π0Kþ B 2.46þ1.18þ0.14þ0.16þ0.10þ0.09
−0.69−0.28−0.10−0.07−0.01 10−4

→ D−πþKþ Bv 1.80þ0.84þ0.16þ0.11þ0.07þ0.03
−0.54−0.15−0.10−0.05−0.04 10−5

→ D−
s KþKþ Bv 2.63þ1.18þ0.24þ0.13þ0.11þ0.04

−0.79−0.23−0.13−0.08−0.05 10−6

Bþ → D�0Kþ → D0π0Kþ B 1.00þ0.28þ0.05þ0.01þ0.04þ0.02
−0.30−0.11−0.02−0.03−0.01 10−6

→ Dþπ−Kþ Bv 5.92þ2.23þ0.53þ0.12þ0.24þ0.05
−1.53−0.51−0.08−0.16−0.04 10−8

→ Dþ
s K−Kþ Bv 1.10þ0.42þ0.12þ0.01þ0.04þ0.00

−0.31−0.11−0.02−0.03−0.00 10−8
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only the emission typology contributing to the amplitude,
while the channel B0 → D�þπ− is CKM double suppressed
[Oðλ2Þ] and simultaneously, color suppressed, which
results in the branching ratios being 2 and 3 powers smaller
in magnitude than those of the channel B0 → D�−πþ,
respectively. For each case of the two-body decay, we
go a step further to show the possible different strong
couplings between D�

ðsÞ and the DðsÞh state, say, with ūu,

d̄d and s̄s configurations. Once again, we take the weak
decay in channel B0 → D�−πþ as the example to explain
more. The result of the strong decays in two channels with
the u- and d-quark pair configurations obeys the isospin
relation gD�−D̄0π− ¼ −

ffiffiffi
2

p
gD̄�−D−π0 ; of course, this relation

also works for other similar two channels, like D�− →
D̄0π− and D�− → D−π0, which are both happened by the
pole mass dynamics (mD�− > mD̄0 þmπ− , mD− þmπ0).
The strong decay D�− → D−

s K0 happens by the BWT
effect, and the branching ratio is apparently much smaller
with a comparison to the strong decays that happen by the
pole mass dynamics.
In this work, we do not take into account the pure

annihilation quasi-two-body decays, which is doubly sup-
pressed by the CKM and color, because the pole mass
contributions to their branching ratios are already rather
small (½10−12; 10−8�), if we consider the branching ratio
(½10−2; 10−1�) of the weak decayD → πK used to rebuildD
mesons events. As shown in the Tables II–IV, the largest
error in our prediction comes from the first inverse
momentum of the BðsÞ meson (ωBðsÞ), the second one
comes from the decay constant of intermediate resonant

states (fD�
ðsÞ
), the Gegenbauer moment of resonant state

(aDh) gives the third error, the Wolfenstein parameter (A) is
the fourth uncertainty source, and the last uncertainty
source is the inverse moment of resonant state (ωDh).
For the decay channels Bþ → D−πþπþðKþÞ that happened
by the BWTeffect, the result in this work is a litter bit larger
than the previous predictions [55]. The reason is that here
we take the starting point of Dπ invariant mass at their
threshold value 2.01 GeV, while the evaluation is chosen to
start at 2.1 GeV in the former work.
In Fig. 2, we depict the differential branching ratios

of channels B0 → D�−πþ → Dhπþ and Bþ → D̄�0πþ →
Dhπþ to reveal the relative strength in different strong
couplings following a same two-body weak decay. The
processes D�− → D̄0π− (in red), D−π0 (in blue) happened
by pole mass dynamics, and the process D�− → D−

s K0

(in magenta) happened by the BWT effect, following the
same B0 → D̄�−πþ weak decay, are shown explicitly on the
left panel. In parallel, the pole mass dynamical process
D̄�0 → D̄0π0 (in red) and the BWT induced processes
D̄�0 → D−πþ (in blue), D−

s Kþ (in magenta) following the
Bþ → D̄�0πþ weak decay are shown on the right panel.
Within the embedded graphs, we display the evolution of
isospin ratios on the invariant mass,

RD�−→Dπ ≡ dBðB0 → D�−πþ → D−π0πþÞ
dBðB0 → D�−πþ → D̄0π−πþÞ ;

RD̄�0→Dπ ≡ dBðBþ → D̄�0πþ → D̄0π0πþÞ
dBðBþ → D̄�0πþ → D−πþπþÞ : ð21Þ

TABLE IV. The same as Table II, but for the quasi-two-body B0
s → D�

ðsÞh
0 → Dhh0 decaying channels.

