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We reconsider the issue of the search for a nonzero electric dipole form factor (EDM) d,(s) using
optimal observables in 77z~ production by eTe™ collisions in the center-of-mass energy range from the
7-pair threshold to about /s ~ 15 GeV. We discuss the general formalism of optimal observables and
apply it to two CP-odd observables that are sensitive to the real and imaginary part of d,(s), respectively.
We compute the expectation values and covariances of these optimal CP observables for z-pair production
at \/s = 10.58 GeV with subsequent decays of 7% into major leptonic or semihadronic modes. For the 7
decays to two pions and three charged pions we take the full kinematic information of the hadronic system
into account. Assuming that the Belle II experiment at the KEKB accelerator will eventually analyze data
corresponding to an integrated luminosity of 50 ab~! and applying acceptance cuts on the final-state pions,
we find that 1 s.d. sensitivities SRed, = 6.8 x 1072° ¢ cm and 6Imd, = 4.0 x 1072° ¢ cm can be obtained
with events where both 7’s decay semihadronically. We consider also the ideal case that no cuts on the final-
state particles are applied. With 50 ab™! at \/s = 10.58 GeV corresponding to 4.5 x 10'® 777~ events we
find the 1 s.d. sensitivities 6Red, = 5.8 x 1072° ecm and 6Imd, = 3.2 x 1072 ¢ cm, again for events
where both 7 leptons decay semihadronically. Furthermore, we analyze the potential magnitude of the =
EDM form factor in the type-II two-Higgs doublet extension and in two scalar leptoquark extensions of the

Standard Model, taking into account phenomenological constraints.

DOI: 10.1103/PhysRevD.103.096011

I. INTRODUCTION

The search for electric dipole moments (EDMs) of
fundamental fermions is an important aspect of experi-
mental investigations hunting for physics beyond the
Standard Model (SM) of particle physics, in particular
for CP violation beyond the Kobayashi-Maskawa mecha-
nism. So far only upper bounds for these EDMs exist [1].
For the electron an impressive upper limit was obtained
rather recently by the ACME Collaboration [2]. The best
muon EDM limit to date was set by the Muon (g —2)
Collaboration [3]. These limits are

|d,| < 1.1 x107% ecm at 90%C.L., (1)
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|d,| <1.8x107" ecm at 95%C.L. (2)

The lifetime of the 7 lepton is too short to allow for the
measurement of its static moments. Instead, information on
the nonstatic r EDM form factor' can be retrieved, for
instance, from the measurement of CP-violating correla-
tions in z-pair production by e*e™ collisions. The © EDM
form factor can be a complex quantity for timelike
momentum transfer. The best limits to date on its real
and imaginary parts were obtained by the Belle I
Collaboration [4] at g> = (10.58 GeV)?:

—2.2x 107" ecm < Red,(q?)

<45%x 1077 ecm at 95%C.L.,
-2.5x 107" ecm < Imd,(¢?)

<0.8x 107" ecm at 95%C.L. (3)

In a series of articles where two of the authors of this
paper were involved, ways of searching for CP-violating
effects in eTe™ collisions, in particular for a nonzero t

'In this paper we use the acronym EDM for both the static
moment and the form factor at ¢ # 0.
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EDM, were proposed [5-9]. The observables and results of
[6,9] were used in the experimental searches for an EDM
form factor of the 7 lepton by [4] and earlier by the ARGUS
Collaboration [10] that obtained the results

|Red, (¢*)| < 4.6 x 10716 ecm  at 95%C.L.,
[Imd,(¢*)] < 1.8 x 107'® ecm  at 95%C.L. (4)

at a c.m. energy /s = \/¢> = 10 GeV of the reaction
ete™ — 177, For reviews of the search results for the 7
EDM and its weak dipole form factor (the analogue of the
EDM for the coupling of the Z boson to fermions); see, for
instance, [11,12]. Further discussions of possible measure-
ments of the anomalous magnetic moment and the EDM of
the 7 lepton can be found in [13—17] and references therein.

The experimentation at Belle II [18] which started
recently at the KEKB accelerator offers new possibilities
for measuring the z EDM form factor, in particular, because
a huge number of recorded z-pair events are expected at the
end of data taking [19]. Also the BES III experiment, where
ete™ collisions at a center-of-mass (c.m.) energy /s ~
4 GeV are studied, expects to collect and analyze a large
number of 77~ pairs [20]. Therefore, we reconsider the
issue with particular emphasis on using optimal observ-
ables [21-23] for tracing the 7 EDM form factor in z-pair
production at c.m. energies from threshold up to about
15 GeV where the contribution from Z-boson exchange is
negligible. In our numerical analysis we consider z-pair
production at /s = 10.58 GeV. Moreover, we analyze this
form factor in a few SM extensions that can induce a
potentially sizable  EDM [24].

Our paper is organized as follows. In Sec. II we recall the
form factor decomposition of the yzz vertex and in
particular the definition of the z EDM form factor. In
Sec. III we discuss the production and decay matrices for
the process ete™ — 77~ with the 7’s decaying into one,
two, or three particles that are measured in an experiment.
Section IV deals with simple and optimal observables
[21-23] for tracing the EDM of the 7 lepton. Section V
contains our numerical results, in particular our estimates of
the sensitivities with which the real and the imaginary parts
of the 7 EDM form factor can be measured in various
decay channels. In Sec. VI we consider the 7 EDM form
factor in a type-II two-Higgs doublet extension and in two
leptoquark extensions of the SM and analyze the potential
magnitude of the r EDM taking into account experimental
constraints. Moreover, we show that within these models
CP-violating box contributions to the S-matrix element of
eTe™ — 7~ are negligible as compared to that of the 7
EDM form factor. We conclude in Sec. VII. In the
Appendix A we list the density matrices for several major
decays of polarized 7+ leptons. In particular, we present the
explicit form of the differential decay density matrices for
7 — 2zv, and 7 — 3zv,. Appendix B contains a detailed

analysis of the expectation values and covariances of the
CP-odd optimal observables used in Sec. V in various 7tz
decay channels.

II. FORM FACTORS

We consider 777~ production in e*e™ collisions at ¢.m.
energies /s from threshold up to about 15 GeV, with 7~
and 7" decaying into a final state A and B, respectively,

et(py)+e(po)—»at(kpa)+7 (ko f)=B+A. (5

The four-momenta and the corresponding three-momenta
are denoted in the e*e™ c.m. frame by p. = (p%,p.)7,
ki = (K%, k:)T. We consider unpolarized electrons and
positrons and neglect their masses; the labels a,p €
{£1/2} denote the spin indices of the tau leptons. In
the c.m. frame we have p, +p_ =k, +k_=0.

For unpolarized e™ and e~ the initial state is described by
a CP-invariant density matrix. Thus, any nonzero CP-odd
correlation observed in the final state indicates a genuine
CP-violating effect that can be located in the production
and/or in the decays of the 7’s. We consider tau-pair
production by one-photon-exchange only. At the energies
considered here Z-boson exchange is negligible. This will
be justified at the end of this section. The diagram shown in
Fig. 1 exhibits this approximation with the full photon
propagator

() ~iGu

AV (q) = , 6
R RN ] )
where TI.(g?) is the vacuum-polarization function; see,
e.g., Eq. (19.45) of [25]. For instance, at the mass of the

T(4S) resonance, at \/q? = 10.58 GeV, this vacuum
polarization effect produces an enhancement of the cross
section. For a detailed discussion of the z-pair cross section
at this energy, including radiative corrections, we refer to
[26]. Below we consider only normalized expectation
values of CP observables where such resonance enhance-
ments enter only through the number of events which we
take as input from experiment.

In the following we assume that the only source of CP
violation in the diagram of Fig. 1 is due to a nonzero EDM
form factor in the yzz vertex. This vertex is given by the
following one-particle irreducible (1PI) matrix element of
the electromagnetic current J$™ between the vacuum and
the 77~ final state:

(77 (k= ), 7" (k. a)out|J57(0)]0)

_ i
= _”ﬁ(k—) |:eFl (612)7/1 +%JAMQ”9F2(qz)"‘dr(qz)(f/mqﬂ?s

T

+é14(612)(612}’1—2mr‘1/1)75] Va(ky), (7)
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FIG. 1.

VAN

The reaction (5) in the one-photon-exchange approximation.

Tt

FIG. 2. A cut diagram leading to an imaginary part of the form factors in (7) for g> > 0.

where ¢ = k, + k_. The right-hand side of (7) represents
the most general decomposition of this matrix element
taking into account the conservation of the electromagnetic
current. Moreover, e = \/4na., > 0 denotes the
charge, and we use the y-matrix conventions of [25].
Note that the order of 7= and 7% in the matrix element
(7) matters because we are dealing with fermions. The form
factors F 5(q?), d.(q*), and A(g?) are analytic functions of
g* in the complex ¢* plane with a cut on the positive real
axis satisfying

Fi(g*) =Fi(q?), i=1.2,
d’r(qz*)* = df(q2)7
A(g¥)" = Ag). (8)

That is, on the real ¢ axis, the form factors are real
functions for ¢g> <0 and can have imaginary parts for
g* > 0. At higher order in ., these cuts start at g> = 0 due
to cut diagrams of the type shown in Fig. 2 with three
photons in the intermediate state. In the decomposition (7)
we have g®> > 4m2, and we have to set ¢g> + ie, that is, to
take g> above the cut.

Next we recall the transformation properties of the yzz
coupling terms associated with the four form factors in (7)
under charge conjugation (C), parity (P), and CP.

Assuming that the interaction is invariant under these
transformations and using the transformation of J$™(x)
under C, P, and CP, one gets the transformation properties
listed in Table I

The ete™ — vz~ amplitude can receive also CP-odd
1PI box contributions, for instance, contributions with
Lorentz structure (ee)(7iysz). We do not take such con-
tributions into account in the following. We discuss a few
SM extensions in Sec. VI that can induce sizable 7 EDM
form factors. For these models we show in Sec. VIC that
the CP-violating box contributions can be neglected as
compared to that of the induced = EDM form factor.

For the matrix elements of the current between 7~ and 7+
states, respectively, we get, using the standard crossing
relations:

TABLE I. Transformation properties of the yzz coupling terms
corresponding to the four form factors in the decomposition of the
matrix element (7) of the electromagnetic current.

c P cP
Fi(q?) + + +
Fy(q?) + + +
d.(q%) + - -
Alg®) - - +
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(T (KA O) e (k. ) = =ity (K)T;(q)up(k), — (9)

(" (K, a)I(0) [z " (k. @) = Do (K)T3(q)ve (K, (10)

where the vertex function I';(g) is given by the expression
in the square brackets of Eq. (7) with ¢ = k' —k and
q*> <0.

