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In this article we use an electromagnetic Lagrangian constructed so as to include dispersive effects in the
description of an electromagnetic wave propagating in the quantum electrodynamic vacuum. This
Lagrangian is Lorentz invariant, includes contributions up to six powers in the electromagnetic fields,
and involves both fields and their first derivatives. Conceptual limitations inherent to the use of this higher
derivative Lagrangian approach are discussed. We consider the one-dimensional spatial limit and obtain an
exact solution of the nonlinear wave equation recovering the Korteveg-de Vries type periodic waves and
solitons given in S. V. Bulanov et al. [Phys. Rev. D 101, 016016 (2020)].
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I. INTRODUCTION: WAVE EQUATIONS IN
NONLINEAR QUANTUM ELECTRODYNAMICS

Field induced polarization and birefringence of the
vacuum, see e.g., Refs. [1,2], are fundamental effects
predicted by quantum electrodynamics (QED). These
effects arise from the process of scattering of light by
light: while in classical electrodynamics electromagnetic
waves do not interact in vacuum, in QED photon-photon
scattering can take place in vacuum via the generation of
virtual electron-positron pairs that gives rise to polarization
and magnetization currents that make the vacuum respond
as a material medium. The study of the nonlinear QED
vacuum properties has been conducted for about a century
[3—-11].

Recently, interest in these effects has been rekindled by
the availability of high power lasers (see review articles
[12,13]) leading to the formulation of the plans aimed at
reaching experimentally the parameters that can enable the
study the nonlinear QED vacuum [14-16]. This, in turn,
has motivated an intensive theoretical research program
aimed at the study of the scattering of a laser pulse by a
laser pulse [17-28].

The field induced vacuum polarization and birefringence
can be accounted for within the framework of a local
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approximation using the well-known Heisenberg-Euler
Lagrangian in the electromagnetic action functional
[3,5]. This approximation leads to nonlinear wave equa-
tions for the fields amplitude in vacuum that are not
dispersive, i.e., that are homogeneous in the second order
derivatives of the field four-vector potentials. In other
words the Lagrangian does not include second order
derivatives (or higher order derivatives) of the electromag-
netic fields. This local approximation is valid in the long
wavelength, low frequency limit, essentially requiring that
the electromagnetic fields are slowly varying on the
Compton scattering wavelength A~ = #i/m,c, where h is
the reduced Planck constant, ¢ and m, are the electron
electric charge and mass, and c is the speed of light in
vacuum.

Nonlocal effects on the Compton scattering have been
studied e.g., in Ref. [29] and, for vacuum birefringence,
in Ref. [30].

For shorter wavelengths the vacuum acquires dispersion
properties. In the small field amplitude limit and in the so-
called cross-field approximation, these dispersive proper-
ties have been included in the “invariant photon mass”
introduced in Ref. [31] (see also Refs. [32-36]). The cross-
field approximation consists in approximating the inter-
action between a higher frequency pulse and a lower
frequency pulse by taking the latter to be described by
uniform and stationary electric and magnetic fields of the
same amplitude and orthogonal to each other. Discussions
of the QED processes beyond the constant field approx-
imations can be found in Refs. [37-40]. The invariant
photon mass refers to the higher frequency pulse; it
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depends on the relative polarization between the fields of
the two pulses and can be expressed [31] in terms of the so-
called quantum nonlinearity parameter y,. This Lorentz
invariant parameter can be written for a photon impinging
on an slowly varying external field as [21,31]

Z, =m%\/—<F,wk”>2, (1)

where k” is the four-wave vector on the impinging photon
and F,, is the electromagnetic external field tensor. Natural
units are adopted with ¢ = A =1, and the fields in the
electromagnetic field tensor are normalized on the critical
QED field E (which is given in dimensional units by Eg =
mZc/eh [41]). In the limit of small y,, for parallel
polarizations the square of the photon invariant mass m
can be written as