Decay modes B=Bv Results Units

B0
s → D�−

s πþ → D̄0K−πþ Bv 1.90þ0.94þ0.28þ0.16þ0.08þ0.14
−0.59−0.26−0.14−0.06−0.15 10−5

→ D−K̄0πþ Bv 1.83þ0.94þ0.27þ0.15þ0.08þ0.14
−0.57−0.25−0.13−0.06−0.14 10−5

� � � � � � � � �
B0
s → D�−

s Kþ → D̄0K−Kþ Bv 1.28þ0.66þ0.19þ0.10þ0.06þ0.10
−0.42−0.17−0.09−0.04−0.10 10−6

→ D−K̄0Kþ Bv 1.23þ0.66þ0.18þ0.09þ0.05þ0.09
−0.40−0.17−0.09−0.04−0.10 10−6

� � � � � � � � �
B0
s → D�−πþ → D̄0π−πþ B 8.61þ0.76þ0.77þ0.84þ0.37þ0.19

−0.84−0.74−0.97−0.26−0.21 10−7

→ D−π0πþ B 3.82þ0.70þ0.34þ0.36þ0.16þ0.06
−0.23−0.33−0.29−0.12−0.08 10−7

→ D−
s K0πþ Bv 5.50þ0.44þ0.49þ0.82þ0.24þ0.13

−0.48−0.47−0.73−0.17−0.13 10−9

B0
s → D�þK− → D0πþK− B 1.13þ0.46þ0.10þ0.00þ0.04þ0.00

−0.31−0.10−0.00−0.03−0.00 10−6

→ Dþπ0K− B 5.14þ2.10þ0.46þ0.01þ0.20þ0.00
−1.41−0.44−0.00−0.14−0.00 10−7

→ Dþ
s K̄0K− Bv 1.67þ0.68þ0.15þ0.00þ0.06þ0.00

−0.46−0.14−0.00−0.04−0.00 10−8

B0
s → D̄�0π0 → D̄0π0π0 B 4.16þ0.24þ0.37þ0.50þ0.18þ0.07

−0.44−0.36−0.41−0.13−0.16 10−7

→ D−πþπ0 Bv 2.36þ0.25þ0.21þ0.28þ0.10þ0.05
−0.21−0.20−0.27−0.07−0.06 10−8

→ D−
s Kþπ0 Bv 2.75þ0.23þ0.25þ0.41þ0.12þ0.06

−0.24−0.24−0.37−0.08−0.01 10−9

B0
s → D̄�0K̄0 → D̄0π0K̄0 B 1.71þ0.73þ0.15þ0.04þ0.07þ0.02

−0.56−0.15−0.04−0.05−0.08 10−4

→ D−πþK̄0 Bv 1.59þ0.75þ0.14þ0.01þ0.07þ0.01
−0.50−0.14−0.00−0.05−0.02 10−5

→ D−
s KþK̄0 Bv 3.82þ1.79þ0.34þ0.01þ0.16þ0.03

−1.18−0.33−0.00−0.12−0.04 10−6
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It can be seem that the ratio RD�� goes to 0.5 suddenly
around the D�� pole, which is natural due to the pole mass
dynamics for both the strong decays D�− → D−π0 and
D�− → D̄0π−. Nevertheless, the ratio RD�0 trends to 0.5
from infinity smoothly; the underlying reason is that the
D̄�0 → D−πþ process happens by the BWT effect with the
threshold value of D−πþ state being a little bit larger than
the D̄�0 pole mass. Hence, the peak of its dB=d

ffiffiffi
s

p
curve

emerges at the invariant mass a little bit larger than the
pole mass. Concerning the BWT effect in the channels
B0 → D�−πþ → D−

s K0πþ and Bþ → D�0πþ → D−
s Kþπþ

(in magenta) induced by the s-quark pair configuration, we
multiply their result by 10 to show clearly the evolution
behavior. Their curves are smooth, and the locations of the
largest distribution (2.8–2.9 GeV) are far away from the
resonance pole masses by 0.8–0.9 GeV with the threshold
values of DsK states being larger than their resonance pole
masses by 0.455 GeV.
We plot the differential branching ratio of B0

s →
D�−

s πþ → D̄0K−πþ decay with the invariant mass of
D̄0K− state varying in [2.3, 4.0] GeV in Fig. 3; we also
embed the evolution of total branching ratio on m0.

(i) As it is shown in the embedded graph, the total
branching ratio does not displace a dependence on
the effective mass; that is to say, the width effect
in Eq. (15) of D�−

s is negligible here. This can
be understood by the Breit-Wigner expression in
Eq. (2), where the real part is much larger than
the imaginary part in the denominator, say,
jm2

D�−
s
− sj≫ jmD�−

s
ΓD�−

s
ðsÞj, when ffiffiffi

s
p

> 2.359 GeV
and the total width ΓD�−

s
< 1.9 MeV.

(ii) One can see that the BWT effect in this channel is at
the same order as in the channels of B0 → D�−πþ →
D−

s K0πþ and Bþ → D̄�0πþ → D−
s Kþπþ (magenta

curves in Fig. 2), even though the total decay width
ofD�

s is about 20 larger than the width ofD�. This is
not a surprise because the BWTeffect is not sensitive

to the width but to the real part of the Breit-Wigner
propagators, as we have demonstrated above.

(iii) For the real part of the Breit-Wigner propagators in
this channel, the threshold value 2.359 GeV is closer
to the resonance pole mass mD�−

s
¼ 2.112 GeV,

compared to the interval between the dimeson
threshold and resonance pole mass in the two B
meson decaying channels (0.455 GeV), so the
location of the largest distribution in this channel
is closer to the D̄0K− threshold.

