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The well-known Landau-Yang (LY) theorem on the decay of a neutral particle into two photons is
generalized for analyzing the decay of a neutral or charged particle into two identical massless particles of
any spin. Selection rules categorized by discrete parity invariance and Bose/Fermi symmetry are worked
out in the helicity formulation. The general form of the Lorentz-covariant triple vertices are derived and the
corresponding decay helicity amplitudes are explicitly calculated in the Jacob-Wick convention. After
checking the consistency of all the analytic results obtained by two complementary approaches, we extract
out the key aspects of the generalized LY theorem.
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I. INTRODUCTION

In the Standard Model (SM) [1–4], the photon and
gluons are spin-1 massless particles. The direct observation
of gravitational waves [5–7] strongly indicates the presence
of spin-2 massless bosons called gravitons at the quantum
level. On the other hand, it is not yet clear whether the
lightest neutrino is massless or not [8] and it is a hotly
debated issue whether there can exist any massless particle
with its spin larger than two [9–11]. In this situation, any
conceptual and/or practical studies of massless particles
with arbitrary spin are still of great interest.
More than seventy years ago, Landau [12] and Yang [13]

have shown that selection rules governing the decay of a
particle into two photons, which are the prototype of spin-1
massless particles, can be derived from the general prin-
ciple of invariance under rotation and inversion. Concisely
speaking, in terms of the number n of possible two-photon
states for the spin J and intrinsic parity η of the decaying
particle can the selection rules be summarized collectively
with the compact notation n½J�η as

n½J�η¼1½0�þ; 2½2k�þ; 1½2kþ1�þ; 1½0�−; 1½2k�−; ð1Þ

with a positive integer k. One consequence of the so-called
Landau-Yang (LY) theorem is that no on-shell spin-1
particle can decay into two on-shell massless photons.

[Therefore, both the gluon-fusion production and the two-
photon decay of the resonance with mass of 125 GeV
discovered and confirmed at the LHC [14,15] exclude the
possibility of the spin being unity, i.e., J ≠ 1 [16].]
In this article, we generalize the LY theorem for inves-

tigating the decay X → MM of a neutral or charged particle
into two identical massless particles of any spin. We note in
passing that, based on the approaches by Landau [12], the
generalization of the LY theorem to the case with spin-0
and spin-1=2 massless particles has been investigated in
Ref. [17] and a few partial implications of the generalized
LY theorem have been worked out in Refs. [18–20].
Besides, although not studied here, we note that the LY
theorem may be avoided if some of the basic assumptions
for the theorem are not imposed [21–26].
First, we work out the selection rules categorized by

discrete parity invariance and Bose/Fermi symmetry due
to two identical bosons/fermions on the decay in the
helicity formulation based on the Jacob-Wick convention
[27] in Sec. II. Second, we derive the general form of the
Lorentz covariant triple vertices explicitly in Sec. III
and then calculate the corresponding decay helicity
amplitudes in detail in Sec. IV.1 After checking the
consistency of all the analytic results obtained by two
complementary approaches, we summarize the key
aspects of the generalized LY theorem and conclude in
Sec. V. All the formulas useful for explicitly deriving the
decay helicity amplitudes in the main text are listed in
Appendixes A and B.*sychoi@jbnu.ac.kr
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1Another convenient procedure for describing the XMM triple
vertex is to use a spinor formalism developed for handling
massive as well as massless particles in Ref. [28].
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II. SELECTION RULES IN THE HELICITY
FORMALISM

The helicity formalism [27,29] is one of the most
efficient tools for discussing the two-body decay of a
spin-J particle X into two of a massless particleM of spin s,
treating any massive and massless particles on an equal
footing. For the sake of a transparent and straightforward
analytic analysis, we describe the two-body decay
X → MM in the X rest frame (XRF)

Xðp; σÞ → Mðk1; λ1Þ þMðk2; λ2Þ; ð2Þ

in terms of the momenta, fp; k1; k2g, and helicities,
fσ; λ1; λ2g, of the particles, as depicted in Fig. 1.
Before going into a detailed description of the general

Lorentz-covariant form XMM vertex in Sec. III, we study
general restrictions on the decay helicity amplitude due to
space inversion and Bose/Fermi symmetry for two identical
massless bosons/fermions in the final state.
The helicity amplitude of the decay X → MM is decom-

posed in terms of the polar and azimuthal angles, θ and ϕ,
defining the direction of one massless particle in a fixed
coordinate system as

MX→MM
σ;λ1;λ2

ðθ;ϕÞ ¼ Cλ1;λ2d
J
σ;λ1−λ2ðθÞeiðσ−λ1þλ2Þϕ

with jλ1 − λ2j ≤ J; ð3Þ

with the constraint jλ1 − λ2j ≤ J in the Jacob-Wick con-
vention [27,29] (see Fig. 1 for the kinematic configuration).
Here, the helicity σ of the spin-J massive particle X takes
one of 2J þ 1 values between −J and J. In contrast, the
helicities, λ1;2, can take only two values �s because only
the maximal-magnitude helicity values are allowed for
any massless particle. Therefore, there exist at most four

independent ðλ1; λ2Þ combinations ð�s;�sÞ and ð�s;∓ sÞ,
to be denoted by the shortened notations ð�;�Þ and ð�;∓Þ
in the following. We note that the reduced helicity ampli-
tudes Cλ1;λ2 do not depend on the X helicity σ due to
rotational invariance and the polar-angle dependence is fully
encoded in the Wigner d function dJσ;λ1−λ1ðθÞ given in the
convention of Rose [30].
Bose or Fermi symmetry for the two identical integer

or half-integer spin particles in the final state leads to the
relation for the reduced decay helicity amplitudes:

Cλ1;λ2 ¼ ð−1ÞJCλ2;λ1 with jλ1 − λ2j ≤ J; ð4Þ
derived by the (anti)-symmetrization of the final state of
two identical particles. If the decay process conserves
parity, the reduced helicity amplitudes satisfy the space-
inversion or parity relation

Cλ1;λ2 ¼ ηð−1ÞJ−2sC−λ1;−λ2 with jλ1 − λ2j ≤ J; ð5Þ
with η being the intrinsic X parity. Once more, we
emphasize that there are only four helicity combinations
ð�;�Þ and ð�;∓Þ for the final-state system of two
massless particles.
Remarkably, the identical-particle (ID) condition (4) and

parity (PA) relation (5) enable us to straightforwardly
derive the selection/exclusion rules for the two-body decay
X → MM classified according to the spin J, the spin s,
the X intrinsic parity η and also whether J < 2s or not.
The opposite-helicity amplitudes, C�;∓, vanish for J < 2s
and the same-helicity amplitudes, C�;�, vanish for any odd
integer J. Consequently, one important exclusion rule is
that any decay with odd J less than 2s is forbidden
irrespective of the X parity. Specifically, the well-known
rule that any spin-1 particle cannot decay into two identical
massless spin-1 particles such as photons and color-neutral
gluons can be guaranteed because J ¼ 1 is odd and
J ¼ 1 < 2s ¼ 2 for s ¼ 1. Moreover, for J ≥ 2s, the
same-helicity amplitudes still vanish for any odd J.
According to the ID condition (4) and the PA relation
(5), the opposite-helicity amplitudes survive only when
ηð−1Þ2s ¼ þ1 with the relation Cþ;− ¼ ð−1ÞJC−;þ.
Based on the above observations, a few interesting

selection rules can be extracted out as follows:
(i) No odd-J particle can decay into two identical spin-

0 massless scalar bosons (s ¼ 0).
(ii) The allowed decay of a spin-1 massive particle into

two identical massless particles is only into two
identical spin-1=2 massless fermions, when the
intrinsic parity η of the decaying particle is odd.

(iii) Any even-parity and odd-spin particle cannot decay
into two identical massless fermions.

(iv) Any odd-parity and odd-spin particle cannot decay
into two identical massless bosons.

Table I summarizes all the selection/exclusion rules on the
special decay X → MM. We note that the case with s ¼ 0 is

FIG. 1. Kinematic configuration for the helicity amplitude of
the two-body decay X → MM of X into two identical massless
particlesMM in the X rest frame (XRF). The notations, fp; k1;2g
and fσ; λ1;2g, are the momenta and helicities of the decaying
particle X and two massless particlesMM, respectively. The polar
and azimuthal angles, θ and ϕ, are defined with respect to an
appropriately chosen coordinate system.
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more restricted than the case with nonzero spin s, as marked
with the comment [forbidden].
Interestingly, as pointed out in Ref. [28], the general

selection rules enable us to reinterpret the Weinberg-Witten
(WW) theorem [9]. Since conserved currents and stress
tensors measure the charge and momentum on single
particle states respectively, let us consider the decay of a
massive neutral particle into two identical massless par-
ticles with opposite helicities, i.e., λ1 ¼ −λ2 ¼ �, because
two momenta k1 and k2 are out going and so λ1 ¼ −λ2 in
order for k1 and k2 to represent the same particle. In this
case, as can be checked with Table I, the inequality s ≤ J=2
must be satisfied, i.e., s ≤ 1=2 for J ¼ 1 and s ≤ 1 for
J ¼ 2. That is to say, massless particles with spin s > 1=2
cannot couple to a Lorentz covariant conserved current
corresponding to J ¼ 1 and those with spin s > 1 cannot
couple to a conserved energy-momentum stress tensor
corresponding to J ¼ 2.
In the next section, we show how the selection rules

derived in the helicity formalism are reflected and encoded
in the Lorentz-covariant form of the triple XMM vertex in
the integer and half-integer s cases separately.

III. GENERAL LORENTZ-COVARIANT TRIPLE
VERTEX TENSORS

Generically, the decay amplitude of one on-shell particle
X of mass m and integer spin J into two of a massless
particle M of spin s can be written in terms of the triple
vertex tensor Γ as (See Fig. 2 for its diagrammatic
description)

MX→MM
σ;λ1;λ2

¼ ūα1ðk1; λ1ÞΓμ
α;βðp; kÞvβ2ðk2; λ2Þϵμðp; σÞ; ð6Þ

with λ1;2 ¼ �s ¼ � for the two-body decay X → MM,
where p and σ are the momentum and helicity of the
particle X, and k1;2 and λ1;2 are the momenta and helicities
of two massless particles, respectively. Here, p ¼ k1 þ k2
and k ¼ k1 − k2, are symmetric and antisymmetric under
the interchange of two momenta, k1 and k2. The index μ
stands collectively for μ ¼ μ1 � � � μJ. If s ¼ n is an
integer, then the wave tensors ūα1ðk1; λ1Þ and vβ2ðk2; λ2Þ
with λ1;2 ¼ �s are given by