4 1
m? = —am%{m {){% + 5){?}

+ i%\/%{y exp <— %) + O(x?)}, (2)

where @ = e*/hc is the fine structure constant. The
imaginary part is exponentially small. The term propor-
tional to ;(}‘,‘ describes the dispersion effects, i.e., the effects
corresponding to the wave propagation velocity depend-
ence on the wave vector. This result was used (to leading
order in ;(J‘,‘) in Ref. [36] to derive a nonlinear wave equation
for finite amplitude dispersive waves counterpropagating
with respect to a cross-field configuration. This wave
equation is of the form of the Korteveg—de Vries (KdV)
equation [42] in the one-dimensional spatial case and
includes third order derivatives of the impinging wave
vector potential while it has the form of the Kadomtsev-
Petviashivili equation [43,44] in the two-dimensional case.
In the one-dimensional case, in light-cone coordinates
xT, x~ and for normalized variables (for explicit definitions
see Sec. III), the KdV equation obtained in Ref. [36]
describing the electromagnetic wave in the QED vacuum
reads

0,a— (k; + Kkya)0_a —2k30___a =0, (3)

where the coefficients k; = 4aW3/(45x), ky = 32v/2aW}/
(1057), and k3 = 4aW{/(135x) are proportional respec-
tively to the second, third, and fourth power of the cross-
field amplitude W,. The nonlinear term in Eq. (3) arises
from the Heisenberg-Euler Lagrangian [3], truncated at the
six photon contribution, and allows for propagating
Korteveg—de Vries soliton solutions.

In the present article we use a Lagrangian in the
electromagnetic vacuum action that involves higher
order derivatives of the wave vector potential and that is

constructed so as to include the quantum nonlinearity
parameter dependency of the invariant photon mass. In
this formulation higher order derivatives enter in combi-
nation with nonlinear terms. We derive the corresponding
field equations by a variation of the action integral and
obtain scattering solutions for counterstreaming finite
length pulses that include the effect of dispersion. In
addition we derive the general solution for finite amplitude
waves propagating in a cross-field configuration. These
solutions describe a class of soliton solutions of the type
described in Ref. [36].

Effective electromagnetic Lagrangians depending on
higher derivatives have been introduced in the context of
modified linear electrodynamics, or limited to leading order
in the field amplitude and field derivatives separately, by
Podolsky [45-47], Barut and Mullen [48], Lee and Wick
[49], and also see Refs. [50-52]. Essentially these
Lagrangians are of the form exemplified by the Lee-
Wick Lagrangian

1
£ = EO -+ ELW, Wlth ‘CO = —4—F’H/Fm/ and
T

'CLW = F/w(aaaaFM)’ (4)

4M?
with the inclusion, see e.g., Ref. [52], of the first nonlinear
contributions from the Heisenberg-Euler Lagrangian. In
Eq. (4) L, is the classical electromagnetic Lagrangian in
vacuum and M is a mass parameter. We note that a
Lagrangian depending on higher order derivatives of the
form

a
Lyme = ) [— (0 F%)(0,F*™) + Fyuaxa'lFW] (5)

e

was obtained in Refs. [8,9]. A derivative expansion of the
effective action for nonlinear quantum electrodynamics has
been obtained in Refs. [53,54] in terms of a Lagrangian that
is written in the form

L= Lyg + 0;F 40, F aﬁL?aﬁw&(F )
+ higher field derivative terms, (6)

where Lyg is the Heisenberg-Euler Lagrangian and

L7 (Fm) s a local function of the electromagnetic field
tensor.

A. Well posedness of higher order Lagrangians

The physical interpretation of higher order derivative
Lagrangians presents some difficulties as these
Lagrangians lead to “ghost” degrees of freedom and to
instabilities. In 1850 Ostrogradski [55] proved in the
context of classical mechanics that a Lagrangian of the
form L(q,q,q), which requires four initial conditions
and thus involves four canonical variables, leads to a
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Hamiltonian that is not bounded from below with respect to
a “ghost” degree of freedom; see Ref. [56] where it was
shown that in a non-degenerate higher derivative theory,
that is in a theory where the higher order derivative does not
simply amount to a total time derivative, the Ostrogradski
instability can only be removed by the addition of con-
straints that reduce the phase space of the original theory.

