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The expressions of the shear viscosity and the bulk viscosity components in the presence of an arbitrary
external magnetic field for a system of hot charged scalar bosons (spin 0) as well as for a system of hot
charged Dirac fermions (spin 1

2
) have been derived by employing the one-loop Kubo formalism. This is

done by explicitly evaluating the thermomagnetic spectral functions of the energy-momentum tensors
using the real time formalism of finite temperature field theory and the Schwinger proper time formalism.
In the present work, a rich quantum field theoretical structure in the expressions of the viscous coefficients
in nonzero magnetic field are found, which are different from their respective expressions obtained earlier
via kinetic-theory-based calculations; though, in the absence of a magnetic field, the one-loop Kubo and the
kinetic-theory-based expressions for the viscosities are known to be identical. We have identified that Kubo
and kinetic-theory-based results of viscosity components follow a similar kind of temperature and magnetic
field dependency. The relaxation time and the synchrotron frequency in the kinetic theory formalism are
realized to be connected, respectively, with the thermal width of propagator and the transitions among the
Landau levels of the charged particles in the Kubo formalism. We believe that the connection of the latter
quantities is quite new and probably the present work is the first time addressing this interpretation along
with the new expressions of viscosity components, not seen in existing works.

DOI: 10.1103/PhysRevD.103.096015

I. INTRODUCTION

The heavy ion collision experiment at relativistic energy
can produce a superhot quark gluon plasma, which may be
exposed under a strong magnetic field B if the nucleus-
nucleus collision is noncentral. This magnetic field could be
of the order of ∼1018 G and comparable to the quantum
chromodynamics (QCD) scale (eB ∼m2

π for RHIC-LHC
energies) [1], for which many interesting QCD-linked
phenomena [2–5] can be observed. Among a long list of
interesting quantities, transport coefficients like shear vis-
cosity and bulk viscosity are our aimed quantities in the
present work. Owing to this fact, a long list of Refs. [6–34]
have focused on the microscopic calculation of the transport
coefficients, like the shear viscosity in Refs. [6–17], bulk
viscosity in Refs. [18–21] and electrical conductivity in

Refs. [22–34] for the hot and/or dense QCD matter in the
presence of a magnetic field. If we analyze the frameworks
of those microscopic calculations, they are mostly in the
kinetic-theory-based approaches.
For the shear viscosity in the presence of an external

magnetic field, one can get five independent traceless tensors,
with which five shear viscosity components will be linked,
while a single traceless tensorwith isotropic shear viscosity is
found in the B ¼ 0 case. There are two possible sets of
these five independent traceless tensors as proposed in
Refs. [35,36], respectively. Using the former set, proposed
in Ref. [35], the authors of Refs. [6,8–12,17] have obtained
five shear viscosity components η̃n (n ¼ 0, 1, 2, 3, 4); while,
using the latter set proposed in Ref. [36], the authors of
Refs. [14,15] have obtained their five shear viscosity com-
ponents ηn. However, the η̃n’s and ηn’s are interconnected
and ultimately can be expressed in terms of the parallel,
perpendicular andHall components [10]. The general expres-
sions of η̃n are obtained in the relaxation time approximation
(RTA) of kinetic theory approach in Refs. [8,10–12,17] and
the same using the strong magnetic field approximation in
Refs. [6,9]. InRef. [14], the authors have obtained ηn in RTA-
based moment methods but its RTA-based kinetic theory
calculation can be seen in Ref. [10].
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However, a quantum field theoretical treatment at finite
temperature and magnetic field via the Kubo relations has
never been attempted in details which could reveal rich
quantum structure in shear and bulk viscosity components.
Though, in Ref. [15], the Kubo-type correlation structure
has been considered but it is explored through a box
simulation, not through a field theoretical calculation. So as
far as our best knowledge, we are going to address for the
first time a one-loop Kubo expression of viscosity compo-
nents in the presence of a magnetic field by using a real
time formalism of finite temperature field theory and the
Schwinger proper time framework.
Let us revisit quickly the Kubo expression of shear

viscosity of any bosonic or fermionic medium in the
absence of a magnetic field [37–42]. Owing to the Kubo
relation, shear viscosity can be related to the static limit
(zero four-momentum limit) of the two-point correlation
functions of the local viscous stress tensor πμν. The simplest
Feynman diagrams from the bosonic and fermion free
Lagrangian (densities) will be boson-boson or fermion-
fermion loops, whose propagators must carry finite thermal
width Γ. Without this Γ, one cannot get any nondivergent
values; so this imposition of finite Γ brings a quasiparticle
picture, where the Γ can be estimated from the interaction
Lagrangian of a particular system and the numerical value
of the shear viscosity of that system is mainly controlled by
the strength of Γ. Interestingly, this one-loop Kubo expres-
sion [38–42] of shear viscosity becomes exactly identical
to the RTA expression [43,44] with the relaxation time
τc ¼ 1=Γ in the absence of a magnetic field.
Now, at finite magnetic field, one should not expect the

same expressions of viscosity components from the Kubo
framework and the RTA framework [6,8–12,14,17]. The
present work is going to reveal a difference between the
expressions of the viscosities between the two frameworks
at finite magnetic field picture. Here, we have found a rich
quantum structure in the expressions of viscous coeffi-
cients, which might (not) be obtained by appropriate
quantum extension of RTA frameworks. Reference [13]
for shear viscosity and Refs. [22–24,32,32,33] for electrical
conductivity calculations have followed the Landau quan-
tization version of RTA. However, our Kubo expressions
will have additional structures which are not the mere
Landau quantized version of the corresponding RTA
expressions of the viscosities. In the present work, we
have considered two different systems—(i) system of
charged scalar bosons (spin 0) and (ii) system of charged
Dirac fermions (spin 1

2
)—and have calculated the corre-

sponding thermomagnetic spectral functions of the energy-
momentum tensors (EMTs). The spectral function is the
imaginary part of the Fourier transform of the local EMT-
EMT two-point correlator which is obtained using the real
time formalism of finite temperature field theory and
the Schwinger proper time formalism to incorporate the
effects of finite temperature and external magnetic field,

respectively. Then viscous coefficients are estimated from
the thermomagnetic spectral functions using the Kubo
relations in the covariant tensor basis of Ref. [36].
The article is organized as follows. We first start with

the calculation of the in-medium spectral function of the
energy-momentum tensor at zero magnetic field in Sec. II
and at nonzero magnetic field in Sec. III. Next, Sec. IV has
demonstrated how to obtain the shear and bulk viscosity
from those spectral functions using the Kubo relations.
After getting the new expressions for viscosity compo-
nents, their numerical outcomes have been sketched and
been tried to interpret in Sec. V. This is followed by
Sec. VI where we have summarized the investigation. To
compensate the calculation gaps, we have provided detailed
Appendixes at the end.

II. THE SPECTRAL FUNCTION OF THE
ENERGY-MOMENTUM TENSOR

The key microscopic quantity that is required to calculate
the viscous coefficients of a thermal medium using the
Kubo formalism [37] is the in-medium spectral function
ρμναβðqÞ, given by

ρμναβðqÞ ¼ Im i
Z

d4xeiq·xhTμνðxÞTαβð0ÞiR; ð1Þ

where TμνðxÞ is the local EMT and h� � �iR represents the
ensemble average of the retarded two-point correlation
function. We will be using a metric tensor with signature
gμν ¼ diagð1;−1;−1;−1Þ. In order to use field theoretic
methods, it is more convenient to express the spectral
function in terms of time-ordered correlator as [45,46]

ρμναβðqÞ ¼ tanh

�
q0

2T

�
Im i

Z
d4xeiq·xhT CTμνðxÞTαβð0Þi11;

ð2Þ

where T C is the time ordering with respect to the
symmetric Schwinger-Keldysh contour C in the complex
time plane shown in Fig. 1 as used in the real time
formalism (RTF) of finite temperature field theory. The
subscript 11 in the above equation implies that the two
points are on the real horizontal segment “(1)” of the
contour C.
The form of the local EMT TμνðxÞ appearing in Eq. (2)

depends on the particular system considered. In this work,
we will be mainly considering two systems: (i) system of
charged scalar bosons B� (spin 0) and (ii) system of
charged Dirac fermions F� (spin 1

2
). They are, respectively,

described by the fields ϕðxÞ and ψðxÞ which construct the
following free Lagrangian (densities) [47]:

Lscalar ¼ ∂μϕ†∂μϕ −m2ϕ†ϕ; ð3Þ
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LDirac ¼
i
2
ðψ̄γμ∂μψ − ∂μψ̄γ

μψÞ −mψ̄ψ ; ð4Þ

in which m is the mass of the particles. Symmetric EMTs
can be constructed out of the above Lagrangians as [47–49]

Tμν
scalar ¼ ∂μϕ†∂νϕ −

1

2
gμνLscalar þ ðμ ↔ νÞ; ð5Þ

Tμν
Dirac ¼

i
4
ðψ̄γμ∂νψ − ∂νψ̄γμψÞ − 1

2
gμνLDirac

þ ðμ ↔ νÞ: ð6Þ

Using Eqs. (5) and (6), we now calculate the EMT
correlation function hT CTμνðxÞTαβð0Þi11 appearing in
Eq. (2) for both the scalar and Dirac fields. The calculation
have been provided in Appendix A and we get from
Eqs. (A6) and (A15)

hT CT
μν
scalarðxÞTαβ

scalarð0Þi11 ¼ −
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4 e

−ix·ðp−kÞD11ðp;mÞD11ðk;mÞN μναβ
scalarðk; pÞ; ð7Þ

hT CT
μν
DiracðxÞTαβ

Diracð0Þi11 ¼ −
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4 e

−ix·ðp−kÞD̃11ðp;mÞD̃11ðk;mÞN μναβ
Diracðk; pÞ; ð8Þ

whereD11, D̃11 andN
μναβ
scalar;Dirac can be, respectively, read off from Eqs. (A5), (A16), (A7) and (A17). We now substitute the

EMT correlators of Eqs. (7) and (8) into Eq. (2) and perform the d4x integral which yields the Dirac delta function
δ4ðq − pþ kÞ. The Dirac delta function is in turn used to perform the d4p integral and the spectral function of EMT
becomes

ρμναβscalarðqÞ¼− tanh

�
q0

2T

�
Im i

Z
d4k
ð2πÞ4D11ðk;mÞD11ðp¼ qþk;mÞN μναβ

scalarðk;p¼ qþkÞ; ð9Þ

ρμναβDiracðqÞ¼− tanh

�
q0

2T

�
Im i

Z
d4k
ð2πÞ4 D̃11ðk;mÞD̃11ðp¼ qþk;mÞN μναβ

Diracðk;p¼ qþkÞ: ð10Þ

Substituting D11 and D̃11 from Eqs. (A5) and (A16) into the above two equations followed by performing the dk0 integral,
we get after some simplifications

ρμναβðqÞ ¼ tanh

�
q0

2T

�
π

Z
d3k
ð2πÞ3

1

4ωkωp
½f1þ afaðωkÞ þ afaðωpÞ þ 2faðωkÞfaðωpÞgfNμναβðk0 ¼ ωkÞδðq0 − ωk − ωpÞ

þ Nμναβðk0 ¼ −ωkÞδðq0 þ ωk þ ωpÞg þ fafaðωkÞ þ afaðωpÞ þ 2faðωkÞfaðωpÞg
× fNμναβðk0 ¼ −ωkÞδðq0 − ωk þ ωpÞ þ Nμναβðk0 ¼ ωkÞδðq0 þ ωk − ωpÞg�; ð11Þ

where ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þm2

p
, ωp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk⃗þ p⃗Þ2 þm2

q
and faðxÞ ¼ 1

ex=T−a with

FIG. 1. The symmetric Schwinger-Keldysh contour C in the complex time plane used in the RTF with t0 → ∞ and β ¼ 1=T. The two
horizontal segments of the contour are referred as labels (1) and (2), respectively.
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a ¼
�
1 for scalar;

−1 for Dirac:

Above Eq. (11) carries four Dirac delta functions which
will give rise to the branch cuts of the spectral function in
the complex q0 plane. The kinematic regions where
these Dirac delta functions are nonzero are, respectively,
(i)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þ 4m2

p
< q0 < ∞, (ii) −∞ < q0 < −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þ 4m2

p
,

(iii) and (iv) jq0j < jq⃗j as they appear in Eq. (11). Regions
(i) and (ii) are, respectively, called the unitary-I and
unitary-II cuts whereas regions (iii) and (iv) are called
the Landau-II and Landau-I cuts, respectively [38,46]. For
the evaluation of the viscous coefficients, we need to take
the static limit q⃗ ¼ 0⃗; q0 → 0 of the EMT spectral function
for which the unitary cuts do not contribute. Considering
the Landau cuts only, we are left with

ρμναβðq0; q⃗ ¼ 0⃗Þ ¼ tanh

�
q0

2T

�
π

Z
d3k
ð2πÞ3

1

2ω2
k

δðq0ÞfaðωkÞfaþ faðωkÞgfNμναβðk0 ¼ −ωkÞ þ Nμναβðk0 ¼ ωkÞg ð12Þ

¼ lim
Γ→0

tanh

�
q0

2T

�Z
d3k
ð2πÞ3

1

2ω2
k

Γ
q20 þ Γ2

faðωkÞfaþ faðωkÞgfNμναβðk0 ¼ −ωkÞ þ Nμναβðk0 ¼ ωkÞg; ð13Þ

where a Breit-Wigner representation of the Dirac delta function has been used. According to the definition of Kubo relation,
the dissipation coefficients are related to the zero four-momentum limit of ρμναβ=q0 or Sμναβ ¼ ∂ρμναβ

∂q0 , owing to the
L’Hospital’s rule. Differentiating the spectral function with respect to q0 and taking limit q0 → 0, we finally obtain

Sμναβ ¼ ∂ρμναβ
∂q0

����
q⃗¼0⃗;q0→0

¼ lim
Γ→0

1

T

Z
d3k
ð2πÞ3

1

4ω2
kΓ

faðωkÞfaþ faðωkÞg½Nμναβðk; kÞjk0¼ωk
þ Nμναβðk; kÞjk0¼−ωk

�; ð14Þ

where the simplified expressions of Nμναβ
scalar;Diracðk; kÞ can be obtained from Eqs. (A8) and (A18) as

N μναβ
scalarðk; kÞ ¼ 4kμkνkαkβ − 2ðk2 −m2Þðgμνkαkβ þ gαβkμkνÞ þ ðk2 −m2Þ2gμνgαβ; ð15Þ

N μναβ
Diracðk; kÞ ¼ −8kμkνkαkβ þ ðk2 −m2Þfgμαkνkβ þ gναkμkβ þ gμβkνkα þ gνβkμkα

þ 4gμνkαkβ þ 4gαβkμkνg − 4ðk2 −m2Þ2gμνgαβ: ð16Þ

To get a nondivergent contribution of EMT spectral
function in the zero momentum limit, further calculation
will have to be continued with a finite value of Γ. This is the
place where the interaction picture is introduced, which
should be entered for a dissipative system. This Γ can be
identified as the thermal width or collision rate of the
constituent particles, and it reciprocally measures the
dissipative coefficients, like the shear viscosity and the
bulk viscosity.
It may be noted that, in the present method, we have

introduced the interaction information Γ via the trans-
formation of Dirac delta functions to Breit-Wigner func-
tions, from which the noninteracting picture is realized as
Γ → 0 limit. This similar kind of transformation from
noninteracting (Γ ¼ 0) to interacting (Γ ≠ 0) picture can
also be done by introducing iΓ=2 in the propagators,
located in our one-loop diagrammatic representation of
the transport coefficients.