ūα1ðk1;�sÞ ¼ ϵ�α1���αn1 ðk1;�nÞ; ð7Þ

vβ2ðk2;�sÞ ¼ ϵ�β1���βn2 ðk2;�nÞ; ð8Þ

and if s ¼ nþ 1=2 is a half-integer, the wave tensors are
given by

ūα1ðk1;�sÞ ¼ ϵ�α1���αn1 ðk1;�nÞū1ðk1;�Þ; ð9Þ

vβ2ðk2;�sÞ ¼ ϵ�β1���βn2 ðk2;�nÞv2ðk2;�Þ; ð10Þ

where ū1ðk1;�Þ ¼ u†1ðk1;�Þγ0 and the u1ðk1;�Þ and
v2ðk2;�Þ are the spin-1=2 particle u1 and antiparticle v2
spinors. (See Appendix A for their detailed expressions.)
An on-shell boson of integer spin J, nonzero mass m,

momentum p and helicity σ is defined by a rank-J tensor
ϵμ1���μJðp; σÞ [31–33] that is completely symmetric, trace-
less and divergence-free

εαβμiμjϵμ1���μi���μj���μJðp; σÞ ¼ 0; ð11Þ

gμiμjϵμ1���μi���μj���μJðp; σÞ ¼ 0; ð12Þ

TABLE I. Selection rules for the decay X → MM. The values, J and s, are the spins of the massive X and massless M particles,
respectively, and the signature � denotes the sign of the product ζ ≡ ηð−1ÞJ−2s of the X intrinsic parity η and the factor ð−1ÞJ−2s. The
mark ½forbidden� means that the corresponding term is absent when s ¼ 0.

J J < 2s J ≥ 2s [s ¼ 0]

odd ζ ¼ � ζ ¼ þ ζ ¼ −
forbidden forbidden Cþ;− ¼ −C−;þ [forbidden]

even ζ ¼ � ζ ¼ þ ζ ¼ −
Cþ;þ ¼ �C−;− Cþ;− ¼ C−;þ [forbidden], Cþ;þ ¼ C−;− Cþ;þ ¼ −C−;− [forbidden]

FIG. 2. Feynman rules for the general XMM triple vertex of a
spin-J particle X and two identical spin-smassless particlesMM.
The indices, μ, α and β, stand for the sequences of μ ¼
μ1 � � � μJ , α1 � � � αn and β1 � � � βn, collectively. The integer n is
s for a boson X and s − 1=2 for a fermion X for the X spin s. The
symmetric and antisymmetric momentum combinations, p ¼
k1 þ k2 and k ¼ k1 − k2, are introduced for systematic classi-
fications of the triple vertex tensor.
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pμiϵμ1���μi���μJðp; σÞ ¼ 0; ð13Þ

and it satisfies the on-shell wave equation ðp2 −m2Þϵμ1���μJ
ðp; σÞ ¼ 0 for any helicity value of σ taking an integer
between −J and J. The wave tensor can be expressed
explicitly by a linear combination of J products of
spin-1 wave vectors with appropriate Clebsch-Gordon
coefficients.

A. Massless particles of integer spin

The wave tensor of a massless particle of integer spin s is
given simply by a product of s spin-1 wave vectors, each of
which carries the same helicity of �1, as

ϵα1���αsðk;�sÞ ¼ ϵα1ðk;�Þ � � � ϵαsðk;�Þ; ð14Þ

where, for notational convenience, the notation � is
used for �1. The wave tensor (14) also is completely
symmetric, traceless and divergence-free and it satis-
fies the wave equation k2ϵα1���αsðk; λÞ ¼ 0 with k2 ¼ 0
automatically.
To begin with, let us consider as a special case the

decay X → γγ of a massive integer-spin boson X into two
massless spin-1 photons, originally investigated by Landau
[12] and Yang [13]. Imposing the on-shell conditions valid
for two spin-1 massless photons2

ki · ϵiðki; λiÞ ¼ 0 and k2i ¼ 0 ½i ¼ 1; 2�; ð15Þ

and performing the Bose symmetrization of two identical γ
states in the final state, we can write the general Xγγ vertex
in a greatly-simplified form in terms of four independent
parameters, x�γ and y�γ , as [34]

ΓX→γγ
μ;α;β ðp; kÞ ¼ ηþxþγ g⊥αβkμ1 � � � kμJ =mJ þ ηþx−γ {hαβpkikμ1 � � � kμJ=mJþ2