For systems with infinite degrees of freedom, higher
order derivative Lagrangians can lead to additional wave
branches corresponding, e.g., for the Lee-Wick Lagrangian,
to two independent (on-shell) spin-1 fields: the original
massless photon field and an additional massive one.

In the case of the Podolsky electrodynamics [45—47], as
well as in the case considered by Mamaev, Mostepanenko,
and Eidis [8], which was introduced in order to regularize
the electromagnetic field behavior at short distances and to
take into account the field inhomogeneity effects, the
Lagrangian can be written as

;C = ‘CO + ‘CPOd’ Wlth

1
[’Pod = W [_(aKFE)(ayFW) + FyvaﬂyFﬂy]’ (7)

where the inverse mass 1/M is the parameter that corre-
sponds to the length, and the current source term is not
included. From this Lagrangian we obtain in the Lorentz
gauge J,A" = 0 the wave equation

1
(1 - Wap#) 8,0"A* = 0. (8)

It corresponds to a photon branch with dispersion equation
k,k* =0 and a ghost branch with dispersion equation
kK = —M?. The addition of nonlinear terms in the
Lagrangian will in general couple the two different
branches (see Appendix C). An analogous result can be
derived from the Lagrangians introduced in [48,49].

For the sake of consistency, see also Ref. [57], in what
follows we will treat the terms with the higher derivatives as
corrections to the classical electromagnetic Lagrangian
density £, and in particular we will require that any
effective mass arising from the balance between the non-
linear and the dispersive terms remains finite in the limit in
which the value of the fine structure constant « is set equal
to zero.

B. Outline of the article

In Sec. II, after specifying for the sake of clarity some
normalization conditions, the structure of the dispersive
Lagrangian term is formalized for an electromagnetic
vacuum configuration in four-dimensional Minkowski
space. Its reduced expression in a spatially one-dimensional
configuration is then expressed in terms of light-cone
variables. In Sec. III the electromagnetic field equations
are derived from the full one-dimensional Lagrangian in

vacuum including the Heisenberg-Euler and the dispersion
terms up to the sixth power of the fields. Then explicit
solutions are obtained for the scattering of two counter-
propagating finite length pulses in Sec. IV, and for finite
amplitude waves in a constant cross-field configuration in
Sec. V. These sections are supplemented by four appen-
dixes at the end of the article. The first two appendixes
serve the purpose of providing algebraic developments
separately so as not to interrupt the flow of the presentation.
In the final two appendixes, ghost solutions are described in
the case of a nonlinear wave equation with linear dispersion
terms derived from the Lagrangian given by Eq. (5),
Appendix C, and of the wave equation derived from the
Lagrangian given by Eq. (23) for a spacial class of self-
similar solutions, Appendix D. Finally in Sec. VI con-
clusions are drawn and a possible inclusion of higher
powers of the field amplitudes in the Lagrangian is
indicated as a possible path towards the identification of
higher order solitonic structures in the process of light-light
interaction.

II. DISPERSIVE CONTRIBUTION TO THE
LAGRANGIAN DENSITY

We specify the normalizations adopted in this article by
writing the classical electrodynamics Lagrangian in the
form

m? m?
_ e pov — _ e
Lo 16za " 47705%’ ©)

while the Heisenberg-Euler Lagrangian density (truncated
at the 6-photon interaction term) is written as

mée* s T 8 , 13 .,
22 (3 10) 4B+ o).

(10)

The Lorentz invariants § and ® are defined by

1 1
3 :ZFWF"”, © = —gg"”’dF,dFW (11)
with e"**F,, the dual electromagnetic field tensor. Here
£"** is the fully antisymetric four-dimensional Levi-Civita
tensor.

Referring to the quantum nonlinearity parameter y, that
is used in the definition of the invariant photon mass and in
view of Eq. (6), we define the following dispersive
contribution to the vacuum Lagrangian density:

m4
Loy = [0h(F ONFFF[0,h(F. O)]. (12)

Here p is a coefficient that will be identified as
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4

-t 1
13572 (13)

U
by comparing Eq. (3) derived in terms of the invariant
photon mass with the corresponding result given by
Eq. (33) in Sec. V, and & is a function of the two
Lorentz invariants &, &.In the following we expand h
in a Taylor series and keep only linear terms in g and ®.