III. THE SPECTRAL FUNCTION OF THE EMT
IN THE PRESENCE OF AN EXTERNAL

MAGNETIC FIELD

In the presence of an external electromagnetic field
described by the four-potential Aμ

extðxÞ, the Lagrangians
of Eqs. (3) and (4) are modified to [50]

Lscalar ¼ D�μϕ†Dμϕ −m2ϕ†ϕ; ð17Þ

LDirac ¼
i
2
ðψ̄γμDμψ −D�μψ̄γμψÞ −mψ̄ψ ; ð18Þ

where Dμ ¼ ∂μ þ ieAμ
extðxÞ and D�μ ¼ ∂μ − ieAμ

extðxÞ are
the covariant derivatives incorporating the minimal cou-
pling between the charged particle with charge e (we
consider e > 0) and the electromagnetic field. The sym-
metric EMT in the presence of an electromagnetic field now
becomes [47,50]
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Tμν
scalar ¼ D�μϕ†Dνϕ −

1

2
gμνLscalar þ ðμ ↔ νÞ; ð19Þ

Tμν
Dirac ¼

i
4
ðψ̄γμDνψ −D�νψ̄γμψÞ − 1

2
gμνLDirac þ ðμ ↔ νÞ:

ð20Þ

Let us now consider a constant magnetic field
B⃗ ¼ Bẑ along the positive ẑ direction. Using Eqs. (19)
and (20), we now calculate the EMT correlation function
hT CTμνðxÞTαβð0ÞiB11 in the presence of an external mag-
netic field for both the scalar and Dirac field as sketched in
Appendix B. We obtain from Eqs. (B11) and (B18)

hT CT
μν
scalarðxÞTαβ

scalarð0ÞiB11 ¼ −
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4 e

−ix·ðp−kÞX∞
l¼0

X∞
n¼0

D11ðpk;mnÞD11ðkk;mlÞN μναβ
ln;scalarðk; pÞ; ð21Þ

hT CT
μν
DiracðxÞTαβ

Diracð0ÞiB11 ¼ −
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4 e

−ix·ðp−kÞX∞
l¼0

X∞
n¼0

D̃11ðpk;mnÞD̃11ðkk;mlÞN μναβ
ln;Diracðk; pÞ; ð22Þ

where D11, D̃11 and N μναβ
ln;scalar;Dirac can be, respectively, read off from Eqs. (A5), (A16), (B12) and (B19) and ml ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 þ ð2lþ 1 − 2sÞeB
p

with s being the spin of the particle (s ¼ 0 for the scalar and s ¼ 1=2 for the Dirac).
Similar to the zero magnetic field case, we now substitute the EMT correlators of Eqs. (21) and (22) into Eq. (2) and

perform the d4x integral which yields the Dirac delta function δ4ðq − pþ kÞ. The Dirac delta function is in turn used to
perform the d4p integral and the thermomagnetic spectral function of EMT becomes

ρμναβscalarðqÞ ¼ − tanh

�
q0

2T

�
Im i

Z
d4k
ð2πÞ4

X∞
l¼0

X∞
n¼0

D11ðkk;mlÞD11ðpk ¼ qk þ kk;mnÞN μναβ
ln;scalarðk; p ¼ qþ kÞ; ð23Þ

ρμναβDiracðqÞ ¼ − tanh

�
q0

2T

�
Im i

Z
d4k
ð2πÞ4

X∞
l¼0

X∞
n¼0

D̃11ðkk;mlÞD̃11ðpk ¼ qk þ kk;mnÞN μναβ
ln;Diracðk; p ¼ qþ kÞ: ð24Þ

Substituting D11 and D̃11 from Eqs. (A5) and (A16) into the above two equations followed by performing the dk0 integral,
we get after some simplifications

ρμναβðqÞ ¼ tanh

�
q0

2T

�
π
X∞
l¼0

X∞
n¼0

Z
d3k
ð2πÞ3

1

4ωklωpn
½f1þ afaðωklÞ þ afaðωpnÞ þ 2faðωklÞfaðωpnÞg

× fNμναβ
ln ðk0 ¼ ωklÞδðq0 − ωkl − ωpnÞ þ Nμναβ

ln ðk0 ¼ −ωklÞδðq0 þ ωkl þ ωpnÞg
þ fafaðωklÞ þ afaðωpnÞ þ 2faðωklÞfaðωpnÞgfNμναβ

ln ðk0 ¼ −ωklÞδðq0 − ωkl þ ωpnÞ
þ Nμναβ

ln ðk0 ¼ ωklÞδðq0 þ ωkl − ωpnÞg�; ð25Þ

where ωkl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þm2

l

q
and ωpn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm2

n

p
¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðkz þ qzÞ2 þm2
n

p
. Similar to the zero field case, the

spectral function in the presence of an external magnetic
field contains four Dirac delta functions giving rise to
branch cuts of the spectral function in the complex energy
plane. The kinematic regions where these Dirac delta
functions are nonzero now depends on the Landau levels
of the charged particles as well. Thus, when summed
over an infinite number of Landau levels, the kinematic
regions for the unitary-I and unitary-II cuts comes
out to be

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ 4ðm2 þ eBÞ

p
< q0 < ∞ and −∞ < q0 <

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ 4ðm2 þ eBÞ

p
, respectively, whereas the kinematic

domain for both the Landau cuts becomes jq0j <ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ eB

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 3eB

p
Þ2

q
for the scalar case.

On the other hand, for the Dirac case, the correspond
kinematic domains for unitary-I and unitary-II cuts areffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ 4m2

p
< q0 < ∞ and −∞ < q0 < −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ 4m2

p
, re-

spectively, whereas the same for both the Landau cuts is

jq0j <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ ðm −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2eB

p
Þ2

q
[51–53].

As already discussed in Sec. II, for the evaluation of the
viscous coefficients, we only need the Landau cuts and the
spectral function becomes
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ρμναβðq0; q⃗ ¼ 0⃗Þ ¼ tanh

�
q0

2T

�
π
X∞
l¼0

X∞
n¼0

Z
d3k
ð2πÞ3

1

4ωklωkn
fafaðωklÞ þ afaðωknÞ þ 2faðωklÞfaðωknÞg

× fNμναβ
ln ðk0 ¼ −ωklÞδðq0 − ωkl þ ωknÞ þ Nμναβ

ln ðk0 ¼ ωklÞδðq0 þ ωkl − ωknÞg ð26Þ

¼ lim
Γ→0

tanh

�
q0

2T

�X∞
l¼0

X∞
n¼0

Z
d3k
ð2πÞ3

1

4ωklωkn
fafaðωklÞ þ afaðωknÞ þ 2faðωklÞfaðωknÞg

×

�
Nμναβ

ln ðk0 ¼ −ωklÞ
Γ

ðq0 − ωkl þ ωknÞ2 þ Γ2
þ Nμναβ

ln ðk0 ¼ ωklÞ
Γ

ðq0 þ ωkl − ωknÞ2 þ Γ2

�
; ð27Þ

where a Breit-Wigner representation of the Dirac delta function has again been used. Differentiating the above equation
with respect to q0 and taking limit q0 → 0, we finally obtain

Sμναβ ¼ lim
Γ→0

X∞
l¼0

X∞
n¼0

1

2T

Z
d3k
ð2πÞ3

1

4ωklωkn

Γ
ðωkl − ωknÞ2 þ Γ2

fafaðωklÞ þ afaðωknÞ þ 2faðωklÞfaðωknÞg

× ½Nμναβ
ln ðk; kÞjk0¼ωkl

þ Nμναβ
ln ðk; kÞjk0¼−ωkl

�; ð28Þ

where the simplified expressions of Nμναβ
ln;scalar;Diracðk; kÞ can be obtained from Eqs. (B13) and (B28) as

N μναβ
ln;scalarðk; kÞ ¼ 4Alnðk2⊥Þf4kμkνkαkβ − 2ðk2 −m2Þðgμνkαkβ þ gαβkμkνÞ þ ðk2 −m2Þ2gμνgαβg ð29Þ

and

N μναβ
ln;Diracðk; kÞ ¼ −16Blnðk2⊥Þ½kνkβð2kμ⊥kα⊥ − k2⊥gμαÞ − gμνkβk2⊥ðkα⊥ − kαkÞ − gαβkνk2⊥ðkμ⊥ − kμkÞ

þ gμνgαβk2⊥ðk2⊥ − k2k þm2Þ� − 2Clnðk2⊥Þ½kνkβf2kμkkαk − ðk2k −m2Þgμαk g − ðk2k −m2Þgμνkβkαk
− ðk2k −m2Þgαβkνkμk þ gμνgαβðk2k −m2Þ2� − 2Dlnðk2⊥Þðk2k −m2Þ½kνkβgμα⊥ − gμνkβkα⊥
− gαβkνkμ⊥ þ gμνgαβk2⊥� − 4Elnðk2⊥Þ½kνkβðkμkkα⊥ þ kμ⊥kαkÞ − gμνkβfðk2k −m2Þkα⊥ þ k2⊥kαkg
− gαβkνfðk2k −m2Þkμ⊥ þ k2⊥k

μ
kg þ 2gμνgαβk2⊥ðk2k −m2Þ� þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ; ð30Þ

respectively, in which the functions Alnðk2⊥Þ;Blnðk2⊥Þ;…; Elnðk2⊥Þ are defined in Eqs. (B14) and (B24)–(B27).

A few comments on the Lorentz structure of the
EMT spectral functions are in order here. In the current
work, we have considered only the symmetric part
of the EMT spectral function which is proportional to
the imaginary part of the retarded correlator. On the other
hand, the real part of the correlator contributing to the
antisymmetric piece of the spectral function has been
discarded. Another way of saying this is that, in
Eqs. (23) and (24), if the tensor N μναβ

ln contains terms like
iϵμα⊥ kνkβ, then Eq. (25) will in turn have additional terms
related to the real part of the Fourier-transformed correlator
[54]. In the current work, we did not get such antisym-
metric terms contributing to the viscous coefficients at one-
loop order.

IV. VISCOUS COEFFICIENTS FROM THE
SPECTRAL FUNCTION IN KUBO FORMALISM

Owing to the Kubo relation [37], the viscous coefficients
(shear and bulk) can be calculated from the spectral
functions of the EMT which have already been obtained
in Secs. II and III. We will first revisit the B ¼ 0 case
[38–42] before discussing the finite B calculations.
In the absence of an external magnetic field, the shear

viscosity (η) and bulk viscosity (ζ) are obtained from [38]

υ ¼ PðυÞ
μναβS

μναβ; υ ∈ fη; ζg; ð31Þ

where
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PðηÞ
μναβ ¼

1

10

�
Δσ

μΔ
ρ
ν −

1

3
ΔσρΔμν

��
ΔσαΔρβ −

1

3
ΔσρΔαβ

�
;

ð32Þ

PðζÞ
μναβ ¼

�
1

3
Δμν þ θuμuν

��
1

3
Δαβ þ θuαuβ

�
; ð33Þ

in which Δμν ¼ ðgμν − uμuνÞ, θ ¼ ð∂P∂εÞ, P is the pressure
and ε is the energy density of the system being considered.
Substituting Eq. (14) into Eq. (31), we obtain the viscous
coefficients at zero magnetic field as

υ ¼ 1

T

Z
d3k
ð2πÞ3

1

2ω2
kΓ

faðωkÞfaþ faðωkÞgN ðυÞðk⃗Þ;

υ ∈ fη; ζg; ð34Þ

where

N ðυÞðk⃗Þ¼1

2
PðυÞ

μναβfN μναβðk;kÞjk0¼ωk
þN μναβðk;kÞjk0¼−ωk

g:
ð35Þ

Substituting Eqs. (15), (16), (32) and (33) into Eq. (35)
and simplifying, we obtain

N ðηÞ
scalar ¼

4

15
k⃗4; N ðζÞ

scalar ¼
4

9
fm2þð3θ−1Þω2

kg2; ð36Þ

N ðηÞ
Dirac¼−

8

15
k⃗4; N ðζÞ

Dirac¼−
8

9
fm2þð3θ−1Þω2

kg2: ð37Þ

It is now easy to check that substitution of Eqs. (36) and
(37) into Eq. (34) yields the well-known expressions of the
shear and bulk viscosities for the system of scalar bosons
and system of Dirac fermions [38–42]:

ηscalar ¼
2

15T

Z
d3k
ð2πÞ3

k⃗4

ω2
kΓ

fðωkÞf1þ fðωkÞg; ð38Þ

ηDirac ¼
4

15T

Z
d3k
ð2πÞ3

k⃗4

ω2
kΓ

f̃ðωkÞf1 − f̃ðωkÞg; ð39Þ

ζscalar ¼
2

9T

Z
d3k
ð2πÞ3

1

ω2
kΓ

fm2 þ ð3θ − 1Þω2
kg2

× fðωkÞf1þ fðωkÞg; ð40Þ

ζDirac ¼
4

9T

Z
d3k
ð2πÞ3

1

ω2
kΓ

fm2 þ ð3θ − 1Þω2
kg2

× f̃ðωkÞf1 − f̃ðωkÞg: ð41Þ

The above expressions of shear and bulk viscosity for scalar
and Dirac system from the Kubo framework [38–42] are

exactly identical to the same obtained using the RTA in
kinetic theory formalism [43,44].
Let us now switch on the externalmagnetic field. Themain

difference between B ¼ 0 and B ≠ 0 pictures of shear and
bulk viscosity will start from their macroscopic definition,
where the viscosity coefficients have basically appeared as
the proportionality constants between thermodynamical
force tensors and gradient tensors. Unlike single gradient
tensors for η and ζ at B ¼ 0, one can get five (traceless) and
two (nonzero trace) independent gradient tensors, for which
five shear viscosity coefficients ηn (n ¼ 0, 1, 2, 3, 4) and two
bulk viscosity coefficients ζ⊥;k will be introduced in the
B ≠ 0 picture. As shown in Ref. [35] by Landau, in the
presence of an external magnetic field, there will be seven
viscous coefficients (in Landau’s notation, they are η, ζ, η1,
η2, η3, η4 and ζ1). The viscosity coefficients appear as the
expansion coefficients of the tensorial decomposition (in a
particular basis) of the viscous stress tensor. However, the
choice of the tensor basis to decompose the viscous stress
tensor is not unique. Apart from Ref. [35], in Refs. [36,55],
Huang et al.have constructed a different tensor basis and thus
obtained the seven viscosity coefficients (denoted as η0, η1,
η2, η3, η4, ζk and ζ⊥ in their notation). In a more recent work
[56], the authors have constructed amoregeneral tensor basis
and thus obtained seven independent transport coefficients
namely the two electrical resistivities (ρk and ρ⊥) and five
viscosities (ηk, η⊥, ζk, ζ⊥ and ζ× ¼ ζ0×). From a physical
point of view, it is understood that the viscous coefficients
defined in Refs. [35,36,55,56] must be interconnected and
they can be expressed in terms of one another. In the RTA-
based kinetic theory or moment methods, Refs. [6,8–12,17]
have used the tensor basis of Ref. [35] whereas Refs. [10,14]
have used the tensor basis of Refs. [36,55]. In this work,
we have used the tensor decomposition of Refs. [36,55] and
thus obtained the seven viscosity coefficients namely η0, η1,
η2, η3, η4, ζk and ζ⊥ using theKubo formalism. Exploring the
same with the tensor basis of Ref. [35] as well as Ref. [56]
might be a very interesting future project.
Let us start with connecting relations between viscous

coefficients υ and spectral function [36,55]:

υ ¼ −ξðυÞη0 þ PðυÞ
μναβS

μναβ;

υ ∈ fη0; η1; η2; η3; η4; ζ⊥; ζkg; ð42Þ

where

ξðυÞ ¼
8<
:

4=3 if υ ¼ η1;

1 if υ ¼ η2:

0 otherwise

and PðυÞ
μναβ are given by
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Pðη0Þ
μναβ ¼

1

4

�
Ξσ
μΞ

ρ
ν−

1

2
ΞσρΞμν

��
ΞσαΞρβ −

1

2
ΞσρΞαβ

�
; ð43Þ

Pðη1Þ
μναβ ¼ 2ðbμbν − θuμuνÞ

�
1

2
Ξαβ þ ðθ þ ϕÞuαuβ

�
; ð44Þ

Pðη2Þ
μναβ ¼ −

1

2
Ξσ
μbνΞσαbα; ð45Þ

Pðη3Þ
μναβ ¼ −

1

8

�
Ξσ
μΞ

ρ
ν −

1

2
ΞσρΞμν

�
bλσ

�
ΞλαΞρβ −

1

2
ΞλρΞαβ

�
;

ð46Þ

Pðη4Þ
μναβ ¼

1

2
bρσΞ

ρ
μbνΞσ

αbβ; ð47Þ

Pðζ⊥Þ
μναβ ¼

1

3
ðΔμν þ ð3θþ 2ϕÞuμuνÞ

�
1

2
Ξαβ þ ðθþ ϕÞuαuβ

�
;

ð48Þ

P
ðζkÞ
μναβ ¼ −

1

3
ðΔμν þ ðθ þ 2ϕÞuμuνÞðbαbβ − θuαuβÞ; ð49Þ

where bμ ¼ 1
2B ε

μναβFναuβ, Fμν ¼ ð∂μAν
ext − ∂νAμ

extÞ is the
electromagnetic field strength tensor, bμν ¼ εμναβbαuβ, and
Ξμν ¼ Δμν þ bμbν with the convention of the Levi-Civita
tensor ε0123 ¼ 1. In the local rest frame (LRF), bμLRF ≡
ð0; 0; 0; 1Þ. In Eqs. (43)–(49), the thermodynamic quan-
tities θ ¼ ð∂P∂εÞB and ϕ ¼ −Bð∂M∂ε ÞB in which M is the
magnetization of the medium.
Substituting Eq. (28) into Eq. (42), we obtain the viscous

coefficients in the presence of a constant external magnetic
field as

υ ¼ ξðυÞη0 þ
X∞
l¼0

X∞
n¼0

1

T

Z
d3k
ð2πÞ3

1

4ωklωkn

Γ
ðωkl − ωknÞ2 þ Γ2

fafaðωklÞ þ afaðωknÞ þ 2faðωklÞfaðωknÞgN ðυÞ
ln ðk⃗Þ; ð50Þ

where

N ðυÞ
ln ðk⃗Þ ¼

1

2
PðυÞ

μναβfN μναβ
ln ðk; kÞjk0¼ωkl

þN μναβ
ln ðk; kÞjk0¼−ωkl

g: ð51Þ

Substitution of Eqs. (29), (30), and (43)–(49) into Eq. (51) yields after bit simplifications the following final expressions
of N ðυÞ

ln ðk⃗Þ:

N ðη0Þ
ln;scalarðk⃗Þ ¼ 2Alnðk2⊥Þk4⊥; ð52Þ

N ðη1Þ
ln;scalarðk⃗Þ ¼ −8Alnðk2⊥Þfð1 − θÞω2

kl þ ð1þ θÞk2⊥ þ ð1 − θÞk2z − ð1þ θÞm2g
× fð1 − θ − ϕÞω2

kl þ ðθ þ ϕÞk2⊥ − ð1þ θ þ ϕÞðk2z þm2Þg; ð53Þ

N ðη2Þ
ln;scalarðk⃗Þ ¼ −8Alnðk2⊥Þk2⊥k2z ; ð54Þ

N ðη3Þ
ln;scalarðk⃗Þ ¼ N ðη4Þ

ln;scalarðk⃗Þ ¼ 0; ð55Þ

N ðζ⊥Þ
ln;scalarðk⃗Þ ¼

4

3
Alnðk2⊥Þfð1 − θ − ϕÞω2

kl þ ðθ þ ϕÞk2⊥ − ð1þ θ þ ϕÞðk2z þm2Þg
× fð3 − 3θ − 2ϕÞω2

kl þ ð1þ 3θ þ 2ϕÞk2⊥ − ð1þ 3θ þ 2ϕÞk2z − ð3þ 3θ þ 2ϕÞm2g; ð56Þ

N
ðζkÞ
ln;scalarðk⃗Þ ¼

4

3
Alnðk2⊥Þfð1 − θÞω2

kl þ ð1þ θÞk2⊥ þ ð1 − θÞk2z − ð1þ θÞm2g
× fð3 − 3θ − 2ϕÞω2

kl þ ð1þ 3θ þ 2ϕÞk2⊥ − ð1þ 3θ þ 2ϕÞk2z − ð3þ 3θ þ 2ϕÞm2g; ð57Þ

N ðη0Þ
ln;Diracðk⃗Þ ¼ 2Dlnðk2⊥Þk2⊥ð−ω2

kl þ k2z þm2Þ; ð58Þ

SNIGDHA GHOSH and SABYASACHI GHOSH PHYS. REV. D 103, 096015 (2021)

096015-8



N ðη1Þ
ln;Diracðk⃗Þ ¼ 8½8Blnðk2⊥Þk2⊥f−2ω2

kl þ ð1þ θÞð1þ 2θ þ 2ϕÞk2⊥ þ 2θð1þ θ þ ϕÞk2z þ 2ð1þ θÞð1þ θ þ ϕÞm2g
þ 2Clnðk2⊥Þfω4

kl þ θð1þ θ þ ϕÞk4z þ ð1þ θÞð1þ θ þ ϕÞm4 − ð1þ 3θ þ 2ϕ − θϕ − θ2Þω2
klk

2
z

þ ð1þ 2θÞð1þ θ þ ϕÞk2zm2 − ð2þ 2θ þ ϕ − θϕ − θ2Þω2
klm

2g
þDlnðk2⊥Þk2⊥ð1þ θÞð1þ 2θ þ 2ϕÞðω2

kl − k2z −m2Þ
þ 2Elnðk2⊥Þk2⊥fð3þ 4θ þ 2ϕÞω2

kl − k2zð2þ 5θ þ 2ϕþ 4θϕþ 4θ2Þ − ð1þ θÞð3þ 4θ þ 4ϕÞm2g�; ð59Þ

N ðη2Þ
ln;Diracðk⃗Þ ¼ 8Blnðk2⊥Þk4⊥ þ Clnðk2⊥Þk2⊥ðω2

kl þ k2z −m2Þ þ 2Dlnðk2⊥Þk2zðω2
kl − k2z −m2Þ þ 4Elnðk2⊥Þk2⊥k2z ; ð60Þ

N ðη3Þ
ln;Diracðk⃗Þ ¼ N ðη4Þ

ln;Diracðk⃗Þ ¼ 0; ð61Þ

N ðζ⊥Þ
ln;Diracðk⃗Þ ¼

4

3
½8Blnðk2⊥Þk2⊥f6ω2

kl − ð1þ 2θþ 2ϕÞð2þ 3θþ 2ϕÞk2⊥ − 2ð1þ θþ ϕÞð2þ 3θþ 2ϕÞk2z
− 2ð1þ θþϕþ 1Þð3þ 3θþ 2ϕÞm2gþ 2Clnðk2⊥Þf−3ω4

kl − ð1þ θþϕÞð2þ 3θþ 2ϕÞk4z
− ð1þ θþ ϕÞð3þ 3θþ 2ϕÞm4 þ ð5þ 7θþ 6ϕ− 3θ2 − 5θϕ− 2ϕ2Þω2

klk
2
z − ð1þ θþ ϕÞð5þ 6θþ 4ϕÞk2zm2

þ ð6þ 6θþ 5ϕ− 3θ2 − 5θϕ− 2ϕ2Þω2
klm

2gþDlnðk2⊥Þk2⊥ð1þ 2θþ 2ϕÞð2þ 3θþ 2ϕÞð−ω2
kl þ k2z þm2Þ

þ 2Elnðk2⊥Þk2⊥f−ω2
klð7þ 12θþ 10ϕÞ þ ð2þ 3θþ 2ϕÞð3þ 4θþ 4ϕÞk2z

þ ð7þ 19θþ 16ϕþ 12θ2 þ 20θϕþ 8ϕ2Þm2g�; ð62Þ

N
ðζkÞ
ln;Diracðk⃗Þ ¼

8

3
½8Blnðk2⊥Þk2⊥f3ω2

kl − ð1þ θÞð2þ 3θ þ 2ϕÞk2⊥ − θð2þ 3θ þ 2ϕÞk2z − ð1þ θÞð3þ 3θ þ 2ϕÞm2g
− Clnðk2⊥Þf3ω4

kl þ θð2þ 3θ þ 2ϕÞk4z þ ð1þ θÞð3þ 3θ þ 2ϕÞm4 − ω2
klk

2
zð1þ 10θ þ 4ϕ − 3θ2 − 2θϕÞ

þ ð1þ 8θ þ 2ϕþ 6θ2 þ 4θϕÞk2zm2 − ð6þ 6θ þ 2ϕ − 3θ2 − 2θϕÞω2
klm

2g
þDlnðk2⊥Þk2⊥ð1þ θÞð2þ 3θ þ 2ϕÞð−ω2

kl þ k2z þm2Þ
þ 2Elnðk2⊥Þk2⊥f−ω2

klð5þ 6θ þ 2ϕÞ þ ð1þ 2θÞð2þ 3θ þ 2ϕÞk2z þ ð1þ θÞð5þ 6θ þ 4ϕÞm2g�: ð63Þ

During our entire calculation, Γ is introduced as a parameter, although it can be calculated microscopically from the
interaction Lagrangian of a particular system and one can get it as temperature (T), magnetic field (B) and momentum
k⃗-dependent function. By taking the appropriate momentum average one can get momentum-independent Γ and take
outside the d2k⊥ integral of Eq. (50). So, considering Γ as constant or independent of k⊥, the d2k⊥ integral of Eq. (50) can
be analytically performed and we get the following simplified expressions of the viscous coefficients in the presence of a
constant external magnetic field:

υ ¼ ξðυÞη0 þ
X∞
l¼0

X∞
n¼0

1

T

Z
∞

−∞

dkz
ð2πÞ

1

4ωklωkn

Γ
ðωkl − ωknÞ2 þ Γ2

fafaðωklÞ þ afaðωknÞ þ 2faðωklÞfaðωknÞgÑ ðυÞ
ln ðkzÞ; ð64Þ

where

Ñ ðυÞ
ln ðkzÞ ¼

Z
d2k⊥
ð2πÞ2 N

ðυÞ
ln ðk⃗Þ: ð65Þ

Substituting Eqs. (52)–(63) into Eq. (65), we obtain

Ñ ðη0Þ
ln;scalarðk⃗Þ ¼ 2Að4Þ

ln ; ð66Þ
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Ñ ðη1Þ
ln;scalarðk⃗Þ ¼ 8½Að0Þ