(iv) We highlight that the BWT effect discussed in this
work is not equal to the width effect of the
intermediate resonances; it is determined by the real
part of Breit-Wigner propagator since jm2

R − sj ≫
mRΓRðsÞ in the case of R ¼ D�

ðsÞ. That is why we get
the significant contribution from the BWT effect for

FIG. 2. The differential branching ratios for the quasi-two-body B0 → D�−πþ → Dhπþ decays (left panel) and Bþ → D̄�0πþ →
Dhπþ decays (right panel). The embedded graphs denote the ratios RD�→Dπ .

FIG. 3. The differential branching ratios for the quasi-two-body
decay B0

s → D�−
s πþ → D̄0K−πþ with the invariant massffiffiffi

s
p

∈ ½2.3; 4.0� GeV. The embedded graph indicates the evolu-
tion on m0 from the D̄0K− threshold value to meff

0 .
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the quasi-two-body BðsÞ → D�
ðsÞh

0 → DðsÞhh0 de-
cays, even though the total widths of D�

ðsÞ mesons
are rather small.

We compare our predictions with the available measure-
ments for some channels induced by the BWT effect in
Table V, where the theoretical and experimental errors are
both added in quadrature. The result listed in the second
column is obtained with the integral of invariant mass
starting from the threshold value. Because the data of the
first two channels are obtained by taking the integral with a
cut

ffiffiffi
s

p
≥ 2.1 GeV, which is a little bit larger than the

threshold, we show that the pQCD predictions with
the same cut in the third column, denoted by Bcut

v . For
the channel Bþ → D̄�0πþ → D−πþπþ, the prediction is
more inclined to the Belle data, but still with a large
uncertainty. For the channel Bþ → D̄�0Kþ → D−πþKþ,
the central value of pQCD prediction is about 2 times
larger in magnitude than the LHCb measurement, even
though a large uncertainty is associated with the exper-
imental data. With consideration of the consistency
between the measurements and the pQCD predictions
for the relevant two-body weak decays Bþ → D̄�0πþ and
Bþ → D̄�0Kþ as shown in Table VI, we believe the result
of these two channels Bþ → D̄�0πþ → D−πþπ− and Bþ →
D̄�0Kþ → D−πþKþ have a similar power behavior as
displayed in Table V because they process the same strong
decay. We hope that the Belle-II and the LHCb

Collaborations restudy these two channels to reveal the
important information of D�0 and the strong decay
D�0 → Dþπ−. For the channel B0

s → D�−
s πþ → D̄0K−πþ,

the pQCD prediction is in the same power as the data; more
data will explain more.
With the calculations for these quasi-two-body decays,

we can extract the branching ratios of single charmed two-
body B decays by using the narrow width approximation,

BðB → D�
ðsÞh

0 → DðsÞhh0Þ
≈ BðB → D�

ðsÞh
0Þ · BðD�

ðsÞ → DðsÞhÞ; ð22Þ

with the measurements BðD�þ → D0πþÞ ¼ 67.7%,
BðD�þ → Dþπ0Þ ¼ 30.7% and BðD�0 → D0π0Þ ¼
64.7% [71]. The result of the CKM favored channels
is shown in Table VI, which is consistent with the
direct two-body calculations and agree with the data. For
the CKM suppressed decays, only the channel Bþ →
D�0Kþ has been measured with the branching ratio
BðBþ → D�0KþÞ ¼ ð7.8� 2.2Þ × 10−6 [71]; our extrac-
tion here gives ð1.54þ0.45

−0.49Þ × 10−6, consisting of the result
ð0.71þ0.76

−0.53Þ × 10−6 by the direct two-body calculation from
the pQCD approach [42], however, deviating from the data
by 3σ. The result from FATapproach ð11.8þ3.5

−3.5Þ × 10−6 is in
agreement with the data because their nonfactorizable
annihilation-type contribution is fit from data and much

TABLE V. The comparison between pQCD predictions and available experimental measurements for some
channels happened by the BWT effect.

Decay modes Bvð10−5Þ Bcut
v ð10−5Þ [55] Data ð10−5Þ

Bþ → D̄�0πþ → D−πþπþ 23.3þ10.1
−7.70 19.2þ8.80

−6.20 22.3� 3.20 [43]
10.9 [45]

10.9� 2.70 [52]
Bþ → D̄�0Kþ → D−πþKþ 1.80þ0.86

−0.57 1.48þ0.68
−0.47 0.56� 0.23 [49]

B0
s → D�−

s πþ → D̄0K−πþ 1.90þ1.01
−0.68 4.70� 4.38 [48]

TABLE VI. Branching ratios of BðsÞ → D�h0 decays obtained from quasi-two-body processes under the narrow
width approximation. The previous two-body pQCD calculation [41] and the experimental measurements are also
listed for comparison.