A. One-dimensional, single polarization case

In the case of an electromagnetic configuration that
depends on a single spatial coordinate, say x, and where the
fields correspond to a single polarization state, ® vanishes
and Eq. (12) becomes

4
me
Loig| = = ABOL(E? = B + E*(0,(E> - B
- 2EB[8X(E2 - 32)8,(152 - Bz)]}, (14)
while
mg BZ _ E2 BZ _ E2 2
Eo + ‘CHE —% |: 2 — € ( 4 )
BZ _ E2 3
raBE] 05
8
where
20 32a
— 1
=5, W a=5 (16)

ITII. ACTION FUNCTIONAL IN LIGHT-CONE
VARIABLES

Here as in previous articles, see e.g., Refs. [36,58-60],
for a spatially one-dimensional configuration it is conven-
ient to introduce light-cone variables defined as

xt=x4+0)/V2,  x=(@x-0)/V2, (17)

with corresponding derivatives

0= (0. +0)/V2,  9,=(9,-0.)/V2, (18)
where .. = 9/0x~. For a configuration corresponding to a
single transverse polarization state we choose the four-
vector potential to have only a component in the z direction
which we denote in normalized form by a(x", x™). Then
the electric field E is in the z direction while the magnetic
field B is along y.
We define the field variables

w(xt,x7) =0 a(xt, x7),

i.e., the electric and magnetic fields are

E=uw-w)/vV2, B=—(u+w)/V2. (20)
Note that by construction we recover Faraday’s law in the
form

O_w=0_,a=0,u. (21)
By including both Ly + Lyg and Lpig, the electro-

magnetic action A expressed in the x*, x™, w, u variables
takes the form

m4

Ala)

= %//D dxtdx Ly(a,d,ad"), (22)
where @’ stands symbolically for w = d_.a and u = 0_a,
while a” stands for O,w=0,_,a,0_.w=0,u=0,_a,
and O_u = J__a. After eliminating the common multipli-
cative factor in Egs. (14) and (15) the Lagrangian £, reads

Lr(a,d,d") = —uw+ ey (uw)? — e3(uw)?

= p{w?0_(uw)? + (0. (uw)]?

+ 2uw[d., (uw)][0_ (uw)]}. (23)

The dependence of Lagrangian L7 on the first and
second order derivatives of the vector potential a(x™, x™)
can be made explicit by rewriting (see Appendix A)
Lr(a,d,a") as

Ly(a.d'.d")=—(0,a)(0-a)+e[(0,a)(0-a)
—e3[(0,a)(0-a)]* = p[(0,a)*(9__a)
+2(0_a)(01a)(9-a) +(9_a)*(9, a)*.

(24)

Varying the action .A(a) with respect to the vector
potential @ and imposing that at the boundaries 6D of
the domain D under consideration both éa and 0, éa, 0_da
vanish, we obtain the wave equation for the vector potential

oLy oLy oLy
% 5.0 a0 T 80,0
oLy oLy
+O g oot O s 0, (25)
where 0,a=w,0_.a=u and 0,,a=0,w,0,_=

O u = 0_w,0__a = 0_u are treated as independent var-
iables in the differentiation. The explicit form of the
derivatives of Ly in Eq. (25) are given in Appendix B.
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A. Field equations in the u, w variables

The Lagrangian L£;(w,u) in Eq. (23) can be rewritten as
Lr(u,w) = =[uw — e;(uw)? + e3(uw)® + p(W*0_u + uwd, u + uwd_w + u?0,w)?, (26)
and the wave equation for the vector potential (25) can be written in terms of the field variables # and w as
O {ull = 2eouw + 3e3(uw)?]} + O_{w[l — 2euw + 3e3(uw)?]}

+ 4p{ 04 [w(0-(uw))* + ud. (uw)O_(uw)] + O_[u( (uw))* + wd., (uw)0_(uw)]}
—2u{0, [P, (uw) + u*wd_(uw)] + O__[w30_(uw) + uw?0, (uw)] + 20, _[uw?0_(uw) + u*wd_ (uw)]}, (27)

which can be derived by rearranging Eq. (B3) in Appendix B.