The form factor F,(g?) is the electric or Dirac form
factor with the normalization

F(0) = 1. (11)

The magnetic or Pauli form factor F,(g?) at ¢g> = 0 yields
the 7 anomalous magnetic moment:

1
5

FZ(O) = da;

The 7~ and 7' electric dipole moments, respectively, are
obtained from the EDM form factor d,(g?) at ¢*> = 0:

di- =—d+ = d‘r(o) (13)

The form factor A(g?) at g*> =0 defines the anapole
moment [27-30] of the 7~:

A-=A

T

(0). (14)

For a 7~ at rest, k = kg = (m,,0)7, one has

Carln) = =145 (1)

.Co _
— 15T

o (0o

Here c; and ¢, are dimensionless real coupling constants,
A > v denotes the energy scale of new physics that is
assumed to be considerably larger than the electroweak
symmetry breaking scale v = 246 GeV, g and ¢ are the
SU(2) and U(l) gauge couplings, respectively, W, and
B,, are the gauge field strength tensors corresponding
to these groups, ¢ is the Higgs doublet field, and 7
and LT = (v,,7)T are the right-handed singlet and left-
handed lepton doublet fields of the third generation. (Our
notation follows [33].) After spontaneous symmetry
breaking the effective Lagrangian (16) contains the
EDM interactions

a
v

2
¢

2

1
F0ppAc

(15)

A comment on the gauge invariance of the form-factor
decomposition of the vertex function (7) is in order.
Electromagnetic gauge invariance is obvious, because con-
servation of the electromagnetic current was used in the
decomposition of (7). As to the invariance with respect to the
electroweak gauge group SU(2) x U(1): The static moments
at ¢> = 0, in particular the anomalous magnetic and electric
dipole moment and the anapole moment, are gauge invariant,
as they correspond to terms in the 7 — 7 S-matrix element in
the soft-photon limit. Yet, for obtaining a gauge-invariant
amplitude for ete™ — 77~ one cannot, of course, use (7) in
isolation, but must take into account all contributions
(including box contributions at one-loop order and beyond)
to the S-matrix element order by order in the electroweak
couplings. However, in the following we use only the tree-
level yzz vertex supplemented by the  EDM form factor. The
7 EDM is extremely small in the SM, as will be briefly
reviewed at the beginning of Sec. VI. Thus, a sizable value for
d, must come from “beyond the Standard Model” (BSM)
physics. In Sec. VI we discuss a few BSM extensions that can
induce a sizable 7 EDM form factor and compute it at one-
loop order. The form factors d,(g>) given in that section are
invariant with respect to the electroweak gauge group.

As is well-known one may introduce a ¢ EDM, together
with an analogous CP-violating weak dipole moment
(WDM) d? in the Zzt vertex, by using a SU(3) x SU(2) x
U(1) invariant effective Lagrangian approach for BSM
couplings. Imposing baryon and lepton number conserva-
tion the leading gauge-invariant operators have mass
dimension 6 [31] and the relevant effective Lagrangian
takes the form (see, for instance, [32])

(= (k) (=) / P2 (x.0)]e (ke. ) =

W) = 980 | Lo 9
Wi, (x) + %/Bﬂb (x)] L;(x)+H.c. (16)
|
Lan() 3 =3 deT(x)"157(x)Fyu (3
SR (Zu (), (17)

where F,, =0,A,-0,A, and Z,, =0,Z,-0,Z, are,
respectively, the Abelian field strength tensors of the
photon and Z boson and d, and d? the electric and weak
dipole moments of the 7 lepton:

PO gz _VoVe+g
t =5 = —Ci P =5——F="0. (18)
A s A5

096011-4



ELECTRIC DIPOLE MOMENT OF THE TAU LEPTON ...

PHYS. REV. D 103, 096011 (2021)

This approach constitutes a possibility to introduce the 7
EDM and WDM in a way that respects electroweak gauge
invariance. Using the Hermitian Lagrangian (17) to
leading order corresponds to setting

Red.(¢*) =d,.  Imd,(q*) =0, (19)

and likewise for d%. In this framework imaginary parts of
d, and d? will be generated by diagrams involving both
Lo of Eq. (17) and SM couplings at higher order. We
shall take into account in the following that Imd, can be
nonzero for ¢g> > 0 but we neglect, as already mentioned
above, the contribution from Z-boson exchange, in par-
ticular the contribution from d4. This can be justified as
follows. Equation (18) shows that d, and d? will be of the
same order of magnitude if the coupling constants c¢; and
¢, are of comparable size. This is the case, for instance, in
the BSM models considered in Sec. VI, as was shown in
[24]. At energies /s < m that we consider in this paper,
the effects of d? resulting from Z-boson exchange are then
negligible compared to those of d, as is the contribution
resulting from the interference of the SM Z-boson
exchange amplitude with the amplitude involving d,.
One can see this explicitly from the formulas given in
[9] where both y and Z-boson exchange were taken into
account. From Eq. (3.10) of [9] we find that for c.m.
energies /s ~ 10 GeV that we are considering Z-boson
exchange contributions are suppressed by a factor of order

T e (g )l p(q- )0 (g )vs

7 (q-)n’v,,

s/m% ~ 1072, (20)

This holds for /s in the continuum and at the Y(4S)
resonance where the suppression factor (20) is a few
percent smaller because there the photon contribution is
enhanced as compared to the continuum value; see [26].

III. MATRIX ELEMENTS, PRODUCTION, AND
DECAY MATRICES

We are interested in analyzing CP-violating effects in
7-pair production generated by a nonzero z EDM form
factor. Therefore we shall analyze the reactions (5) by
considering on-shell z-pair production by one-photon
exchange, including the = EDM form factor in the yzz
vertex, followed by the decays of 7~ and ¢ into the final
states A and B, respectively. The 7 spin correlations and
polarizations will be taken into account. [The reactions (5)
were investigated in [9] for arbitrary c.m. energies for
photon and Z-boson exchange including besides the EDM
also the weak dipole form factor of the 7 lepton.]

As to the decay channels A and B, we consider
two cases:

(i) Only one charged particle of A and one of B are

measured:

" —alg)+X.  tf-blg)+X. (21)

Examples from the main decay modes of 7~ are

0 (g )27, n (¢ )ntr v, (22)

and the respective charge-conjugate ™ decays. The decay modes (22) include, in particular, T decays to one

charged prong.

(i) We shall also treat the case where more than one particle from 7 decay is observed, specifically the decay to two pions
via a p and p’ meson and the decay to the a; meson, respectively, to three charged pions:

v = 1 (q1)7°(q2)v,.

7 = 1 (q1)7 (q2)7" (q3)vs,

= 77(q)n%(q2)7;. (23)

= 1 (gq)7 " (§2)77(33) 0 (24)

For on-shell z-pair production and decay the cross section of (5) can be written as a product of the production density
matrix R for ee™ — 77~ times the density matrices D(If,a and D?, ) that describe the decays of polarized 7* — B and

7~ — A, respectively. The production density matrix R is defined as follows:

Ruappr = 3 3" (k@) (ko HITIe* (po 7). (p.)

7.0

X (e (ky o), 7 (ko f)| T e (P 7). e (p-.8))", (25)

where y, & are the spin indices of e™ and e, respectively. For a decay of 7~ according to case (i) above the corresponding

decay density matrix is given by

096011-5
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Dgp(r (k) = alg-) + X) =T'(z~ - (2n)*sW (k- ~ g = qx)

x (a(q-), X|T |z (k-, p)){a(q-), X|T |z (k_, p'))". (26)

Here the normalization is chosen such that

d*q_ ~
/WDZ' (v (k2) = alg-) + X) = 8yp(na)a, (27)

where (n,), is the mean multiplicity of particle a in channel A. Formulas analogous to (26) and (27) apply if decays
77 = b+ X’ according to case (i) are considered.
Thus the cross section for the two-particle inclusive reactions

efe >ttt > B+ A, (28)
where
A=alg)+X, B=b(q)+X, (29)

is given in the narrow-width approximation of the intermediate z leptons by

V1-4 dQ
/s A, Br(z~ — A)Br(«" — B)

167s A

do,; =

dq- d3q+ b+ _ /
X Rowpp WDW;[T — a(gq-) + X| mpa/a[f - b(g,) + X, (30)

where s = (p, + p_)?, the solid angle element dQy corresponds to the momentum vector k , in the e* e~ c.m. frame, and
Br(zr~ — A) and Br(z* — B) denote the branching fractions for the decays 7~ — A and z+ — B, respectively.”

For 7 decay to three charged pions whose four-momenta are all measured in an experiment, we define the corresponding
decay density matrix by

D‘/}ﬁ(’f_(k—) — 17 (q1)7(g2)7" (q3)v-)

1 d’q
=TI - ﬂ_ﬂ_ﬂwr)ﬁ/ﬁ 2n)*6W (k- — g, — g2 — 45 — q4)
T 4

x (77 (q1)7 ™ (q2)7 " (q3)ve| 17 (k= ) (7™ (q1) 7™ (q2) 7" (q3)ve | T |7 (K-, )" (31)

where ¢, is the four-momentum of v, and analogously for the decay t™ — z* 7"z~ 0,. The normalization is

dq; _ _
/H 27)724) ﬁﬂ 7 (k_) = 77(q1)7 (q2)7" (q3)v:) = 28, (32)

corresponding to the z~ multiplicity 2 in this channel. If the analysis is restricted to three pions in a suitably defined
invariant mass region around the nominal @; mass one has to take into account the corresponding phase-space cuts in
'z~ - 7z 72 7"y, and in (32).

For the 7 decay (23) to two pions, where both the charged and the neutral pion are measured, the respective decay density
matrix is defined accordingly by integrating the corresponding squared matrix element over the four-momentum of the
neutrino.

*Formula (4.3) of Ref. [9] contains a typo. These branching fraction factors are missing. However, they were taken into account in the
numerical results given in that paper. Moreover, the variable g; on the Lh.s. of Eq. (4.4) of that reference should be replaced by

la*|/(na).
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In order to get the inclusive cross section for case (ii),
considering, for instance, the decay of the 7z~ into three
observed pions, we have to make in (30) the replacement

d*q_
Wpﬁ,ﬂ[f - d + X}

3 d36]
H | 2piag? ﬁ,ﬂ [t~ > n v (33

Analogous replacements apply if the decay of " to three
observed pions or the decay of T to two observed pions are
analyzed.

The production density matrix R in (30) is computed in
the e e~ c.m. system; see below. Instead of calculating the
decay density matrices also in this frame we can determine
them in the 7~ and 77 rest systems, respectively, if we use
the following:

(i) We consider rotation-free Lorentz transformations
(boosts) from the c.m. frame to the = and t* rest
systems, respectively.

(i) We use standard spinors u,(k), v, (k) for the 7’s with
P, a denoting the spin components in a given z
direction (see, e.g., [33]).

As is well known, these spin components are not changed
by boost transformations. Let Ay be the boost transforming
the 7= momentum k_ from the eTe™ c.m. system to rest,
|

4
e AN
xsm = A +m? + [k (k- p)°]1 = (0, o) [K[*[1 =

+2(k -6,)(k -6 )[[k|* + (ko
—2ko (ko —

(40)

4 2 oo kP .6)2
X = e'[(Red,)” + (Imd,)"] =~ (1~ (k-p)|(1 -0, -0)
(41)

Compared to Egs. (3.8)—(3.10) of [9] we neglect here the
contributions from Z-boson exchange because we restrict
ourselves to the kinematic range s < m% but we have
included the photon vacuum polarization effects. In (38)-

(41) we put p=p,, k=k,, and p and k denote the

mf)(f('f))[(ﬁ'm)(p'ﬂ )+ (k-0

Ayk_ = k*, where k* = (m,,0)".
Axq_ = q*; see (B2) and (B3),

(a(g-), X|T |~ (k- p)) = (alq kZ. B))-

Insertion into the decay matrix (26) proves our statements
above. The analogous argumentation applies to the 7*
decay density matrices.

In Appendix A we give the explicit forms of the T decay
density matrices in the respective rest frames for the decay
modes listed in (22)—(24).

Finally, using the one-photon-exchange approximation
and setting

We have then with

). X|T e ( (34)

(35)

the production density matrix R is given in the eTe™ c.m.
frame by

X

i ener o
where [9]
x = xsm+Redyyfp +Imdylp + x5, (37)
and
(k- p)?]
—m.)*(k-p)*] +2K3(p-0.)(P-6-)
k-6_)(p-o.)]}. (38)

respective unit vectors; we have introduced in (37) and (41)
dimensionless EDM form factors defined by

NG

Red, (s) = \/;Red,(s), Imd, (s) = S SImd (s).  (42)

Moreover, we use in the equations above the notation [9]

1

(]] ® ﬂ)aa’ s = 6{1{1’5/}/}’7
o, = (0' ® ]])aa’ﬂﬂ’ - Gaa’éﬂﬂU
O_ (]] ® O')aa//jﬁ/ = 5(1(116/}/}/7

(43)

where the first and second factors in these tensor products
refer to the spin spaces of t+ and 7, respectively. The
density matrices ygy and y;» are CP-even, whereas y& is
CP- and Ty-odd while ;(ICP is CP-odd and T y-even. Here
and below T y-even/odd refers to the behavior with respect
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to the naive “time reversal” transformation, that is, reflec-
tions of three-momenta and spins.