Decay modes pQCD ð10−4Þ This work ð10−4Þ Data ð10−4Þ [71]
B0 → D�−πþ 26.1þ8.90

−9.50 25.0þ8.90
−8.10 27.4� 1.30

25.4þ12.4
−8.20

B0 → D�−Kþ 2.21þ0.82
−0.83 2.04þ0.98

−0.65 2.12� 0.15

2.08þ0.94
−0.74

B0 → D̄�0π0 2.30þ0.87
−0.83 1.62þ0.71

−0.44 2.20� 0.60

B0 → D̄�0K0 0.25þ0.10
−0.09 0.26þ0.14

−0.07 0.36� 0.12

Bþ → D̄�0πþ 51.1þ14.7
−14.2 49.8þ20.7

−15.6 49.0� 1.70

Bþ → D̄�0Kþ 3.94þ1.24
−1.32 3.80þ1.86

−1.16 3.97þ0.31
−0.28

B0
s → D̄�0K̄0 4.14þ2.01

−1.52 2.64þ1.15
−0.90 2.80� 1.10
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larger than it was calculated with the pQCD approach.
LHCb will accumulate much more data to clarify this
problem.

IV. CONCLUSION

In this paper, we studied systematically the role of
D�

ðsÞ and their contributions in BðsÞ→DðsÞhh0 (h0 ¼ π, K)
decays by taking the dimeson LCDAs of DðsÞh system in
the framework of the pQCD approach. With the weak
decays BðsÞ → D�

ðsÞh
0 stemming only from the tree level

current-current operator, there are no sources of weak phase
differences to generate CP violations, so we predicted
only the branching ratios. In the local kinematic region
where the invariant mass of final DðsÞh system locates in/
around the interval of D�

ðsÞ and simultaneously, the other
invariant mass approaching zero, the three-body decay can
be treated as a quasi-two-body decaying process and
divided into two ingredients. The first one is the b quark
weak decays which have the same formula as in the two-
body B decays, and the strong decays that happened
subsequently are absorbed into the dimeson wave functions
of DðsÞh system by means of the timelike form factor.
We calculated in total 46 channels for possible inter-

mediate D�
ðsÞ contributions in B0, Bþ, and B0

s decays, and
clarified the strong decays D�

ðsÞ → DðsÞh by u-, d-, and
s-quark pair configurations for each resonant structure.
Concerning the charged resonance D��, the strong decays
with the u- and d-quark configurations happen by the pole
mass dynamics, while the decay with s-quark configuration
happens by the BWT effect. For the neutral resonances D̄�0

and D�0, the strong decays with the u-quark configuration
happen by the pole mass dynamics, and the d- and s-quark
configurations happen by the BWT effect. The strong
decays of D�

s following from the Bs weak decay happen
only by the BWT effect with both the u- and d-quark
configurations. Our predictions certify the smallness
(< 5%) of the BWT effect in the three-body BðsÞ decays
with the intermediate resonant states D�, and the little
tension between our predictions and the current data of the
channels Bþ → D̄�0πþðKþÞ → D−πþπþðKþÞ requires
future measurements with high accuracy. For the quasi-
two-body decay in the channel B0

s → D�−
s πþ → D̄0K−πþ

happened by the BWT effect, the pQCD prediction is
consistent with the current LHCb measurement within a
large error. We also checked the narrow width approxima-
tion of these resonant states by extracting the branching
ratios of relative two-body decays from these quasi-two-
body processes and found it works well for the CKM-
favored channels.
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APPENDIX A: DECAY AMPLITUDES

The amplitudes of two-body decays BðsÞ → D�
ðsÞπ,D

�
ðsÞK

in the factorization approaches are [41,42]

AðB0 → D�−πþÞ ¼ GFffiffiffi
2

p V�
cbVud

��
c1
3
þ c2

�
FTD� þ c1MTD� þ

�
c1 þ

c2
3

�
FAπ þ c2MAπ

�
; ðA1Þ

AðB0 → D�þπ−Þ ¼ GFffiffiffi
2

p V�
ubVcd

��
c1 þ

c2
3

�
FAD� þ c2MAD� þ

�
c1
3
þ c2

�
FTπ þ c1MTπ

�
; ðA2Þ

AðB0 → D�−KþÞ ¼ GFffiffiffi
2

p V�
cbVus

��
c1
3
þ c2

�
FTD� þ c1MTD�

�
; ðA3Þ

AðB0 → D̄�0π0Þ ¼ GF

2
V�
cbVud

�
−
�
c1 þ

c2
3

�
FTπ − c2M0

Tπ þ
�
c1 þ

c2
3

�
FAπ þ c2MAπ

�
; ðA4Þ

AðB0 → D�0K0Þ ¼ GFffiffiffi
2

p V�
ubVcs

��
c1 þ

c2
3

�
FTK þ c2MTK

�
; ðA5Þ

AðB0 → D̄�0K0Þ ¼ GFffiffiffi
2

p V�
cbVus

��
c1 þ

c2
3

�
FTK þ c2M0

TK

�
; ðA6Þ

AðBþ → D�þπ0Þ ¼ GF

2
V�
ubVcd

�
−
�
c1
3
þ c2

�
FAD� − c1MAD� þ

�
c1
3
þ c2

�
FTπ þ c1MTπ

�
; ðA7Þ
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AðBþ → D̄�0πþÞ ¼ GFffiffiffi
2