IV. SCATTERING SOLUTIONS FOR COUNTERSTREAMING FINITE LENGTH PULSES

The asymptotic effect of the interaction between two counterpropagating electromagnetic pulses with a finite length can
be derived directly from Eq. (25) assuming that for large |x. | there is no superposition between the pulses so that the vector
potential a(x*,x™) can be written as a(x*,x7) = a,(x*) + a_(x"). Integrating Eq. (25) over x* we obtain

+o0 +o0 GET +oo 8£T
. dxt dxt 05T 28
0- /_w AT I SR T R (28)

oL,
0(0,a)

—0o0

Then, considering a perturbative expansion around ay(x*,x7) = ag, (x7) 4+ ao_(x~), and using Eq. (B1), we find
+o0 3
0_alty = 8_/ dx* {€2<8+a0)2(3—00) - 563(3#10)3(3—&10)2 — p(9_a)* (94 1.a0)?

+2ud__ /_ﬂo dx*(0,a0)*(0__ay). (29)

The terms on the right-hand side arise from the Heisenberg-Euler Lagrangian (the €,, €3 terms) and from the dispersive
additional contribution (the y terms) given in Eq. (14). In deriving Eq. (29) we used the fact that 9, _ay, = 0 and that two
terms proportional to (9,.ay)?(9,ay) are total derivatives with respect to x* and thus do not contribute to the x* integral
when asymptotically there is no superposition between the pulses. The term on the left-hand side represents the lowest order
change of the vector potential pulse propagating along the positive x direction due to the scattering with the
counterpropagating pulse, and the factor 2 in front of it arises from the contribution of the classical electromagnetic
Lagrangian. Expressed in terms of the electromagnetic field variables Eq. (29) reads

+o0

s = o) [

—o0

+ pu(0—__uo) /+oo

—0o0

+yd
dx™wg.

where  wy = wo(xt) =0 ag(x") and wug = uy(x™) =
0_ay(x™). A corresponding equation can be derived for
w|t®. The first term on the right-hand side of Eq. (30)
corresponds to the standard phase shift due to reduced pro-
pagation velocity during the interaction phase [59,61,62]
while the second, if the integral of wg does not vanish, to the
six-photon interaction contribution to the harmonic gener-
ation mechanism discussed e.g., in Ref. [63]. The third terms
corresponds to a new harmonic generation process that
depends on the square of the derivative of the field amplitude
of the counterpropagating pulse, while the fourth term

+00 +oo
dxwj — %63(8_1/!%) / dxwi — pu(0_uj) / dxT (0, wy)?

—0o0

(30)

provides a dispersion correction to the phase shift given
by the first term and corresponds to a widening of the pulse.

V. SOLUTIONS IN CONSTANT CROSS FIELDS

The system of Egs. (21) and (27) admits solutions in the
form of the progressive nonlinear waves that propagate
with constant “velocity” § > 0, i.e., with functions # and w
that depend on the variable

y=x +Sxt =—[x(1+8) —1(1-5)]. (31)

i
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In the x — 7 variables the wave propagates with the velocity
equal to (1-=2S5)/(1+S).

Using Eq. (21) we obtain a relationship between u(y)
and w(y)

w = Su+ W,. (32)

where W, is constant which corresponds to a constant
cross-field configuration with equal amplitude electric and
magnetic fields, E, = By = v2W,. The Poynting vector
cE x B/4x of the cross-field configuration that is taken to
model a low frequency wave is directed in the negative
direction along the x axis so that E = e E,, B = e,B,,
where e, and e, are unit vectors in the y and z directions.
The high frequency electromagnetic wave described by the
variables w and u in Eq. (32) propagates in the positive
direction along the x axis.

