
 

Detecting the polarization in χ cJ → ϕϕ decays to probe hadronic loop effect
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In this work, we show that detecting the polarization information of χcJ → ϕϕðJ ¼ 0; 1; 2Þ could
be a practical way to test the hadronic loop effect in these decays. Our results show that the predicted
ratios of helicity amplitudes are less dependent on the parameters involved in the calculation. The ratios are

determined to be jFð0Þ
1;1=F

ð0Þ
0;0j≈ 0.359, jFð1Þ

1;0=F
ð1Þ
0;1j ¼ 1, jFð1Þ

1;1=F
ð1Þ
0;1j ¼ 0, jFð2Þ

1;0j=jFð2Þ
0;0j ¼ jFð2Þ

0;1j=jFð2Þ
0;0j≈ 1.285,

jFð2Þ
1;−1j=jFð2Þ

0;0j ¼ jFð2Þ
−1;1j=jFð2Þ

0;0j ≈ 5.110, and jFð2Þ
−1;−1j=jFð2Þ

0;0j ¼ jFð2Þ
1;1j=jFð2Þ

0;0j ≈ 0.465. By adopting these
predicted ratios, we use the Monte Carlo events to show that the moments htiji can be used as observables
to reveal the polarization transfer in these decays, and their distributions are directly related to the
determination of helicity amplitudes. We suggest experiments like at the BESIII and the Belle II performing
a polarization analysis on the χcJ → ϕϕ decay in the future, and the results are important to understand the
decay mechanism underlying the χcJ decays.

DOI: 10.1103/PhysRevD.103.096006

I. INTRODUCTION

How to quantitatively depict nonperturbative behavior of
strong interaction at the medium and low energy region is a
great challenge for us to understand the hadronic confine-
ment and the related hadron properties. Though the founda-
tion of lattice QCD has well established and commonly
accepted as a reliable way to deal with these issues, its
development is relatively slow compared to the accumula-
tions of experimental data in last two decades [1–5]. In recent
years, more and more exotic hadronic states and exotic
decays are reported, which enriches our knowledge about the
hadron spectroscopy [6–10]. To reveal the mechanisms
underlying these new structures and their decay properties,
the effective theory, QCD sum rule and other phenomeno-
logical methods are indispensable for bridging the strong
interactions to the hadron nonpertubative properties.

Since the discovery of J=ψ particle in 1974, the charm
physics has been continuing to be the laboratory to study
the properties of light hadron, charmed meson, and
charmonium. In this work, we suggest the experiments
to measure the polarization transfer in the ψð2SÞ → γχcJ,
χcJ → ϕϕ to figure out the decay mechanism of χcJ.
Experimentally, the ϕ mesons can be reconstructed
with the Kaon charged tracks registered in the detector.
The narrow width of the χcJ and ϕ mesons provide a
beneficial selection criteria to reconstruct the decay chain.
The branching fractions for the charmonium transition
ψð2SÞ → γχcJðJ ¼ 0; 1; 2Þ are summed up to about 30%,
hence this transition could be the χcJ factory, which can
produce a large size of χcJ events. For example, with
accumulation of 3 billion ψð2SÞ events in the future [11], it
will produce 0.9 billion χcJ events. The large size of χcJ
sample is essential to analyze the polarization transfer,
since the experiment is dependent on the observation of
polarization moments, which are constructed with the
helicity angles in the cascade decays.
The χc1 → ϕϕ decay was first reported by the BESIII

Collaboration in 2011 [12]. With observed 254 events in
the ϕϕ mass spectrum, its branching fraction was signifi-
cantly measured with the same order as that for the
χc0 → ϕϕ decay [12,13]. This puts a great challenge for
the theoretical investigation on its decay mechanism in the
pQCD scenario. Since the strong decay conserves the
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parity, there is a strong constraint on the helicity selection
rule for the χc1 → ϕðλ1Þϕðλ2Þ decay, here λ1, λ2 denote the
helicity values of ϕ mesons. Besides, there exists a further
constraint, which is due to the requirement on the identical
particle symmetry of ϕϕ system. These constraints result in
the helicity amplitude vanishing with helicity selection rule
λ1 ¼ λ2. The nonvanishing helicity amplitudes are those
with ðλ1; λ2Þ ¼ ð�1; 0Þ or ð0;�1Þ. However, these helicity
configurations violate the helicity selection rule in the χc1
decay. Their contributions to the partial decay width is
suppressed by a factor of ðΛQCD=mcÞ6, here mc is the mass
of charm quark, and ΛQCD is the QCD energy scale. This
strong suppression can be simply understood according to
the Landau-Yang theorem [14].
The same situation happens in the χc2 → ϕðλ1Þϕðλ2Þ

decay [15]. The parity conservation and identical particle
symmetry allow the existence of the nonvanishing ampli-
tude for all helicity configurations with jλ1 − λ2j ≤ 2, but
the helicity selection rule results in a suppression factor to
the branching fraction according to the pQCD asymptotic
behavior [16], i.e.,

Bðχc2 → ϕðλ1Þϕðλ2ÞÞ ∼
�Λ2

QCD

m2
c

�jλ1þλ2jþ2

: ð1Þ

The pQCD calculation determined its branching fraction to
be Bðχc2 → ϕϕÞ ¼ 7.8 × 10−4 [17], which is less than the
average of measured ones, ð1.06� 0.09Þ × 10−3 [13], by
about 30%.
To decode the nonperturbative mechanism underlying

these decays, the hadronic loop mechanism (HLM) [18–39]
was introduced in Refs. [21,22]. In this scenario, the ϕϕ
production is supposed to be from the rescattering of two
virtual charmed mesons by exchanging another charmed
meson. It shows that under HLM the measured branching
ratios can be well reproduced within experimental uncer-
tainty. To some extent one can expect that the hadronic loop
mechanism can model the long distance effects in the χcJ
decays. However, to comprehensively test the hadronic
loop mechanism, it is desirable to give more predictions on
the χcJ decays besides the branching fraction.
In this work, we show that detecting the polarization

information of χcJ → ϕϕ can be an effective way to probe
hadronic loop mechanism. Especially in the χc2 decays, the
two ϕ decays provide us with rich spin observables. In the
HLM scenario, these spin observables can be predicted by
calculating the helicity amplitudes. The suppression of
helicity selection rule is characterized by the ratios between
the amplitudes of the ϕ longitudinal polarization compo-
nents. Thus, experimental measurements on the ratios of
helicity amplitudes can provide us with a very good
platform to test if there exists the long distance contribu-
tions to the χcJ → ϕϕ decays. With this motivation, we
present a polarization analysis on the χcJ → ϕϕ decays in
the HLM scenario. We find that the obtained ratios of

helicity amplitudes is less dependent on the parameters, i.e.,
their values change little with variations of the free param-
eters in themodel. An ensemble ofMonte Carlo (MC) events
are generated basedon the amplitude ratios, andwe show that
some moments htiji can be used as polarization observables.
With this investigation, we strongly suggest the BESIII and
Belle II to perform a measurement on the polarization in the
χcJ → ϕϕ decays, which may provide crucial tests to the
hadronic loop mechanism.
This paper is organized as follows. After the introduc-

tion, we present a polarization analysis of the decay χcJ →
ϕϕ → 2ðKþK−Þ in Sec. II. Then, the calculation of χcJ →
ϕϕ in the charmed meson loop scenario is presented in
Sec. III. The numerical results are given in Sec. IV. Finally,
this paper ends with a summary.