Equation (39) shows that a nonzero Red, generates CP-
odd 777~ spin correlations in the p, k scattering plane
while a nonzero imaginary part of d, leads to a CP-odd
asymmetry of the z™ and 7~ polarizations with projections
along p and k; cf. (40). The 7 leptons autoanalyze their spin
directions via their parity-violating weak decays. In this
way these 7 spin correlations and polarization asymmetries
induce CP-odd angular correlations among the 7+ decay
products, to which we now turn.

IV. SIMPLE AND OPTIMAL CP OBSERVABLES

In this chapter we discuss simple and optimal observ-
ables for studying CP violation in the reactions (5). Let us
first consider the case (i) above where only one charged
particle is measured from 7~ and 7" decay, respectively,
ie, 7 = a(q.)+X and v+ — b(q,) + X'. Simple CP
observables for this case were given in Ref. [9].
Observables sensitive to Red, (s) are, for instance, the
tensors

.y - i (@ < G) . .
TV = - b <> 44
(q+ q—) |(’i+X(i—| +(l .])7 ( )

TV =(q: —q-)(a: xq-) + (i< j).  (45)
Observables sensitive to Imd,(s) are, for instance,

07 = (4; +4-) (4 —q-) + (i< j),  (46)

07 = (ay +9-)'(9y —9-) =307(q} = q2) + (i & ).
(47)

The momenta q . in (44)—(47) are defined in the eTe” cm.
frame, and q. =q./|qy| and i,j € {1,2,3} are the
Cartesian vector indices. These observables, denoted

generically by O(q,,q_), have the property to be odd
under CP:

0(q1.q-) = -0(-q_,—q.). (48)

Moreover, Eqgs. (44) and (45) are Ty-odd while (46) and
(47) are T y-even. A nonzero expectation value of any such
observable of the form

(Oap =5{(O)is + (O)pa}

At SR

is a genuine signature of CP violation. Here do j; is the
cross section (30) of the reaction (28) and do,; the

| =

corresponding one for the charge-conjugate channel. We
assume that any phase-space cuts that may be applied are
made in a CP-symmetric way.

Observables of the type (44)—(47) were studied exten-
sively in [9]. In Chapter 5 we give an update of the
sensitivities achievable with these observables at the KEKB
accelerator with Belle II. A discussion of the sensitivities
achievable with the BES III experiment at the Beijing
Electron-Positron Collider II is deferred to a future
publication.

We shall now turn to optimal observables [21-23], and
we follow here Ref. [23]. We denote the measured phase-
space variables generically by ¢ and the CP-transformed
ones by ¢:

CP: ¢ — ¢. (50)

Phase-space cuts are assumed to be CP-symmetric. In the
following we denote the dimensionless CP-violating EDM
form factors [cf. Eq. (42)] that are to be measured by

gy =Red,, ¢, =1Imd,. (51)
From experiment we know that these couplings are
small, |g; | < 1. From (3) we get |g;,| < 2.4 x 1072 for
/s = 10.58 GeV. Therefore, we shall work to leading
order in these couplings. The cross section (30) can be
expanded in the g; as follows, neglecting terms of second
order in these couplings:

ab _ daai <¢>
s0(g) =

Here and in the following we use the summation con-
vention. Moreover, in order not to overload the notation,
the labels a and b denote in (52) and in what follows decays
of 7~ and " to one, two, or three measured particles,
respectively. The CP properties of Sy and S| in (52) are

= S () + g:S8%(p).  (52)

SeP(p) = SE(¢).  Sih(p) = =Shep).  (53)

We define now the observables
O () = STH(B)/ S5 () (54)
Their expectation value Eq for g; = 0 is
£0) = [ assf@0f @) | [arsga. 9
We set
O () = O (¢) - Eo(OF) (56)

and get for the expectation value of OQ”’_’ :
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B = [ars? 08w | [ st
= Vij(O/aB)gj~ (57)
The expression on the right-hand side is obtained by

expanding the ratio to first order in the g;. Here V(O aby —

(Vi (O aby) is the covariance matrix of the quantities ¢’
for g; = 0.

, o sab g4b
Vi) = BP0 = By 47
SO SO
sty (51
el -

The covariance matrix V(") is positive definite. From
(57) we obtain

gi = Vij (O“")E(OF"). (59)

In the remainder of this section we recall from [23] some
general relations for optimal observables in order to make
our article self-contained. Also, we shall discuss that in the
nondiagonal case a # b the theoretically optimal estimators
may not always be “optimal” from a practical point of view
[see the discussion after Eq. (78) below].

We consider first the diagonal case, a = b, and assume
that n events of this type are analyzed. The density function
is then

n

F(gi, ) =[] £ (o)

=1
@) =s%@) | [apse@). o)
The information matrix I = (;;) is defined by

e (Zur) (Zur)]. o

The optimal estimators for the couplings g; are in this case

7i(g) = Vi (OO (¢), (62)

where 5; denotes the mean value of (9;-. From Egs. (59)
and (60) we obtain the expectation values

E(Yi) = Ui (63)

and the covariance matrix of the y;, evaluated for g; = 0, is

Vilr) = Ealrir) = -V (©9). (64
We get for the information matrix (61)
1],y = nV(0"). (65)
Therefore, we have here

Vo (y) = I =0- (66)

and the estimators (62) are optimal for small g;. That is, the
error ellipse obtained with the estimators y; in (62) is given
by the one obtained from / which is the smallest one
possible. We note that due to the CP properties (53) of S,
and S;; we have in the diagonal case a = b, assuming
possible cuts in phase space to be CP-symmetric:

Ey(OF) =0, O1(#)=0f(g). V(0" =V(O")
(67)

and the optimal estimators are
7i(p) = Vi (0“) 05 (9): (68)

see (55), (56), and (62).

Finally, we treat the nondiagonal case, a # b. We assume
that any phase-space cuts made for the channel ab are
applied to ba in a CP-conjugate way. We get then from the
CP relations (53)

[ avsii@) = [ ansie(d) (69)
aE h(?l'
V(O) = y(Ora). (71)

We assume that n, events of the type ab and n, events ba
are analyzed. The density function is then

F<¢1,...,¢nl,«;>l,...,<7>nz>—ﬁfa5<¢k>ﬁfba<&l> (72)
with

1) =5/ [ '),

Fial@) = @)/ [ difs (@) (73)

Here the information matrix 7 = (/;;) is given for g; = 0 by
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_ ,,lvij((/)/aB)7

9=0

0 0
o = | (G F) (550

where n =n; +n,. Here it is convenient to use as
estimators for the couplings g;, with O; from (54):

(74)

7i(d. ) = 7 VG (O) + VO[O (¢) + OF ().

(75)

B —=

We have

1o 1 1, - 1 . :
El= ab | _ yba —E(=O% L= ba = V..(O%)g.
(201 +2Ol ) <201 +2Ol > lj(O )gj’

E(y;) = Vﬁcl(o/als)vkj(omg)gj =g:. (76)

The covariance matrix of these estimators is obtained as

n1+n2

\%
(Y) 4]’11}’12

V- 1 (O/ab) (77)

which implies
- 2 _
V-l(y) =n (1 _(mzm) >V((’)’“b)
n

- (1 —(’11;72’12)2)”90' (78)

The y; in Eq. (75) are the optimal estimators for
n; = n, = n/2. For n| # n, they are not quite optimal,
but for the theoretically optimal estimators one would need
in this case the precise knowledge of Ey(S¢%/S4). This
would introduce an unnecessary source of uncertainty in
the measurements.

To conclude this section we remark on the following. A
more elaborate description of z-pair production and decay
would take higher-order radiative corrections into account.

Let us denote the resulting differential cross section by S“”_’,

doj, -

=59 (79)

If it is CP-invariant, we have

5 (h) = $"(g). (80)

Then the corresponding expectation values E of the
estimators y; defined in (68) and (75) and constructed with
the expressions Sy, S;; from (52) will, of course, be zero
due to (53):

E(y;) = 0. (81)

That is, the observables y; given in (68) and (75) are in all
cases genuine CP observables. They cannot get nonzero
expectation values, neither from CP-conserving radiative
SM corrections nor from CP-conserving interactions
beyond the SM.

V. NUMERICAL RESULTS AT /s=10.58 GeV

We consider now z-pair production and decay at the Y'(4S)
resonance at /s = 10.58 GeV and compute the expectation
values of the simple and optimal CP observables discussed in
the previous section and estimate the resulting 1 s.d. (stan-
dard deviation) statistical sensitivities to the EDM form
factors Red, and Imd, at this c.m. energy. The expectation
values of the CP observables are computed to leading order
in the real and imaginary parts of the z EDM form factor
using the expression (30) for the differential cross section
with (35)—(40) and several of the decay density matrices
given in Appendix A. First, no phase-space cuts are applied.
At the end of this section we analyze also the effects of cuts.

The expectation values of the observables (44)—(47) at
the Y (4S) resonance in the decay channels where only one
charged particle from 7~ and one from 7t decay is
measured [case (i) above] are of the form

<Tij>ab =Cab (S)RG&T (S)sij’

<Qij>ah - R‘ab(s)lm;j‘r(s)sij' (83)

In the case of nondiagonal decay channels a # b the
expectation values are calculated as averages defined in
(49). The expectation values of the symmetric traceless
tensors (44)—(47) must be proportional to a tensor s with
the same property. Using the e beam direction p in the
ete™ c.m. frame we have

| 111
(sz/)__< i J_§5U) :diag<—6,—g,§>. (84)

The right-hand side of (84) follows from identifying p with
the z axis which we do in the following. Equation (84) is
identical to the tensor polarization of the intermediate
photon state. Because the diagonal elements of the above
tensor observables are not independent, we consider only
their 3,3 components that have the largest expectation
values. Naive “time reversal” invariance 7 implies that the
expectation values (82) and (83) do not depend on Im&’T and
ReZIT, respectively. That is, the covariance matrix of the T
and Q tensors is diagonal; see Appendix B.

In order to estimate the statistical error in the measure-
ment of the expectation values of the observables O we

compute also the respective standard deviation AQ =
(0?) — (O)? of the distribution of O in the SM for
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TABLE II. Observables T and 7% at \/s = 10.58 GeV (N,, = 4.5 x 10'7).

3 —19 & N —19

T o o ey [GeVY] \/(T5),, [GeV?]  ORed, (x107" ecm) Cab 12, 6Red, (x107" ecm)
v o 4.46 11.34 6.21 0.332 1.02 7.50

P pto 0.71 10.07 14.7 0.043 1.06 25.5

v pto 1.79 10.71 6.74 0.110 1.03 10.5

v Ot 0.36 4.68 9.86 0.037 0.98 19.9

£vb o -1.27 6.66 5.05 —0.111 0.96 8.3

v pto -0.51 6.78 8.32 -0.037 1.00 16.9
TABLE IIl.  Observables Q" and Q" at \/s = 10.58 GeV (N,, = 4.5 x 10'°).