p V�
cbVud

��
c1
3
þ c2

�
FTD� þ c1MTD� þ

�
c1 þ

c2
3

�
FTπ þ c2M0

Tπ

�
; ðA8Þ

AðBþ → D̄�0KþÞ ¼ GFffiffiffi
2

p V�
cbVus

��
c1
3
þ c2

�
FTD� þ c1MTD� þ

�
c1 þ

c2
3

�
FTK þ c2M0

TK

�
; ðA9Þ

AðBþ → D�0KþÞ ¼ GFffiffiffi
2

p V�
ubVcs

��
c1
3
þ c2

�
FAD� þ c1MAD� þ

�
c1 þ

c2
3

�
FTK þ c2MTK

�
; ðA10Þ

AðB0
s → D�−

s πþÞ ¼ GFffiffiffi
2

p V�
cbVud

��
c1
3
þ c2

�
FTD�

s
þ c1MTD�

s

�
; ðA11Þ

AðB0
s → D�−

s KþÞ ¼ GFffiffiffi
2

p V�
cbVus

��
c1
3
þ c2

�
FTD�

s
þ c1MTD�

s
þ
�
c1 þ

c2
3

�
FAK þ c2MAK

�
; ðA12Þ

AðB0
s → D�−πþÞ ¼ GFffiffiffi

2
p V�

cbVus

��
c1 þ

c2
3

�
FAπ þ c2MAπ

�
; ðA13Þ

AðB0
s → D�þK−Þ ¼ GFffiffiffi

2
p V�

ubVcd

��
c1
3
þ c2

�
FTK þ c1MTK

�
; ðA14Þ

AðB0
s → D̄�0π0Þ ¼ GF

2
V�
cbVus

��
c1 þ

c2
3

�
FAπ þ c2MAπ

�
; ðA15Þ

AðB0
s → D̄�0K̄0Þ ¼ GFffiffiffi

2
p V�

cbVud

��
c1 þ

c2
3

�
FTK þ c2M0

TK

�
; ðA16Þ

where ci¼1;2ðμÞ is the tree-level Wilson coefficients carrying the physics extending in the energy scale regions from mW to
mB. The factorizable and nonfactorizable scattering amplitudes F andM carry the physics below the mB energy scale; they
are represented by means of the hadron matrix elements with four certified fermion effective operators, as expressed in
Eq. (1). The pQCD calculation results in

FTD�
ðsÞ
¼ 8πCFm4

BfπðKÞ

Z
dx1dxR

Z
b1db1bRdbRϕBðx1; b1ÞϕDπðxR; bR; sÞ

× f½
ffiffiffi
ζ

p
ð2xR − 1Þ − xR − 1�Eð1Þ

a ðtaÞhaðx1; xR; b1; bRÞ − ðζ þ rcÞEð2Þ
a ðtbÞhbðx1; xR; b1; bRÞg; ðA17Þ

MTD�
ðsÞ
¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dx1dxRdx3

Z
b1db1b3db3ϕBðx1; b1ÞϕDπðxR; bR; sÞϕA

× f½ζðxR − x3 þ 1Þ − xR
ffiffiffi
ζ

p
þ x1 þ x3 − 1Þ�EbðtcÞhcðx1; xR; x3; b1; b3Þ

þ ½x3ð1 − ζÞ þ xRð1 −
ffiffiffi
ζ

p
Þ − x1�EbðtdÞhdðx1; xR; x3; b1; b3Þg; ðA18Þ

FAD�
ðsÞ
¼ 8πCFm4

BfB

Z
dxRdx3

Z
bRdbRb3db3ϕDðxR; bR; sÞ

× f½ð1 − xRÞϕA þ 2r0xRζ̂
ffiffiffi
ζ

p
ϕP�Eð1Þ

c ðteÞheðxR; x3; bR; b3Þ
þ ½ðx3ðζ − 1Þ − ζÞϕA − r0rc½ϕP þ ζ̂ðζ þ 1ÞϕT ��Eð2Þ

c ðtfÞhfðxR; x3; bR; b3Þg; ðA19Þ

MAD�
ðsÞ
¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dx1dxRdx3

Z
b1db1bRdbRϕBðx1; b1ÞϕDπðxR; bR; sÞ

× f½½ζðxR þ 1Þ þ x1 − x3ðζ − 1Þ�ϕA þ r0ζ̂
ffiffiffi
ζ

p
½ðð1 − x3Þð1 − ζÞ − x1ÞðϕP þ ϕTÞ

þ xRðϕT − ϕPÞ��EdðtgÞhgðx1; xR; x3; b1; bRÞ þ ½ð1 − xRÞðζ − 1ÞϕA − r0ζ̂
ffiffiffi
ζ

p
½ðxR − 1ÞðϕP þ ϕTÞ

þ ðx1 þ x3ζ − ζ − x3ÞðϕT − ϕPÞ��EdðthÞhhðx1; xR; x3; b1; bRÞg; ðA20Þ
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FTπðKÞ ¼ 8πCFm4
BFDπðsÞ