II. POLARIZATION ANALYSIS

We analyze the ϕϕ polarization started with eþe− beams.
In the unpolarized eþe− collider, the production of ψð2SÞ
particle is tensor polarized without longitudinal polariza-
tion [40]. Thus, the subsequent ψð2SÞ → γχcJ decay may
transfer some polarization to the χcJ states, which is
manifested in the χcJ → ϕϕ decay, showing up with an
unflat angular distribution of the decayed ϕ meson.
To get the polarization or alignment information of ϕϕ

system, one has to investigate its spin density matrix
(SDM), which encodes the full polarization information
transferred from the χcJ decays. In experiment, the meas-
urement on the ϕϕ SDM plays the role to study the χcJ
decay mechanism, given that the polarization pattern is
predicted based on the decay-dynamical models. We follow
the standard way to construct the SDM for the identical
particle ϕϕ system.
For a spin-s particle, its spin density matrix is given in

terms of multipole parameters, rLM, as [41]

ρ ¼ 1

2sþ 1

�
I þ 2s

X2s
L¼1

XL
M¼−L

rLMQ½s; L;M�
�
; ð2Þ

where I denotes a ð2sþ 1Þ × ð2sþ 1Þ dimensional unit
matrix, L is the orbital angular momentum with its
magnetic quantum number M defined in the spherical
tensor operator. The SDM for ϕϕ system can be con-
structed from the ϕ individual ones, and an easy way is to
decompose it into Q matrices multiplied by a set of real
parameters, which reads as

ρϕϕ ¼ ρϕ ⊗ ρϕ

¼ 1

9

�
C00I3 ⊗ I3 þ 2

X8
i¼1

ðCi;0Qi ⊗ I3

þ C0iI3 ⊗ QiÞ þ 4
X8
i;j¼1

CijQi ⊗ Qj

�
: ð3Þ
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Here, I3 denotes a 3 × 3 identity matrix, and the real
parameter Cij is determined from the ϕϕ production
process, which carries polarization information for the
two ϕ mesons. Ci0 or C0i means that the polarization is
detected only for one ϕ meson, while Cij measures the
polarization correlation between two ϕϕ mesons. For Qi,
we define Q1 ¼Q½1;1;−1�, Q2¼Q½1;1;0�, Q3¼Q½1;1;1�,
Q4 ¼ Q½1; 2;−2�, Q5 ¼Q½1;2;−1�, Q6 ¼Q½1;2;0�, Q7 ¼
Q½1; 2; 1�, Q8 ¼ Q½1; 2; 2�.
The polarization of ϕϕ system is unaccessible in a

general purpose of electromagnetic spectrometer at the
modern eþe− colliders. Nonetheless, the subsequential
decay, ϕ → KþK−, can be used as the polarimeter to
measure the ϕ polarization by studying the implications
of the decayed Kaon angular distribution.
We formulate the ϕϕ → 2ðKþK−Þ decays with helicity

amplitude method, which is defined in the helicity system
as shown in Fig. 1. One ϕ decaying into KþK− pair is
described with helicity angles (θ2;ϕ2), where θ2 is the
angle spanned between the directions of Kþ and the ϕ
momenta, which are defined in the rest frames of their
respective mother particles. The azimuthal angle ϕ2 is
defined as the angle between the ϕϕ production plane and
the ϕ decay plane. The helicity angles, ðθ3;ϕ3Þ, describing
another ϕ meson decay, are defined by the same rule
(see Table I). Then the joint angular distribution for
ϕϕ → 2ðKþK−Þ reads as

jMj2 ∝ Tr½ρϕϕ ·Ma ⊗ M†
b�

¼ t00C00 þ
X8
i¼1

ðti0Ci0 þ t0iC0iÞ þ
X8
i;j¼1

tijCij ð4Þ

with

ðMaÞλ1;λ01 ¼ D1�
λ1;0

ðϕ2; θ2; 0ÞD1
λ0
1
;0ðϕ2; θ2; 0Þf2; ð5Þ

ðMbÞλ2;λ02 ¼ D1�
λ2;0

ðϕ3; θ3; 0ÞD1
λ0
2
;0ðϕ3; θ3; 0Þf2: ð6Þ

Since the helicity value f is independent on the Kaon
angles, it contributes a trivial constant factor to the angular
distribution. Thus, for simplicity, we can take f2 ¼ 1.
The joint angular distribution can be further decomposed
into the ϕϕ polarization in terms of the real multipole
parameters Cij. The tij factors play the role of the spin
observables corresponding to the parameters Cij. The term
t00 is the unpolarization cross section, while t0LðtL0Þ
corresponds to the observable for detecting one ϕ polari-
zation with rank L, and leaving another ϕ polarization
being undetected. The term tij denotes the spin correlation
between the two ϕ’s. Expressions of tij factors are given in
terms of angles θi and ϕi (i ¼ 2, 3) as shown in the
Appendix A.
The multipole parameters, Cij, in the ρϕϕ SDM contain

the dynamical information of the χcJ → ϕϕ decays, which

can be related to the helicity amplitudes FðJÞ
λ1;λ2

. Thus, any
theoretical prediction on their values can be tested by
measuring their spin observables in experiment.

FIG. 1. Helicity system and angles definition for the ψð2SÞ → γχcJ, χcJ → ϕϕ, ϕ → KþK− decay.

TABLE I. Definitions of helicity angles and amplitudes in the
χcJ → ϕϕ and ϕϕ → 2ðKþK−Þ decays.
Decay Angles Amplitude

χcJ → ϕðλ1Þϕðλ2Þ ðθ1;ϕ1Þ FðJÞ
λ1;λ2

ϕðλ1Þ → KþK− ðθ2;ϕ2Þ f
ϕðλ2Þ → KþK− ðθ3;ϕ3Þ f
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We relate the parameter Cij to the helicity amplitude

FðJÞ
λ1;λ2

by calculating the spin density matrix ρϕϕ of the
decay χcJ → ϕϕ, which reads as

ρϕϕ ¼ N · ρJ · N†; ð7Þ

where ρJ is a spin density matrix for χcJ with J ¼ 0, 1, 2 for
χc0, χc1, and χc2, respectively. N denotes decay matrix,
which can be written as

ðNÞλ1λ2λ01λ02;M ¼ DJ�
M;λ1−λ2ðϕ1; θ1; 0Þ

×DJ
M;λ0

1
−λ0

2
ðϕ1; θ1; 0ÞFðJÞ�

λ1;λ2
FðJÞ
λ0
1
;λ0

2
; ð8Þ

where ðθ1;ϕ1Þ are the helicity angles describing the ϕ
meson flying direction as shown in Fig. 1. Azimuthal ϕ1 is
defined as the angle between the ϕ production and decay
planes, while θ1 is the angle spanned between the ϕ and χcJ
momenta. FðJÞ

λ1;λ2
denotes the helicity amplitude in terms of

two ϕ helicity values λ1 and λ2.
A special decay is χc0 → ϕϕ, where the spin density

matrix of χc0 is reduced to Kronecker delta function, i.e.,
ρ0 ¼ δλ1;λ2δλ01;λ02 . Then the multipole parameters Cij are
calculated to be

C00 ¼ 9jFð0Þ
0;0j2 þ 18jFð0Þ

1;1j2; ð9Þ

C44 ¼ −
3

2
jFð0Þ

1;1j2; ð10Þ

C55 ¼ −C77 ¼ −
3

4
ðFð0Þ�

1;1 Fð0Þ
0;0 þ Fð0Þ�

0;0 Fð0Þ
1;1Þ; ð11Þ

C60 ¼ C06 ¼ jFð0Þ
1;1j2 − jFð0Þ

0;0j2; ð12Þ

C66 ¼ jFð0Þ
0;0j2 þ

jFð0Þ
1;1j2
2

; ð13Þ

C88 ¼
3jFð0Þ

1;1j2
2

; ð14Þ

while other Ci;j parameters are vanishing due to the spin-
parity conservation in the χc0 → ϕϕ decays.

Then, with the helicity amplitude Fð0Þ
λ1;λ2

, the ϕ angular
distribution from the χc0 → ϕϕ decay can be expressed as

W0 ∝ cosðϕ23Þ½4sin2ðθ2Þsin2ðθ3Þ cosðϕ23ÞjFð0Þ
1;1j2

þ sin ð2θ2Þ sin ð2θ3Þ2ReðFð0Þ�1;1 Fð0Þ
0;0Þ�

þ 4cos2ðθ2Þcos2ðθ3ÞjFð0Þ
0;0j2; ð15Þ

where ϕ23 ¼ ϕ2 þ ϕ3.