Assuming for the sake of simplicity that the amplitude of
the high frequency wave amplitude is much smaller than
the cross-field amplitude (|u|, |w| < W) we obtain from
Egs. (27) and (32)

)

2uW30___u = 0, (u—2e,Wou?)
+ O_(Su — 26, Whu + 3esWau?).  (33)

Using the ansatz (31) we obtain
uWiu" =[S — ;W3 — (2Se;Wo — 3esW3)ulu!,  (34)

where a prime stands for differentiation with respect to .
This is the well-known Korteveg-de Vries equation for the
stationary nonlinear wave propagating with constant veloc-
ity S (see Refs. [42,64,65] and Ref. [36] for the case of the
KdV solitons in the QED vacuum). Integration of Eq. (34)
over y yields

uWiu" = (S — e;W3u — (Se; Wy — 3e3W3/2)u? + C).
(35)
Multiplying this equation on #’ and integrating over y
yields
uWi(u')? = (S — eW3)u? — (286, Wy /3 — e3W3)u?
+2C1M+C2, (36)
where C; and C, are constants.

Choosing C; = C, = 0 we find the solution of Eq. (36)
in the form of a KdV soliton. It reads

(x+ —|—Sx_) 3(S—€2W%)
u =
(2e,W — 3€3W?))

VS — Wi (xT + Sx7) )

2/ uW;

cosh™2

The soliton amplitude u, and width [, are given by

W4
and Io = 24|20 (38)
N €2W0

We see that the parameter S determining the soliton
propagation velocity depends on the soliton amplitude
Uy as

3(5 - €2W(2)>
Uy = 3
(2€2W0 — 3€3W0)

2
S = €2W% + (g €2W0 — €3W8> Ugp. (39)

The soliton propagation velocity depends on W, and u, as

o 1-S o 1- €2W(2) — (26'2/3 — €3W%)W0Mo
o 1 —|— S o 1 + €2W(2) + (2€2/3 — €3W(2))W0M0

4
~1- 2€2W(2) - §€2WOM0. (40)

Substituting S from Eq. (39) to the expression for [, given
by Eq. (38) we find the soliton width. It reads

. 4uW;
0= (262 — 36‘3W%)M07

Wy < (2€5/3€3), ie., Iy ~ k(W3 /ug)'/?. In other words a
typical energy of the photons constituting the soliton is
approximately equal to hiw, &~ m,c?(W3/ug)/>.

(41)

VI. CONCLUSIONS

We use a Lagrangian that involves higher order deriv-
atives of the wave vector potential and that is constructed so
as to include the quantum nonlinearity parameter depend-
ency of the invariant photon mass. This Lagrangian allows
us to describe dispersive effects in the interaction of two
counterpropagating light pulses by a nonlocal extension of
the nonlinear wave equation that is derived from the
Heisenberg-Euler Lagrangian. In addition, in the case of
a finite amplitude wave impinging on large cross fields, we
show that Korteveg-de Vries soliton solutions can be
consistently derived from these field equations by consid-
ering a proper ordering of the amplitude of the impinging
wave and of its space-time coordinate dependence in terms
of the amplitude of the cross fields.

An extension of this procedure so as to include higher
order derivatives and higher powers of the fields amplitude
than those considered in this article could be of interest
when searching for novel light soliton solutions, such
as e.g., “compactons,” i.e., solitons with finite wave-
length [66]. Such an extension could be written in the
formal way

096012-6



NONLINEAR WAVES IN A DISPERSIVE VACUUM DESCRIBED ...