ln fð1 − θÞðω2
kl þ k2zÞ − ð1þ θÞm2gf−ð1 − θ − ϕÞω2

kl þ ð1þ θ þ ϕÞðk2z þm2Þg
þAð2Þ

ln f−ð1þ θ − 2θ2 − 2θϕÞω2
klð1þ θ þ 2θ2 þ 2θϕÞk2z þ ð1þ θ þ 1Þð1þ 2θ þ 2ϕÞm2g

−Að4Þ
ln ð1þ θÞðθ þ ϕÞ�; ð67Þ

Ñ ðη2Þ
ln;scalarðk⃗Þ ¼ −8Að2Þ

ln k2z ; ð68Þ

Ñ ðη3Þ
ln;scalarðk⃗Þ ¼ Ñ ðη4Þ

ln;scalarðk⃗Þ ¼ 0; ð69Þ

Ñ ðζ⊥Þ
ln;scalarðk⃗Þ ¼

1

3
½4Að0Þ

ln fð1− θ−ϕÞω2
kl − ð1þ θþϕÞðk2z þm2Þgfð3− 3θ− 2ϕÞω2

kl − ð1þ 3θþ 2ϕÞk2z − ð3þ 3θþ 2ϕÞm2g

þAð2Þ
ln f4ð1þ 10θþ 4ϕ− 6θ2 − 10θϕ− 4ϕ2Þω2

kl − 4ð1þ 2θþ 2ϕÞð1þ 3θþ 2ϕÞk2z
− 4ð1þ 7θþ 6ϕþ 6θ2 þ 10θϕþ 4ϕ2Þm2gþ 4Að4Þ

ln ðθþϕÞð1þ 3θþ 2ϕÞ�; ð70Þ

Ñ
ðζkÞ
ln;scalarðk⃗Þ ¼

4

3
½Að0Þ

ln fð1 − θÞðω2
kl þ k2zÞ − ð1þ θ1Þm2gfð3 − 3θ − 2ϕÞω2

kl − ð1þ 3θ þ 2ϕÞk2z − ð3þ 3θ þ 2ϕÞm2g

þ 2Að2Þ
ln fð2þ θ − 3θ2 − 2θϕÞω2

kl − θð1þ 3θ þ 2ϕÞk2z − ð1þ θÞð2þ 3θ þ 2ϕÞm2g
þAð4Þ

ln ð1þ θÞð1þ 3θ þ 2ϕÞ�; ð71Þ

Ñ ðη0Þ
ln;Diracðk⃗Þ ¼ −2Dð2Þ

ln ðω2
kl − k2z −m2Þ; ð72Þ

Ñ ðη1Þ
ln;Diracðk⃗Þ ¼ 8½16Bð2Þ

ln f−ω2
kl þ θð1þ θþ ϕÞk2z þ ð1þ θÞð1þ θþ ϕÞm2g þ 8Bð4Þ

ln ð1þ θÞð1þ 2θþ 2ϕÞ
þ 2Cð0Þln fω4

kl þ θð1þ θþ ϕÞk4z þ ð1þ θÞð1þ θþ ϕÞm4 − ð1þ 3θþ 2ϕ− θ2 − θϕÞω2
klk

2
z

þ ð1þ 2θÞð1þ θþ ϕÞk2zm2 − ð2þ 2θþ ϕ− θ2 − θϕÞω2
klm

2g þDð2Þ
ln ð1þ θÞð1þ 2θþ 2ϕÞðω2

kl − k2z −m2Þ
þ 2Eð2Þ

ln fð3þ 4θþ 2ϕÞω2
kl − ð2þ 5θþ 2ϕþ 4θ2 þ 4θϕÞk2z − ð1þ θÞð3þ 4θþ 4ϕÞm2g�; ð73Þ

Ñ ðη2Þ
ln;Diracðk⃗Þ ¼ 8Bð4Þ

ln þ Cð2Þln ðω2
kl þ k2z −m2Þ þ 2Dð0Þ

ln k
2
zðω2

kl − k2z −m2Þ þ 4Eð2Þ
ln k

2
z ; ð74Þ

Ñ ðη3Þ
ln;Diracðk⃗Þ ¼ Ñ ðη4Þ

ln;Diracðk⃗Þ ¼ 0; ð75Þ

Ñ ðζ⊥Þ
ln;Diracðk⃗Þ ¼

4

3
½16Bð2Þ

ln f3ω2
kl − ð2þ 5θ þ 4ϕþ 3θ2 þ 5θϕþ 2ϕ2Þk2z − ð3þ 6θ þ 5ϕþ 3θ2 þ 5θϕþ 2ϕ2Þm2g

− 8Bð4Þ
ln ð2þ 7θ þ 6ϕþ 6θ2 þ 10θϕþ 4ϕ2Þ − 2Cð0Þln f3ω4

kl þ ð2þ 5θ þ 4ϕþ 3θ2 þ 5θϕþ 2ϕ2Þk4z
þ ð3þ 6θ þ 5ϕþ 3θ2 þ 5θϕþ 2ϕ2Þm4 − ð5þ 7θ þ 6ϕ − 3θ2 − 5θϕ − 2ϕ2Þω2

klk
2
z

þ ð5þ 11θ þ 9ϕþ 6θ2 þ 10θϕþ 4ϕ2Þk2zm2 − ð6þ 6θ þ 5ϕ − 3θ2 − 5θϕ − 2ϕ2Þω2
klm

2g
−Dð2Þ

ln ð2þ 7θ þ 6ϕþ 6θ2 þ 10θϕþ 4ϕ2Þðω2
kl − k2z −m2Þ − 2Eð2Þ

ln fω2
klð7þ 12θ þ 10ϕÞ

− ð6þ 17θ þ 14ϕþ 12θ2 þ 20θϕþ 8ϕ2Þk2z −m2ð7þ 19θ þ 16ϕþ 12θ2 þ 20θϕþ 8ϕ2Þg�; ð76Þ

Ñ
ðζkÞ
ln;Diracðk⃗Þ¼

8

3
½8Bð2Þ

ln f3ω2
kl−θð2þ3θþ2ϕÞk2z − ð1þθÞð3þ3θþ2ϕÞm2g−8Bð4Þ

ln ð1þθÞð2þ3θþ2ϕÞ

−Cð0Þln f3ω4
klþθð2þ3θþ2ϕÞk4z þð1þθÞð3þ3θþ2ϕÞm4− ð1þ10θþ4ϕ−3θ2−2θϕÞω2

klk
2
z

þð1þ8θþ2ϕþ6θ2þ4θϕÞk2zm2− ð6þ6θþ2ϕ−3θ2−2θϕÞω2
klm

2g−Dð2Þ
ln ð1þθÞð2þ3θþ2ϕÞ

× ðω2
kl−k2z −m2Þ−2Eð2Þ

ln fð5þ6θþ2ϕÞω2
kl− ð1þ2θÞð2þ3θþ2ϕÞk2z − ð1þθÞð5þ6θþ4ϕÞm2g�; ð77Þ

where
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AðjÞ
ln ¼

Z
d2k⊥
ð2πÞ2Alnðk2⊥Þðk2⊥Þj=2; ð78Þ

BðjÞ
ln ¼

Z
d2k⊥
ð2πÞ2 Blnðk2⊥Þðk2⊥Þj=2; ð79Þ

CðjÞln ¼
Z

d2k⊥
ð2πÞ2 Clnðk

2⊥Þðk2⊥Þj=2; ð80Þ

DðjÞ
ln ¼

Z
d2k⊥
ð2πÞ2Dlnðk2⊥Þðk2⊥Þj=2; ð81Þ

EðjÞ
ln ¼

Z
d2k⊥
ð2πÞ2 Elnðk2⊥Þðk2⊥Þj=2: ð82Þ

Exploiting the orthogonality of the Laguerre polynomials
present in the functions Alnðk2⊥Þ;Blnðk2⊥Þ;…; Elnðk2⊥Þ, the
d2k⊥ integrals of Eqs. (78)–(82) are now performed and the

analytic expressions of the quantities AðjÞ
ln ;B

ðjÞ
ln ;…; EðjÞ

ln are
listed in Appendix C.

V. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we will try to explore the numerical
outcomes of shear and bulk viscosity components; mainly,
their temperature and magnetic-field-dependent curves will
be our matter of interest. To show numerical results of the
viscosities, we have chosen systems consisting of massless
particles for simplicity, although the final expressions for
the viscous coefficients in Eqs. (64)–(77) are valid for
massive particles as well. We have also performed a proper
numerical consistency check for ensuring the correctness of
the analytical expressions as well as the numerical codes as
follows: we have taken the numerical limit B → 0 of the
viscous coefficients in the presence of a magnetic field
[Eq. (64)] and found that, for sufficiently small values of B,
η0 → η, η1 → 0, η2 → 0, ζ⊥ → ζ and ζk → ζ, where η and ζ
are, respectively, the shear and bulk viscosities in the
absence of the external magnetic field obtained from
Eqs. (38)–(41). This consistency implies that, for suffi-
ciently small values of B, a large number of Landau levels
contribute to υ in Eq. (64) (the Landau levels become
infinitesimally close to each other reaching the continuum),
which in turn numerically reproduce the exact continuum
results of Eqs. (38)–(41), though it is nontrivial to take an
analytic B → 0 limit of Eq. (64). For all the numerical
results shown in this section, we have considered up to
10 000 Landau levels.
Figure 2 shows the temperature and magnetic field

dependence of η0 for the two different systems consisting
of spin-0 scalar bosons and spin-1

2
Dirac fermions.

Figures 2(a) and 2(c) depict the variation of the dimension-
less quantity η0=T3 as a function of temperature for
different values of magnetic field whereas Figs. 2(b)

and 2(d) show the variation of η0=T3 as a function of
magnetic field for different values of temperature. To
understand the change in the values of viscosity compo-
nents due to the magnetic field, we have first estimated
viscosities at B ¼ 0. Using Eqs. (38) and (39), the shear
viscosity η of scalar and Dirac fluids at B ¼ 0 are estimated
and they are plotted in Fig. 2 with solid red lines. With
respect to the B ¼ 0 curves, we can get a comparative
measurement on the values of the η0 component. For the
scalar fluid, η0 decreases with B and increases with T. One
can identify the opposite roles of T and B on transport
coefficients, which is also noticed in RTA of kinetic theory
approaches [10,14]. Physically, we can also comprehend
that temperature is the measurement of randomness, while
the magnetic field aligns the system. So their thermody-
namical roles on the system are expected to be quite
opposite in nature.
A detail quantitative understanding for T and B depend-

ence of η0 seems to be a very cumbersome task (as the
analytical expressions are very complicated), but we can try
to relate it with its RTA expression [10,14]

η0 ¼ ηA0 with A0 ¼
1

1þ 4ðτcτBÞ2
; ð83Þ

where the expression of η will be same as given in Eqs. (38)
and (39), τc ¼ 1=Γ is basically the relaxation time or
inverse of the thermal width, and τB ¼ ωav

eB is the inverse
of synchrotron frequency. Now in the quantum mechanical
picture, the energy difference between the two Landau
levels Δω ¼ ðωkl − ωknÞ might be associated to the syn-
chrotron frequency; i.e., we can grossly write Δω ≈ 1=τB.
Using this connection in Eq. (64), one can identify the term
of effective relaxation time:

Γ
ðωkl − ωknÞ2 þ Γ2

≈ τc
1

1þ ðτcτBÞ2
≈ τcA0: ð84Þ

In the massless limit, τB ≈ 3T
eB [10], so the dominant

B-dependent anisotropic factor

A0ðT; BÞ ≈
�
1þ

�
2τceB
3T

�
2
	
−1

ð85Þ

will mainly control the T and B dependence of η0. One can
find that A0 decreases with B and increases with T, which is
mostly reflected on η0ðT; BÞ. Apart from the anisotropic
factor A0, η0 contains the additional B dependence via the
quantized energy relation in the other part of the integrand
of Eq. (64). The other part of the integrand mainly contains
ÑlnðωÞ as well as the thermal distribution function fðωÞ,
which is not much influential for scalar fluid. Therefore, B
and T dependence of η0 almost follows the same trend as
observed in A0ðT; BÞ.
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For the Dirac fluid, a similar trend for η0 is observed at
the lower values of magnetic field and high-temperature
regions. However, we notice nonmonotonic behavior of η0
at higher values of the external magnetic field. This is
probably due to the nontrivial spin structure contained in
ÑlnðωÞ for the Dirac case and is mainly responsible for this
nonmonotonic behavior.
Since the Ñln’s corresponding to the other viscous

coefficients also carry the magnetothermodynamical
quantities θ ¼ ð∂P∂εÞB and ϕ ¼ −Bð∂M∂ε ÞB, their temperature
and magnetic field dependence are separately plotted in
Figs. 3 and 4. Their detail calculations are provided in
AppendixD. Figures 3(a) and 2(c) depict the variation of the
θ as a function of temperature whereas Figs. 3(b) and 3(d)
show the variation of θ as a function of magnetic field.
We first note that, at B ¼ 0, θ is nothing but the squared

speed of sound (c2s) of the medium, which is 1
3
in the

massless case as clearly shown in Figs. 3(a) and 3(c) by
solid red horizontal lines. However, at B ≠ 0, the quantity
θ ¼ ð∂P∂εÞB is not equal to the speed of sound of the medium
since the speed of sound is most generally defined as
c2s ¼ ð∂P∂εÞs ≠ θ, where s is the entropy of the medium [57].
At nonzero magnetic field, we find θ to increase (decrease)
monotonically with the increase in temperature for the

scalar (Dirac) fluid, whereas for the scalar (Dirac) fluid, θ
decreases (increases) with the increases in magnetic field.
Thus, we observe completely opposite behaviors for the
scalar and Dirac fluid in the T and B dependence of θ,
though, in all the cases, at high temperature, θ asymptoti-
cally approach the corresponding B ¼ 0 curves.
In Figs. 4(a) and 4(c), we have shown the variation of

the ϕ as a function of temperature whereas in Figs. 4(b) and
4(d), the variation of ϕ as a function of magnetic field has
been shown. We first note that, at vanishing magnetic field,
ϕ becomes zero as it is related to the magnetization of the
system. We also notice that ϕ decreases (increases) mono-
tonically with the increase in temperature for the scalar
(Dirac) fluid, whereas it increases (decreases) with the
increases in magnetic field. Thus, similar to θ, here also we
observe completely opposite roles of temperature and
magnetic field. Interestingly, we get ϕ > 0 for scalar and
ϕ < 0 for Dirac systems. Like θ, in all the cases, at high
temperature, ϕ also asymptotically approach the corre-
sponding B ¼ 0 curves.
Next, let us come to the corresponding temperature and

magnetic field profiles for the other shear viscosity com-
ponents η1 and η2. They are shown, respectively, in Figs. 5
and 6. Unlike η0, these components are purely magnetically
induced components as they are completely disappeared at
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B ¼ 0, while η0 at B ¼ 0 becomes exactly equal to the η. In
RTA of kinetic theory framework [10,14], one can find a
proportional relation η1;2 ∝ ðτc=τBÞ2, which is missing for
η0. Therefore, at B → 0 or τB → ∞, one gets η1;2 → 0 in
RTA, whereas, in the Kubo expressions, this imposition is
taken care of by the rich structure contained in Ñln’s of
Eq. (64) when the continuum limits (B → 0) are considered.
Figures 5(a) and 5(c) depict the variation of the dimen-

sionless quantity η1=T3 as a function of temperature for
different values ofmagnetic fieldwhereas Figs. 5(b) and 5(d)
show thevariation of η1=T3 as a functionofmagnetic field for
different values of temperature. For the scalar (Dirac) case,
η1=T3 increases (decrease) monotonically with the increase
in temperature and it decreases (increases) with the increase
in magnetic field, though at high magnetic field region slight
nonmonotonicity is observed. We also notice that η1 is
negative for the scalar fluid and it might not be correct to
consider the absolute values of the viscosity component;
rather the positive or negative sign should be considered as
the direction of magnetically induced shear flow. The
completely opposite behavior of the temperature and mag-
netic field dependence of η1=T3 of the scalar and Dirac fluid
can be attributed to several factors; for example the different
spin structures contained in ÑlnðωÞ’s as well as the opposite
thermomagnetic behavior of θ and ϕ. In all the cases, at high

temperature, η1 is seen to approach zero which is due to the
increase in random thermal motions in the system trying to
destroy the magnetic orientations.
Next, Figs. 6(a) and 6(c) show the variation of the

dimensionless quantity η2=T3 as a function of temperature
whereas Figs. 6(b) and 6(d) show the variation of η2=T3 as a
function of magnetic field. We observe that η2=T3 increases
monotonically with the increase in temperature, whereas a
nonmonotonic behavior is noticed in its magnetic field
dependence. Like η1, η2 is also varying from positive to
negative values at different T and B ranges, which should
again be considered as the direction of the magnetically
induced shear flows.
Since the other shear viscosity components η3 and η4 are

coming zero in quantum field theory calculations because
of the antisymmetric structure, we have not plotted them.
The same vanishing values are realized in the ADS/CFT
direction [58,59]. However, in the RTA of kinetic-theory-
based calculations [10,14], one might expect their nonzero
values at nonzero chemical potential of the fluid, where
particle and antiparticle density becomes different. These
two coefficients in kinetic theory framework are realized as
the Hall viscosities, which of course are vanished at zero
chemical potential, i.e., when particle and antiparticle
densities are the same; but they should be finite at nonzero
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with relaxation time τc ¼ 1=Γ ¼ 1 fm.
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values of the chemical potential. For the Kubo or the field
theoretical expressions, it seems that there is no possibility
of getting nonzero Hall viscosity even at finite chemical
potential as their vanishing contributions are coming from
the antisymmetric nature of vertex factors ÑlnðωÞ. We have
not found any discussion on it in any earlier references (of
course based on our searching) and we are unable to resolve
this discrepancy, which should get kind attention from the
community.
Now, let us turn our attention to the bulk viscosity

coefficients ζ⊥ and ζk whose temperature and magnetic
field dependence are shown in Figs. 7 and 8, respectively.
Before going to finite B cases, let us recapitulate our earlier
knowledge of bulk viscosity at B ¼ 0. The expressions of ζ
at B ¼ 0 for the scalar and Dirac system are given in
Eqs. (40) and (41), respectively, from which we see that
ζ ∝ ð3θ − 1Þ in the massless limit (m ¼ 0). As already
discussed, in the massless limit, θ ¼ 1