þ ηþyþγ ðg⊥αμ1g⊥βμ2 þ g⊥βμ1g⊥αμ2 − g⊥αβkμ1kμ2=m
2Þkμ3 � � � kμJ =mJ−2

þ η−y−γ {ðg⊥αμ1hβμ2pki þ g⊥βμ1hαμ2pkiÞkμ3 � � � kμJ =mJ; ð16Þ

satisfying the orthogonality conditions, kα1Γ
X→γγ
μ;α;β ðp; kÞ ¼

kβ2Γ
X→γγ
μ;α;β ðp; kÞ ¼ 0, with μ denoting collectively μ1 � � � μJ,

the projection factors, η� ¼ ½1� ð−1ÞJ�=2, and two mo-
mentum combinations, p ¼ k1 þ k2 and k ¼ k1 − k2,
which are symmetric and antisymmetric under the inter-
change of two massless particles, i.e., k1 ↔ k2 and α ↔ β,
respectively. The antisymmetric tensor hαβpki¼ εαβρσpρkσ

in terms of the totally antisymmetric Levi-Civita tensor
with the sign convention ε0123 ¼ þ1. For the sake of
notation, the following orthogonal tensors are introduced,

g⊥αβ ¼ gαβ − 2k2αk1β=m2;

g⊥αμi ¼ gαμi − 2pαk1μi=m
2;

g⊥βμi ¼ gβμi − 2pβk2μi=m
2; ð17Þ

with i ¼ 1;…; J. The totally symmetric wave tensor
ϵμ1���μJðp; σÞ to be coupled to the triple vertex (16) guar-
antees the automatic symmetrization of all the x�γ and y�γ
terms under any μ-index permutations. It is straightforward
to derive the following selection rules from the expression
of the Xγγ vertex in Eq. (16),

(i) The Yþ
1;2 terms survive for non-negative even in-

tegers, J ¼ 0, 2, 4, and so on.

(ii) The Yþ
3 term survives for positive even integers,

J ¼ 2, 4, and so on, satisfying J ≥ 2.
(iii) The Y−

1 term survives for positive odd integers,
J ¼ 3, 5, and so on, satisfying J > 2.

One immediate consequence is that any massive on-shell
spin-1 particle with J ¼ 1 cannot decay into two on-shell
identical massless spin-1 particles such as photons, because
the three x�γ and yþγ terms vanish with ηþ ¼ 0 for J ¼ 1 and
the y−γ term surviving only for odd J contribute to the vertex
only for J ≥ 3.
For a massless boson M ¼ b of an arbitrary integer spin

s, the general Lorentz-covariant form of the Xbb vertex
can be written compactly by introducing two scalar-type
operators and two tensor-type operators as

Sþαiβi ¼ g⊥αiβi ; ð18Þ

S−αiβi ¼ {hαiβipki=m2; ð19Þ

Tþ
αiβi;μ2i−1μ2j

¼ g⊥αiμ2i−1g⊥βiμ2i þ g⊥βiμ2i−1g⊥αiμ2i

− g⊥αiβikμ2i−1kμ2j=m
2; ð20Þ

T−
αiβi;μ2i−1μ2i

¼ {ðg⊥αiμ2i−1hβiμ2ipkiþ g⊥βiμ2i−1hαiμ2ipkiÞ=m2;

ð21Þ

with i ¼ 1;…; s. The general form of the vertex tensor is
then cast into a compact form as

2While the on-shell conditions (15) are maintained, the wave
vector ϵμi of a spin-1 massless particle can be adjusted by adding
any term proportional to kμi , guaranteeing that its spatial part
orthogonal to k⃗i remains as two physical degrees of freedom.
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ΓX→bb
μ;α;β ðp; kÞ ¼ ηþðxþb Sþα1β1 þ x−b S

−
α1β1

ÞSþα2β2 � � � Sþαsβskμ1 � � � kμJ =mJ

þ ηþθðJ − 2sÞyþb Tþ
α1β1;μ1μ2

Tþ
α2β2;μ3μ4

� � �Tþ
αsβs;μ2s−1μ2s

kμ2sþ1
� � � kμJ=mJ−2s

þ η−θðJ − 2sÞy−b T−
α1β1;μ1μ2

Tþ
α2β2;μ3μ4

� � �Tþ
αsβs;μ2s−1μ2s

kμ2sþ1
� � � kμJ=mJ−2s; ð22Þ

in terms of four independent parameters, x�b and y�b , with
η� ¼ ½1� ð−1ÞJ�=2 and the step function θðJ − 2sÞ ¼ 1
and 0 for J ≥ 2s and J < 2s. Here, the indices, μ, α, and β,
stand collectively for μ ¼ μ1 � � � μJ, α ¼ α1 � � � αs, and
β ¼ β1 � � � βs. One immediate consequence is that the case
with odd J less than 2s is forbidden irrespective of the X
intrinsic parity η, which is consistent with the correspond-
ing selection rule listed in Table I. Specifically, any spin-1
particle cannot decay into two identical spin-1 massless
particles with s ¼ 1.

B. Massless particles of half-integer spin

An on-shell massless particle or antiparticle of a half-
integer spin s ¼ nþ 1=2 ðn ¼ 0; 1; 2;…Þ and momentum
k may be described by a product of a u or v spinor and n
spin-1 wave vectors as

uαðk;�sÞ ¼ ϵα1ðk;�Þ � � � ϵαnðk;�Þuðk;�Þ; ð23Þ

vαðk;�sÞ ¼ ϵ�α1ðk;�Þ � � � ϵ�αnðk;�Þvðk;�Þ; ð24Þ

that are traceless, symmetric and divergence-free in the
indices α ¼ α1 � � � αn and the u and v spinor tensors satisfy