One can see that the ϕ angular distribution for the
χc0 → ϕϕ decay is reduced to a uniform distribution either
on the cos θ2ðcos θ3Þ or ϕ2ðϕ3Þ observables alone. Spin
correlation for ϕϕ system can only be observed by
measuring a moment formed by the angles θi and ϕi
(i ¼ 2, 3) simultaneously.
The strong decay χc1 → ϕϕ conserves the parity. Thus,

the helicity amplitudes satisfy the relation Fð1Þ
−λ1;−λ2 ¼

−Fð1Þ
λ1;λ2

, especially Fð1Þ
0;0 ¼ 0. Then the amplitudes are

reduced to three independent components, i.e., Fð1Þ
1;1; F

ð1Þ
1;0,

and Fð1Þ
0;1. The matrix of helicity amplitudes is taken as

ðFð1Þ
λ1;λ2

Þ ¼

0
BB@

Fð1Þ
1;1 Fð1Þ

1;0 0

−Fð1Þ
1;0 0 −Fð1Þ

0;1

0 −Fð1Þ
1;0 −Fð1Þ

1;1:

1
CCA: ð16Þ

As for the χc1 production from the decay ψð2SÞ → γχc1, its
SDM is well defined and taken as ρ1 ¼ 1

4
diagf1; 2; 1g [40]

in its rest frame. Here, the nonvanishing parameters Ci0,
C0i, and Cij are calculated and given in Appendix B.
The ϕ meson has nonzero decay width, the masses of

two ϕϕ may have different values from the χc1 decay in a
given event. However, its narrow decay width allows us to
treat the ϕϕ as an identical particle system statistically.
Then, exchanging two ϕ mesons yields asymmetry relation

Fð1Þ
1;0 ¼ −Fð1Þ

0;1, and Fð1Þ
1;1 ¼ 0, where the joint angular dis-

tribution is independent on the amplitude, and it reads

W1 ∝ ð2þ sin2θ1Þ½cos2θ2sin2θ3 þ sin2θ2cos2θ3�: ð17Þ

Similarly, we perform the same analysis on the
χc2 → ϕϕ decay, and we take the χc2 SDM as ρ2 ¼
3
20
diagf2; 1; 2=3; 1; 2g [40]. Considering the parity con-

servation in this decay, one has the relation Fð2Þ
−λ1;−λ2 ¼

Fð2Þ
λ1;λ2

, then the amplitude matrix is reduced to be

ðFð2Þ
λ1;λ2

Þ ¼

0
BB@

Fð2Þ
1;1 Fð2Þ

1;0 Fð2Þ
1;−1

Fð2Þ
0;1 Fð2Þ

0;0 Fð2Þ
0;1

Fð2Þ
1;−1 Fð2Þ

1;0 Fð2Þ
1;1

1
CCA: ð18Þ

With these considerations, the multipole parameters are
calculated and given in Appendix C, and these expressions

can be further simplified using the relation Fð2Þ
λ1;λ2

¼ Fð2Þ
λ2;λ1

if
one takes the ϕϕ as an identical particle system.

III. MESON LOOP EFFECTS IN χ cJ → ϕϕ DECAY

Under the scenario of hadronic loop mechanism, the
χcJ → ϕϕ decays occur via the triangle loops composed of
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Dð�Þ
ðsÞ and D̄ð�Þ

ðsÞ , where these loops play the role of bridge to

connect the initial χcJ and final states. In Figs. 2–4, we
present the Feynman diagrams depicting the χcJ → ϕϕ
decays.
To calculate the decay amplitudes shown in Fig. 2–4,

we adopt the effective Lagrangian approach; thus, at first
we introduce the effective Lagrangians relevant to our
calculation. For the interaction between χcJ and a pair of
heavy-light mesons, the general form of the effective
Lagrangian can be constructed under the chiral and heavy
quark limits [42]

Lp ¼ ig1Tr½PðQQ̄ÞμH̄ðQ̄qÞγμH̄ðQq̄Þ� þ H:c:; ð19Þ

where PðQQ̄Þ and HðQq̄Þ denote the P-wave multiplet of
charmonia and ðD;D�Þ doublet, respectively. Their detailed
expressions, as shown in Ref. [25,42–44], can be written as

PðQQ̄Þμ ¼ 1þ =v
2

�
χμαc2γα þ

1ffiffiffi
2

p εμαβγvαγβχc1γ

þ 1ffiffiffi
3

p ðγμ − vμÞχc0 þ hμcγ5

�
1 − =v
2

; ð20Þ

HðQq̄Þ ¼ 1þ =v
2

½D�
μγ

μ −Dγ5�; ð21Þ

respectively, with definitions Dð�Þ† ¼ ðDð�Þþ; Dð�Þ0; Dð�Þ0
s Þ

andDð�Þ ¼ ðDð�Þ−; D̄ð�Þ0; D̄ð�Þ0
s ÞT .HðQ̄qÞ corresponds to the

doublet formed by homologous heavy-light antimesons,
which can be obtained by applying the charge conjugation
operation to HðQq̄Þ.
For the interaction between a light vector meson and two

heavy-light mesons, the general form of the Lagrangian
reads as [42,45–49]

LV ¼ iβTr½Hjvμð−ρμÞijH̄i� þ iλTr½HjσμνFμνðρÞH̄i�; ð22Þ

where

ρμ ¼ i
gVffiffiffi
2

p Vμ; ð23Þ

FμνðρÞ ¼ ∂μρν − ∂νρμ þ ½ρμ; ρν�; ð24Þ

and a vector octet V has the form [22]

V ¼

0
BB@

ρ0ffiffi
2

p þ κωpþ ζϕp ρþ K�þ

ρ− − ρ0ffiffi
2

p þ κωpþ ζϕp K�0

K�− K̄�0 δωpþ σϕp

1
CCA;

ð25Þ

FIG. 2. The Feynman diagrams depicting the χc0 → ϕϕ decay
via D meson loop.

FIG. 3. The Feynman diagrams depicting the χc1 → ϕϕ decay
via D meson loop.

FIG. 4. The Feynman diagrams depicting the χc2 → ϕϕ decay
via D meson loop.
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with

κ ¼ cos θffiffiffi
2

p ; ζ ¼ sin θffiffiffi
2

p ;

δ ¼ sin θ; σ ¼ − cos θ: ð26Þ

By expanding the Lagrangians in Eqs. (19) and (22), we
get the following explicit forms of Lagrangians:

LχcJDð�ÞDð�Þ

¼ −gχc0DDχc0DD† − gχc0D�D�χc0D�
μD�μ†

þ igχc1DD�χμc1ðD�
μD† −DD�†

μ Þ
− gχc2DDχ

μν
c2∂μD∂νD†

þ gχc2D�D�χμνc2ðD�
μD

�†
ν þD�

νD
�†
μ Þ

− igχc2D�Dεμναβ∂αχμρc2ð∂ρD�ν∂βD† − ∂βD∂ρD�ν†Þ; ð27Þ

LDð�ÞDð�ÞV

¼ −igDDVD
†
i ∂
↔μ

DjðVμÞij
− 2fD�DVεμναβð∂μVνÞijðD†

i ∂
↔α

D�βj −D�β†
i ∂↔α

DjÞ

þ igD�D�VD
�ν†
i ∂↔μ

D�j
ν ðVμÞij

þ 4ifD�D�VD
�†
iμ ð∂μVν − ∂νVμÞijD�j

ν : ð28Þ

With these Lagrangians given in Eq. (27) and Eq. (28),
the amplitudes of χcJ → ϕϕ then can be written out. For
χc0 → ϕϕ decay, with g̃μνðpÞ≡ −gμν þ pμpν

m2
p
, the ampli-

tudes corresponding to Fig. 2 are

Mð0−1Þ ¼
Z

d4q
ð2πÞ4

1

k21 −m2
D

1

k22 −m2
D

1

q2 −m2
D
F 2ðq2Þ

× ½−gχc0DD�½−gDDϕϵ
�ζ
ϕ ðp2Þðk1ζ þ qζÞ�

× ½−gDDϕϵ
�λ
ϕ ðp3Þðqλ − k2λÞ�; ð29Þ

Mð0−2Þ ¼
Z

d4q
ð2πÞ4

1

k21 −m2
D

1

k22 −m2
D

g̃ξσðqÞ
q2 −m2

D�
F 2ðq2Þ

× ½−gχc0DD�½−2fDD�ϕε
ζηκξϵ�ϕζðp2Þp2ηðk1κ þ qκÞ�

× ½2fDD�ϕε
λρδσϵ�ϕλðp3Þp3ρðqδ − k2δÞ�; ð30Þ

Mð0−3Þ ¼
Z

d4q
ð2πÞ4

g̃μξðk1Þ
k21 −m2

D�

g̃μσðk2Þ
k22 −m2

D�

1

q2 −m2
D
F 2ðq2Þ

× ½−gχc0D�D� �½2fDD�ϕε
ζηκξϵ�ϕζðp2Þp2ηðk1κ þ qκÞ�

× ½−2fDD�ϕε
λρδσϵ�ϕλðp3Þp3ρðqδ − k2δÞ�; ð31Þ

Mð0−4Þ ¼
Z

d4q
ð2πÞ4

g̃μψðk1Þ
k21 −m2

D�

g̃ιμðk2Þ
k22 −m2

D�

g̃γυðqÞ
q2 −m2

D�
F 2ðq2Þ

× ½−gχc0D�D� �½gD�D�ψgηγg
η
ψ ðk1ζ þ qζÞ

− 4fD�D�ϕp
η
2ðgγηgψζ − gγζgψηÞ�ϵ�ζϕ ðp2Þ

× ½gD�D�ϕgριg
ρ
υðqλ − k2λÞ − 4fD�D�ϕp

ρ
3

× ðgιρgυλ − gιλgυρÞ�ϵ�λϕ ðp3Þ: ð32Þ

In a similar way, the amplitudes of χc1 → ϕϕ and χc2 →
ϕϕ can be written out, and are collected into Appendix D
and Appendix E, respectively.
In the calculation of the χcJ → ϕϕ amplitudes, a dipole