T = Tt > kg [GeVY) V(0% [GeV3]  dlmd, (x107" ecm) Rap (02 8Imd, (x107" ecm)
v 7t -5.26 6.56 3.04 -0.601 0.59 2.38

P pto -2.28 7.01 3.18 -0.171 0.34 2.05

v pto -3.77 7.07 2.11 -0.386 0.52 1.52

v Ot 1.40 4.90 2.64 0.201 0.64 2.40

£ 7t -1.93 7.24 3.61 -0.200 0.65 3.14

£7ub pto -0.44 732 10.4 0.015 0.54 22.5

the various decay channels. As discussed in Appendix B
the SM expectation values of the tensors 7%/, T vanish
for the differential cross section as used by us. (Cf. Sec. I11.)
For the tensors Q/, Qij this is also true in the diagonal case
a = b. In the nondiagonal case, a # b, their SM expect-
ation values need not be zero, but are found numerically to
be negligibly small. In Tables II and III we assume that the
momenta of pT mesons can be experimentally determined,
and we treat them as on-shell particles with the z-spin
analyzing power given in (A10). The symbols # and £’
denote either the electron or muon, both are taken to be
massless. We sum over the diagonal and nondiagonal ££’
channels for estimating the respective sensitivity to the real
and imaginary parts of the ¢ EDM. In a diagonal decay
channel the number of events is N,, = N,.(Br(z = a))?,
while for a nondiagonal channel including its charge-con-
jugate mode we have N, =2N_Br(z - a)Br(zr — b).
The 7 branching ratios are taken from [1]. We assume that
the Belle II experiment will eventually record N,, = 4.5 x
10'° 7 pairs [19]. Considering as an example the measure-
ments of T3 and Qs; in the decay channels ab and ba the
resulting ideal 1 s.d. statistical errors of the dimensionful
EDM couplings Red, and Imd, are given by

e 1 3[(T%)u'""

R -
SRed,(s) SN, P .
2 1/2
6lmd, (s) = e 1 3[(0%)w _ (85)
§ \/]v—“b |Kab’

Equation (85) yields the absolute value that Red, (Imd,)
must have in order that (7's3),, ((Q33),,) deviates from its
SM prediction, namely zero, by 1 s.d. obtained from the
square root of its SM variance. Formulas analogous to (85)
hold for the dimensionless observables T33 and Q33.

Tables II and III contain our results for the expectation
values [as defined in Eqgs. (82) and (83)] and square roots of
the variances of the observables (44)—(47) for several one-
prong decays of 7T where the charged particle has a sizable
7-spin analyzing power. Moreover, the resulting 1 s.d.
sensitivities to the real and imaginary parts of the r EDM
form factor are listed.’” Results for 7% and QY were
previously given in [9] and agree with those in Tables II
and III. The accuracies 6Red, and dlmd, attainable in the
various 7T decay channels listed in Tables II and III show
that the dimensionful observable 7’35 is more sensitive than
T35, while in the case of Q33 and Q33 it is the other way
around—except for the £p decay channel which has, in any
case, a rather poor sensitivity compared to the other
decay modes.

Next we apply the optimal observables (54) for meas-
uring Refl, and IchlT to the reactions of Sec. IIl. As in
Eq. (52) and in the following equations, the labels a, b refer
here to the decays of 7~ and/or z+ to one, two, or three
measured particles. In particular, we take now the

3The last digit of the expectation values and variances listed in
Tables II, III, and IV is rounded. The sensitivities 6Red, and
olmd; listed in these tables are computed with these rounded
numbers.
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differential decay density matrices for 7 — 2zv, and 7 —
3zv, given in Appendix A into account. Using (38), (39),
and (40) and the respective decay matrices D and D’ we
define

_ Trb(’éPD“Di’] Oab — Trb(ICPDaDE]

Oai) — _ ab __ _
TrlysuDD’| TrlysuD*D"]

3 (86)

1
where the trace is taken with respect to the spin indices of

v~ and 7". Both observables are CP-odd and O% is also

Ty-odd while O is Ty-even. As already emphasized we
compute the expectation values by integrating over the
whole phase space. According to the general theory
discussed in Sec. IV and Appendix B the covariance
matrix for a decay channel ab is given, for zero 7 EDM,

by (58), (71):
Eo(OR"Of) Eo<0;s*509“5>>
Ey(OfPORP)  Ey(0POf") /)
(87)

V(Ob) = y(0h7) = (

where
Eo(OPORP) = ((O1)2)g.  Eo(OfPO1P) = ((O1)2),.
(88)

etc., denote the expectation values for d, = 0. The expect-
ation values for nonzero ¢ EDM are given by (76):

EGOPH0R)\ o Red(s)
E(%o;*ﬂ%o?a) <<05”’>> Ve b)<lm&7<s>>'
(59)

We get for the covariance matrix of the optimal estimators
of Red,(s) and Imd,(s) [see (62), (64) and (75), (77)]

1
Nah

V(y) = —V7'(O™). (90)

Here N, is the number of events in the diagonal channels
a = b, whereas for a # b it is the sum of the events ab and
ba, assuming that their numbers are equal.

However, with the form of the differential cross section
used in this paper considerable simplifications occur. In the
case where the 7 leptons decay to one measured particle
and/or to 2zv, where both pions are measured we have, as
shown in Appendix B,

(O)y=0, O =08 (i=R.I), (OPO?),=0.

(1)

That is, for these channels the respective covariance matrix
(87) is diagonal.

When 77, tT, or both 7 leptons decay to three measured
pions, (O%), =0 (i = R, I) still holds in the one-photon
approximation (see Appendix B), but the covariance matrix
is no longer diagonal. Yet we find for these decay modes
that (0% O4), < afew x 10~ with numerical uncertain-
ties below 1073. Therefore, within the precision of our
numerical analysis the relations (91) hold also for these
decay channels, and (89) simplifies to’

A~

(0f") = w4 (s)Imd(s).
(92)

(OF) = wap(s)Red,(s),

where we used the abbreviations

wap = (O @a5 =((OF ). (93)

The resulting 1 s.d. errors of the dimensionful EDM
couplings Red, and Imd, are given by

e 1 1
R = R o
e 1 1

Table IV contains our results for the expectation values
defined in Eq. (92) and for the square roots of the variances
of the observables (86) for several z+ decays to one, two,
and/or three measured particles. The numbers in this table
show that taking into account the full kinematic informa-
tion on the hadronic system in the 7 — 2zv, and 7 — 37y,
decays results in maximal z-spin analyzing power [34,35],
as is the case in the decay ¢ — zv,. In addition, the resulting
1 s.d. sensitivities to the real and imaginary parts of the 7
EDM form factor are given in Table IV, assuming again
4.5 x 10" z-pair events. The 1 s.d. statistical errors SRed,
and dlmd, exhibited in Table IV signify that taking into
account the channels where one or both 7 leptons decay to
two and/or three measured pions yields a significant
improvement in the sensitivity to the z EDM form factor.
Comparing for each channel the accuracies 6Red, and
olmd, exhibited in Table IV with those in Tables II and III
shows that, as expected, the optimal observables (86) are
significantly more sensitive to the r EDM than the
observables T3 and Qs;.

If the measurement errors of the various exclusive 7tz
decay modes are uncorrelated, we may add in quadrature
the statistical errors of Red, and Imd, attainable for each
channel:

*The left-hand sides of (92) denote averages according to (49).
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TABLE IV. Optimal observables O% and O% at /s = 10.58 GeV (N,, = 4.5 x 1019),

. > Wb (02, SRed, (x1071° ecm) W45 (02, 8Ilmd, (x1071° ecm)
U o 0.111 0.333 2.45 0.352 0.593 1.37
7 v 7t 700 0.111 0.333 1.04 0.352 0.593 0.58
e an) Tt 0.111 0.333 2.84 0.352 0.593 1.59
U o 7] 0.111 0.333 1.13 0.352 0.593 0.63
U rtrtro 0.111 0.333 1.86 0.352 0.593 1.05
a7 rtrtro 0.111 0.333 1.21 0.352 0.593 0.68
277 o 0.004 0.064 4.04 0.055 0.235 1.08
2 b a7 0.020 0.142 2.26 0.162 0.402 0.80
£ub ata'p 0.020 0.142 1.47 0.162 0.402 0.52
277 B A 27 0.020 0.142 2.43 0.162 0.402 0.86
TABLE V. Ideal 1 s.d. statistical errors on Red, and Imd, that result from adding the respective uncertainties

attainable in the various decay channels in quadrature.

SRed, [ecm| SImd, [ecm|
{T33)a <T33>ab (0F) (Q33)ap <Q33>ab (07")
2.93 x 107" 4.53x 107" 5.1x 10720 1.23x 1071 9.4 x 1072 2.4 %1072
SRed. — 1 -1/2 95 events in this class such that the z+ and 7~ in the remaining
Cdr = Zb: (6Red,)?, ’ (95) events are, to good approximation, back to back and carry
a a

and analogously for éImd,. Performing these quadratures
with the uncertainties listed in Tables II, III, and IV yields
the 1 s.d. errors 6Red, and §Imd, given in Table V. As to the
optimal observables we assumed here for the purpose of
comparison that they are measurable for all channels listed
in Table I'V. For the leptonic modes this may not be possible
in an unambiguous way; see below. The numbers in
Table V show that the sensitivity to Red, is improved
by a factor of about 6 with the optimal observable Oy as
compared to using the simple ones, whereas the sensitivity
to Imd, is improved by a factor of about 4.

We briefly discuss the measurability of the observables
used in this section. The KEKB accelerator is an asym-
metric eTe™ collider; particle momenta measured in the
laboratory frame can of course be transformed to the e e~
c.m. frame. The simple CP observables (44)—(47) applied
to the 777~ decay channels listed in Tables II, III require the
momenta of charged mesons and of e, u in the eTe™ c.m.
frame. They can be straightforwardly measured, except for
the momentum of p* whose determination requires the
reconstruction of the decay p* — 7+ 7°.

The optimal observables involve the momenta of various
particles from 7+ decay in the respective 7+ rest frame. This
requires the knowledge of the 7+ momenta in the e*e~ c.m.
frame. If both z+ and 7z~ decay semihadronically their
momenta can be reconstructed in an unambiguous way
[36]. If one of the 7 leptons decays semihadronically and
the other one to either e or u, one may discard radiative

half of the c.m. energy in the e"e~ frame. If the 7
momentum can be reconstructed in the semihadronic decay,
e.g., by reconstructing the = production and decay vertices,
the momentum of the leptonically decaying z can be
inferred. If both 7 leptons decay leptonically the determi-
nation of their momenta is not possible in an unambiguous
way. Therefore, we discard the results for the £Z’ channels
in Table IV and add in quadrature the statistical errors of
Red, and Imd, attainable with the events listed in Table IV
where both 7’s decay semihadronically and for the case
where the semihadronic-leptonic decays of 77~ are added
to the purely semihadronic events. The resulting 1 s.d.
errors are given in Table VI. The numbers in this table and
in Table V show that restriction to purely semihadronic
777~ decays does not lead to a significant decrease in
sensitivity to Red, and Imd,.

Next we investigate the effects of cuts on the sensitivities
to the = EDM. A full-fledged Monte Carlo analysis with
detailed cuts is beyond the scope of this paper. We analyze

TABLE VI. Ideal 1 s.d. statistical errors on Red, and Imd, that
result from adding in quadrature the respective uncertainties
attainable with the optimal observables O% and 0% in the
semihadronic decays (kh) and in the semihadronic and semi-
hadronic-leptonic (hh + h¢) decays of 77 77.

SRed, [ecm] 8lmd, [e cm]
hh: 5.8 x 10720 32x 10720
hh + ht': 5.1 x 10720 2.5x 10720
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TABLE VII. Optimal observables (953’_’ and O?’; at /s = 10.58 GeV for the semihadronic 7 decay channels with cuts specified in (96).
In the case of nondiagonal channels the event numbers N, include those of the charge-conjugate mode.