Z
dx1dx3

Z
b1db1b3db3ϕBðx1; b1Þ

× f½ϕA½x3ð1 − ζÞ þ 1� − r0½ϕPð2x3 − 1Þ þ ϕT ζ̂ð2x3ðζ − 1Þ þ ζ þ 1Þ��Eð1Þ
e ðtmÞ

× hmðx1; x3; b1; b3Þ þ ½2r0ζ̂ϕPðζð1 − x1Þ − 1Þ − ζx1ϕA�Eð2Þ
e ðtnÞ

× hnðx1; x3; b1; b3Þg; ðA21Þ

MTπðKÞ ¼ 32πCFm4
B=

ffiffiffiffiffiffiffiffi
2Nc

p Z
dx1dxRdx3

Z
b1db1bRdbRϕBðx1; b1ÞϕDπðxR; bR; sÞ

× f½ðζ − 1Þð1 − x1 − xRÞϕA − r0ζ̂½ζðxR þ x1ÞðϕP þ ϕTÞ þ x3ð1 − ζÞðϕP − ϕTÞ − 2ζϕT ��
× EfðtoÞhoðx1; xR; x3; b1; bRÞ − ½½rc

ffiffiffi
ζ

p
þ x3ðζ − 1Þ − xR þ x1�ϕA þ r0ζðxR − x1ÞðϕT − ϕPÞ

þ r0½x3ð1 − ζÞϕP − ð4rc
ffiffiffi
ζ

p
þ x3ζ − x3ÞϕT ��EfðtpÞhpðx1; xR; x3; b1; bRÞg; ðA22Þ

M0
TπðKÞ ¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dx1dxRdx3

Z
b1db1bRdbRϕBðx1; b1ÞϕDπðxR; bR; sÞ

× f½ϕA½x1 þ xR − 1 −
ffiffiffi
ζ

p
rc − ζðx1 þ xR − 1Þ� − r0ζ̂ζ½ϕPðx1 þ xR − x3Þ þ ϕTðx1 þ xR þ x3 − 2Þ�

þ r0x3ζ̂ðϕT − ϕPÞ�Efðto0 Þho0 ðx1; xR; x3; b1; bRÞ − ½½ðζ − 1Þx3 þ x1 − xR�ϕA þ r0x3ðϕP þ ϕTÞ
þ r0ζζ̂ðx1 − xRÞðϕT − ϕPÞ�Efðtp0 Þhp0 ðx1; xR; x3; b1; bRÞg; ðA23Þ

FAK ¼ 8πCFm4
BfB

Z
dxRdx3

Z
bRdbRb3db3ϕDπðxR; bR; sÞÞ

× f½½ððζ − 1Þx3 þ 1ÞϕA þ r0rcϕP� − r0rcζ̂ðζ þ 1ÞϕT �Eð1Þ
g ðtsÞhsðxR; x3; bR; b3Þ

þ ½−xRϕA þ 2r0ζ̂
ffiffiffi
ζ

p
ðζ þ xR − 1ÞϕP�Eð2Þ

g ðttÞhtðxR; x3; bR; b3Þg; ðA24Þ

MAK ¼ 32πCFm4
B=

ffiffiffiffiffiffiffiffi
2Nc

p Z
dx1dxRdx3

Z
b1db1b3db3ϕBðx1; b1ÞϕDπðxR; bR; sÞ

× f½½ð1 − ζÞðx1 þ xRÞ þ ζ�ϕA − r0ζ̂
ffiffiffi
ζ

p
½ðx3 þ ζ þ 1 − x3ζÞϕT þ ð1 − ζÞðx3 − 1ÞϕP�

þ r0ζ̂
ffiffiffi
ζ

p
ðxR þ x1ÞðϕT − ϕPÞ�EhðtuÞhuðx1; xR; x3; b1; bRÞ þ ½½ζð1þ xR − x1 − x3Þ þ x3 − 1�ϕA

þ r0
ffiffiffi
ζ

p
½ðx3 − 1ÞðϕP − ϕTÞ þ ζ̂ðx1 − xRÞðϕP þ ϕTÞ��EhðtvÞhvðx1; xR; x3; b1; bRÞg; ðA25Þ

with ζ̂ ¼ 1=ðζ − 1Þ.
The hard scale ti in the pQCD approach to deal with hard scatterings is chosen as the largest virtuality of the internal

momentum transition,

ta ¼ MaxfmB

ffiffiffiffiffiffiffiffi
ja1j

p
; mB

ffiffiffiffiffiffiffiffi
ja2j

p
; 1=bR; 1=b1g; tb ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jb1j

p
; mB

ffiffiffiffiffiffiffiffi
jb2j

p
; 1=b1; 1=bRg;

tc ¼ MaxfmB

ffiffiffiffiffiffiffi
jc1j

p
; mB

ffiffiffiffiffiffiffi
jc2j

p
; 1=b1; 1=b3g; td ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jd1j

p
; mB

ffiffiffiffiffiffiffiffi
jd2j

p
; 1=b1; 1=b3g;