3
for B ¼ 0 and

therefore one gets zero bulk viscosity although the shear
viscosity is not necessary to be zero. At the high temper-
ature, QCD behaves like a massless and conformal-type
theory, where we can get ζ ¼ 0. However, in the low and
intermediate values of temperature, QCD will exhibit its
nonconformal nature, which can be measured through the
nonvanishing profile of ζðTÞ. If we take guidance from the

lattice QCD calculations [60] (see references therein), then
a clear deviation of θ from 1

3
will be noticed and a nonzero

interaction measure Tμ
μ ¼ ðε − 3PÞ of QCD thermodynam-

ics will also be observed in the low and intermediate
temperature domains. We can understand that the trace of
the ideal part of the EMT is interaction measure of QCD
thermodynamics; similarly the dissipation part of the EMT
is basically linked with the bulk viscosity. Nonzero values
of both expose the nonconformal nature of the QCD
system [61,62].
Here, we will not go through any particular system like

QCD but rather will consider general relativistic scalar and
Dirac fluids. And in the numerical point of view, we have
focused on massless limits, from where we can get an idea
of extreme relativistic boundaries of the different quantities.
The bulk viscosity, which is zero in the massless limit of
B ¼ 0 case, might not remain the same at finite B case; one
immediate reason is that θ deviates from 1=3 when we
switch on the magnetic field; therefore, a nonzero bulk
viscosity is expected even in the massless limit. Even if one
puts θ ¼ 1

3
in Eq. (64) by hand for the massless system, the

bulk viscosity components will still not be vanished due to
the presence of other terms in ÑlnðωÞ. So, it means that an
additional nonconformal picture is growing at the finite
magnetic field case, which is entering not only through the
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θðT; BÞ but also some other B-dependent terms in ÑlnðωÞ.
Hence, we can say that massless relativistic matter in the
presence of a magnetic field can have nonzero bulk
viscosity, which corresponds to its nonconformal nature
(irrespective of the system like QED or QCD plasma). The
phenomenon might be a little mild at high T and low B
domain but quite prominent at low T and high B zone,
which is known to be the quantum zone. This might be
considered as a pure quantum field theoretical phenomenon
due to the field quantization picture.
In Figs. 7(a) and 7(c), we depict the variation of the

dimensionless quantity ζ⊥=T3 as a function of temperature
for different values of magnetic field whereas in Figs. 7(b)
and 7(d), we show the variation of ζ⊥=T3 as a function of
magnetic field for different values of temperature. For the
scalar fluid, ζ⊥=T3 weakly depends on the temperature and
the dependence is quite nonmonotonic. On the other hand,
for the Dirac fluid, ζ⊥=T3 increases monotonically with the
increase in temperature, whereas with the increase in
magnetic field, ζ⊥=T3 increases (decreases) for the scalar
(Dirac) cases; though a slight nonmonotonic behaviour is
seen at the high temperature region. Like η1 and η2, we can
see positive and negative directional shifts of the values of
ζ⊥ from zero corresponding to the direction of magnetically
induced bulk flows.

Finally, Figs. 8(a) and 8(c) depict the corresponding
variation of the dimensionless quantity ζk=T3 as a function
of temperature whereas Figs. 8(b) and 8(d) show the
variation of ζk=T3 as a function of magnetic field. Like
ζ⊥, for the scalar fluid, ζk=T3 depends weakly on the
temperature and the dependence is nonmonotonic in nature.
For the Dirac fluid, ζ⊥=T3 increases monotonically with
the increase in temperature. With the increase in magnetic
field, ζk=T3 is seen to increase (decrease) for the scalar
(Dirac) cases. The positive and negative directional shifts of
the values of ζk from zero again correspond to the direction
of magnetically induced bulk flows.
Comparing Figs. 7 and 8, one can see the difference

between parallel and perpendicular components of bulk
viscosity, i.e., ζk ≠ ζ⊥ and the difference completely
disappeared at B ¼ 0, where we can get the relation
ζk ¼ ζ⊥ ¼ ζ ¼ 0. This fact reflects the transition from
isotropic dissipation at B ¼ 0 to anisotropic dissipation at
B ≠ 0. Though a detailed analysis of differences between
scalar and Dirac system for ζ⊥=T3 and ζk=T3 is not quite an
easy task as their analytic expressions are quite compli-
cated, main resources are hidden in ÑlnðωÞ and the thermal
distribution functions. Also, the opposite thermomagnetic
behaviors of θ and ϕ might have a role for getting different
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temperature and magnetic field dependence of ζ⊥ and ζk of
the scalar and Dirac fluids.

VI. SUMMARY AND CONCLUSION

In summary, we have performed a detailed calculation of
the one-loop Kubo expressions of the five shear viscosity
components and the two bulk viscosity components in the
presence of an arbitrary background magnetic field B,
where a general form of the thermomagnetic propagators
are used based on the real time formalism of finite
temperature field theory and the Schwinger proper time
formalism. For this, we have taken two different systems—
(i) system of charged scalar bosons (spin 0) and (ii) system
of charged Dirac fermions (spin 1

2
)—and have calculated

the corresponding thermomagnetic spectral functions of the
EMTs which is the imaginary part of the Fourier transform
of the local EMT-EMT two-point correlator. Then viscous
coefficients are estimated from these thermomagnetic
spectral functions using the Kubo relations in the covariant
tensor basis of Ref. [36].
In the absence of a magnetic field, it is quite standard that

the one-loop Kubo expressions [38–42] of shear and bulk
viscosity are exactly identical to the expression from the
RTA of kinetic theory approach [43,44], when we identify

the inverse relation (Γ ¼ 1=τc) between thermal width Γ
introduced in the propagators of Kubo method and the
relaxation time τc in RTA method. However, in the
presence of a magnetic field, this exact equality between
the Kubo and RTA expressions has not been found as
explored in present work. Recently, Refs. [6,8–12,14,17]
have provided the RTA-based kinetic theory expression of
the relativistic matter at finite magnetic field; of which
Refs. [8,10–12,14,17] consider a general value of B and
Refs. [6,9] make a strong magnetic field approximation. In
these calculations, five shear viscosity components and two
bulk viscosity components become different in magnitude
due to their B-dependent anisotropic factor, made by the
two timescales: relaxation time τc and the inverse of
synchrotron frequency τB ∝ 1=B, where B actually enters.
If we compare those RTA expressions of viscosity compo-
nents with the corresponding Kubo expressions, obtained
in the present work, then one can find a rich magnetic-field-
dependent structure, which probably reflects quantum field
theoretical effects on viscosity expressions. One may think
that a straightforward extension of Landau quantization of
the RTA-based kinetic theory expression might be equal to
our Kubo expressions, but this is not the case as the present
work reveals; we have identified a rich vertex structure and
an alternative entry of τB as an inverse of the difference
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between Landau quantized energies. Just like we realize the
time period (τ) of radiation as the transition between
the two energy levels in the hydrogen atom problem
(τ−1 ¼ ν ¼ ΔE), here we can think of τB as the character-
istic timescale for the transition between the two Landau
levels and thus τB may be considered as the inverse of the
energy difference of two Landau levels δωln.
Although the qualitative magnetic-field-dependent

trends of RTA and Kubo expressions of viscosity compo-
nents are quite similar, which can also be checked by
recovering their isotropic picture, when one imposes the
B → 0 limit. Among the five components of shear viscosity
ηn (n ¼ 0, 1, 2, 3, 4), η1;2;3;4 components are completely
originated due to the magnetic field and, therefore, they are
disappeared in the B → 0 limit, whereas η0 only survives
and merges with the isotropic value η, present at the B ¼ 0
picture. For the bulk viscosity components, isotropic value
ζ at B ¼ 0 is split into two components along the parallel
(ζk) and the perpendicular (ζ⊥) direction with respect to the
direction of the magnetic field, whose merging to the
isotropic value is verified by imposing the numerical B → 0

limit. The qualitative magnetic-field-dependent structure of
the RTA and Kubo expressions is more or less same but we
believe that the Kubo expressions proposed here are
carrying a rich quantum field theoretical structure, which
is probably missing in existing RTA expressions.
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APPENDIX A: CALCULATION
OF THE EMT CORRELATORS

In this appendix, we will sketch the calculation of the
two-point correlation functions hT CTμνðxÞTαβðyÞi11 for
both the complex scalar and charged Dirac fields. Using
Eq. (5), we have

hT CT
μν
scalarðxÞTαβ

scalarðyÞi11 ¼


T C

�
∂μϕ†ðxÞ∂νϕðxÞ − 1

2
gμνLscalarðxÞ

��
∂αϕ†ðyÞ∂βϕðyÞ − 1

2
gαβLscalarðyÞ

��
11

þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ: ðA1Þ

Substituting Lscalar from Eq. (3) into Eq. (A1) and applying Wick’s theorem [48], we arrive at

ðA2Þ

Simplification of the above equation yields

hT CT
μν
scalarðxÞTαβ

scalarðyÞi11¼∂ν
x∂α

yD11ðx;yÞ∂μ
x∂β

yD11ðy;xÞ−
1

2
gμνf∂x

σ∂α
yD11ðx;yÞ∂σ

x∂β
yD11ðy;xÞ−m2∂α

yD11ðx;yÞ∂β
yD11ðy;xÞg

−
1

2
gαβf∂ν

x∂σ
yD11ðx;yÞ∂μ

x∂y
σD11ðy;xÞ−m2∂ν

xD11ðx;yÞ∂μ
xD11ðy;xÞg

þ1

4
gμνgαβf∂x

σ∂ρ
yD11ðx;yÞ∂σ

x∂y
ρD11ðy;xÞ−m2∂x

σD11ðx;yÞ∂σ
xD11ðy;xÞ−m2∂y

σD11ðx;yÞ∂σ
yD11ðy;xÞ

þm4D11ðx;yÞD11ðy;xÞgþðμ↔νÞþðα↔βÞþðμ↔ν;α↔βÞ; ðA3Þ
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where ∂μ
x ≡ ∂

∂xμ, ∂μ
y ≡ ∂

∂yμ, etc., and is the 11-component of the real time free thermal scalar

propagator in coordinate space. Since D11ðx; yÞ ¼ D11ðx − yÞ is translationally invariant, it can be Fourier transformed as

D11ðx; yÞ ¼ D11ðx − yÞ ¼
Z

d4p
ð2πÞ4 e

−ip·ðx−yÞð−iD11ðp;mÞÞ; ðA4Þ

whereD11ðp;mÞ is the 11-component of the momentum space real time free thermal scalar propagator whose explicit form
reads [45,46]

D11ðp;mÞ ¼
�

−1
p2 −m2 þ iϵ

þ ξðp · uÞ2πiδðp2 −m2Þ
	

ðA5Þ

in which uμ is the four-velocity of the medium, ξðxÞ ¼ ΘðxÞfðxÞ þ Θð−xÞfð−xÞ and fðxÞ ¼ ½ex=T − 1�−1 is the Bose-
Einstein distribution function at temperature T. In the LRF of the medium, uμLRF ≡ ð1; 0⃗Þ.
Substitution of Eq. (A4) into Eq. (A3) yields after some simplifications

hT CT
μν
scalarðxÞTαβ

scalarðyÞi11 ¼ −
Z Z

d4p
ð2πÞ4

d4k
ð2πÞ4 e

−iðx−yÞ·ðp−kÞD11ðp;mÞD11ðk;mÞN μναβ
scalarðk; pÞ; ðA6Þ

where

N μναβ
scalarðk; pÞ ¼ kμpνpαkβ −

1

2
ðp · k −m2Þðgμνpαkβ þ gαβkμpνÞ þ 1

4
ðp · k −m2Þ2gμνgαβ

þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ: ðA7Þ

In the calculation of viscous coefficients, we actually need the quantity N μναβ
scalarðk; kÞ, which is easily followed from

Eq. (A7) as

N μναβ
scalarðk; kÞ ¼ 4kμkνkαkβ − 2ðk2 −m2Þðgμνkαkβ þ gαβkμkνÞ þ ðk2 −m2Þ2gμνgαβ: ðA8Þ

The calculation of EMT correlator for the Dirac field is done in similar ways. Using Eq. (6), we have

hT CT
μν
DiracðxÞTαβ

DiracðyÞi11 ¼


T C

�
i
4
ðψ̄ðxÞγμ∂νψðxÞ − ∂νψ̄ðxÞγμψðxÞÞ − 1

2
gμνLDiracðxÞ

�

×

�
i
4
ðψ̄ðyÞγμ∂νψðyÞ − ∂νψ̄ðyÞγμψðyÞÞ − 1

2
gμνLDiracðyÞ

��
11

þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν;α ↔ βÞ: ðA9Þ

Substituting LDirac from Eq. (4) into Eq. (A9) and applying Wick’s theorem [48], we arrive at
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ðA10Þ