γαiu
α1���αi���αnðk;�sÞ ¼ γαiv

α1���αi���αnðk;�sÞ ¼ 0; ð25Þ

=kuα1���αi���αnðk;�sÞ ¼ =kvα1���αi���αnðk;�sÞ ¼ 0; ð26Þ

with =k ¼ kμγμ. We adopt the chiral representation for the
Dirac gamma matrices γμ (μ ¼ 0, 1, 2, 3), whose expres-
sions are listed in Appendix B.
Interchanging two identical massless fermions, i.e.,

taking the opposite fermion flow line [35,36], we can
rewrite the helicity amplitude of the decay X → ff with a
massless fermion M ¼ f as

M̃X→ff
σ;λ1;λ2

¼ ūβ2ðk2; λ2ÞΓμ
β;αðp;−kÞvα1ðk1; λ1Þϵμðp; σÞ

¼ vTα1 ðk1; λ1ÞΓμT
β;αðp;−kÞūTβ2 ðk2; λ2Þϵμðp; σÞ;

ð27Þ

with the superscript T denoting the transpose of the
matrix. Introducing the charge-conjugation operator C
satisfying C† ¼ C−1 and CT ¼ −C relating the v spinor
to the u spinor as

vαðk; λÞ ¼ CūTαðk; λÞ; ð28Þ

with ū ¼ u†γ0, we can rewrite the amplitude as

M̃X→ff
σ;λ1;λ2

¼ −ūβ1ðk1; λ1ÞCΓμT
β;αðp;−kÞC−1vα2ðk2; λ2Þϵμðp; σÞ:

ð29Þ

Since Fermi statistics requires M̃ ¼ −M, the triple vertex
tensor must satisfy the relation

CΓμT
β;αðp;−kÞC−1 ¼ Γμ

α;βðp; kÞ; ð30Þ

which enables us to classify all the allowed terms system-
atically [37–39].
The basic relation for the charge-conjugation invariance

of the Dirac equation is CγTμC−1 ¼ −γμ with a unitary
matrix C. Repeatedly using the basic relation, we can
derive

Γc ≡ CΓTC−1 ¼ ϵCΓ with

ϵC ¼
�þ1 for Γ ¼ 1; γ5; γμγ5
−1 for Γ ¼ γμ

. ð31Þ

There are no further independent terms as any other
operator can be replaced by a linear combination of 1,
γ5, γμ, and γμγ5 by use of the so-called Gordon identities,
when coupled to the u and v spinors.
Because of the conditions (25) and (26), the vector

structure γμ can be contracted only with the wave vector
ϵμðp; σÞ of the decaying particle X with the helicity
σ ¼ �1; 0 ¼ �; 0. Effectively we can make the following
replacements

S−αβ½1; γ5� ↔ −Sþαβ½γ5; 1�; ð32Þ

γμ1 ½1; γ5�T−
αβ;μ2μ3

↔ γμ1 ½γ5; 1�Tþ
αβ;μ2μ3

; ð33Þ

because two corresponding terms in each equation give
rise to the same helicity amplitudes as shown explicitly
in Appendix B. Then, for a massless fermion M ¼ f,
the general form of the Xff triple vertex tensor can be
written as
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ΓX→ff
μ;α;β ðp; kÞ ¼ ηþðxþf þ x−f γ5ÞSþα1β1 � � � Sþαnβnkμ1 � � � kμJ =mJ

þ ηþθðJ − 2sÞyþf γμ1Tþ
α1β1;μ2μ3

� � �Tþ
αnβn;μ2nμ2nþ1

kμ2nþ2
� � � kμJ=mJ−2s−1

þ η−θðJ − 2sÞy−f γμ1γ5Tþ
α1β1;μ2μ3

� � �Tþ
αnβn;μ2nμ2nþ1

kμ2nþ2
� � � kμJ=mJ−2s−1; ð34Þ

in terms of four independent parameters, x�f and y�f , with
n ¼ s − 1=2. The scalar part proportional to g⊥αiβikμ2ikμ2iþ1

of Tþ
αiβi;μ2iμ2iþ1

in Eq. (20) can be discarded because its
contribution vanishes in the opposite helicity case with
λ1 ¼ −λ2 enforced by the helicity-preserving (axial-)vector
currents. It is straightforward to check that the expression
(34) satisfies the Fermi symmetry condition (30) for two
identical fermions. One nontrivial observation is that a
spin-1 particle can decay only into two identical spin-1=2
particles [39] through an axial-vector γμγ5 current as can be
checked with the last expression in Eq. (34).

IV. EXPLICIT FORM OF REDUCED HELICITY
AMPLITUDES

Employing all the analytic results for the scalar, vector,
and tensor currents listed in Appendix B enables us to
explicitly calculate all the reduced helicity amplitudes Cλ1;λ2
defined in Eq. (3) both in the integer-spin and half-integer-
spin cases for the massless particle.
In the case with a massless integer-spin s bosonM ¼ b,

the reduced helicity amplitudes for the process X → bb
with the same helicities ð�;�Þ read

C�;� ¼ 2J=2J!ffiffiffiffiffiffiffiffiffiffiffið2JÞ!p ðxþb � x−b Þ; ð35Þ

surviving only for even-integer J. If parity is preserved, the
term, xþb or x−b , can survive for the even or odd X intrinsic
parity η ¼ �, respectively. On the other hand, the reduced
helicity amplitudes with the opposite helicities ð�;∓Þ,
which survive only when J ≥ 2s, read

C�;∓ ¼ 2J=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ þ 2sÞ!ðJ − 2sÞ!