te ¼ MaxfmB

ffiffiffiffiffiffiffi
je1j

p
; mB

ffiffiffiffiffiffiffi
je2j

p
; 1=bR; 1=b3g; tf ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jf1j

p
; mB

ffiffiffiffiffiffiffiffi
jf2j

p
; 1=b3; 1=bRg;

tg ¼ MaxfmB

ffiffiffiffiffiffiffi
jg1j

p
; mB

ffiffiffiffiffiffiffi
jg2j

p
; 1=bR; 1=b1g; th ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jh1j

p
; mB

ffiffiffiffiffiffiffiffi
jh2j

p
; 1=bR; 1=b1g;

tm ¼ MaxfmB

ffiffiffiffiffiffiffiffiffi
jm1j

p
; mB

ffiffiffiffiffiffiffiffiffi
jm2j

p
; 1=b3; 1=b1g; tn ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jn1j

p
; mB

ffiffiffiffiffiffiffiffi
jn2j

p
; 1=b1; 1=b3g;

to ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jo1j

p
; mB

ffiffiffiffiffiffiffiffi
jo2j

p
; 1=b1; 1=bRg; tp ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jp1j

p
; mB

ffiffiffiffiffiffiffiffi
jp2j

p
; 1=b1; 1=bRg;

to0 ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jo01j

q
; mB

ffiffiffiffiffiffiffiffi
jo02j

q
; 1=b1; 1=bRg; tp0 ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jp0

1j
q

; mB

ffiffiffiffiffiffiffiffi
jp0

2j
q

; 1=b1; 1=bRg;
ts ¼ MaxfmB

ffiffiffiffiffiffiffi
js1j

p
; mB

ffiffiffiffiffiffiffi
js2j

p
; 1=b3; 1=bRg; tt ¼ MaxfmB

ffiffiffiffiffiffiffi
jt1j

p
; mB

ffiffiffiffiffiffiffi
jt2j

p
; 1=bR; 1=b3g;

tu ¼ MaxfmB

ffiffiffiffiffiffiffiffi
ju1j

p
; mB

ffiffiffiffiffiffiffiffi
ju2j

p
; 1=bR; 1=b1g; tv ¼ MaxfmB

ffiffiffiffiffiffiffiffi
jv1j

p
; mB

ffiffiffiffiffiffiffiffi
jv2j

p
; 1=bR; 1=b1g: ðA26Þ
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In the above expressions, the nondimensional kinematical factors are

a1 ¼ xR; a2 ¼ xRx1;

b1 ¼ r2c þ x1 − ζ; b2 ¼ a2;

c1 ¼ a2; c2 ¼ xR½x1 − ð1 − ζÞð1 − x3Þ�;
d1 ¼ a2; d2 ¼ xR½x1 − ð1 − ζÞx3�;
e1 ¼ xR − 1; e2 ¼ ð1 − xRÞ½x3ðζ − 1Þ − ζ�;
f1 ¼ r2c þ x3ðζ − 1Þ − ζ; f2 ¼ e2;

g1 ¼ e2; g2 ¼ xR½x1 þ ðx3 − 1Þð1 − ζÞ� þ 1;

h1 ¼ e2; h2 ¼ ð1 − xRÞðx1 þ x3ζ − x3 − ζÞ;
m1 ¼ ð1 − ζÞx3; m2 ¼ ð1 − ζÞx3x1;
n1 ¼ ð1 − ζÞx1; n2 ¼ m2;

o1 ¼ m2; o2 ¼ ð1 − x1 − xRÞðx3ζ − x3 − ζÞ;
p1 ¼ m2; p2 ¼ r2c þ x3ðζ − 1ÞðxR − x1Þ;
o01 ¼ ð1 − ζÞx3x1; o02 ¼ r2c − ðxR þ x1 − 1Þðx3ðζ − 1Þ − ζÞ;
p0
1 ¼ o01; p0

2 ¼ x3ðζ − 1ÞðxR − x1Þ;
s1 ¼ r2c − x3ζ þ x3 − 1; s2 ¼ xRðx3 − 1Þð1 − ζÞ;
t1 ¼ xRðζ − 1Þ; t2 ¼ s2;

u1 ¼ s2; u2 ¼ ðxR þ x1 − 1Þðζ þ x3 − x3ζÞ þ 1;

v1 ¼ s2; v2 ¼ ðx3 − 1Þð1 − ζÞðxR − x1Þ: ðA27Þ

The hard functions hi (i ∈ fa; b; c; d; e; f; g; h;m; n; o; p; o0; p0; s; t; u; vg) in scattering amplitudes is expressed in terms
of transversal distances bi conjugated to the transversal momentum by a Fourier transform.