form factor, F ðq2Þ ¼ ðm2
E − Λ2Þ2=ðq2 − Λ2Þ2, is intro-

duced to describe the structure effect and off-shell effect
due to exchanging Dð�Þ mesons [22] at the Dð�ÞDð�Þϕ and
D̄ð�ÞDð�Þϕ vertices. This form factor plays a role similar to
the Pauli-Villas renormalization scheme, which is often
used to cancel the ultraviolet divergence in the loop
integrals [50,51]. In the expression of F ðq2Þ, mE is the
mass of the exchanged Dð�Þ meson and Λ denotes the
cutoff, which is usually parametrized as Λ ¼ mE þ
αΛΛQCD. Here ΛQCD ¼ 0.22 GeV; αΛ is a free parameter
[18,25–35]. Since the cutoff Λ is required to be not too far
away from the physical mass of the exchanged mesons,
usually αΛ should be around 1 [35]. One notes that the
multipole behavior of form factor was also suggested in the
QCD sum rule study in Ref. [52]. In a series of published
papers [18,25–35], this form factor was adopted in the
study of transitions of charmonia, bottomonia, and B
decays.
With Eqs. (29)–(32), considering charge conjugation and

isospin symmetries, the polarized amplitudes of χcJ → ϕϕ
read

MJði; λ1; λ2Þ ¼ 4
X
j

Mq
ðJ−jÞ þ 2

X
j

Ms
ðJ−jÞ; ð33Þ

where i, λ1, and λ2 denote the helicities of χcJ and two ϕ
mesons, respectively,Mq

ðJ−jÞ andM
s
ðJ−jÞ represent that the

triangle loops are composed of charmed and charmed-
strange mesons, respectively.
Thus, the helicity amplitudes can be calculated by the

following expression:

jFðJÞ
λ1;λ2

j2 ¼
X
i

ρJðiÞjMJði; λ1; λ2Þj2; ð34Þ

where ρJ is the SDM given in Sec. II, i.e.,

ρ0 ¼ 1; ð35Þ

ρ1 ¼
1

4
diagf1; 2; 1g; ð36Þ
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ρ2 ¼
3

20
diag

�
2; 1;

2

3
; 1; 2

�
: ð37Þ

Finally, the general expression of the decay widths of
χcJ → ϕϕ decays reads as

ΓχcJ→ϕϕ ¼ 1

1þ δ

1P
i ρJðiÞ

1

8π

jp⃗ϕj
m2

χcJ

X
i;λ1;λ2

jMJði; λ1; λ2Þj2;

ð38Þ

where factor δ should be introduced if the final states are
identical particles. Thus, for the discussed χcJ → ϕϕ
decays, we should take δ ¼ 1.

IV. NUMERICAL RESULTS

A. Helicity amplitudes

With the formula given in Sec. III, we estimate all the

helicity amplitudes FðJÞ
λ1;λ2

. Besides the masses taken from
the Particle Data Group (PDG) [13], other input parameters
include the coupling constants, the mixing angle θ between
ωp and ϕp, and the parameter αΛ that appears in the
expression of form factorF ðq2Þ. For the coupling constants
relevant to the interactions between χcJ andD

ð�Þ
ðsÞD̄

ð�Þ
ðsÞ , in the

heavy quark limit, they are related to one gauge coupling
constant g1 given in Eq. (19). By comparing Eq. (27) and
the expanded form of Eq. (19) we can get

gχc0DD ¼ 2
ffiffiffi
3

p
g1

ffiffiffiffiffiffiffiffiffi
mχc0

p
mD; gχc0D�D� ¼ 2ffiffiffi

3
p g1

ffiffiffiffiffiffiffiffiffi
mχc0

p
mD� ;

gχc1DD� ¼ 2
ffiffiffi
2

p
g1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc1mDmD�

p
; gχc2DD ¼ 2g1

ffiffiffiffiffiffiffiffiffimχc0
p
mD

;

gχc2DD� ¼ g1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχc2

m3
D�mD

r
; gχc2D�D� ¼ 4g1

ffiffiffiffiffiffiffiffiffi
mχc2

p
mD� :

ð39Þ

We determine g1 in the following way. For the interaction
between the χc0 state and a pair of D mesons, we define its
matrix element as

hDðpÞD̄ðp0Þjχc0ðPÞi ¼ gχc0DD: ð40Þ

With the help of Isgur-Wise form factor [53,54], and the
assumption that χc0 gives the dominant contribution to the
scalar current matrix element hDðp0Þjcc̄jDðpÞi, together
with the definition of the decay constant fχc0 , i.e.,

h0jcc̄jχc0ðPÞi ¼ fχc0mχc0 ; ð41Þ

in ðp − p0Þ2-channel, we can express the scalar current
matrix element hDðp0Þjcc̄jDðpÞi as

hDðp0Þjcc̄jDðpÞi ¼ gχc0DDfχc0mχc0

ðp − p0Þ2 −m2
χc0

¼ ð1þ wÞξðwÞmD; ð42Þ

where ξðwÞ is the normalized Isgur-Wise form factor, i.e.,
ξðw ¼ 1Þ ¼ 1 [53,54], w ¼ p·p0

m2
D
. Thus, when p ¼ p0, we

have w ¼ 1, then we can relate gχc0DD̄ to fχc0 as

gDDχc0 ¼ −2
mDmχc0

fχc0
; ð43Þ

so it is easy to see that g1 ¼ −
ffiffiffiffiffiffiffi
mχc0
3

q
1

fχc0
, with fχc0 ¼

0.51 GeV, which comes from an analysis of QCD sum
rule [25,37].

For the coupling constants of Dð�Þ
ðsÞD̄

ð�Þ
ðsÞϕ interactions,

they are determined from comparison of Eq. (28) to the
expansion of Eq. (22), i.e.,

gDsDsϕ ¼ gD�
sD�

sϕ ¼ βgVffiffiffi
2

p σ;

fDsD�
sϕ ¼ fD�

sD�
sϕ

mD�
s

¼ λgVffiffiffi
2

p σ;

gDDϕ ¼ gD�D�ϕ ¼ βgVffiffiffi
2

p ζ;

fDD�ϕ ¼ fD�D�ϕ

mD�
¼ λgVffiffiffi

2
p ζ;

with β ¼ 0.9 and λ ¼ 0.56 GeV−1. The values of β and λ
come from the vector meson dominance model and the
analyses of the B → K�π decays, respectively [55].
Additionally, we have gV ¼ mρ=fπ associated with the
pion decay constant fπ ¼ 132 MeV [45–48].
There still exists an undetermined parameter, i.e., the

mixing angle θ between ωp and ϕp. Using the Gell-Mann-
Okubo mass formula [25,56,57], this parameter is roughly
determined to be θ ¼ 3.7°. On the other side, in the chiral
perturbation theory, this mixing angle is related to the
vector meson decay widths, Γðω → πþπ−Þ, Γðρ0 → πþπ−Þ,
and Γðϕ → πþπ−Þ. Using experimental results [13], one
got θ ¼ ð3.4� 0.2Þ° [57], which is consistent with
θ ¼ 3.7°. Thus, we set θ ¼ ð3.4� 0.2Þ° [22,57–59] in

the calculation of the helicity amplitudes FðJÞ
λ1;λ2

.
The parameter αΛ can be determined using the exper-

imental data for the branching ratios of χcJ → ϕϕ decays
[13]. In our calculation, we find that if the branching ratios
BðχcJ → ϕϕÞ given by PDG [13] are reproduced simulta-
neously, αΛ should be taken within the interval [1.15,1.35].
The values obey the cutoff requirement, and lead to the
Λ close to the physical mass of the exchanged mesons [35].
In addition, they are consistent with those in Ref. [22].
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With the above parameter settings, we find that the ratios
between helicity amplitudes are insensitive to the αΛ and θ,
and the ratios change a little with variations of αΛ ∈
½1.15; 1.35� and θ ¼ ð3.4� 0.2Þ°. We get