T - - Ny Wap SRed, (x107"° ecm) @45 8Ilmd, (x1071° ecm)
Ty A 421 x 108 0.128 2.54 0.359 1.52
b 7t 72% 16.88 x 108 0.137 1.23 0.390 0.73
VR A atrtno 1.73 x 108 0.139 3.81 0.408 2.22
v 7% 16.53 x 108 0.135 1.25 0.386 0.74
b7 atataTo 5.18 x 103 0.137 2.21 0.401 1.29
a2 atatno 10.74 x 108 0.138 1.53 0.401 0.90
TABLE VIIL Ideal 1 s.d. statistical errors on Red, and Imd, luminosity that we use for our sensitivity estimates to the =

that result from adding in quadrature the respective uncertainties
attainable with the optimal observables 04 and O in the
semihadronic decays (hh) of t7z~ given in Table VII.

SRed, [ecm]
hh: 6.8 x 10720

Slmd, [e cm]
4.0 x 10720

in the following only the expectation values of the optimal
observables in the channels where both 7 leptons decay
semihadronically, as these observables and decay modes
appear to have the highest sensitivity to d, and allow for an
unambiguous reconstruction of the 7+ momenta. We apply
the following CP-invariant phase-space cuts on the final-
state pions in the eTe™ c.m. frame:

23° < 6% < 157°, pr > 0.2 GeV, (96)
where 6" is the polar angle of a pion with respect to the
eTe” beam and p; its transverse momentum.’ Table VII
contains the resulting coefficients w,; and w,; of the
expectation values of O% and 0%, respectively, defined
in (92). The event numbers and sensitivities given in
Table VII are estimated by assuming an integrated lumi-
nosity of 50 ab~! that corresponds to assuming N, =
4.5 x 10" in the case of no cuts. The expectation values are
somewhat increased by the cuts while the event numbers
are, of course, diminished. The resulting overall sensitiv-
ities are given in Table VIII. Comparing these numbers with
those of Table VI shows that the cuts (96) lead only to a
slight decrease in sensitivity to the 7 EDM.

Moreover, the following remark is in order. As already
indicated below Eq. (6) our results for the normalized
expectation values listed in Tables I, III, IV, and VII do not
depend on the fact that there is a resonance enhancement at
/s = 10.58 GeV; these numbers hold also for the direct
continuum production of 7 pairs. In addition, we emphasize
again that the event numbers, respectively, the integrated

>The cut on 6* is inspired by the acceptance of the Belle II
detector in the KEKB laboratory frame [19].

EDM are expectations taken from [19].

The sensitivity to the 7 EDM that the Belle II experiment
may eventually achieve with purely semihadronic 77z~
decays was investigated also in [16]. The authors of this
paper use the term proportional to d, of the matrix element for
ete™ —» tvt~ — hu h'D, as optimal observable. It is evalu-
ated with the momenta of the mesons and the reconstructed
one of the neutrinos. The real and imaginary parts of the =
EDM are not separately determined. Assuming the same
777~ event number as we did above, the authors of Ref. [16]
find thata 1 s.d. statistical sensitivity 5|d,| = 2 x 1071 ecm
can be achieved with their approach.

VI. THE 7 EDM FORM FACTOR
IN SOME SM EXTENSIONS

In the SM the EDM d, of a charged lepton is extremely tiny
and generated only at high loop order. The dominant short-
distance contribution to d is thought to arise via Kobayashi-
Maskawa phase induced four-loop contributions that contain,
for instance, the induced EDM form factor of the W boson. It
can be estimated to be of the order d, ~ O(107#?) e cm. (One
may take, for instance, the estimate of [37] for d, and apply it
to the 7 lepton.) Recently it was pointed out that long-distance
hadronic contributions are considerably larger [38]. For the 7
EDM was found that these contributions amount to d, ~
—7.3 x 10738 ¢ cm [38]. Nevertheless, this is undetectable
for the time being.

Thus, the detection of a nonzero particle EDM, in
particular of the 7 lepton, in a present-day experiment or
one in the foreseeable future would be evidence for a new
type of CP violation. In this section we consider three SM
extensions with CP-violating interactions that generate
EDM form factors of fundamental fermions already at
one loop. The models we are interested in have CP-
violating Yukawa couplings. These interactions can induce
a 7 EDM that can be much larger than the electron EDM
generated in these models.® We compute the r EDM at one
loop in a type-II two-Higgs-doublet model and in two

We recall that in models with Higgs-Yukawa-like CP-violat-
ing couplings the dominant contribution to the electron EDM
occurs at two loops [39].
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scalar leptoquark models and investigate its potential
magnitude in the timelike region ¢ ~ (10 GeV)?, taking
into account phenomenological constraints, in particular
the tight upper bound (1) on the electron EDM.

A. Type-II two-Higgs doublet extension

In two-Higgs doublet models (2HDM) the field content
of the SM is extended by an additional Higgs doublet H,.
We consider here as an example the so-called type-II
model. It is defined by its Yukawa coupling structure:
the doublet H| is coupled to right-chiral down-type quarks
and charged leptons, while H, is coupled to right-chiral up-
type quarks only. By construction, flavor-changing neutral
currents are absent at tree level in this model. Assuming a
CP-violating Higgs potential V(H, H,) the particle spec-
trum of the 2HDM contains three neutral Higgs bosons £;
(j =1, 2, 3) that are CP mixtures. In flavor-conserving
2HDM their Yukawa couplings to quarks and leptons are of
the form

Ly =—(V2Gp) mslas,ff = by firsflhj.  (97)

where f = g, 7, G is the Fermi constant, and the reduced
Yukawa couplings a ; and b, ; depend on the specific type
of 2HDM. In the type-II model the reduced couplings of the
mass eigenstates h; to the 7 lepton are (we use here the
conventions of [40])

a.j=Rj/cosp, b= Rjtanp. (98)

Here tan f = v, /v, is the ratio of the vacuum expectation
values of the two Higgs doublet fields, and (R;;) is a real
orthogonal matrix that relates the CP eigenstates and the
mass eigenstates of the three physical neutral Higgs bosons.
The relations (98) hold also for the other charged leptons
and the down-type quarks. (For up-type quarks, see for
instance [40].) If a; ;b ; # 0, then (97) violates CP.

Here we identify &, with the 125 GeV Higgs boson and
assume that h, and h3 are heavier than 400 GeV. The
exchange of the /; induces a  EDM at one loop shown by
the7diagram Fig. 3(a). With the convention of Eq. (7) we
get

3
d(s) = a, ;b ;d(s), (99)
j=1

eV2G pm?
Ar2sp?

+ mi(:O(S’ m%? mj2'7 m%)]’

(100)
"The real and imaginary parts of the EDM form factor of a

fermion were computed for a class of 2HDM including the type-II
model in [41] and evaluated for the top quark.

(@) (b)

FIG. 3. One-loop diagrams that contribute to the 7 EDM form
factor in the models considered in Sec. VI. In the type-II 2HDM
only diagram (a) contributes and the dashed and solid internal
lines correspond to h ;U= 1, 2, 3) and 7, respectively. In the
leptoquark models both diagrams contribute and the dashed and
solid internal lines correspond to a spin-zero leptoquark and the
top quark, respectively.

where f, = (1 —4m?/s)!/? and m is the mass of h;. The
functions B, and C; denote the standard scalar one-loop
two-point and three-point functions [42]. For s > 4m? the
EDM form factor (99) has both a real and an imagi-
nary part.

However, apart from the upper bound (1) on the electron
EDM existing constraints from experiments at the LHC
preclude a 7 EDM of order 1072 ecm or larger in this
model. A recent analysis of the decay of the 125 GeV Higgs
boson to 77z~ by the CMS experiment restricts the size of a
potentially existing pseudoscalar coupling of A, to the 7
lepton: |b,;/a, ;| <0.38 at 68% C.L. [43]. Searches for
additional neutral Higgs bosons with decays to 777~
exclude Higgs-boson masses of about 400 GeV and below
for a large range of Higgs coupling to 7 leptons; see, for
example, [44,45] and references therein.

We exemplify the order of magnitude of d, that is
compatible with these constraints by assuming the masses
of the Higgs bosons /4, and /5 to be m, = 500 GeV and
ms = 800 GeV, respectively. Moreover, we choose tan § =
1 and the angles of the mixing matrix R, in the para-
metrization of [40], to be a; = a3 = 0.785, a, = 0.209.
The resulting real and imaginary parts of the 7 EDM (99)
are given in Table IX for several c.m. energies in the energy
range considered in this paper.

By and large the order of magnitude of the z EDM form
factor listed in Table IX is characteristic for a large class of
Higgs models. Significantly larger values of Red,(s) and
Imd,(s) would be possible if, for instance, Higgs bosons
exist with exclusive CP-violating couplings to the third

TABLE IX. Values of the real and imaginary parts of the 7
EDM form factor (99) in the type-II 2HDM, evaluated with the
parameter choice given in the text.

Vs [GeV] 3.6 4 10.58 12
Red,(s) 102 ecm] 224 2.13 1.38 1.30
Imd,(s) [107>* ecm] 0.13 0.38 0.77 0.78
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generation of quarks and leptons, such that the stringent
constraint (1) on the electron EDM can be evaded.

B. Spin-zero leptoquarks

Leptoquarks, whose interactions connect a lepton and a
quark, occur naturally in unified models of strong and
electroweak interactions. In recent years they have come
again into the focus of numerous investigations in the
context of possible explanations of semileptonic B and D
meson decay and muon (g — 2) anomalies; see, for instance,
[46-50] and references therein. Here we are interested in
spin-zero leptoquarks with CP-violating Yukawa cou-
plings. They can generate EDMs of the muon and tau
lepton that are significantly larger than that of the electron,®
as pointed out some time ago in [24,52] (cf. also [53]).

We consider in the following two different spin-zero
leptoquark models, namely the SM extended by a weak
SU(2) leptoquark doublet ® with SU(3),xSU(2); xUy(1)
quantum numbers @(3,2,7/6) (model I) and a SM
extension by a weak singlet S with quantum numbers
S(3,1,-1/3) (model II). The gauge-invariant interaction
Lagrangians are [54]

L[ = [TLALGMR + aARQL]CDT + H.C., (101)

Ly =[LiYLeQ + exYruglST+He.  (102)
Here L, = (vip.eir)’s Qp = (ur.d;i)"s er = (eir),
ug = (u;g), where i =1, 2, 3 is a generation index. The
label ¢ denotes charge conjugation. The 2 x 2 matrix € =
it, acts on the SU(2) indices. The electric charge (in units
of e > 0) of §is Qg = —1/3. For the components of the
doublet ® = (¢, ¢')" we have Q, =5/3 and Q,, = 2/3.
The A;, Ag and Y, Yy denote complex 3 x 3 matrices in
flavor space. Usually the interactions (101) and (102) are
defined in the weak basis and are rotated, after electroweak
symmetry breaking, to the mass basis. We can choose a
basis in which the Yukawa matrices of the up-type quark
and of the charged-lepton couplings to the SM Higgs boson
are already diagonal. Then only the down-type quark and
neutrino fields must be rotated with their respective mixing
matrices when one transforms to the mass basis. The
interactions in (101) involving charged leptons and up-
type quarks, with which we are concerned here, remain
unaffected.

We assume that the off-diagonal elements of the matrices
Ar, Ag and Y, Y in generation space are very small and
can be neglected. Let us denote

J=L,R,

Ay = (AJ)33 (103)

and y; = (YJ)33’

and

¥ A recent analysis of the effects of spin-zero leptoquarks on the
EDMs of leptons, quarks, and nucleons was made in [S1].

f1=Tm(2; 1)

If f1 # O [fi # 0], then the interaction Eq. (101) [Eq. (102)]
generates a nonzero  EDM at one loop. It is represented by
Figs. 3(a) and 3(b) where the internal fermion and boson
lines correspond to the top quark ¢ and the ¢ leptoquark in
model I and to 7 and S in model II, respectively. The r EDM
form factor is given by [24]

1
dr(s) = ethc fK2_2
87 sp;

and  fy =Im(yzy.). (104)

[Qth(S) - Q;(K;((S)], x=1L1II,

(105)
where N, =3, m, is the mass of the top quark which
provides the chirality flip, O, = 2/3 and Q, = 5/3(—1/3)
in case of model I (Il), where y denotes either ¢ or S.