Simplification of the above equation yields

hT CT
μν
DiracðxÞTαβ

DiracðyÞi11 ¼
1

16
Trfγμ∂ν

xS11ðx; yÞγα∂β
yS11ðy; xÞ − γμ∂ν

x∂β
yS11ðx; yÞγαS11ðy; xÞ

− γμS11ðx; yÞγα∂ν
x∂β

yS11ðy; xÞ þ γμ∂β
yS11ðx; yÞγα∂ν

xS11ðy; xÞg

−
1

16
gμνTrfγσ∂x

σS11ðx; yÞγα∂β
yS11ðy; xÞ − γσ∂x

σ∂β
yS11ðx; yÞγαS11ðy; xÞ

− γσS11ðx; yÞγα∂x
σ∂β

yS11ðy; xÞ þ γσ∂β
yS11ðx; yÞγα∂x

σS11ðy; xÞg

−
i
8
gμνmTrfS11ðx; yÞγα∂β

yS11ðy; xÞ − ∂β
yS11ðx; yÞγαS11ðy; xÞg

−
1

16
gαβTrfγμ∂ν

xS11ðx; yÞγσ∂y
σS11ðy; xÞ − γμS11ðx; yÞγσ∂ν

x∂y
σS11ðy; xÞ

− γμ∂ν
x∂y

σS11ðx; yÞγσS11ðy; xÞ þ γμ∂y
σS11ðx; yÞγσ∂ν

xS11ðy; xÞg

−
i
8
gαβmTrfγμ∂ν

xS11ðx; yÞS11ðy; xÞ − γμS11ðx; yÞ∂ν
xS11ðy; xÞg
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þ 1

16
gμνgαβTrfγσ∂x

σS11ðx; yÞγρ∂y
ρS11ðy; xÞ − γσ∂x

σ∂y
ρS11ðx; yÞγρS11ðy; xÞ

− γσS11ðx; yÞγρ∂x
σ∂y

ρS11ðy; xÞ þ γσ∂y
ρS11ðx; yÞγρ∂x

σS11ðy; xÞg

þ i
8
gμνgαβmTrfγσ∂x

σS11ðx; yÞS11ðy; xÞ − γσS11ðx; yÞ∂x
σS11ðy; xÞ − ∂y

ρS11ðx; yÞγρS11ðy; xÞ

þ S11ðx; yÞγρ∂y
ρS11ðy; xÞg −

1

4
gμνgαβm2TrfS11ðx; yÞS11ðy; xÞg

þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ; ðA11Þ

where is the 11-component of the real time free thermal Dirac propagator in coordinate space. It

may be noted that the above expression is valid even if the field ψ is a multiplet, in which case the traces in the above
equation have to be taken over all the spaces belonging to the multiplet in addition to the Dirac space. Similar to the scalar
propagator, S11ðx; yÞ ¼ S11ðx − yÞ is translationally invariant and it can be Fourier transformed as

S11ðx; yÞ ¼ S11ðx − yÞ ¼
Z

d4p
ð2πÞ4 e

−ip·ðx−yÞð−iS11ðpÞÞ; ðA12Þ

where S11ðpÞ is the 11-component of the momentum space real time free thermal Dirac propagator whose explicit form
reads [45,46]

S11ðpÞ ¼ ðpþmÞ
�

−1
p2 −m2 þ iϵ

− ξ̃ðp · uÞ2πiδðp2 −m2Þ
	

ðA13Þ

in which ξ̃ðxÞ ¼ ΘðxÞf̃ðxÞ þ Θð−xÞf̃ð−xÞ and f̃ðxÞ ¼ ½ex=T þ 1�−1 is the Fermi-Dirac distribution function at temper-
ature T.
Substitution of Eq. (A12) into Eq. (A11) yields after some simplifications

hT CT
μν
DiracðxÞTαβ

DiracðyÞi11¼
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4e

−iðx−yÞ·ðp−kÞ
�
1

16
ðpνkβþkνpβþpνpβþkνkβÞTrðγμS11ðpÞγαS11ðkÞÞ

−
1

16
gμνðpσkβþkσpβþpσpβþkσkβÞTrðγσS11ðpÞγαS11ðkÞÞþ

1

8
gμνmðpβþkβÞTrðS11ðpÞγαS11ðkÞÞ

−
1

16
gαβðpνkσþkνpσþpνpσþkνkσÞTrðγμS11ðpÞγσS11ðkÞÞþ

1

8
gαβmðpνþkνÞTrðγμS11ðpÞS11ðkÞÞ

þ 1

16
gμνgαβðpσkρþkσpρþpσpρþkσkρÞTrðγσS11ðpÞγρS11ðkÞÞ

−
1

8
gμνgαβmðpσþkσÞfTrðS11ðpÞγσS11ðkÞÞþTrðγσS11ðpÞS11ðkÞÞg

þ1

4
gμνgαβm2TrðS11ðpÞS11ðkÞÞ

�
þðμ↔νÞþðα↔βÞþðμ↔ν;α↔βÞ: ðA14Þ

Substituting S11ðpÞ from Eq. (A13) into Eq. (A14) followed by evaluating the traces over the Dirac matrices and
simplifying, we arrive at

hT CT
μν
DiracðxÞTαβ

DiracðyÞi11 ¼ −
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4 e

−iðx−yÞ·ðp−kÞD̃11ðp;mÞD̃11ðk;mÞN μναβ
Diracðk; pÞ; ðA15Þ

where

D̃11ðp;mÞ ¼
�

−1
p2 −m2 þ iϵ

− ξ̃ðp · uÞ2πiδðp2 −m2Þ
	

ðA16Þ

and
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N μναβ
Diracðk; pÞ ¼

1

4
½−ðkμpα þ pμkαÞðkβ þ pβÞðkν þ pνÞ þ gμαðkβ þ pβÞðkν þ pνÞðk · p −m2Þ

þ gμνðkβ þ pβÞfðp2 −m2Þkα þ ðk2 −m2Þpαg þ gαβðkν þ pνÞfðp2 −m2Þkμ þ ðk2 −m2Þpμg
− gμνgαβf2ðk2 −m2Þðp2 −m2Þ þ ðk · p −m2Þðk2 −m2 þ p2 −m2Þg�
þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ: ðA17Þ

In the calculation of viscous coefficients, we actually need the quantity N μναβ
Diracðk; kÞ, which is easily followed from

Eq. (A17) as

N μναβ
Diracðk; kÞ ¼ −8kμkνkαkβ þ ðk2 −m2Þfgμαkνkβ þ gναkμkβ þ gμβkνkα þ gνβkμkα

þ 4gμνkαkβ þ 4gαβkμkνg − 4ðk2 −m2Þ2gμνgαβ: ðA18Þ

APPENDIX B: CALCULATION OF THE EMT CORRELATORS IN THE PRESENCE
OF AN EXTERNAL MAGNETIC FIELD

In this appendix, we will sketch the calculation of the two-point correlation functions hT CTμνðxÞTαβðyÞiB11 in the
presence of a constant external magnetic field for both the complex scalar and charged Dirac fields. Proceeding along
similar lines as done in Appendix A, Eq. (A3) for the scalar field now modifies in the presence of a magnetic field as

hT CT
μν
scalarðxÞTαβ

scalarðyÞiB11 ¼ Dν
xD�α

y DB
11ðx; yÞD�μ

x Dβ
yDB

11ðy; xÞ −
1

2
gμνfDx

σD�α
y DB

11ðx; yÞD�σ
x Dβ

yDB
11ðy; xÞ

−m2D�α
y DB

11ðx; yÞDβ
yDB

11ðy; xÞg

−
1

2
gαβfDν

xD�σ
y DB

11ðx; yÞD�μ
x Dy

σDB
11ðy; xÞ −m2Dν

xDB
11ðx; yÞD�μ

x DB
11ðy; xÞg

þ 1

4
gμνgαβfDx

σD
�ρ
y DB

11ðx; yÞD�σ
x Dy

ρDB
11ðy; xÞ −m2Dx

σDB
11ðx; yÞD�σ

x DB
11ðy; xÞ

−m2∂y
σDB

11ðx; yÞD�σ
y DB

11ðy; xÞ þm4DB
11ðx; yÞDB

11ðy; xÞg
þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ; ðB1Þ

where Dμ
x ≡ ∂μ

x þ ieAμ
extðxÞ, D�μ

x ≡ ∂μ
x − ieAμ

extðxÞ,
Dμ

y ≡ ∂μ
y þ ieAμ

extðyÞ, D�μ
y ≡ ∂μ

y − ieAμ
extðyÞ, etc., and

is the 11-component of the

real time free thermomagnetic scalar propagator in coor-
dinate space. In contrast to the zero magnetic field case, the
thermomagnetic propagator is no longer translationally
invariant DB

11ðx; yÞ ¼ Φðx; yÞDB
11ðx − yÞ and it contains

the gauge-dependent phase factor Φðx; yÞ which explicitly
breaks the translational invariance. However, the transla-
tionally invariant piece DB

11ðx − yÞ can be Fourier trans-
formed and the thermomagnetic propagator can be
written as

DB
11ðx − yÞ ¼

Z
d4p
ð2πÞ4 e

−ip·ðx−yÞð−iDB
11ðpÞÞ; ðB2Þ

whereDB
11ðpÞ is the 11-component of the momentum space

real time free thermomagnetic scalar propagator whose
explicit form reads [63]

DB
11ðpÞ ¼

X∞
l¼0

2ð−1Þle−αpLlð2αpÞD11ðpk; mlÞ ðB3Þ

in which l is the Landau level index, αp ¼ − p2⊥
eB ≥ 0, ml ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 þ ð2lþ 1 − 2sÞeB
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ð2lþ 1ÞeB

p
is the

“Landau-level-dependent effective mass,” s is the spin of
the particle (for scalar field s ¼ 0) and D11 is defined in
Eq. (A5). Due to the external magnetic field in the ẑ
direction, the decomposition of any four vector kμ is done
as k ¼ ðkk þ k⊥Þ, where kμk ¼ gμνk kν and kμ⊥ ¼ gμν⊥ kν;

the corresponding decomposition of the metric tensor
reads gμν ¼ ðgμνk þ gμν⊥ Þ with gμνk ¼ diagð1; 0; 0;−1Þ and

gμν⊥ ¼ diagð0;−1;−1; 0Þ. Note that, in our convention, kμ⊥
is a spacelike vector with k2⊥ ¼ −ðk2x þ k2yÞ < 0.
Due to the presence of the phase factor Φðx; yÞ

in the propagator, it may seem that the quantity
hT CT

μν
scalarðxÞTαβ

scalarðyÞiB11 in Eq. (B1) is not translationally
invariant. Fortunately this is not the case. To see this, we
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first note that the gauge-dependent phase factor is given
by [63]

Φðx; yÞ ¼ exp

�
ie
Z

y

x
dx0μA

μ
extðx0Þ

	
: ðB4Þ

Differentiating the above equations separately with respect
to x and y using the Leibniz rule yields

∂μ
xΦðx; yÞ ¼ Φðx; yÞf−ieAμ

extðxÞg; ðB5Þ

∂μ
yΦðx; yÞ ¼ Φðx; yÞfieAμ

extðxÞg: ðB6Þ

The above two equations can be rewritten as

Dμ
xΦðx; yÞ ¼ D�μ

y Φðx; yÞ ¼ 0: ðB7Þ

Using Eq. (B7), it is easy to see that

Dμ
xDB

11ðx; yÞ ¼ Dμ
x½Φðx; yÞDB

11ðx − yÞ�
¼ Φðx; yÞ∂μ

xDB
11ðx − yÞ; ðB8Þ

D�μ
y DB

11ðx; yÞ ¼ D�μ
y ½Φðx; yÞDB

11ðx − yÞ�
¼ Φðx; yÞ∂μ

yDB
11ðx − yÞ: ðB9Þ

We now use Eqs. (B8) and (B9) to simplify Eq. (B1)
and get

hT CT
μν
scalarðxÞTαβ

scalarðyÞiB11 ¼ Φðx; yÞΦðy; xÞ½∂ν
x∂α

yDB
11ðx − yÞ∂μ

x∂β
yDB

11ðy − xÞ

−
1

2
gμνf∂x

σ∂α
yDB

11ðx − yÞ∂σ
x∂β

yDB
11ðy − xÞ −m2∂α

yDB
11ðx − yÞ∂β

yDB
11ðy − xÞg

−
1

2
gαβf∂ν

x∂σ
yDB

11ðx − yÞ∂μ
x∂y

σDB
11ðy − xÞ −m2∂ν

xDB
11ðx − yÞ∂μ

xDB
11ðy − xÞg

þ 1

4
gμνgαβf∂x

σ∂ρ
yDB

11ðx − yÞ∂σ
x∂y

ρDB
11ðy − xÞ −m2∂x

σDB
11ðx − yÞ∂σ

xDB
11ðy − xÞ

−m2∂y
σDB

11ðx − yÞ∂σ
yDB

11ðy − xÞ þm4DB
11ðx − yÞDB

11ðy − xÞg�
þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ: ðB10Þ

Since the phase factor given in Eq. (B4) satisfies the
relationΦðx; yÞΦðy; xÞ ¼ 1, we notice that the phase factor
in Eq. (B10) is completely canceled out and the quantity
hT CT

μν
scalarðxÞTαβ

scalarðyÞiB11 is indeed translationally invariant
and gauge independent. This type of cancellation of the
phase factor for the loops containing particles with equal
charges is well known [51,53,63]. If we now compare

Eq. (B10) with Eq. (A3), we notice that the expression of
EMT correlator at nonzero magnetic field is identical to the
same at zero magnetic field, except the thermal propagator
has to be replaced by the translationally invariant piece of
the thermomagnetic propagator.
Let us now substitute Eq. (B2) into Eq. (B10) and we get

after some simplifications

hT CT
μν
scalarðxÞTαβ

scalarðyÞiB11 ¼ −
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4 e

−iðx−yÞ·ðp−kÞ X∞
l¼0

X∞
n¼0

D11ðpk;mnÞD11ðkk;mlÞN μναβ
ln;scalarðk; pÞ; ðB11Þ

where

N μναβ
ln;scalarðk; pÞ ¼ 4ð−1Þlþne−αk−αpLlð2αkÞLnð2αpÞN μναβ

scalarðk; pÞ ðB12Þ

in which N μναβ
scalarðk; pÞ is defined in Eq. (A7).