				F
ð0Þ
1;1

Fð0Þ
0;0

				 ¼ 0.359� 0.019; ð44Þ

for the χc0 → ϕϕ decay,

				F
ð1Þ
1;0

Fð1Þ
0;1

				 ¼ 1;

				F
ð1Þ
1;1

Fð1Þ
0;1

				 ¼ 0; ð45Þ

for the χc1 → ϕϕ decay, and

				F
ð2Þ
1;0

Fð2Þ
0;0

				 ¼
				F

ð2Þ
0;1

Fð2Þ
0;0

				 ¼ 1.285� 0.017; ð46Þ

				F
ð2Þ
1;−1

Fð2Þ
0;0

				 ¼
				F

ð2Þ
−1;1

Fð2Þ
0;0

				 ¼ 5.110� 0.057; ð47Þ

				F
ð2Þ
−1;−1

Fð2Þ
0;0

				 ¼
				F

ð2Þ
1;1

Fð2Þ
0;0

				 ¼ 0.465� 0.002; ð48Þ

for the χc2 → ϕϕ case.
The ratios for the χc1 decays are equivalent to those

determined by the parity conservation and identical particle
requirement. Especially, it is interesting to note that the

ratios of Fð2Þ
1;0 and Fð2Þ

1;−1 are larger than one. This indicates
they receive some contributions from the long distance
effects, modeled by the rescattering of charm mesons in the
χc2 → ϕϕ decays. We expect the measurement available in
the future and used for testing the hadron loop mechanism.

B. Polarization observables

Apart from the direct measurements on the ratios given
in Sec. IVA, the tij moments, htiji, can also be selected as
the spin observables, since their distributions are directly

related to the helicity amplitude FðJÞ
λ1;λ2

. The tij observables
are constructed only with the Kaon angles in ϕ decays.
Thus, the htiji moments should be independent on any
parameter from theoretical investigations. In experiment,
the htiji moments are defined as

htiji ¼
1

I0

Z
tijjMj2dΩ2dΩ3; ð49Þ

where jMj2 denotes the joint angular distribution for the
χcJ → ϕϕ → 2ðKþK−Þ decay and dΩi ¼ d cos θidϕi
(i ¼ 2, 3) is the angle to be integrated out. I0 is the
normalization factor.

One exception is the χc0 → ϕϕ decay, in which the
multipole parameters Cij are independent on the angles of
θ1 or ϕ1. Thus, the htijimoments are uniformly distributed,
and they can not be used as observables. Instead, we chose
an observable μ ¼ sin2 θ2 sin2 θ3 to express two ϕ spin
entanglements produced from the χc0 decays. With the joint
angular distribution W0, one has

hμi ∝ 1þ 16jFð0Þ
1;1=F

ð0Þ
0;0j2cos2ðϕ2 þ ϕ3Þ: ð50Þ

An ensemble of events is generated by using the
χc0 decay amplitude W0, and the ratio of amplitude
is fixed to the central value of calculation, namely,

jFð0Þ
1;1=F

ð0Þ
0;0j ¼ 0.359. The hsin2 θ2 sin2 θ3i moment of these

TOY Monte Carlo (MC) events is shown in Fig. 5. One
can see that the MC distribution is consistent with the
expectation of 1þ 2 cos2ðϕ2 þ ϕ3Þ.
For the χc1 → ϕϕ decay, it conserves parity and the

decay amplitude respects the identical particle symmetry
when exchanging two ϕ mesons. Thus, the helicity
amplitudes are able to factor out as an overall factor in
the angular distribution. The ϕ angular distribution is
independent on the amplitudes, and it is reduced to

dN
d cos θ1

∝ 1 −
1

3
cos2θ1; ð51Þ

which corresponds to the observation of moment ht00i for
the χc1 → ϕϕ decay.
We generate an ensemble of MC events for the χc1 decay

with the amplitudes constrained by the requirements of
parity conservation and the identical particle symmetry,

namely, Fð1Þ
1;1 ¼ 0; Fð1Þ

1;0 ¼ −Fð1Þ
0;1. Figure 6 shows the angu-

lar distribution for the ϕ meson from the χc1 decays. One
can see that the distribution is well consistent with the
expected one as given by Eq. (51).

)
3

φ+
2

φcos(
-0.5 0.0 0.5

〉 3θ2
si

n
2θ2
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n

〈

0.025

0.030
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0.040

0.045
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0.055

0.060

0.065

FIG. 5. Distribution of hsin2 θ2 sin2 θ3i moment versus
cosðϕ2 þ ϕ3Þ for the χc0 → ϕϕ → 2ðKþK−Þ. Histogram is filled
with the MC events, and the curve shows the distribution
of 1þ 2 cos2ðϕ2 þ ϕ3Þ.
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One significant feature of tij moments for χc1 decays is
that their distributions are well determined only with the
fundamental conservation rule and symmetry relations,

being independent on the helicity amplitudes Fð1Þ
λ1;λ2

. For
example, some htiji moments are determined to be

ht55i ∝ 1 −
1

2
cos2θ1; ð52Þ

ht60i; ht06i; ht66i ∝ 1 −
1

3
cos2θ1; ð53Þ

ht80i; ht08i; ht68i; ht86i ∝ 1 − cos2θ1: ð54Þ

Figure 7 shows the ht55i moment distribution filled with
the χc1 MC events. The curve shows the expected dis-
tribution, and it is well consistent with the MC events.
To show the htiji moments for the χc2 → ϕϕ →

2ðKþK−Þ decay, we generated MC events with the central

values of predicted amplitude ratios, i.e., jFð2Þ
1;0j=jFð2Þ

0;0j ¼
jFð2Þ

0;1j=jFð2Þ
0;0j ¼ 1.285, jFð2Þ

1;−1j=jFð2Þ
0;0j ¼ jFð2Þ

−1;1j=jFð2Þ
0;0j ¼ 5.11

and jFð2Þ
1;1j=jFð2Þ

0;0j ¼ 0.465. The ht00i moments corresponds
to the ϕ meson angular distribution. It reads as

dN
d cos θ1

∝ 1þ αcos2θ1 ð55Þ

with the angular distribution parameter

α ¼ −
3½jFð2Þ

0;0j2 þ 2ð−jFð2Þ
1;−1j2 þ jFð2Þ

1;0j2 þ jFð2Þ
1;1j2Þ�

5jFð2Þ
0;0j2 þ 6jFð2Þ

1;−1j2 þ 18jFð2Þ
1;0j2 þ 10jFð2Þ

1;1j2
: ð56Þ

Using the ratios, one has α ¼ 0.736. Figure 8 shows the
angular distribution (histogram) for the ϕmeson filled with
the MC events, and the comparison with the predicted
angular distribution (curve).
Another moment, ht06i or ht60i, can also be used to reveal

the ratios. It distributes with the form ht06i ∝ 1þ α1 cos2 θ1
with

α1 ¼ −
3ð2jFð2Þ

0;0j2 þ 2jFð2Þ
1;−1j2 þ jFð2Þ

1;0j2 − 2jFð2Þ
1;1j2Þ

10jFð2Þ
0;0j2 − 6jFð2Þ

1;−1j2 þ 9jFð2Þ
1;0j2 − 10jFð2Þ

1;1j2
: ð57Þ

Using the predicted ratios, we get α1 ¼ 1.24. Figure 9
shows the ht06i distribution, filled with the MC events,
which is comparable with the predicted distribution
with α1 ¼ 1.24.
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FIG. 6. Angular distribution of ϕ meson in χc1 decays.
Histogram is filled with the MC events, and the curve shows
the distribution of 1 − 1

3
cos2 θ1.
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FIG. 7. Moment distribution of ht55i for χc1 decays. Histogram
is filled with the MC events, and the curve shows the distribution
of 1 − 1
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cos2 θ1.
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FIG. 8. Angular distribution of the ϕ meson for χc2 decays.
Histogram is filled with the MC events, and the curve shows the
distribution of 1þ 0.736 cos2 θ1.
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FIG. 9. Angular distribution of the ϕ meson for χc2 decays.
Histogram is filled with the MC events, and the curve shows the
distribution of 1þ 1.26 cos2 θ1.
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There are some htiji moments in the χc2 decays,
distributing independently on the amplitude ratios. After
factoring out the amplitudes, we obtain these moment
distributions versus x ¼ cos θ1, i.e.,

ht44i ∝ 1 − 6x2=10; ð58Þ

ht76i; ht67i ∝ x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
; ð59Þ

ht80i; ht08i ∝ 1 − x2: ð60Þ

Figure 10 shows the ht76i distribution, for example, for χc2
decays, and the comparison with the predicted one.