hiðx1; x2; ðx3Þ; b1; b2Þ ¼ hi1ðβ; b2Þ × hi2ðα; b1; b2Þ;

hi1ðβ; b2Þ ¼
(
K0ð

ffiffiffi
β

p
b2Þ; β > 0

iπ
2
Hð1Þ

0 ð ffiffiffiffiffiffi
−β

p
b2Þ; β < 0

hi2ðα; b1; b2Þ ¼
(
θðb2 − b1ÞI0ð

ffiffiffi
α

p
b1ÞK0ð

ffiffiffi
α

p
b2Þ þ ðb1 ↔ b2Þ; α > 0

iπ
2
θðb2 − b1ÞJ0ð

ffiffiffiffiffiffi
−α

p
b1ÞHð1Þ

0 ð ffiffiffiffiffiffi
−α

p
b2Þ þ ðb1 ↔ b2Þ; α < 0

ðA28Þ

where J0 is the Bessel function, K0 and I0 are modified
Bessel functions,N0 is the Neumann function, andH0 is the

Hankel function of the first kind with relation Hð1Þ
0 ðxÞ ¼

J0ðxÞ þ iN0ðxÞ. The kinematic factors α and β are exactly
the certain case of i1 and i2 defined inEq. (A27), respectively.
The evolution functions in the scattering amplitudes take

into account the strong coupling constant and also the
Sudakov suppressed factors from the resummations of end
point singularity [4,5],

Eð1Þ
a ðtÞ ¼ αsðtÞ exp½−SBðtÞ − SCðtÞ�StðxRÞ;

Eð2Þ
a ðtÞ ¼ αsðtÞ exp½−SBðtÞ − SCðtÞ�Stðx1Þ; ðA29Þ

EbðtÞ ¼ αsðtÞ exp½−SBðtÞ − SCðtÞ − SPðtÞ�jbR¼b1 ; ðA30Þ

Eð1Þ
c ðtÞ ¼ αsðtÞ exp½−SCðtÞ − SPðtÞ�StðxRÞ;

Eð2Þ
c ðtÞ ¼ αsðtÞ exp½−SCðtÞ − SPðtÞ�Stðx3Þ; ðA31Þ

EdðtÞ ¼ αsðtÞ exp½−SBðtÞ − SCðtÞ − SPðtÞ�jb3¼bR; ðA32Þ

Eð1Þ
e ðtÞ ¼ αsðtÞ exp½−SBðtÞ − SPðtÞ�Stðx3Þ;

Eð2Þ
e ðtÞ ¼ αsðtÞ exp½−SBðtÞ − SPðtÞ�Stðx1Þ; ðA33Þ

EfðtÞ ¼ αsðtÞ exp½−SBðtÞ − SCðtÞ − SPðtÞ�jb3¼b1 ; ðA34Þ
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Eð1Þ
g ðtÞ ¼ αsðtÞ exp½−SCðtÞ − SPðtÞ�Stðx3Þ;

Eð2Þ
g ðtÞ ¼ αsðtÞ exp½−SCðtÞ − SPðtÞ�StðxRÞ; ðA35Þ

EhðtÞ ¼ αsðtÞ exp½−SBðtÞ − SCðtÞ − SPðtÞ�jb3¼bR : ðA36Þ

APPENDIX B: THE DðsÞh FORM FACTOR UNDER
THE D�

ðsÞ DOMINANT APPROXIMATION

The timelike DðsÞh form factor is defined by the
transition matrix element from a vacuum to the DðsÞh
system sandwiched by a weak current,

hDðsÞhjc̄γμð1 − γ5Þqj0i ¼ −
�
p̄Rμ −

m2
DðsÞ −m2

h

s
pRμ

�
FV
DðsÞhðsÞ −

m2
DðsÞ −m2

h

s
pRμFS

DðsÞhðsÞ; ðB1Þ

in which the on shell conditions of the final mesons p2
DðsÞ ¼ m2

DðsÞ and p
2
h ¼ m2

h are indicated. Multiplying both sides by p̄μ
R,

it modifies to

p̄μ
RhDðsÞhjc̄γμð1 − γ5Þqj0i ¼ −

1

s
½2ðm2

DðsÞ þm2
hÞs − s2 − ðm2

DðsÞ −m2
hÞ2�FV

DðsÞhðsÞ: ðB2Þ

We note that the scalar form factor term is neglected here since the involvedDðsÞh system is in the P-wave component. In the
singe resonance D�

ðsÞ approximation, the matrix element from a vacuum to the DðsÞh system is detached to

hDðsÞhjc̄γμð1 − γ5Þqj0i →
hDðsÞhjD�

ðsÞihD�
ðsÞjc̄γμð1 − γ5Þqj0i

½m2
DðsÞ − s − imD�

ðsÞ
ΓD�

ðsÞ
ðsÞ� ¼

ffiffiffi
s

p
gD�

ðsÞDðsÞhfD�
ðsÞ

P
μ;νϵ

�
μϵνp̄ν

D�
ðsÞ

½m2
DðsÞ − s − imD�

ðsÞ
ΓD�

ðsÞ
ðsÞ� : ðB3Þ

To obtain this expression, the definitions hDðsÞhjD�
ðsÞi ¼ gD�

ðsÞDðsÞhðp̄�
DðsÞ · ϵÞ and hD�

ðsÞjc̄γμð1 − γ5Þqj0i ¼ fD�
ðsÞ
jpD�

ðsÞ
jϵ�μ are

used. Substituting Eq. (B3) in to Eq. (B2), we obtain the timelike DðsÞh form factor in Eq. (13).
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