In the calculation of viscous coefficients, we actually need the quantity N μναβ
ln;scalarðk; kÞ, which is easily followed from

Eq. (B12) as

N μναβ
ln;scalarðk; kÞ ¼ 4Alnðk2⊥Þf4kμkνkαkβ − 2ðk2 −m2Þðgμνkαkβ þ gαβkμkνÞ þ ðk2 −m2Þ2gμνgαβg ðB13Þ

in which

Alnðk2⊥Þ ¼ ð−1Þlþne−2αkLlð2αkÞLnð2αkÞ: ðB14Þ
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The calculation of the EMT correlator hT CT
μν
DiracðxÞTαβ

DiracðyÞiB11 for the Dirac field in the presence of an external magnetic
field can be done in a similar fashion as done for the scalar field. In this case, the zero magnetic field expression of Eq. (A14)
modifies to

hT CT
μν
DiracðxÞTαβ

DiracðyÞiB11¼
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4e

−iðx−yÞ·ðp−kÞ
�
1

16
ðpνkβþkνpβþpνpβþkνkβÞTrðγμSB11ðpÞγαSB11ðkÞÞ

−
1

16
gμνðpσkβþkσpβþpσpβþkσkβÞTrðγσSB11ðpÞγαSB11ðkÞÞþ

1

8
gμνmðpβþkβÞTrðSB11ðpÞγαSB11ðkÞÞ

−
1

16
gαβðpνkσþkνpσþpνpσþkνkσÞTrðγμSB11ðpÞγσSB11ðkÞÞþ

1

8
gαβmðpνþkνÞTrðγμSB11ðpÞSB11ðkÞÞ

þ 1

16
gμνgαβðpσkρþkσpρþpσpρþkσkρÞTrðγσSB11ðpÞγρSB11ðkÞÞ

−
1

8
gμνgαβmðpσþkσÞfTrðSB11ðpÞγσSB11ðkÞÞþTrðγσSB11ðpÞSB11ðkÞÞ

�

þ1

4
gμνgαβm2TrðSB11ðpÞSB11ðkÞÞgþðμ↔νÞþðα↔βÞþðμ↔ν;α↔βÞ; ðB15Þ

where SB11ðpÞ is the 11-component of the momentum space real time free thermomagnetic Dirac propagator whose explicit
form is given by [64,65]

SB11ðpÞ ¼
X∞
l¼0

ð−1Þle−αpDlðpÞD̃11ðpk; mlÞ ðB16Þ

in which ml ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ð2lþ 1 − 2sÞeB

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2leB

p
(for Dirac field, s ¼ 1=2), D̃11 is defined in Eq. (A16) and DlðpÞ

is

DlðpÞ ¼ ðpk þmÞ½ð1þ iγ1γ2ÞLlð2αpÞ − ð1 − iγ1γ2ÞLl−1ð2αpÞ� − 4p⊥L1
l−1ð2αpÞ ðB17Þ

with the convention L−1ðzÞ ¼ L1
−1ðzÞ ¼ 0.

We now substitute Eq. (B16) into Eq. (B15) and get after some simplifications

hT CT
μν
DiracðxÞTαβ

DiracðyÞiB11 ¼ −
ZZ

d4p
ð2πÞ4

d4k
ð2πÞ4 e

−iðx−yÞ·ðp−kÞ X∞
l¼0

X∞
n¼0

D̃11ðpk;mnÞD̃11ðkk;mlÞN μναβ
ln;Diracðk; pÞ; ðB18Þ

where

N μναβ
ln;Diracðk; pÞ ¼ −ð−1Þlþne−αk−αp

�
1

16
ðpνkβ þ kνpβ þ pνpβ þ kνkβÞTrðγμDnðpÞγαDlðlÞÞ

−
1

16
gμνðpσkβ þ kσpβ þ pσpβ þ kσkβÞTrðγσDnðpÞγαDlðlÞÞ þ

1

8
gμνmðpβ þ kβÞTrðDnðpÞγαDlðlÞÞ

−
1

16
gαβðpνkσ þ kνpσ þ pνpσ þ kνkσÞTrðγμDnðpÞγσDlðlÞÞ þ

1

8
gαβmðpν þ kνÞTrðγμDnðpÞDlðlÞÞ

þ 1

16
gμνgαβðpσkρ þ kσpρ þ pσpρ þ kσkρÞTrðγσDnðpÞγρDlðlÞÞ

−
1

8
gμνgαβmðpσ þ kσÞfTrðDnðpÞγσDlðlÞÞ þ TrðγσDnðpÞDlðlÞÞ

�

þ 1

4
gμνgαβm2TrðDnðpÞDlðlÞÞg þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ: ðB19Þ

In the calculation of viscous coefficients, we actually need the quantity N μναβ
ln;Diracðk; kÞ, which is easily followed from

Eq. (B19) as
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N μναβ
ln;Diracðk; kÞ ¼ −

1

4
½T μα

ln ðkÞkνkβ − gμνfT σα
ln ðkÞkσkβ −mT α

lnðkÞkβg − gαβfT μσ
ln ðkÞkσkν −mT μ

nlðkÞkνg
þ gμνgαβfT σρ

ln ðkÞkσkρ − 2mT σ
lnðkÞkσ þm2T lnðkÞg� þ ðμ ↔ νÞ þ ðα ↔ βÞ þ ðμ ↔ ν; α ↔ βÞ; ðB20Þ

where

T μν
ln ðkÞ ¼ ð−1Þlþne−2αkTr½γμDnðkÞγνDlðkÞ�

¼ 8½8ð2kμ⊥kν⊥ − k2⊥gμνÞBlnðk2⊥Þ þ f2kμkkνk − gμνk ðk2k −m2ÞgClnðk2⊥Þ
þ ðk2k −m2Þgμν⊥Dlnðk2⊥Þ þ 2ðkμkkν⊥ þ kμ⊥kνkÞElnðk2⊥Þ�; ðB21Þ

T μ
lnðkÞ ¼ð−1Þlþne−2αkTr½DnðkÞγμDlðkÞ� ¼ 16m½kμkClnðk2⊥Þ þ kμ⊥Dlnðk2⊥Þ�; ðB22Þ

T lnðkÞ ¼ð−1Þlþne−2αkTr½DnðkÞDlðkÞ� ¼ 8½8k2⊥Blnðk2⊥Þ þ ðk2k þm2ÞClnðk2⊥Þ� ðB23Þ

in which

Blnðk2⊥Þ ¼ ð−1Þlþne−2αkL1
l−1ð2αkÞL1

n−1ð2αkÞ; ðB24Þ

Clnðk2⊥Þ ¼ð−1Þlþne−2αkfLl−1ð2αkÞLn−1ð2αkÞ þ Llð2αkÞLnð2αkÞg; ðB25Þ

Dlnðk2⊥Þ ¼ð−1Þlþne−2αkfLlð2αkÞLn−1ð2αkÞ þ Ll−1ð2αkÞLnð2αkÞg; ðB26Þ

Elnðk2⊥Þ ¼ð−1Þlþne−2αkfLl−1ð2αkÞL1
n−1ð2αkÞ − Llð2αkÞL1

n−1ð2αkÞ þ L1
l−1ð2αkÞLn−1ð2αkÞ − L1

l−1ð2αkÞLnð2αkÞg: ðB27Þ

Substituting Eqs. (B21)–(B23) into Eq. (B20) and simplifying, we finally obtain

N μναβ
ln;scalarðk; kÞ ¼ −16Blnðk2⊥Þ½kνkβð2kμ⊥kα⊥ − k2⊥gμαÞ− gμνkβk2⊥ðkα⊥ − kαkÞ− gαβkνk2⊥ðkμ⊥ − kμkÞ

þ gμνgαβk2⊥ðk2⊥ − k2k þm2Þ�− 2Clnðk2⊥Þ½kνkβf2kμkkαk − ðk2k −m2Þgμαk g− ðk2k −m2Þgμνkβkαk
− ðk2k −m2Þgαβkνkμk þ gμνgαβðk2k −m2Þ2�− 2Dlnðk2⊥Þðk2k −m2Þ½kνkβgμα⊥ − gμνkβkα⊥
− gαβkνkμ⊥ þ gμνgαβk2⊥�− 4Elnðk2⊥Þ½kνkβðkμkkα⊥ þ kμ⊥kαkÞ− gμνkβfðk2k −m2Þkα⊥ þ k2⊥kαkg
− gαβkνfðk2k −m2Þkμ⊥ þ k2⊥k

μ
kgþ 2gμνgαβk2⊥ðk2k −m2Þ� þ ðμ↔ νÞ þ ðα↔ βÞ þ ðμ↔ ν;α↔ βÞ: ðB28Þ

APPENDIX C: EXPLICIT ANALYTIC EXPRESSIONS OF AðjÞ
ln ;B

ðjÞ
ln ;…;EðjÞ

ln

Let us first note that, using the orthogonality of the Laguerre polynomials, the following integral identities can be derived:

Z
d2k⊥
ð2πÞ2 e

−2αkL1
l−1ð2αkÞL1

n−1ð2αkÞk4⊥ ¼ ðeBÞ3
32π

nlð2δn−1l−1 − δnl−1 − δn−2l−1 Þ; ðC1Þ

Z
d2k⊥
ð2πÞ2 e

−2αkL1
l−1ð2αkÞL1

n−1ð2αkÞk2⊥ ¼ −
ðeBÞ2
16π

nδn−1l−1 ; ðC2Þ

Z
d2k⊥
ð2πÞ2 e

−2αkL1
l−1ð2αkÞLnð2αkÞk2⊥ ¼ −

ðeBÞ2
16π

lðδnl−1 − δnl Þ; ðC3Þ

Z
d2k⊥
ð2πÞ2 e

−2αkLlð2αkÞLnð2αkÞk4⊥ ¼ ðeBÞ3
32π

fð2lþ 1Þ2δnl − ð2lþ 1Þlδnþ1
l − ð2lþ 1Þnδn−1l − ð2nþ 1Þnδnlþ1

þ ðlþ 1Þ2δnþ1
lþ1 þ ðlþ 1Þnδn−1lþ1 − ð2nþ 1Þlδnl−1 þ ðnþ 1Þlδnþ1

l−1 þ l2δn−1l−1 g; ðC4Þ
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Z
d2k⊥
ð2πÞ2 e

−2αkLlð2αkÞLnð2αkÞk2⊥ ¼ −
ðeBÞ2
16π

fð2nþ 1Þδnl − ðnþ 1Þδnþ1
l − nδn−1l g; ðC5Þ

Z
d2k⊥
ð2πÞ2 e

−2αkLlð2αkÞLnð2αkÞ ¼
eB
8π

δnl : ðC6Þ

Now, using Eqs. (C1)–(C6), we perform the d2k⊥ integrals of Eqs. (78)–(82) and obtain

Að0Þ
ln ¼ eB

8π
δnl ; ðC7Þ

Að2Þ
ln ¼ −

ðeBÞ2
16π

fð2nþ 1Þδnl þ ðnþ 1Þδnþ1
l þ nδn−1l g; ðC8Þ

Að4Þ
ln ¼ ðeBÞ3

32π
fð2lþ 1Þ2δnl þ ð2lþ 1Þlδnþ1

l þ ð2lþ 1Þnδn−1l þ ð2nþ 1Þnδnlþ1

þ ðlþ 1Þ2δnþ1
lþ1 þ ðlþ 1Þnδn−1lþ1 þ ð2nþ 1Þlδnl−1 þ ðnþ 1Þlδnþ1

l−1 þ l2δn−1l−1 g; ðC9Þ

Bð2Þ
ln ¼ −

ðeBÞ2
16π

nδn−1l−1 ; ðC10Þ

Bð4Þ
ln ¼ ðeBÞ3

32π
nlð2δn−1l−1 þ δnl−1 þ δn−2l−1 Þ; ðC11Þ

Cð0Þln ¼ eB
8π

ðδnl þ δn−1l−1 Þ; ðC12Þ

Cð2Þln ¼ −
ðeBÞ2
16π

fð2nþ 1Þδnl þ ðnþ 1Þδnþ1
l þ nδn−1l

þ ð2n − 1Þδn−1l−1 þ nδnl−1 þ ðn − 1Þδn−2l−1 g; ðC13Þ

Dð0Þ
ln ¼ −

eB
8π

ðδn−1l þ δnl−1Þ; ðC14Þ

Dð2Þ
ln ¼ ðeBÞ2

16π
fð2n − 1Þδn−1l þ nδnl þ ðn − 1Þδn−2l

þ ð2nþ 1Þδnl−1 þ ðnþ 1Þδnþ1
l−1 þ nδn−1l−1 g; ðC15Þ

Eð2Þ
ln ¼ −

ðeBÞ2
16π

ðlþ nÞðδn−1l−1 þ δnl−1 þ δn−1l þ δnl Þ: ðC16Þ

It is important to note that the Kronecker delta function
with a negative index is always zero (i.e., δ−1−1 ¼ 0), which
follows from the convention of the Laguerre polynomials
L−1ðzÞ ¼ L1

−1ðzÞ ¼ 0 used in Eq. (B17).

APPENDIX D: THERMODYNAMIC QUANTITIES

In this appendix, we will derive the thermodynamic
quantities θ ¼ ð∂P∂εÞB and ϕ ¼ −Bð∂M∂ε ÞB both at zero
and nonzero external magnetic field, where P is the
longitudinal pressure, ε is the energy density and M is
the magnetization.

Let us first consider the zero magnetic field case. The
canonical partition function reads [66]

lnZ ¼ −Vg
Z

d3k
ð2πÞ3 a lnð1 − ae−ωk=TÞ; ðD1Þ

where g is the degeneracy factor. For the system of charged
scalar bosons g ¼ 2, whereas for the system of charged
Dirac fermions g ¼ 4. All the thermodynamic quantities of
interest can be derived from the partition function. The
pressure is

P ¼ T
V
lnZ ¼ g

Z
d3k
ð2πÞ3

k⃗2

3ωk
faðωkÞ; ðD2Þ

where faðxÞ ¼ ½ex=T − a�−1 is the equilibrium thermal
distribution (Bose-Einstein or Fermi-Dirac). Similarly,
the energy density is given by

ε ¼ T

�∂P
∂T

�
− P ¼ g

Z
d3k
ð2πÞ3 ωkfaðωkÞ: ðD3Þ

It is straightforward to obtain

θ ¼
�∂P
∂ε

�
¼

�∂P
∂T

���∂ε
∂T

�
; ðD4Þ

where

�∂P
∂T

�
¼ εþ P

T
; ðD5Þ

�∂ε
∂T

�
¼ 1

T2
g
Z

d3k
ð2πÞ3 ω

2
kfaðωkÞf1þ afaðωkÞg: ðD6Þ
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Let us now switch on the external magnetic field. The
canonical partition function for the charged particles now
modifies to

lnZ ¼ −V
eB
2π2

X∞
l¼0

gl

Z
∞

0

dkz
ð2πÞ a lnð1 − ae−ωkl=TÞ; ðD7Þ

where the degeneracy gl can now depend on the Landau
level index l as well. For the charged scalars gl ¼ 2whereas
for the charged Dirac particles gl ¼ 2ð2 − δ0l Þ implying that
the lowest Landau level is spin nondegenerate. The
longitudinal pressure and the energy density are given by

P ¼ T
V
lnZ ¼ T

eB
2π2

X∞
l¼0

gla
Z

∞

0

dkz lnf1þ afaðωklÞg;

ðD8Þ

ε ¼ T

�∂P
∂T

�
B
− P ¼ eB

2π2
X∞
l¼0

gl

Z
∞

0

dkzωklfaðωklÞ; ðD9Þ

respectively, whereas the magnetization becomes

M¼
�∂P
∂B

�
T

¼ 1

B

�
P−

ðeBÞ2
4π2

X∞
l¼0

glð2lþ1−2sÞ
Z

∞

0

dkz
1

ωkl
faðωklÞ

	
:

ðD10Þ

The calculations of the quantities θ and ϕ at nonzero
magnetic field are obtained from

θ ¼
�∂P
∂ε

�
B
¼

�∂P
∂T

�
B

��∂ε
∂T

�
B
; ðD11Þ

ϕ ¼ −B
�∂M
∂ε

�
B
¼ −B

�∂M
∂T

�
B

��∂ε
∂T

�
B
; ðD12Þ

where

�∂P
∂T

�
B
¼ εþ P

T
; ðD13Þ

�∂ε
∂T

�
B
¼ 1

T2

eB
2π2

X∞
l¼0

gl

Z
∞

0

dkzω2
klfaðωklÞf1þafaðωklÞg;

ðD14Þ

B

�∂M
∂T

�
B
¼

�∂P
∂T

�
B
−

1

T2

ðeBÞ2
4π2

X∞
l¼0

glð2lþ 1 − 2sÞ

×
Z

∞

0

dkzfaðωklÞf1þ afaðωklÞg: ðD15Þ

[1] K. Tuchin, Adv. High Energy Phys. 2013, 490495 (2013).
[2] D. Kharzeev, J. Liao, S. Voloshin, and G. Wang, Prog. Part.