V. SUMMARY

The anomalous decay widths of the χcJ → VVðVV ¼
ωω;ωϕ andϕϕÞ decays [12,15] indicate that the nonper-
turbative effect of strong interaction cannot be ignored. For
accommodating the nonperturbative effect of strong inter-
action, the HLM scenario is adopted to study the branching
ratios of χcJ → VVðVV ¼ ωω;ωϕ andϕϕÞ decay [21,22].
Although the measured branching ratios of the χc1 → ωω
and χc1 → ϕϕ decays can be reproduced well, it is not the
end of whole story. In this work, we are motivated to look
for additional evidence to reveal the hadronic loop mecha-
nism underlying the χcJ → ϕϕ decays [12,15].
Inspired by Refs. [22,60–62], we propose that the

analysis of polarization transfer in the χcJ → VV decay
can be applied to probe the hadronic loop mechanism,
which becomes a main task of this work. One advantage of
choosing the χcJ → ϕϕ decay is due to the fact that the two
ϕ decays can provide rich spin observables. Another
advantage is that these decays are accessible in an experi-
ment with high detection efficiency and two ϕ mesons can
be cleanly reconstructed with low level backgrounds. High
statistics allow one to perform the angular distribution
analyses and get the information of the ϕ polarization,

which can shed light on the underlying decay mechanism
of the χcJ → VV decays.
In the scenario of hadronic loop mechanism, we find that

the ratios of the helicity amplitudes for the χcJ → ϕϕ
decays is less dependent on the θ and αΛ, which are the
mixing angle and a free parameter in the form factor,
respectively. Thus, we think that these ratios are the
characteristic of HLM, and can be chosen as the observ-
ables. If they are measured in the future, the hadronic loop
mechanism can be tested unambiguously.
In addition, by using the predicted amplitude ratios, we

show that the observation of moments htiji can be used to
manifest the nontrivial polarization. For the χc0 decays, the
choice of the spin observable is quite limited due to the fact
that the total spin of the ϕϕ system is constrained to be
zero. Thus, the spins of two ϕ mesons are antiparallel for
the χc0 decays. For the χc1 → ϕϕ decays, the helicity
amplitudes can be well determined by considering parity
conservation and the identical particle symmetry. For the
χc2 → ϕϕ decays, the abundant information of the ϕϕ spin
configurations allows us to directly detect the helicity
amplitudes from the observation of different htijimoments.
The patterns of these moments are presented based on the
predicted amplitude ratios, which can be tested by experi-
ment in the near future.
In 2019, BESIII released the white paper on its future

physics program [11]. With the accumulation of charmo-
nium data, we suggest that BESIII should pay more
attention to the study of polarization of the corresponding
decays, which may provide extra information for us to
reveal the underlying decay mechanism of charmonia.
Obviously, the present work provides a typical example
and a new task for experiment.
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APPENDIX A: SPIN OBSERVABLE tij

The obtained spin observables tij are

t00 ¼
1

9
;

t40 ¼ −
sin2ðθ2Þ sinð2ϕ2Þ

3
ffiffiffi
3

p ;

t04 ¼ −
sin2ðθ3Þ sinð2ϕ3Þ

3
ffiffiffi
3

p ;

t44 ¼
1

3
sin2ðθ2Þsin2ðθ3Þ sinð2ϕ2Þ sinð2ϕ3Þ;

1θcos
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FIG. 10. Distribution of the ht76i moment for χc2 decays.
Histogram is filled with the MC events, and the curve shows
the distribution of x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
with x ¼ cos θ1.
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t45 ¼
1

3
sin2ðθ2Þ sinð2θ3Þ sinð2ϕ2Þ sinðϕ3Þ;

t46 ¼
sin2ðθ2Þð3 cosð2θ3Þ þ 1Þ sinð2ϕ2Þ

6
ffiffiffi
3

p ;

t47 ¼
1

3
sin2ðθ2Þ sinð2θ3Þ sinð2ϕ2Þ cosðϕ3Þ;

t48 ¼
1

3
sin2ðθ2Þsin2ðθ3Þ sinð2ϕ2Þ cosð2ϕ3Þ;

t50 ¼ −
sinð2θ2Þ sinðϕ2Þ

3
ffiffiffi
3

p ;

t05 ¼ −
sinð2θ3Þ sinðϕ3Þ

3
ffiffiffi
3

p ;

t54 ¼
1

3
sinð2θ2Þsin2ðθ3Þ sinðϕ2Þ sinð2ϕ3Þ;

t55 ¼
1

3
sinð2θ2Þ sinð2θ3Þ sinðϕ2Þ sinðϕ3Þ;

t56 ¼
sinð2θ2Þð3 cosð2θ3Þ þ 1Þ sinðϕ2Þ

6
ffiffiffi
3

p ;

t57 ¼
1

3
sinð2θ2Þ sinð2θ3Þ sinðϕ2Þ cosðϕ3Þ;

t58 ¼
1

3
sinð2θ2Þsin2ðθ3Þ sinðϕ2Þ cosð2ϕ3Þ;

t60 ¼
1

18
ð−3 cosð2θ2Þ − 1Þ;

t06 ¼
1

18
ð−3 cosð2θ3Þ − 1Þ;

t64 ¼
sin2ðθ3Þð3 cosð2θ2Þ þ 1Þ sinð2ϕ3Þ

6
ffiffiffi
3

p ;

t65 ¼
sinð2θ3Þð3 cosð2θ2Þ þ 1Þ sinðϕ3Þ

6
ffiffiffi
3

p ;

t66 ¼
1

36
ð3 cosð2θ2Þ þ 1Þð3 cosð2θ3Þ þ 1Þ;

t67 ¼
sinð2θ3Þð3 cosð2θ2Þ þ 1Þ cosðϕ3Þ

6
ffiffiffi
3

p ;

t68 ¼
sin2ðθ3Þð3 cosð2θ2Þ þ 1Þ cosð2ϕ3Þ

6
ffiffiffi
3

p ;

t70 ¼ −
sinð2θ2Þ cosðϕ2Þ

3
ffiffiffi
3

p ;

t07 ¼ −
sinð2θ3Þ cosðϕ3Þ

3
ffiffiffi
3

p ;

t74 ¼
1

3
sinð2θ2Þsin2ðθ3Þ sinð2ϕ3Þ cosðϕ2Þ;

t75 ¼
1

3
sinð2θ2Þ sinð2θ3Þ sinðϕ3Þ cosðϕ2Þ;

t76 ¼
sinð2θ2Þð3 cosð2θ3Þ þ 1Þ cosðϕ2Þ

6
ffiffiffi
3

p ;

t77 ¼
1

3
sinð2θ2Þ sinð2θ3Þ cosðϕ2Þ cosðϕ3Þ;

t78 ¼
1

3
sinð2θ2Þsin2ðθ3Þ cosðϕ2Þ cosð2ϕ3Þ;

t80 ¼ −
sin2ðθ2Þ cosð2ϕ2Þ

3
ffiffiffi
3

p ;

t08 ¼ −
sin2ðθ3Þ cosð2ϕ3Þ

3
ffiffiffi
3

p ;

t84 ¼
1

3
sin2ðθ2Þsin2ðθ3Þ sinð2ϕ3Þ cosð2ϕ2Þ;

t85 ¼
1

3
sin2ðθ2Þ sinð2θ3Þ sinðϕ3Þ cosð2ϕ2Þ;

t86 ¼
sin2ðθ2Þð3 cosð2θ3Þ þ 1Þ cosð2ϕ2Þ

6
ffiffiffi
3

p ;

t87 ¼
1

3
sin2ðθ2Þ sinð2θ3Þ cosð2ϕ2Þ cosðϕ3Þ;

t88 ¼
1

3
sin2ðθ2Þsin2ðθ3Þ cosð2ϕ2Þ cosð2ϕ3Þ:

APPENDIX B: MULTIPOLE PARAMETERS
FOR χ c1 → ϕϕ

We collected the multipole parameters for χc1 → ϕϕ, i.e.,

C00 ¼
9

8
ð−ðcosð2θ1Þ− 5ÞjFð1Þ

0;1j2

− ðcosð2θ1Þ− 5ÞjFð1Þ
1;0j2þ 2ðcosð2θ1Þþ 3ÞjFð1Þ

1;1j2Þ;

C54 ¼
3

32
sinð2θ1ÞðFð1Þ�

1;1 Fð1Þ
0;1þFð1Þ�

0;1 Fð1Þ
1;1Þ;

C55 ¼
3

32
ðcosð2θ1Þ− 3ÞðFð1Þ�

1;0 Fð1Þ
0;1þFð1Þ�

0;1 Fð1Þ
1;0Þ;

C60 ¼
1

16
ð2ðcosð2θ1Þ− 5ÞjFð1Þ

0;1j2− ðcosð2θ1Þ− 5ÞjFð1Þ
1;0j2

þ 2ðcosð2θ1Þþ 3ÞjFð1Þ
1;1j2Þ;

C06 ¼
1

16
ð2ððcosð2θ1Þ− 5ÞjFð1Þ

1;0j2þðcosð2θ1Þþ 3ÞjFð1Þ
1;1j2Þ

− ðcosð2θ1Þ− 5ÞjFð1Þ
0;1j2Þ;

C66 ¼
1

16
ððcosð2θ1Þ− 5ÞjFð1Þ

0;1j2þðcosð2θ1Þ− 5ÞjFð1Þ
1;0j2

þðcosð2θ1Þþ 3ÞjFð1Þ
1;1j2Þ;

C67 ¼
1

32

ffiffiffi
3

p
sinð2θ1ÞðFð1Þ�

1;1 Fð1Þ
1;0þFð1Þ�

1;0 Fð1Þ
1;1Þ;

C68 ¼−
1

8

ffiffiffi
3

p
sin2ðθ1ÞjFð1Þ

0;1j2;

C70 ¼−
1

16

ffiffiffi
3

p
sinð2θ1ÞðFð1Þ�

1;1 Fð1Þ
0;1þFð1Þ�

0;1 Fð1Þ
1;1Þ;

C07 ¼
1

16

ffiffiffi
3

p
sinð2θ1ÞðFð1Þ�

1;1 Fð1Þ
1;0þFð1Þ�

1;0 Fð1Þ
1;1Þ;

C76 ¼−
1

32

ffiffiffi
3

p
sinð2θ1ÞðFð1Þ�

1;1 Fð1Þ
0;1þFð1Þ�

0;1 Fð1Þ
1;1Þ;
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C77 ¼
3

16
ðFð1Þ�

1;0 Fð1Þ
0;1 þ Fð1Þ�

0;1 Fð1Þ
1;0Þ;

C78 ¼ −
3

32
sinð2θ1ÞðFð1Þ�

1;1 Fð1Þ
0;1 þ Fð1Þ�

0;1 Fð1Þ
1;1Þ;

C80 ¼
1

8

ffiffiffi
3

p
sin2ðθ1ÞjFð1Þ

1;0j2;

C08 ¼
1

8

ffiffiffi
3

p
sin2ðθ1ÞjFð1Þ

0;1j2;

C86 ¼ −
1

8

ffiffiffi
3

p
sin2ðθ1ÞjFð1Þ

1;0j2;

C87 ¼
3

32
sinð2θ1ÞðFð1Þ�

1;1 Fð1Þ
1;0 þ Fð1Þ�

1;0 Fð1Þ
1;1Þ;

C88 ¼ −
3

16
ðcosð2θ1Þ þ 3ÞjFð1Þ

1;1j2:

APPENDIX C: MULTIPOLE PARAMETERS
FOR χ c2 → ϕϕ

The multipole parameters for χc2 → ϕϕ are

C00 ¼
9

40
½−3cosð2θ1Þ

× ðjFð2Þ
1;0j2þ 2jFð2Þ

1;1j2þFð2Þ�
1;0 Fð2Þ

0;1−Fð2Þ�
−1;1F

ð2Þ
1;−1Þ

þ ð7− 3cosð2θ1ÞÞjFð2Þ
0;0j2þ 3ðcosð2θ1Þþ 3ÞjFð2Þ

1;−1j2

þ 15jFð2Þ
1;0j2þ 14jFð2Þ

1;1j2þ 15Fð2Þ�
1;0 Fð2Þ

0;1þ 9Fð2Þ�
−1;1F

ð2Þ
1;−1�;

C44 ¼
3

80
ð3cosð2θ1Þ− 7ÞjFð2Þ

1;1j2;

C45 ¼−
3

160

ffiffiffi
3

p
sinð2θ1ÞðFð2Þ�

1;1 Fð2Þ
1;0þFð2Þ�

1;0 Fð2Þ
1;1Þ;

C54 ¼
3

160

ffiffiffi
3

p
sin ð2θ1ÞðFð2Þ�

1;1 Fð2Þ
1;0þFð2Þ�

1;0 Fð2Þ
1;1Þ;

C55 ¼−
3

160
ð6ðcosð2θ1Þ−3ÞjFð2Þ

1;0j2

þ
ffiffiffi
6

p
sin2ðθ1ÞðFð2Þ�

1;−1F
ð2Þ
0;0þFð2Þ�

0;0 Fð2Þ
1;−1Þ

− ð3cosð2θ1Þ− 7ÞðFð2Þ�
1;1 Fð2Þ

0;0þFð2Þ�
0;0 Fð2Þ

1;1ÞÞ; ðC1Þ

C60 ¼
1

40
ðð3 cos ð2θ1Þ − 7ÞjFð2Þ

0;0j2 þ ð7–3 cos ð2θ1ÞÞjFð2Þ
1;1j2

þ 3ðcos ð2θ1Þ þ 3ÞjFð2Þ
1;−1j2Þ;

C06 ¼
1

40
ðð3 cos ð2θ1Þ − 7ÞjFð2Þ

0;0j2 þ ð7–3 cos ð2θ1ÞÞjFð2Þ
1;1j2

þ 3ðcos ð2θ1Þ þ 3ÞjFð2Þ
1;−1j2Þ; ðC2Þ

C66 ¼
1

80
ð2ð7–3 cosð2θ1ÞÞjFð2Þ

0;0j2 þ ð7–3 cosð2θ1ÞÞjFð2Þ
1;1j2

þ 6ðcosð2θ1Þ − 5ÞjFð2Þ
1;0j2

þ 3ðcosð2θ1Þ þ 3ÞjFð2Þ
1;−1j2Þ;

C67 ¼ −
3

160
sinð2θ1Þðð2Fð2Þ�

0;0 −
ffiffiffi
6

p
Fð2Þ�
1;−1 þ Fð2Þ�

1;1 ÞFð2Þ
1;0

þ Fð2Þ�
1;0 ð2Fð2Þ

0;0 −
ffiffiffi
6

p
Fð2Þ
1;−1 þ Fð2Þ

1;1ÞÞ;

C68 ¼
3

80
sin2ðθ1Þð

ffiffiffi
2

p
ðFð2Þ�

1;1 Fð2Þ
1;−1 þ Fð2Þ�

1;−1F
ð2Þ
1;1Þ

− 2
ffiffiffi
3

p
jFð2Þ

1;0j2Þ;

C76 ¼
3

160
sinð2θ1Þðð2Fð2Þ�

0;0 −
ffiffiffi
6

p
Fð2Þ�
1;−1 þ Fð2Þ�

1;1 ÞFð2Þ
1;0

þ Fð2Þ�
1;0 ð2Fð2Þ

0;0 −
ffiffiffi
6

p
Fð2Þ
1;−1 þ Fð2Þ

1;1ÞÞ;