Moreover,

K,(s) = Bo(s.mi.m7) = Bo(mZ, mi. my)

X
+ (m2 4+ m2 = m?)Co(s.m? m2,m?),  (106)
K, (s) = Bo(s, my.m7) — Bo(m?. m, my)
+ (s/2 4+ m} —mZ —m?)Co(s, m2, m}, m?).
(107)

Here m,, is the mass of ¢(S) in the case of model I (ID).
Because m,, m,, mg > /s in the kinematic range that we
consider here, the ¢ EDM form factor (105) is real.

In order to estimate the potential size of d, we choose the
leptoquark masses m, = 1.5 TeV (y = ¢, S) which are
compatible with the experimental bounds from LHC
[55,56] and the constraints from the anomalous magnetic
moments of the electron and muon [49]. For comparison
we evaluate (105) also for m, = 1 TeV and 2 TeV. With
m; = 172.4 GeV [1] we get from (105) the values listed in
Table X.

The numbers in Table X show that for a given leptoquark
mass the form factor Red,(s) is essentially flat in the
kinematic range considered here. So far, the experimental

TABLE X. Values of the ¢ EDM form factor (105) in the
doublet (I) and singlet (II) leptoquark model. The numbers in the
first, second, and third rows of each model are obtained with

m, =1, 15, and 2 TeV (y =¢,S). Moreover, we use
m,; = 172.4 GeV.
/s [GeV] 3.6 4 10.58 12

14.44 1444 14.45 1445
7.89 789 1789 7.89
504 5.04 504 504

Model II: Red,(s) [1072f; ecm] 8.85 8.85 8.86 8.86
524 524 525 525
3.51 3.51 351 351

Model I: Red,(s) [1072°f; e cm]
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bounds on the CP parameters fi, f;; are not stringent.
Using the experimental bound (3) and the numbers given in
Table X for /s = 10.58 GeV and m, = 1.5 TeV, we get
|f1l < 570, |ful <857 form, =15TeV. (108)

If leptoquark couplings to the 7 lepton and the ¢ quark
are taken into account in (101) and (102), then d,(s)
develops also an imaginary part for /s > 2m.. However,
away from the charm threshold, the c-quark contribution to
d, is suppressed in magnitude by the factor m,/m, ~ 107>
as compared to the leading contribution (105), regardless of
additional suppression due to small off-diagonal Yukawa
couplings.

One may expect that the Yukawa couplings of the spin-
zero leptoquarks are of the Higgs-boson type. Then the
(diagonal) couplings of ¢ and S in (101) and (102) will be
proportional to the right-handed fermion involved. That is,

A ~m /My, Ag ~m./Mj,

yr ~m. /My, yr ~m; /My, (109)
where My and My; are mass scales that are expected to be
larger than the electroweak symmetry breaking scale
v = 246 GeV. In this case the magnitude of Red,(s) will
be smaller by a factor of at least 1072 than the numbers

listed in Table X.

C. Box contributions

The one-loop S-matrix element of ete™ — 777~ can
receive in SM extensions also one-particle irreducible
CP-violating box contributions that involve Lorentz struc-
tures such as (ee)(7iys7). Here we argue that in the models
considered in Secs. VI A and VI B these contributions that
are depicted in Fig. 4 can be neglected compared to those of
the 7 EDM form factors.

In the type-II 2HDM only diagram Fig. 4(a) appears.
From the Yukawa interaction (97) one obtains that this

e T e f T
- - = I I
/ | |
f f : |
L — — — 1 |
et Tt et I Tt
(2) (b)

FIG. 4. One-loop box diagrams that contribute to the S-matrix
element of e*e~™ — 777 in the models considered in Secs. VI A
and VI B. In the type-II 2HDM only diagram (a) contributes and
the dashed and solid internal lines correspond to &; (j =1, 2, 3)
and f = e, f' =1, respectively. In the leptoquark models both
diagrams can contribute and the dashed and solid internal lines
correspond to a spin-zero leptoquark and an up-type quark,
respectively. Crossed diagrams are not shown.

contribution is proportional to Gpm?2. Thus this contribu-
tion to the S-matrix element of e™e™ — 777~ is negligible
compared to that of the 7 EDM form factor (100).

As to the spin-zero leptoquark models: If one considers
interactions (101), (102) that are diagonal in generation
space, then only diagram (a) contributes with f = u, f' = t,
and this contribution entails a suppression factor m,/+/s
where m, is the mass of the u quark. In the case of
interactions that are nondiagonal in generation space,
diagrams (a) and (b) contribute, but those contributions
that involve leptoquark couplings between the electron and
the ¢ and ¢ quark contain off-diagonal matrix elements
(Ay)y; or (Yy);; (J=L,R,j#1) that are small due to
experimental constraints (see, e.g., [49,50]).

Thus we conclude that within the above SM extensions
the CP-violating part of the one-loop S-matrix element of
ete™ - 17~ is given to very good approximation by the
contribution from the ¢ EDM form factor. In addition, we
remark that the one-loop EDM form factors computed in
Secs. VI A and VI B are gauge invariant. Needless to say,
the contribution of the electron EDM form factor to this
matrix element is completely irrelevant.

VII. CONCLUSIONS

The huge data samples of zz~ production and decay
that will eventually be recorded at existing low-energy
ete™ colliders will allow, among other investigations, the
search for a 7 electric dipole form factor d.(s) with a
precision that is significantly higher than existing bounds.
We reconsidered the issue of using simple and optimal CP
observables for such measurements. We discussed the
general formalism of optimal observables and applied it
to two CP-odd observables based on CP-odd z-spin
correlations and polarization asymmetries that are sensitive
to the real and imaginary parts of d.(s), respectively.
Special emphasis was put on the covariance of these
observables. In our numerical analysis we computed the
expectation values and covariances of the optimal CP
observables for z-pair production in ee~ collisions at
the Y (4S) resonance with subsequent decays of 7+ to major
leptonic or semihadronic modes. These results hold also for
the continuum production of 7 pairs at /s = 10.58 GeV.
For the 7 decays to two pions and three charged pions we
took the full kinematic information of the hadronic system
into account by incorporating the respective differential =
decay density matrices into the optimal observables. In this
way the maximal z-spin analyzing power is obtained also
with these decay modes. Assuming that the Belle II
experiment will eventually record and analyze 4.5 x 10'°
7777 events at /s = 10.58 GeV we found that with purely
semihadronic 7t~ decays 1 s.d. sensitivities SRed, =
5.8x 1072 ecm and SImd, = 3.2 x 1072 ecm can be
obtained with these optimal observables. For Red, this is
better than a factor of 5 and for Imd, better than a factor of 3
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as the sensitivities attainable with the simple CP-odd
observables that we analyzed, too. Including events where
one (or both) 7 leptons decay leptonically does not lead to a
significant increase in sensitivity to Red, and Imd,. These
results were obtained without cuts. We analyzed also the
sensitivity of the optimal observables to Red,; and Imd, in
the purely semihadronic 777z~ decay channels by applying
cuts on the final-state pions. Assuming an integrated
luminosity of 50 ab~!, which corresponds to the above
number of 77~ events in the case of no cuts, we obtained
0Red, = 6.8 x 1072 ¢cm and sImd, = 4.0 x 1072° ecm.
That is, the 1 s.d. sensitivities decrease only slightly.

Furthermore, we discussed a few SM extensions with
nonstandard CP violation that predict a nonzero = EDM
already at one-loop order. The tight experimental upper
bound on the electron EDM, experimental results from the
LHC on the CP nature of the 125 GeV Higgs boson, and
bounds on the mass and couplings of new particles severely
constrain the potential magnitude of d,. Within the type-II
2HDM, which we consider in this context to be exemplary
for a large class of two-Higgs doublet extensions of the SM,
the 7 EDM form factor turns out to be too small to be
detected in the foreseeable future. However, in scalar
leptoquark extensions of the SM Red,(s) ~1072° ecm
is still possible in the energy range considered in this paper.
In any case, future 7z EDM measurements with the Belle II
and also the BES III experiment using optimal observables
will provide significant information about new sources of
CP violation.
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APPENDIX A: r DECAY DENSITY MATRICES

Here we list the density matrices that describe several
major decays of polarized 7F. Most of them given below
are used in Sec. V. The kinematic variables in this appendix
are defined in the respective 7+ rest frame unless stated
otherwise. The decay density matrices are computed in the
Standard Model; potential CP-violating effects in 7 decays
are not taken into account.

First we consider 77 decays into one charged prong,
¥ = aT + X with particle multiplicity (n,) = 1. The
charged particle a™ acts as the 7T spin analyzer.
Assuming CP invariance in the decays of 7= we have in
the 7 rest frame

(a™(q). X|T|zp) = nofa* (-q). X |T]zj). (Al

where X¢? is the CP transform of X and 7, = 1. If a
denotes a lepton, we have 57, = 1; for @ = meson, 7, is the
product of the intrinsic parity and charge-parity quantum
numbers of a. Thus, for a pion (p meson) we get 1, = —1
(n, = +1). Equation (A1) implies for the 7 decay density
matrices

D4,

517 = a”(q) +X) = DY,

%9,(7 = at(=q) + X).

(A2)

The respective decay density matrix D* = (Dj,;) defined
in (26) and (27) is of the form

d3q¢ at (o F F
WP (7 = aT(q4) + X)

——n(E )l £ h(E;)q< - 0], (A3)

where E = is the energy of a™ and dQ,+ = dcos 0 ,+dp,=.
In (A3) the symbol T denotes the two-dimensional unit
matrix and 6 = (0}, 6,, 03) is the vector of Pauli matrices.
The function n(E,) determines the energy spectrum of
7 — a while h(E,) encodes the z-spin analyzing power of
the charged prong. Equation (A3) is used in the calculations
of Sec. V. If the right-hand side of (A3) is integrated over
E =, it takes, due to the normalization convention (27),
the form

dQ
4a¥ / dEa;n(Ea*)“] + h(Ea;)q¥ '6]
T

dQ,s
N T

IE ) (A4)

where a, (|a,| < 1) is a measure of the 7 spin-analyzing
power of a.

Next we list the spectral functions n(E,) and h(E,) of
several decay density matrices (A3). The functions n(E,)
have dimension 1/energy while the functions h(E,) are
dimensionless.

1. The decay 7% — €% (q) +v,v,

In the leptonic decays t 7 — £Tv, v, themassof £ = e,
can be neglected. (Here and below the symbol v denotes a
neutrino or antineutrino, depending on the case.) Using
x =2E;/m,, where E, is defined in the 7 rest frame, one
has [57]

4 1-2x
ne(E;s) = gx2(3 - 2x), he(E;) = 3oy

(AS)

with 0 < x < 1. Integrating over the charged lepton energy
in (A3) yields (A4) with the z-spin analyzing power
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(A6)
The value of @, can be increased by a suitable cut on Ej.