Nucl. Phys. 88, 1 (2016).
[3] J. O. Andersen, W. R. Naylor, and A. Tranberg, Rev. Mod.

Phys. 88, 025001 (2016).
[4] A. Bandyopadhyay and R. L. Farias, arXiv:2003.11054.
[5] R. Farias, K. Gomes, G. Krein, and M. Pinto, Phys. Rev. C

90, 025203 (2014).
[6] K. Tuchin, J. Phys. G 39, 025010 (2012).
[7] S. Li and H.-U. Yee, Phys. Rev. D 97, 056024 (2018).
[8] P. Mohanty, A. Dash, and V. Roy, Eur. Phys. J. A 55, 35

(2019).
[9] S. Ghosh, B. Chatterjee, P. Mohanty, A. Mukharjee, and H.

Mishra, Phys. Rev. D 100, 034024 (2019).
[10] J. Dey, S. Satapathy, P. Murmu, and S. Ghosh, arXiv:

1907.11164.
[11] J. Dey, S. Satapathy, A. Mishra, S. Paul, and S. Ghosh,

arXiv:1908.04335.

[12] A. Das, H. Mishra, and R. K. Mohapatra, Phys. Rev. D 100,
114004 (2019).

[13] M. Kurian, S. Mitra, S. Ghosh, and V. Chandra, Eur. Phys.
J. C 79, 134 (2019).

[14] G. S. Denicol, X.-G. Huang, E. Molnár, G. M. Monteiro, H.
Niemi, J. Noronha, D. H. Rischke, and Q. Wang, Phys.
Rev. D 98, 076009 (2018).

[15] Z. Chen, C. Greiner, A. Huang, and Z. Xu, Phys. Rev. D
101, 056020 (2020).

[16] A. Jaiswal et al., Int. J. Mod. Phys. E 30, 2130001 (2021).
[17] A. Dash, S. Samanta, J. Dey, U. Gangopadhyaya, S. Ghosh,

and V. Roy, Phys. Rev. D 102, 016016 (2020).
[18] K. Hattori, X.-G. Huang, D. H. Rischke, and D. Satow,

Phys. Rev. D 96, 094009 (2017).
[19] N. Agasian, Phys. At. Nucl. 76, 1382 (2013).
[20] N. Agasian, JETP Lett. 95, 171 (2012).
[21] G. Kadam, Mod. Phys. Lett. A 30, 1550031 (2015).
[22] K. Hattori and D. Satow, Phys. Rev. D 94, 114032 (2016).

ONE-LOOP KUBO ESTIMATIONS OF THE SHEAR AND BULK … PHYS. REV. D 103, 096015 (2021)

096015-27

https://doi.org/10.1155/2013/490495
https://doi.org/10.1016/j.ppnp.2016.01.001
https://doi.org/10.1016/j.ppnp.2016.01.001
https://doi.org/10.1103/RevModPhys.88.025001
https://doi.org/10.1103/RevModPhys.88.025001
https://arXiv.org/abs/2003.11054
https://doi.org/10.1103/PhysRevC.90.025203
https://doi.org/10.1103/PhysRevC.90.025203
https://doi.org/10.1088/0954-3899/39/2/025010
https://doi.org/10.1103/PhysRevD.97.056024
https://doi.org/10.1140/epja/i2019-12705-7
https://doi.org/10.1140/epja/i2019-12705-7
https://doi.org/10.1103/PhysRevD.100.034024
https://arXiv.org/abs/1907.11164
https://arXiv.org/abs/1907.11164
https://arXiv.org/abs/1908.04335
https://doi.org/10.1103/PhysRevD.100.114004
https://doi.org/10.1103/PhysRevD.100.114004
https://doi.org/10.1140/epjc/s10052-019-6649-z
https://doi.org/10.1140/epjc/s10052-019-6649-z
https://doi.org/10.1103/PhysRevD.98.076009
https://doi.org/10.1103/PhysRevD.98.076009
https://doi.org/10.1103/PhysRevD.101.056020
https://doi.org/10.1103/PhysRevD.101.056020
https://doi.org/10.1142/S0218301321300010
https://doi.org/10.1103/PhysRevD.102.016016
https://doi.org/10.1103/PhysRevD.96.094009
https://doi.org/10.1134/S1063778813100025
https://doi.org/10.1134/S0021364012040029
https://doi.org/10.1142/S0217732315500315
https://doi.org/10.1103/PhysRevD.94.114032


[23] K. Hattori, S. Li, D. Satow, and H.-U. Yee, Phys. Rev. D 95,
076008 (2017).

[24] M. Kurian and V. Chandra, Phys. Rev. D 96, 114026 (2017).
[25] A. Harutyunyan and A. Sedrakian, Phys. Rev. C 94, 025805

(2016).
[26] S.-i. Nam, Phys. Rev. D 86, 033014 (2012).
[27] A. Das, H. Mishra, and R. K. Mohapatra, Phys. Rev. D 101,

034027 (2020).
[28] A. Das, H. Mishra, and R. K. Mohapatra, Phys. Rev. D 99,

094031 (2019).
[29] S. Ghosh, S. Ghosh, K. Goswami, S. Chakrabarty, and A.

Goyal, Int. J. Mod. Phys. D 11, 843 (2002).
[30] S. Ghosh, A. Bandyopadhyay, R. L. Farias, J. Dey, and G. a.

Krein, Phys. Rev. D 102, 114015 (2020).
[31] L. Thakur and P. Srivastava, Phys. Rev. D 100, 076016

(2019).
[32] S. Samanta, J. Dey, S. Satapathy, and S. Ghosh, arXiv:

2002.04434.
[33] S. Rath and B. K. Patra, Eur. Phys. J. C 80, 747 (2020).
[34] P. Kalikotay, S. Ghosh, N. Chaudhuri, P. Roy, and S. Sarkar,

Phys. Rev. D 102, 076007 (2020).
[35] E. Lifshitz and L. P. Pitaevski, Physical Kinetics (Elsevier,

India, 1981).
[36] X.-G. Huang, A. Sedrakian, and D. H. Rischke, Ann. Phys.

(Amsterdam) 326, 3075 (2011).
[37] R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957).
[38] S. Ghosh, Int. J. Mod. Phys. A 29, 1450054 (2014).
[39] S. Ghosh, Phys. Rev. C 90, 025202 (2014).
[40] D. Fernandez-Fraile and A. Gomez Nicola, Eur. Phys. J. C

62, 37 (2009).
[41] R. Lang, N. Kaiser, and W. Weise, Eur. Phys. J. A 48, 109

(2012).
[42] S. Jeon, Phys. Rev. D 52, 3591 (1995).
[43] S. Gavin, Nucl. Phys. A435, 826 (1985).
[44] P. Chakraborty and J. Kapusta, Phys. Rev. C 83, 014906

(2011).
[45] M. L. Bellac, Thermal Field Theory, Cambridge Mono-

graphs on Mathematical Physics (Cambridge University
Press, Cambridge, England, 2011).

[46] S. Mallik and S. Sarkar, Hadrons at Finite Temperature
(Cambridge University Press, Cambridge, England, 2016).

[47] W. Greiner and J. Reinhardt, Field Quantization (Springer,
Germany, 1996).

[48] M. E. Peskin and D. V. Schroeder, An Introduction to Quan-
tum Field Theory (Addison-Wesley, Reading, MA, 1995).

[49] A. Lahiri and P. B. Pal, A First Book of Quantum Field
Theory (Narosa Publishing House, India, 2005).

[50] M. D. Schwartz, Quantum Field Theory and the Standard
Model (Cambridge University Press, Cambridge, England,
2013).

[51] S. Ghosh, A. Mukherjee, P. Roy, and S. Sarkar, Phys. Rev. D
99, 096004 (2019).

[52] S. Ghosh, A. Mukherjee, M. Mandal, S. Sarkar, and P. Roy,
Phys. Rev. D 96, 116020 (2017).

[53] S. Ghosh and V. Chandra, Phys. Rev. D 98, 076006
(2018).

[54] K. A. Mamo and H.-U. Yee, Phys. Rev. D 93, 065053
(2016).

[55] X.-G. Huang, M. Huang, D. H. Rischke, and A. Sedrakian,
Phys. Rev. D 81, 045015 (2010).

[56] M. Hongo and K. Hattori, J. High Energy Phys. 02 (2021)
011.

[57] G. Sarwar, S. Chatterjee, and J.-e. Alam, J. Phys. G 44,
055101 (2017).

[58] S. I. Finazzo, R. Critelli, R. Rougemont, and J. Noronha,
Phys. Rev. D 94, 054020 (2016); 96, 019903(E) (2017).

[59] R. Critelli, S. Finazzo, M. Zaniboni, and J. Noronha, Phys.
Rev. D 90, 066006 (2014).

[60] S. Sharma, Adv. High Energy Phys. 2013, 452978
(2013).

[61] K. Saha, S. Upadhaya, and S. Ghosh, Mod. Phys. Lett. A 32,
1750018 (2017).

[62] D. Kharzeev and K. Tuchin, J. High Energy Phys. 09 (2008)
093.

[63] A. Ayala, A. Sanchez, G. Piccinelli, and S. Sahu, Phys.
Rev. D 71, 023004 (2005).

[64] A. Ayala, A. Bashir, and S. Sahu, Phys. Rev. D 69, 045008
(2004).

[65] J. S. Schwinger, Phys. Rev. 82, 664 (1951).
[66] J. Kapusta and C. Gale, Finite-Temperature Field Theory:

Principles and Applications, Cambridge Monographs
on Mathematical Physics (Cambridge University Press,
Cambridge, England, 2011).

SNIGDHA GHOSH and SABYASACHI GHOSH PHYS. REV. D 103, 096015 (2021)

096015-28

https://doi.org/10.1103/PhysRevD.95.076008
https://doi.org/10.1103/PhysRevD.95.076008
https://doi.org/10.1103/PhysRevD.96.114026
https://doi.org/10.1103/PhysRevC.94.025805
https://doi.org/10.1103/PhysRevC.94.025805
https://doi.org/10.1103/PhysRevD.86.033014
https://doi.org/10.1103/PhysRevD.101.034027
https://doi.org/10.1103/PhysRevD.101.034027
https://doi.org/10.1103/PhysRevD.99.094031
https://doi.org/10.1103/PhysRevD.99.094031
https://doi.org/10.1142/S0218271802002098
https://doi.org/10.1103/PhysRevD.102.114015
https://doi.org/10.1103/PhysRevD.100.076016
https://doi.org/10.1103/PhysRevD.100.076016
https://arXiv.org/abs/2002.04434
https://arXiv.org/abs/2002.04434
https://doi.org/10.1140/epjc/s10052-020-8331-x
https://doi.org/10.1103/PhysRevD.102.076007
https://doi.org/10.1016/j.aop.2011.08.001
https://doi.org/10.1016/j.aop.2011.08.001
https://doi.org/10.1143/JPSJ.12.570
https://doi.org/10.1142/S0217751X14500547
https://doi.org/10.1103/PhysRevC.90.025202
https://doi.org/10.1140/epjc/s10052-009-0935-0
https://doi.org/10.1140/epjc/s10052-009-0935-0
https://doi.org/10.1140/epja/i2012-12109-3
https://doi.org/10.1140/epja/i2012-12109-3
https://doi.org/10.1103/PhysRevD.52.3591
https://doi.org/10.1016/0375-9474(85)90190-3
https://doi.org/10.1103/PhysRevC.83.014906
https://doi.org/10.1103/PhysRevC.83.014906
https://doi.org/10.1103/PhysRevD.99.096004
https://doi.org/10.1103/PhysRevD.99.096004
https://doi.org/10.1103/PhysRevD.96.116020
https://doi.org/10.1103/PhysRevD.98.076006
https://doi.org/10.1103/PhysRevD.98.076006
https://doi.org/10.1103/PhysRevD.93.065053
https://doi.org/10.1103/PhysRevD.93.065053
https://doi.org/10.1103/PhysRevD.81.045015
https://doi.org/10.1007/JHEP02(2021)011
https://doi.org/10.1007/JHEP02(2021)011
https://doi.org/10.1088/1361-6471/aa61b3
https://doi.org/10.1088/1361-6471/aa61b3
https://doi.org/10.1103/PhysRevD.94.054020
https://doi.org/10.1103/PhysRevD.96.019903
https://doi.org/10.1103/PhysRevD.90.066006
https://doi.org/10.1103/PhysRevD.90.066006
https://doi.org/10.1155/2013/452978
https://doi.org/10.1155/2013/452978
https://doi.org/10.1142/S0217732317500183
https://doi.org/10.1142/S0217732317500183
https://doi.org/10.1088/1126-6708/2008/09/093
https://doi.org/10.1088/1126-6708/2008/09/093
https://doi.org/10.1103/PhysRevD.71.023004
https://doi.org/10.1103/PhysRevD.71.023004
https://doi.org/10.1103/PhysRevD.69.045008
https://doi.org/10.1103/PhysRevD.69.045008
https://doi.org/10.1103/PhysRev.82.664