PHYS. REV. D 103, 096012 (2021)

4
m
‘CHE/D = %62]’[(F”UF”D, G”DMF”DFK/Q)

S pa /jy_> WY VKA
X [1 +f( aa F/}F ay)]h(F/wF , € F/wFK/l)’
(42)

where the function # is related to the usual Heisenberg-
Euler asymptotic expansion while f is a “function” of the

— —
differential operator J, FjF P19, (related to the relativistic
y invariant) where the arrows indicate left or right action.
The function f should be related to the expansion of the
invariant photon mass in Eq. (2), see Ref. [31]. The
Lagrangian Lyp/p is gauge invariant and is Lorentz
invariant. In addition, its contribution to the wave equation
|

vanishes in the case of a plane wave in which
V . oUUKA —
case F, F" = "™ F, F,=0.
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APPENDIX A: EXPLICIT FORM OF THE
LAGRANGIAN Lg

We rewrite the Lagrangian L in Eq. (23) explicitly as a
function of d,a,0_a,d0, a,0,._a,0__a,

Lr(a.d'.d") = ={(0,a)(0_a) - &[(0,a)(0_a)]* + &[(0,a)(9_a)]’
+p(0,.0)*((0--a)(9,.a) + (0-a)(0-a))* + (0-a)*((0-,.a)(0.a) + (0-a)(9. ,a))?

+2(0-a)(0,.a)((0--a)(0..a) + (0-a)(9,-a))((9-,.a)(0,.a) + (0-a)(0...a))]}, (A1)
which can be rewritten as
Lr(a,a'.d") = —{(0,a)(0-a) - €,((0,a)(0-a))* + €3((01a)(0-a))’
+u[((0+a)*(0_—a) + 2(0_a)(0+a)(9._a) + (0-a)*(0;+a))*]}. (A2)
and can be reexpressed in terms of the electromagnetic fields as
Lr(w,u) = —{uw — e;(uw)? + e3(uw)? + pu[w?0_u + uwd, u + uwd_w + u?0, w}*}. (A3)
APPENDIX B: DERIVATION OF THE FIELD EQUATION
From Eq. (24) we find
S = (-1 = 26:0.)(0-0) + 363(0..0)(0-)"
= 4p{[(0:.a)(0-_a) + (0-a)(0,4-a)][(0+a)*(0-_a) + 2(0_a)(0-.a)(0,-a) + (9_a)*(0.,a)]}.
S = ~10-0)(1 = 26:(0.0)0-0) + 363(0..0)(0-)"
= 4p{[(01a)(0;-a) + (0-a)(94+a)][(01a)*(0-—a) + 2(9-a)(0+a)(0-a) + (0-a)* (0.1 a)l}.
% = —2u{(0-a)((0,0)(0—a) +2(D_a)(D.a)(d,a) + (9-a)(d ,a)]}.
a(gf_ra) = —2u{(0,0)*(0..a)*(0--a) + 2(0-a)(9,a)(0,-a) + (9-a)*(0;,a)]}.
8(gffa) = —4u{(0,.0)(0-a)[(0,a)*(0--a) +2(9-a)(0,a)(0;-a) + (0-a)*(9,,a)]}. (B1)
Using Eq. (B1), reintroducing the field variables u, w, and defining for the sake of notational compactness
M(u,w) = w?0_u + uwd_w + uwd,u + u?d,w = wo_(uw) + ud, (uw), (B2)
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from Eq. (25) we find

O, {ull = 2e;wu + 3e3(wu)?]} + O_{w[l — 2e;wu — 3e3(wu)?|}

+ 2u{20, [(WwO_u + ud_w) M u,
- 0,0 [P M(u,w)]

w)| 4+ 20_[(wO, u + ud,w) M (u, w)]
—0_0_[w*M(u,w)]

—20,0_[uwM(u,w)]}. (B3)

APPENDIX C: GHOSTS BRANCHES

Here we discuss ghost branches of the higher order Lagrangians considered in this article. Implementing the high
derivative term (5) of the Lagrangian (10) in the Heisenberg-Euler Lagrangian leads to

L(u,w) = —uw + e, (uw)? — e3(uw)? — a[(0, u)(O_w) + ud,._w + wo., _u],

where ji = M2

O_w =20, u,

O {ull = 2e;uw + 3e3(uw)?]} + O_{w[l — 2e;uw + 3e3(uw)?]} + 40, _u.