2. The decay ¥ — 7% (q;) +v,

In the two-body decay © — 7z + v, the energy E, in the 7
rest frame is fixed and the functions n,(E,) and h,(E,) are
given by [57]:

m2 + m?

nele) = o B, ="
mT

Here the z-spin analyzing power is maximal,

), h.(E;)=1. (A7)

a, =1. (A8)

3. The decay 77 — p¥(q;) +v,

If the four-momentum of the intermediate p meson can
be determined in the decay ¥ — 77 7%, by measuring the
energies and momenta of both zT and 79, the p meson can
be used as a z-spin analyzer. It is well known that in the
two-body decay of a polarized 7 to a transversely or
longitudinally polarized spin-1 meson and v, the z-spin
analyzing power of the meson is maximal [58]. However,
the polarization of the vector meson cannot be determined
event by event. Summing over the polarizations of the p
meson and treating it as an on-shell particle, one obtains 7+
decay density matrices of the form (A3) with the spectral
functions [57,58]

m% + m? m% —2m?
np(Ep) = 5<Ep - 2mT p> s h’p(E/)) = }/n%TZ}np%
(A9)
Using m, = 0.775 GeV we obtain
a, = 0.45. (A10)

We use this two-body decay mode with (A3) and (A9) in
our analysis of the simple CP observables in Sec. V.

4. The decay 77 — ¥ (q;) +7°(q;) +v,

The differential rate of the decay of polarized 7 leptons to
a charged and neutral pion via a p meson was calculated in
[57] in the on-shell approximation for the intermediate p
meson. A more elaborate description of this decay mode
takes the p and p’ resonances and their finite widths as
intermediate states into account [59-61]. We use the matrix
element of [59,60] for the decay chain 7 — p(p') — 27v,.
Exact isospin invariance is assumed. In the 7~ rest frame we
obtain for the 7~ — 7~ 7", decay density matrix D*” that is
differential in the pion momenta:

2 d3
[T Gaings P (6 = 7 (@) (aa)ve)
1
= do 2 All
S ML (Al1)

where I',, = I'(z~ = 7~ 2°,) and

IMo? =GRVl |FR(Q%)P(A21 + Hy - 0).  (A12)
Here Gy and V,,; denote the Fermi constant and the ud
Cabibbo-Kobayashi-Maskawa matrix element, respec-
tively. The terms in the squared matrix element are

Ay = 42(k - q)* + ¢*(Q?

—k-Q). (A3

Hy = 4m2(k-q)g’ + Q). (Al4)
where j=1, 2, 3, k= (m,,0)7
0 =q+q and g = q; — q>.

The phase-space measure d®, can be parametrized as
follows:

in the 7 rest frame,

1

40, = s d00(n? = 0°)0(0° )0
1/2 2 1/2 2,2
o (m’;’zQ .0) dQ’{ﬂ (Qsz M) (A15)

where dQ2, = d cos 0ydg, is the solid angle element of Q,
i.e., of p(p'), in the 7 rest frame and d€; is the solid angle
element of the charged pion z7(g;) in the rest frame of
p(p'). Moreover,

Mx,y,z) =x*+y* + 22 —2xy—2xz—2yz.  (Al6)

The form factor F', in (A12) can be parametrized by [59]

2N Bp(Qz) +ﬂZBp’(Q2)
F(Q%) = A , (A17)
where
m2
B,(x) = £ and p—p. (Al8)

my — x — im,I,(x)

The label p (p') refers to the p (p') resonance and f, is a
tuning parameter (see below).

We use for the energy-dependent off-shell widths of the p
and p’ that are needed in (A18)

1) = 1) 72 (L) ot = am),

(A19)

where
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p(x) =

and '/ (x) is given by the same formula with label p — p'.
A value for the on-shell width I',(m3) and Fp/(mg,),
respectively, is given in (A20).

We use the following input values for the computations
of the optimal CP observables in Sec. V:

m, = 1.777 GeV, m, = 0.140 GeV,
m, = 0.775 GeV, my = 1.465 GeV,
Gp = 1.1664 x 107 (GeV)~2, Ve = 0.974,

[, =0.149 GeV, [, =0.400 GeV. (A20)
With this input, agreement with the experimental width
[(z7 = 77 72%,) e, = 5.78 x 10713 GeV is obtained when
the tuning parameter 3, in Eq. (A17) is chosen to be

pr = —0.175. (A21)
The differential decay density matrix for the charge-
conjugate decay

ot (k) = 77 (q1)7°(92)2:

is of the same form as (All) with the squared matrix
element
IMyP = GiIViualP|F2(Q*) (Al = Hy - 6),  (A22)
and A, and H, are given in Egs. (A13) and (Al4),
respectively.
One may also determine the z-spin analyzing power of

the “resonance” QF in the ¥ — 77 z%, decay mode by
computing the following decay density matrix:

dQ dQ R
deﬂ_Q'DQ:F = deﬂ:Q [GQ’Q(X)‘“ + bZ,Q(x)Q . o-]’ (A23)

where 4(m,/m;)? <x=Q*/m? < 1and O = (¢, + q»)|/
|(q1 + ¢2)|. The spectral functions a, o and b, , are shown
in Fig. 5. Integrating the right-hand side of (A23) over x the
decay density matrix takes the form (A4) with a, — a, ¢

and ¢ — Q We get for a, ¢

a o = 042. (A24)
Comparison with (A10) shows that taking into account the
finite widths of the intermediate resonances and the whole
kinematic range of Q2 leads to a slightly smaller z-spin
analyzing power. Nevertheless, we will use the value (A10)
in the computation of the expectation values of the simple
CP observables in Sec. V.

aq Pbog

FIG. 5. The spectral functions a,, (solid curve) and b,
(dotted curve) defined in Eq. (A23).

b,

a1,

0 0.2 0.4 0.6 0.8 1
X1 = 2 E1/m1

FIG. 6. The spectral functions a; (solid curve) and b; (dotted
curve) defined in Eq. (A25).

For completeness we determine also the z-spin analyzing
power of the charged pion in ¥ — 77 (q;) + 7%,. The
respective 1-prong decay density matrix is given by

d3(’11 zt (T ¥ 0
WD (% = 77 (q1) + nv;)

dQ ~
=dx, 4—;[01(?61)“ + by (x1)q, - o], (A25)

where x; = 2E,/m, and 2m,/m, < x; < 1. The spectral
functions a; and b, are shown in Fig. 6. Integrating the
right-hand side of (A25) over x; the decay density matrix
takes the form (A4) with @, — @, and 4 — q,. We get for
the 7-spin analyzing power a; of the charged pion9

*This decay mode was analyzed in [9] using only the
intermediate p in the narrow-width approximation.
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a; = —0.036. (A26)
Figure 6 shows that negative and positive contributions
cancel to a large extent when b is integrated over the whole
kinematic range, leading to the small value (A26). The
value of @; can be enhanced by a suitable cut on x;. We do
not use (A25) in our analysis of Sec. V.

:F

5. The decay ¥ — af — n¥(qy) +x¥(q;) +75(q3) +v,

The decay mode to three charged prongs proceeds
mainly via an intermediate a; resonance. If one approx-
imates the 7 — 37 decay mode by z decay to an on-shell a;,
the z-spin analyzing power of this resonance would be
maximal, as stated above, if the a; polarization states can
be separated efficiently [34,58]. If one sums over the a;
polarizations, the 7 — a,v, decay density matrix is of the

3 3.
[] i Do (k) = - (g1)2 (g2)* (1)

L1 (27)%24?

form (A3) and (A9) with the label p — a;. The a; mass is
not precisely determined but, in any case, the 7z-spin
analyzing power of this resonance is poor in the on-shell
approximation. Using (A9) (with m, — m, ) with the value
m,, = 1.230 GeV given by the Particle Data Group [1] one
obtains a, = 0.02.

However, maximal sensitivity to the 7 polarization can be
obtained with the 37 decay mode if the full decay dynamics
is exploited and the energies and momenta of the three
pions are measured. We use the 7 — 37v, matrix element
given in [59] (cf. also [60,61]) where this decay is described
by the decay chain 7 — a; — p(p')xr — 3z with off-shell
intermediate resonances. Exact isospin invariance is
assumed.'® We obtain for the differential 7~ — 2rrty,
decay density matrix D” in the 7~ rest frame with the
normalization conventions (31) and (32)

dd;| M; 2,

= A27
2mTF3ﬂ ( )

where I';, =I'(t~ - 272"z "v,) and the phase-space measure is given in the recursive phase-space parametrization by

AP, — #dQ2du(9(m$ — 0%)6(0? - 9,@)9((@ - mﬂ>2 - u)e(u —4mZ)

2°(2x)8

11/2 2’ 2’0

/11/2(Q2

’u7m7[

2) dg;* il/z(u’ m72I’ mlzr) .

dQ;

T

(A28)

Here Q = ¢, + q» + 3, u = (q, + q»)?, and dQgy = dcosOydyg is the solid angle element of Q, i.e., a, in the 7 rest
frame, dQ;} is the solid angle element of 7" (g3 ) in the rest frame of a;, and dQ3* is the solid angle element of z°(g,) in the
rest frame of p, i.e., the zero-momentum frame of ¢, + ¢,. Note that the statistics factor 1 /2 for two identical particles in the
final state is compensated here by the normalization convention (32). The squared matrix element is given by

IM;s? = GE|V,4|*(A31 + H; - 6), (A29)
where
Ay = |F P[4k -V )? =2(k- Q = Q*)Vi] + |Fs*[4(k - V5)* = 2(k- O — Q%) V]
+Re(F F5)[8k-Vik-V, —d(k-Q — Q))V, - Vo] = 2i(FoF; — FiF3)e(k. Q. V). V), (A30)
H = 2mA|F| 2k - V\V{ + V2QI] + |F,*[2k - V, V] + V30/]
+2Re(F F3)[k- VoV + k- ViV + V- V,0]}
+2im (F,F{ — F\F5)e(q'. j. V1. V), (A31)
and j=1,2,3, k= (mr’o)T7 qd=k-0,
, 'O , 0ro”
Vi= (9" T )(QI -q3),, Vb= <9” - >(qz - q3), (A32)

"“The  — 371, decay was analyzed in [62] within the resonance chiral theory using an elaborate description of the a; off-shell width.
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and e(k, Q, V1, V2) = €uaph” QVVS, (g, j. V1, V2) =
eﬂjaﬂq’”VTVﬂ, and we use the convention €pp3 = +1.
Moreover,

F, = F(Q% 1), (A33)
where s = (¢, + g3)* and t = (q, + g3)*. The function F
is given by [59]

F(QPx) = i*—me(QZ)Fﬁ(x),

where f, is the pion decay constant (in the convention
fz=10.093 GeV) and B, denotes the Breit-Wigner
enhancement factor of the a; meson:

(A34)

2
@ . (A35
mt211 - Q2 - lma]ra] (Q2> ( )

m

Bal (Q2> =

We use as a model for the energy-dependent off-shell width
of the a; meson

9(0%)
g(mz,)’

where ', (m2 ) is the on-shell width (see below) and the
function g is given in Eq. (3.16) of Ref. [59]. Moreover, the
pion “form factor” F,(x) is given by the formulas (A17)-
(A19) above where now the tuning parameter /3, is to be
replaced by f; that will be determined below.

The differential decay density matrix for the charge-
conjugate decay

I, (Q%) =T, (m3) (A36)

(k) = 7" (q)7" (¢2)7™(¢3)7:

is of the same form as Eqs. (A27) with the squared matrix
element

IMP = G3IVuaP(AsT —Hy -0).  (A37)
and A; and H; are given in Egs. (A30) and (A31),
respectively.

To the best of our knowledge the differential 7 — 3zv
density matrix (A27)-(A31) was so far not given in this
explicit form in the literature.

For our computation of the expectation values of the
optimal observables in Sec. V we use the above formulas
with the input values (A20) and
f»=0.093 GeV,

m, =1230GeV, T, =0.483GeV.