ð2JÞ!

s
yþb ; ð36Þ

for even-integer spin J ≥ 2s and even X intrinsic parity
η ¼ þ, and

C�;∓ ¼∓ 2J=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ þ 2sÞ!ðJ − 2sÞ!

ð2JÞ!

s
y−b ; ð37Þ

for odd-integer spin J ≥ 2s and even X intrinsic parity
η ¼ þ.
In the case with a massless fermion M ¼ f with a

half-integer spin s, the reduced helicity amplitudes for the
process X → ff with the same helicities ð�;�Þ read

C�;� ¼ 2J=2J!ffiffiffiffiffiffiffiffiffiffiffið2JÞ!p ðxþf ∓ x−f Þ; ð38Þ

surviving only for even-integer J. If parity is preserved,
the xþf and x−f terms can survive for the odd and even X
intrinsic parity η ¼∓, respectively. On the other hand, the
reduced helicity amplitudes, which survive only when
J ≥ 2s, read

C�;∓ ¼ ð−1Þ2s2J=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ þ 2sÞ!ðJ − 2sÞ!

ð2JÞ!

s
yþf ; ð39Þ

for even-integer spin J ≥ 2s and odd X intrinsic parity
η ¼ −, and

C�;∓ ¼∓ ð−1Þ2s2J=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ þ 2sÞ!ðJ − 2sÞ!

ð2JÞ!

s
y−f ; ð40Þ

for odd-integer spin J ≥ 2s and odd X intrinsic parity
η ¼ −.

V. CONCLUSIONS

We have generalized the well-known Landau-Yang
(LY) theorem on the decay of a neutral particle into
two photons for analyzing the two-body decay of a neutral
or charged particle into two identical massless particles of
any integer or half-integer spin. After having worked out
the selection rules classified by discrete parity invariance
and Bose/Fermi symmetry in the helicity formulation,
we have derived the general form of the Lorentz covariant
triple vertices and calculated the helicity amplitudes
explicitly. After checking the consistency of all the
analytic results obtained from two complementary
approaches, we have drawn out the key aspects of the
generalized LY theorem including the reinterpretation of
the WW theorem.
Introducing a compact notation n½J; s�ζ consisting of the

number n of independent terms, the X andM spins, J and s,
and a reduced parity ζ ¼ ηð−1ÞJ−2s with the X intrinsic
parity η, we can summarize the selection rules on the decay
of a massive particle into an identical pair of massless
particles of arbitrary spin:
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n½J; s�ζ ¼ 1½0; 0�þ; 1½0; s > 0��; 1½2k − 1; 0 < s ≤ k − 1=2�−;
1½2k; 0�þ; 2½2k; 0 < s ≤ k�þ; 1½2k; 0 < s ≤ k�−; 1½2k; s > k��; ð41Þ

with k ¼ 1; 2;…. In the special case of s ¼ 1, the selection
rules reduce to those called the LY theorem described in
Eq. (1). The massless particle for the decay of a spin-1
particle into its identical pair must have a half-integer spin
s ¼ 1=2. If parity is preserved, no odd-spin and odd-parity
(even-parity) particle can decay into an identical pair of
massless bosons (fermions).
As natural extension of the present work, the decays of

an arbitrary integer-spin particle into two identical massive
particles [39] or two distinguishable charge self-conjugate
particles of any spin are presently under study and the
results will be reported separately. Before closing, we
emphasize that the selection rules obtained in this article
can be applied without any modifications, for example, to
the decay of a doubly charged massive particle into two
identical singly charged massless particles, where the
charge can be of any type as well as of a typical electric
charge type.
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APPENDIX A: WAVE VECTORS AND SPINORS
IN THE JACOB-WICK CONVENTION

In Appendix A, we show the explicit expressions for the
wave vectors and spinors of a massive particle X and two
massless particles in the XRF with the kinematic configu-
ration as shown in Fig. 1. The Jacob-Wick convention of
Ref. [27] is chosen for the vectors and spinors. In terms of
the polar and azimuthal angles, θ and ϕ, the three momenta,
p ¼ k1 þ k2 and k1;2, and the combination k ¼ k1 − k2
read

p ¼ mð1; 0; 0; 0Þ; ðA1Þ

k1 ¼
m
2
ð1; sin θ cosϕ; sin θ sinϕ; cos θÞ; ðA2Þ

k2 ¼
m
2
ð1;− sin θ cosϕ;− sin θ sinϕ;− cos θÞ; ðA3Þ

k ¼ mð0; sin θ cosϕ; sin θ sinϕ; cos θÞ. ðA4Þ

For the sake of notation, we introduce three unit vectors

k̂ ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ ¼ k⃗=m; ðA5Þ

θ̂ ¼ðcos θ cosϕ; cos θ sinϕ;− sin θÞ; ðA6Þ

ϕ̂ ¼ð− sinϕ; cosϕ; 0Þ; ðA7Þ

which are mutually orthonormal, i.e., k̂ · θ̂ ¼ θ̂ · ϕ̂ ¼ ϕ̂ ·
k̂ ¼ 0 and k̂ · k̂ ¼ θ̂ · θ̂ ¼ ϕ̂ · ϕ̂ ¼ 1.
The wave vectors for the particle with momentum p and

two massless particles with momenta k1;2 are given by

ϵðp;�Þ ¼ 1ffiffiffi
2

p ð0;∓ 1;−{; 0Þ; ðA8Þ

ϵðp; 0Þ ¼ð0; 0; 0; 1Þ; ðA9Þ

ϵ1ðk1;�Þ ¼ 1ffiffiffi
2

p e�{ϕð0;∓ cos θ cosϕþ { sinϕ;