We consider an electromagnetic wave counterpropagat-
ing with respect to a large amplitude cross-field low
frequency electromagnetic wave, i.e., we assume that

a(xt,x7) = Woxt +a(xt, x7). (C4)
Within the linear wave approximation, which requires
{|o_al,|0,al} < Wy, Egs. (C2) and (C4) can be reduced
to the equation

0, —eW30_a+ 40, ,_a=0, (C3)
which can be rewritten in x, ¢ variables as
(1 +€2W0)8 + (1 —62W2)8 a—+2p(0,+9,)
X (8, — 0y )a = (Co)

The corresponding dispersion equation giving a relation-
ship between the wave frequency @ and wave number £,
i.e., a(x,t) «x exp(—i(wt — kx)), has a form

1+ eW3)w —

(1 — eaW3)k — 2ji(w — k) (w? — k?) = 0.

(C7)

It is convenient to rewrite this equation in terms of Q =

(w+k)/v/2 and Q = (0 — k)//2. In this case, we have
a(xt,x7) «exp(—i(Qx* + Ox7)). The dispersion equa-
tion can be written as

Q- e, W50 + 4020, = 0, (C8)

whose solution gives for two branches

is proportional to the fine structure constant a., leading to the system of wave equations

(C1)
(C2)
(C3)
o, - 1+ T+ 166,W5 ()

8fiQ
In the long-wavelength limit Q — 0 and/or in the limit of
week dispersion ji — O the frequency Q, equals

Q. = ;W50 — 4ie; Wi Q* + - -, (C10)

while the frequency Q_ corresponds to the ghost branch,

1
Q_ 4 Q+€2W0Q

In terms of w_ and k_ this results in the dispersion equation

/ 1
k2 4+ —,
w_ + 47

i.e., it describes the photons with the “mass” which tends to
infinity when fi — 0. Using Eq. (13) we find that the
electromagnetic field with the photon energy correspond-

ing to the mass, hw_ = /135x/4am,c* which cannot be
described within the Heisenberg-Euler Lagrangian para-
digm in contrast to the the wave corresponding to the
branch given by Eq. (C10).

(C11)

(C12)

APPENDIX D: LORENTZ INVARIANT
SOLUTIONS

Following a procedure adopted in Ref. [59] we may
look for self-similar solutions where the vector potential
a(x™,x7) depends only on the combination x*x~ =p
which is invariant under Lorentz boosts along x.
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Using the following formulas for Lorentz invariant solutions with a(x™,x™) = a(p) and &' = da/dp

0,a=x"a, O_a=x"a',p(@)? = uw, Opra=(x)%a", O__a = (x)*a", 0,_a=a +pd’
(01a)*(0--a) +2(9-a)(0,a)(0;-a) + (0-a)* (0, a) = 4p*(@')*a" + 2p(a')’, (D1)
we obtain
OLy ~ A3 2(ANS AIN2 Al Al 2 (AIN2 AN A3
8(0.a) —xt[a’ = 2e:p(&)° + 3e3p* (&) + 4p((&')° + 2pa'd") (4p* (a')*d" + 2p(@')*)]
+
— = 2exp(@) + esp(@)) — Sux i [(p(a ) P
oL ~l ~l Py =nh’
0 Ta) = —x7[& = 2e5p(&)’ + 3e3p?(&)°] = 8ux~pd[(p(a')?)|?
oL
a7 = A PP 420 200 ) = e PP (P
++
oL .
S =~ @ P ).
oL .
TG 5 = —8up (@) (pla)?) (D2)
+ -_—

Then from Egs. (25) and (D2) we have
& = [pH(p, &) = 2ulK(p,a', ")/ (D3)
where
Hlp.&) = 2exp(@)} = 3esp(@)° - Bupd [(&')? + 200",
Klp.a'.a") = 4pa'[(p(@)*)? + [p& [p*(@)*]'] + plpa[p*(@')*]. (D4)
A logarithmic-type solution is obtained in a perturbative approach (see Ref. [59]) where, to zero order we have
[pa']' = 0, which leads to a(p) = C; + C, In(|p|) (D5)

while the higher order contributions on the right-hand side of Eq. (D3) are properly included by a renormalization procedure
that leads to a modification of the argument of the logarithm of the form @ = In |p + g(p)|.
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