(A38)

It remains to fix the tuning parameter f;. Using the
above squared matrix element and input parameters we

find agreement with the experimental width I'(z~ —
20 T W, )y = 2.11 X 10713 GeV when the tuning param-
eter 5 is chosen to be

B = —0.204. (A39)

6. The decay ¥ — af — 7°(qq) +7°(q;) + 7% (q3) +v,

For completeness we discuss here also this decay mode,
although we do not use it in the analysis of Sec. V. Assuming
exact isospin invariance the differential decay density matri-
ces for 7F — 277 7y, derived in the previous subsection
can be used also for these decay modes. Using the
above input parameters with the exception m, = m, + =
0.140 GeV - m, = m, = 0.135 GeV, agreement with

the experimental width I'(z~ — 27t0ﬂ_l/T)eXP =2.10x

10713 GeV is obtained with the following value of the
tuning parameter, here denoted by f:

B = —0.190. (A40)

Moreover, the z-spin analyzing power of the charged
pion in this decay mode is also of interest. The 1-prong
decay density matrix for 77 — 727 (g3) + 22%,, normal-
ized to the charged particle multiplicity n,: =1, is
given by

d*q
G D 7 = w7 (@) + 20%)

daQ N
=dx; 4—”3 laz(x3)1 & b3(x3)G;5 - 6], (A41)
where x3 = 2E3/m, and 2m,/m, < x3 < 1-3(m,/m,)>.
The spectral functions a3 and by are shown in Fig. 7.
Integrating the right-hand side of (A41) over x3 the decay
density matrix takes the form (A4) with a, — a3 and

0 0.2 0.4 0.6 0.8 1
X3 = 2 E:_)’/m,r

FIG. 7. The spectral functions a; (solid curve) and b5 (dotted
curve) defined in Eq. (A41).
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G+ — Q3. We get for the 7-spin analyzing power az of the
charged pion'’

az = —0.144. (A42)
This number is rather small because b3 has both negative
and positive contributions that cancel to a large extent when

integrated over x;. The analyzing power can be enhanced
by a suitable cut on x3.

APPENDIX B: EXPECTATION VALUES AND
COVARIANCES OF CP-ODD OBSERVABLES

In this Appendix we discuss general properties of
expectation values and covariances of the CP-odd observ-
ables introduced in Sec. IV and computed in Sec. V. We
treat first case (i) of Sec. III where only one charged particle
is measured from 7~ and 7' decays, respectively. The
differential cross section of the two-particle inclusive
reaction (28) and (29) as used in this paper is given by (30):

/1 —4m?
do. Y 1=ami/s

r(z = A)Br(z* — B)

@ 16xms
T RDan |q—| |q+| dEidE* k+ — + )
< Tl ] (27)? (27)? Y 4n 4n 4x
(B1)

where we have used in (30) the momenta of the charged
particles @ and b and the corresponding phase-space
measures in the respective 7= and " rest frame. The
one-particle inclusive decay density matrices in the 7T rest
frames are given in (A3). We recall the relation between the
respective rest-frame momenta g% and k% = (m,,0)” and
the momenta ¢ and k- in the e*e™ c.m. frame. With the
Lorentz boost

@ o
A m‘[ m[
k — i L. Ains /10 s
K sij g pi (K=
8+ R ()

m;

(B2)

where Kk is the three-momentum of 7" in the ee™ c.m.
frame, we have
Aikk; = k*¢, Ai—quF = qifF' (B3)
Next we decompose (B1) acgording to (51) and (52),
neglecting terms quadratic in d,. Here our phase-space
variables are

¢ = (E*,EL K, §5.4%), (B4)

A simpler description of this decay mode was used in [9] and
the value a, = —0.18 was obtained.

and the measure is

dQ, dQF dQ
dp = dE*dE". 4—; = 4; .

(B5)
We get

oy = {SE(#) + Seh o (P)Red, + S, ,(¢)Imd, }dep,

(B6)
where, using (A3),
Sgu(p) = VA Sy )
= -
M 167 !
= XSM.ad '
Br(st - B) 22—
B B e )P
X na(Ei)[éﬂ/ﬂ + ha(Ei>(/ii . O'ﬂ/ﬂ}
X nb(Ei)[(sa’a - hb(Ei)qfk ' Ga’a}- (B7)

The quantities S‘g’l,’ z and S‘g},, ; are obtained from (B7) by
the replacements

ZSM—’ZgP and )(SM_))(ICP’ (B8)

respectively; see (38)—(40).

We can now perform the traces in (B7). With (43) we see
that this amounts to make the following replacements in
(38)—(40):

1 - 4nyn,,
6. — —4nbhbna(ii,

o_ — 4dnyn, h,qt,

o'.6* — —4n,hyn h, g g, (B9)
Next, we consider the transformation
k--k, ¢ ->-q. q—->-q. (B0
which, using (B3), implies
k—--k, @ --4. &4 --4. (Bl

and vice versa. These transformations correspond to the
naive “time reversal” transformation'” Ty referred to in
Sec. I11. Inspection of ysy, xXp, and yLp, i.e., of Egs. (38)—
(40) with the replacements (B9), shows that applying (B11)
we have

"2One may also transform p — —p, but this is irrelevant here.
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SE(#) = S$u().
S%%",I((ﬁ) - SaP /().

CPR(¢) - SCPR(¢)
(B12)

We turn to the simple and optimal observables of Sec. I'V.
We assume integration over the whole phase space or, if
cuts are applied, we assume the cuts to be CP-symmetric.
In addition, we assume the cuts to be invariant under (B10).
The tensors 7% and T of (44) and (45) are odd, whereas
0" and QU of (46) and (47) are even under the trans-
formation (B10).

Let us first consider the case a = b. The CP properties of
the observables T and Q imply

: Ey(T) =0,
. E(0Y)=0 (B13)
Moreover, turning to the covariance matrix of one of the T
and one of the Q variables, the transformation (B10)
implies

Eo(T7QX) =0 (B14)
and likewise for the other TQ correlations. That is, the
covariance matrix of the 7, Q variables is diagonal.

The optimal CP observables are in the case a = b

S&px(@) 09 () = Scaz /(@)

S$u(9) (o)

The CP transformation properties of these observables imply

O (¢) = (B15)

Ey(O%") =0 Ey(07") =0 (B16)

and applying the T transformation (B10) it follows that

Ey(OF08%) = 0 (B17)
Thus, the covariance matrix is diagonal in this case:
~ E Oaa ada 0
V(09) = < o(OK'OF) o ) (B18)
0 Ey (0701

Next we turn to the case a # b. As this final state is no
longer CP-symmetric, the CP transformation properties of
the observables are no longer of immediate use. Let us first
consider the simple observables, for instance, T4 and Qij .
Applying the Ty transformation (B10) we get

ESP(T') = (T} 5 = (B19)
The transformation (B10) implies also that expectation
values of the form (B14) vanish in the nondiagonal case. As
to the SM expectation value

EF(07) = (0045 (B20)
there is, however, in the case a # b no symmetry argument
implying that it vanishes, too. Therefore, one should use in

this case in general the observables

0" = 0" = (0")o 45 (B21)
From the CP property of Q" one gets, of course,
(0")oas +(07)opa = 0. (B22)

Thus, the respective quantity to probe for CP violation
is (49),

Lo ij NHij

S )ap + (0} (B23)
But the corresponding variance in the SM, for instance
of the i = j =3 components, has to be calculated in
general as

<Ql33Q/33>0,a13 = <Q/33Q/33>0,ba- (B24)

The above statements apply, of course, also to Q%/. Yet in
our analysis where we use the SM matrix element of the
form (B7) and integrate over the whole phase space we find
that (B20) vanishes within our numerical uncertainties of
order 10~*. This holds also for the respective expectation

values of QU.
The optimal observables are in the case a # b [cf. (86)]:

; Seb, (@) ; Seb, ()
= — 04 (j) = = s
&) Fe) & ()

where 0% (¢) and O% () are odd and even under the
transformation (B11), respectively; see (B12). Therefore,
we have

(B25)

Eo(OF) = (B26)

For analyzing EO((’)‘,”_’ ) we perform in do,j, Eq. (B6), the
variable transformation

k — —k. (B27)

The term ng_(,[((j)) remains invariant, while Oﬁ”_’ (p)i=R,D
change sign; see (38)—(40) and (B7), (B8). Thus

Eq(O3) = (B28)

if one integrates over the whole angular range of k or over a
range that is symmetric with respect to (B27). Beyond the

one-photon approximation EO(O?’_’) =R, I) will in
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general be nonzero. Therefore, one should use in general
[cf. (56)]

b () = O () — Eo(OP),

O () = O (¢) — Eo(OFP). (B29)

In our case here the transformations (B11) and (B27) imply

that the covariance matrix V(') is still diagonal and is
given by

i _ [EolOROR) 0
WOQZWO%:<O 0 Ewﬂwﬂ)
(B30)

This covariance matrix is then used in (75) and (77) for the
estimators y; and their covariance matrix V(y).

We come now to the final states of case (ii) of Sec. III to
which we apply the optimal CP observables. The channels
where 7 — 3zv, is involved require a more detailed
discussion. In our models for the hadronic 7 decays
outlined in Appendix A the squared matrix element of
this decay mode given in (A29)—(A31) differs from the
respective squared matrix element of 7 — 2zv, and those of
the one-particle inclusive decays in that it contains con-
tributions from absorptive parts caused by the finite widths
of the intermediate resonances. This implies that a Ty
transformation can no longer be used to discriminate
between the optimal observables O and O;. In order to
see this explicitly let us for definiteness consider the case
where 7~ decays to three observed pions (labeled by the
symbol A), while in the decay of z+ only one charged
particle is measured (label b). The differential cross section
is obtained by inserting the respective decay density
matrices into (30), taking into account (31)—(33). Using
(A29) the matrix element Sg‘{\’,[ is obtained from (B7), up to
an overall factor, by replacing

I’la(Ei)[5ﬂ’ﬁ + ha(Ei)(if . Gﬁ'ﬁ] - [A35ﬁ'ﬁ + H3 . O'ﬁ/ﬁ].
(B31)

The matrix elements S5 , and S&5 , are obtained in the

same fashion. Inspection of the functions A3 and Hé shows
that neither has a definite behavior under the following
transformation that is analogous to (B11):

k - -k, q - —-q (i=123). (B32)
The dispersive terms in A; and Hé are even under (B32),
whereas the absorptive terms are odd. Therefore, the matrix

Ab  GADb Ab i
elements Sqy, Scpg, and S¢p; do not have a definite

transformation behavior under (B32), too. Hence we expect
that
E(O% zO8 1) #0. (B33)

Thus, the covariance matrix V(O'4?) can have nondiagonal
elements that are nonvanishing. On the other hand, apply-
ing the transformation (B27), k — —K, to S4; and to S¢% ;
(i = R, I) shows that the first term remains invariant while
the two others change sign. Therefore, with our matrix
elements we have

EO(Oé‘}Il’,R) =0, EO(Oé‘}I]’,I) =0. (B34)
Beyond the one-photon approximation (B34) will no
longer hold. Thus when z-pair decays to final states
Ab + bA, AA, and AB + BA are considered, one should
in general apply—especially in experimental analyses—the
full formalism of the optimal observable method as
explained in Sec. IV. The nondiagonal elements of the
respective covariance matrix of the optimal CP observables
computed with the matrix elements for z-pair production
and decay used in this paper at /s = 10.58 GeV are very
small and can be neglected in view of our numerical
uncertainties; see Sec. V.

At last a remark that applies if the full formalism of
Sec. IV has to be used. Suppose the parameters Red, and
Imd, have been measured in k decay channels. Let us
denote the results for their mean values in the channel « by

~(x)
_ Red;
X® (e ) (k=1,....k),

Iy (B35)
Imd™®

and for the respective covariance matrix by V&)
Furthermore, we assume these k measurements to be
independent, i.e., uncorrelated. We define the matrix

k
(B36)

and the overall mean

k
X=v> (v)7xt,

k=1

(B37)

The covariance matrix is then given by V. That is, the 1 s.d.
error ellipse for the mean values (B37) in the Red, — Imd,
plane is given by

X-X)VvI(X-X)=1. (B38)
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