∓ cos θ sinϕ − { cosϕ;� sin θÞ

¼ 1ffiffiffi
2

p e�{ϕð0;∓ θ̂ − {ϕ̂Þ; ðA10Þ

ϵ2ðk2;�Þ ¼ ϵ1ðk1;∓Þ ¼ −ϵ�1ðk1;�Þ ¼ −ϵ�2ðk2;∓Þ;
ðA11Þ

where the last relation between two wave vectors is
satisfied in the Jacob-Wick convention.
The spin-1/2 u and v 4-component spinors of the

massless particles with momenta k1;2 are given in the
Jacob-Wick convention by

u1ðk1;þÞ ¼ −v1ðk1;−Þ ¼
ffiffiffiffi
m

p �
0

χþðk̂Þ

�
; ðA12Þ

u1ðk1;−Þ ¼ −v1ðk1;þÞ ¼ ffiffiffiffi
m

p �
χ−ðk̂Þ
0

�
; ðA13Þ

u2ðk2;þÞ ¼ v2ðk2;−Þ ¼
ffiffiffiffi
m

p �
0

χ−ðk̂Þ

�
; ðA14Þ

u2ðk2;−Þ ¼ v2ðk2;þÞ ¼ ffiffiffiffi
m

p �
χþðk̂Þ
0

�
; ðA15Þ

satisfying the relations u2ðk2;�Þ ¼ γ0u1ðk1;∓Þ and
v2ðk2;�Þ ¼ −γ0v1ðk1;∓Þ with the expression of γ0 given
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in Appendix B, where the 2-component spinors χ�ðk̂Þ
are written in terms of the polar and azimuthal angles,
θ and ϕ, as

χþðk̂Þ ¼ eiϕ=2
�
cos θ

2
e−iϕ=2

sin θ
2
eiϕ=2

�
; ðA16Þ

χ−ðk̂Þ ¼ e−iϕ=2
�− sin θ

2
e−iϕ=2

cos θ
2
eiϕ=2

�
; ðA17Þ

being mutually orthonormal, i.e., χ†aðk̂Þχbðk̂Þ ¼ δa;b, with
a; b ¼ �.

APPENDIX B: SCALAR, VECTOR, AND TENSOR
CURRENTS IN THE JACOB-WICK

CONVENTION

Appendix B contains the list of the expressions for
several scalar, vector and tensor currents in the kinematic
configuration depicted in Fig. 1 to be used in the main text.
For explicit current calculations, the chiral representation is
adopted for four anticommutating Dirac gamma matrices γμ

with μ ¼ 0, 1, 2, 3 and γ5 ¼ {γ0γ1γ2γ3, whose expressions
are given by the following 4 × 4 matrices

γμ ¼
�

0 σμþ
σμ− 0

�
and γ5 ¼

�−1 0

0 1

�
; ðB1Þ

with σμ� ¼ ð1;�σ⃗Þ in terms of three Pauli matrices σ⃗ ¼
ðσ1; σ2; σ3Þ defined by

σ1 ¼
�
0 1

1 0

�
; σ2 ¼

�
0 −{
{ 0

�
; σ3 ¼

�
1 0

0 −1

�
:

ðB2Þ

The metric tensor is defined to be gμν ¼ gμν ¼ diagð1;−1;
−1;−1Þ.
First, the helicity-dependent scalar and pseudoscalar

currents, surviving only when two helicities are same,
i.e., λ1 ¼ λ2, read

uþλ1λ2 ≡ ū1ðk1; λ1Þv2ðk2; λ2Þ=m ¼ δλ1;λ2 ; ðB3Þ

uþλ1λ2 ≡ ū1ðk1; λ1Þγ5v2ðk2; λ2Þ=m ¼ −λ1δλ1;λ2 ; ðB4Þ

where λ1;2 ¼ �1 ¼ � which is two times the helicity,
�1=2. Second, the helicity-dependent vector and axial-
vector currents, surviving only when two helicities are
opposite, i.e., λ1 ¼ −λ2, read

ū1ðk1; λ1Þγμv2ðk2; λ2Þ ¼ −
ffiffiffi
2

p
mδλ1;−λ2ϵ

�μ
1 ðk1; λ1Þ; ðB5Þ

ū1ðk1;λ1Þγμγ5v2ðk2;λ2Þ¼−
ffiffiffi
2

p
mλ1δλ1;−λ2ϵ

�μ
1 ðk1;λ1Þ; ðB6Þ

with λ1;2 ¼ �1 ¼ � where the expression of the wave
vector ϵμ1ðk1; λ1Þ is given in Eq. (A10).
The contraction of the X wave vector ϵðp; σÞ with

σ ¼ �; 0 and k gives

k · ϵðp; 0Þ ¼ −m cos θ; ðB7Þ

k · ϵðp;�Þ ¼ �m
1ffiffiffi
2

p sin θe�iϕ; ðB8Þ

in terms of the polar and azimuthal angles, θ and ϕ, in
the XRF.
For the sake of efficiently calculating and deriving the

(reduced) helicity amplitudes of the decay X → MM, we
introduce four helicity-dependent quantities, s�λ1λ2 and t�λ1λ2 ,
defined by contracting the scalar and tensor operators given
in Eqs. (18), (19), (20), and (21) with the X and M wave
vectors appropriately as

s�λ1λ2 ¼ ϵ�α1 ðk1; λ1Þϵ�β2 ðk2; λ2ÞS�αβ; ðB9Þ

t�λ1λ2 ¼ ϵ�α1 ðk1; λ1Þϵ�β2 ðk2; λ2ÞT�
αβ;μνϵ

μðp;þÞϵνðp;þÞ;
ðB10Þ

and two additional helicity-dependent quantities obtained
by contracting the vector and axial-vector currents with the
X wave vector ϵðp;þÞ as

vþλ1λ2 ¼ ū1ðk1; λ1Þγμv2ðk2; λ2Þϵμðp;þÞ=m; ðB11Þ

v−λ1λ2 ¼ ū1ðk1; λ1Þγμγ5v2ðk2; λ2Þϵμðp;þÞ=m; ðB12Þ

with λ1;2 ¼ �1 ¼ �. Explicitly the same-helicity quantities
and the opposite-helicity quantities read

sþ�� ¼ �s−�� ¼ 1; ðB13Þ

tþþ− ¼ ð1þ cos θÞ2=2 ¼ 2d22;2ðθÞ; ðB14Þ

tþ−þ ¼ ð1 − cos θÞ2e4{ϕ=2 ¼ 2d22;−2ðθÞe4{ϕ; ðB15Þ

t−�∓ ¼ �tþ�∓; ðB16Þ

and the quantities involving the spinors in the fermionic
case

uþ�� ¼∓ u−�� ¼ 1; ðB17Þ

vþþ− ¼ ð1þ cos θÞ=
ffiffiffi
2

p
¼

ffiffiffi
2

p
d11;1ðθÞ; ðB18Þ

vþ−þ ¼ ð1 − cos θÞe2{ϕ=
ffiffiffi
2

p
¼

ffiffiffi
2

p
d11;−1ðθÞe2{ϕ; ðB19Þ

v−�∓ ¼ �vþ�∓; ðB20Þ
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in terms of the polar and azimuthal angles, θ and ϕ, in the
XRF. All the quantities with other helicity combinations
are zero.
The validity of the replacements in Eq. (33) can be

confirmed with the four relations

sþ��u
�
�� ¼ −s−��u

∓
��; ðB21Þ

tþ�∓v��∓ ¼ þt−�∓v
∓
�∓; ðB22Þ

which can be checked by use of all the expressions from
Eq. (B13) to Eq. (B20). Moreover, in the general and
covariant form, we have the corresponding four identities
for nonzero decay helicity amplitudes

S−αβϵ
�α
1 ðk1;�Þϵ�β2 ðk2;�Þū1ðk1;�Þ½1; γ5�v2ðk2;�Þ
¼ −Sþαβϵ�α1 ðk1;�Þϵ�β2 ðk2;�Þū1ðk1;�Þ½γ5; 1�v2ðk2;�Þ;

ðB23Þ

T−
αβ;μ2μ3

ϵ�α1 ðk1;�Þϵ�β2 ðk2;∓Þū1ðk1;�Þγμ1 ½1; γ5�v2ðk2;∓Þ
¼ Tþ

αβ;μ2μ3
ϵ�α1 ðk1;�Þϵ�β2 ðk2;∓Þū1ðk1;�Þγμ1 ½γ5; 1�

× v2ðk2;∓Þ; ðB24Þ

where the last term −g⊥αβkμ2kμ3=m
2 of the tensor Tþ

αβ;μ2μ3
defined in Eq. (20) does not contribute to the expression on

the right-hand side of Eq.(B24) surviving only in the
opposite-helicity case with λ1 ¼ −λ2 ¼ �.
The angle-dependent parts are encoded solely in the

Wigner-d functions and the reduced helicity amplitudes
are independent of the helicity of the decaying particle.
Therefore, it is sufficient to consider the cases with the
maximal X helicity σ ¼ J and the zero and two maximal
helicity differences, λ1 − λ2 ¼ 0;�2s for deriving the
reduced helicity amplitudes. For them, three relevant
Wigner-d functions read

dJJ;0ðθÞ ¼
ð−1ÞJ
2J

ffiffiffiffiffiffiffiffiffiffiffið2JÞ!p
J!

sinJθ; ðB25Þ

dJJ;2sðθÞ ¼
ð−1ÞJ−2s

2J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2JÞ!

ðJ þ 2sÞ!ðJ − 2sÞ!

s

× ð1þ cos θÞ2ssinJ−2sθ; ðB26Þ

dJJ;−2sðθÞ ¼
ð−1ÞJþ2s

2J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2JÞ!

ðJ þ 2sÞ!ðJ − 2sÞ!

s

× ð1 − cos θÞ2s sinJ−2s θ; ðB27Þ

which are to be factored out for deriving the reduced
helicity amplitudes in Sec. IV.
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