C77 ¼ −
3

160
ð12jFð2Þ

1;0j2

þ
ffiffiffi
6

p
sin2ðθ1ÞðFð2Þ�

1;−1F
ð2Þ
0;0 þ Fð2Þ�

0;0 Fð2Þ
1;−1Þ

þ ð3 cosð2θ1Þ − 7ÞðFð2Þ�
1;1 Fð2Þ

0;0 þ Fð2Þ�
0;0 Fð2Þ

1;1ÞÞ;

C78 ¼ −
3

160

ffiffiffi
3

p
sinð2θ1ÞðFð2Þ�

1;1 Fð2Þ
1;0 þ Fð2Þ�

1;0 Fð2Þ
1;1Þ;

C80 ¼
3sin2ðθ1ÞðFð2Þ�

1;1 Fð2Þ
1;−1 þ Fð2Þ�

1;−1F
ð2Þ
1;1Þ

20
ffiffiffi
2

p ;

C08 ¼
3sin2ðθ1ÞðFð2Þ�

1;1 Fð2Þ
1;−1 þ Fð2Þ�

1;−1F
ð2Þ
1;1Þ

20
ffiffiffi
2

p ;

C86 ¼
3

80
sin2ðθ1Þð

ffiffiffi
2

p
ðFð2Þ�

1;1 Fð2Þ
1;−1 þ Fð2Þ�

1;−1F
ð2Þ
1;1Þ

− 2
ffiffiffi
3

p
jFð2Þ

1;0j2Þ;

C87 ¼
3

160

ffiffiffi
3

p
sinð2θ1ÞðFð2Þ�

1;1 Fð2Þ
1;0 þ Fð2Þ�

1;0 Fð2Þ
1;1Þ;

C88 ¼ −
3

80
ð3 cosð2θ1Þ − 7ÞjFð2Þ

1;1j2:

APPENDIX D: AMPLITUDES OF
χ c1 → ϕϕ DECAY

For χc1 → ϕϕ decay, the amplitudes corresponding to
Fig. 3 are

Mð1−1Þ ¼
Z

d4q
ð2πÞ4

g̃μξðk1Þ
k21 −m2

D�

1

k22 −m2
D

1

q2 −m2
D
F 2ðq2Þ

× ½−igχc1DD�ϵμχc1ðp1Þ�½−gDDϕϵ
�λ
ϕ ðp3Þðqλ − k2λÞ�

× ½2fDD�ϕε
ζηκξϵ�ϕζðp2Þp2ηðk1κ þ qκÞ�; ðD1Þ

Mð1−2Þ ¼
Z

d4q
ð2πÞ4

1

k21 −m2
D

g̃σμðk2Þ
k22 −m2

D�

1

q2 −m2
D
F 2ðq2Þ

× ½igχc1DD�ϵμχc1ðp1Þ�½−gDDϕϵ
�ζ
ϕ ðp2Þðk1ζ þ qζÞ�

× ½−2fDD�ϕε
λρδσϵ�ϕλðp3Þp3ρðqδ − k2δÞ�; ðD2Þ
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Mð1−3Þ ¼
Z

d4q
ð2πÞ4

g̃μψðk1Þ
k21 −m2

D�

1

k22 −m2
D

g̃γσðqÞ
q2 −m2

D�
F 2ðq2Þ

× ½−igχc1DD�ϵμχc1ðp1Þ�½gD�D�ψgηγg
η
ψðk1ζ þ qζÞ

− 4fD�D�ϕp
η
2ðgγηgψζ − gγζgψηÞ�ϵ�ζϕ ðp2Þ

× ½2fDD�ϕε
λρδσϵ�ϕλðp3Þp3ρðqδ − k2δÞ�; ðD3Þ

Mð1−4Þ ¼
Z

d4q
ð2πÞ4

1

k21 −m2
D

g̃μιðk2Þ
k22 −m2

D�

g̃υξðqÞ
q2 −m2

D�
F 2ðq2Þ

× ½−2fDD�ϕε
ζηκξϵ�ϕζðp2Þp2ηðk1κ þ qκÞ�

× ϵ�λϕ ðp3Þ½gD�D�ϕgριg
ρ
υðqλ − k2λÞ

− 4fD�D�ϕp
ρ
3ðgιρgυλ − gιλgυρÞ�

× ½igχc1DD�ϵμχc1ðp1Þ�: ðD4Þ

APPENDIX E: AMPLITUDES OF
χ c2 → ϕϕ DECAY

The obtained amplitudes of the χc2 → ϕϕ decay for
Fig. 4 are

Mð2−1Þ ¼
Z

d4q
ð2πÞ4

1

k21 −m2
D

1

k22 −m2
D

1

q2 −m2
D
F 2ðq2Þ

× ½gχc2DDϵ
μν
χc2ðp1Þk2μk1ν�

× ½gDDϕϵ
�ζ
ϕ ðp2Þðk1ζ þ qζÞ�

× ½gDDϕϵ
�λ
ϕ ðp3Þðqλ − k2λÞ�; ðE1Þ

Mð2−2Þ ¼
Z

d4q
ð2πÞ4

g̃τξðk1Þ
k21 −m2

D�

1

k22 −m2
D

1

q2 −m2
D
F 2ðq2Þ

× ½−gχc2DD�εμταβpα
1ϵ

μν
χc2ðp1Þkβ2k1ν�

× ½2fDD�ϕε
ζηκξϵ�ϕζðp2Þp2ηðk1κ þ qκÞ�

× ½−gDDϕϵ
�λ
ϕ ðp3Þðqλ − k2λÞ�; ðE2Þ

Mð2−3Þ ¼
Z

d4q
ð2πÞ4

1

k21 −m2
D

g̃τσðk2Þ
k22 −m2

D�

1

q2 −m2
D
F 2ðq2Þ

× ½−gχc2DD�εμταβpα
1ϵ

μν
χc2ðp1Þk2νkβ1�

× ½−gDDϕϵ
�ζ
ϕ ðp2Þðk1ζ þ qζÞ�

× ½−2fDD�ϕε
λρδσϵ�ϕλðp3Þp3ρðqδ − k2δÞ�; ðE3Þ

Mð2−4Þ ¼
Z

d4q
ð2πÞ4

1

k21 −m2
D

1

k22 −m2
D

g̃ξσðqÞ
q2 −m2

D�
F 2ðq2Þ

× ½gχc2DDϵ
μν
χc2ðp1Þk2μk1ν�

× ½−2fDD�ϕε
ζηκξϵ�ϕζðp2Þp2ηðk1κ þ qκÞ�

× ½2fDD�ϕε
λρδσϵ�ϕλðp3Þp3ρðqδ − k2δÞ�; ðE4Þ

Mð2−5Þ ¼
Z

d4q
ð2πÞ4

g̃ωξðk1Þ
k21 −m2

D�

g̃χσðk2Þ
k22 −m2

D�

1

q2 −m2
D
F 2ðq2Þ

× ½gχc2D�D�ϵμνχc2ðp1Þðgνωgμχ þ gμωgνχÞ�
× ½2fDD�ϕε

ζηκξϵ�ϕζðp2Þp2ηðk1κ þ qκÞ�
× ½−2fDD�ϕε

λρδσϵ�ϕλðp3Þp3ρðqδ − k2δÞ�; ðE5Þ

Mð2−6Þ ¼
Z

d4q
ð2πÞ4

g̃τψðk1Þ
k21 −m2

D�

1

k22 −m2
D

g̃γσðqÞ
q2 −m2

D�
F 2ðq2Þ

× ½−gχc2DD�εμταβpα
1ϵ

μν
χc2ðp1Þkβ2k1ν�

× ϵ�ζϕ ðp2Þ½gD�D�ψgηγg
η
ψðk1ζ þ qζÞ

− 4fD�D�ϕp
η
2ðgγηgψζ − gγζgψηÞ�

× ½2fDD�ϕε
λρδσϵ�ϕλðp3Þp3ρðqδ − k2δÞ�; ðE6Þ

Mð2−7Þ ¼
Z

d4q
ð2πÞ4

1

k21 −m2
D

g̃τιðk2Þ
k22 −m2

D�

g̃υξðqÞ
q2 −m2

D�
F 2ðq2Þ

× ½−gχc2DD�εμταβpα
1ϵ

μν
χc2ðp1Þk2νkβ1�

× ½−2fDD�ϕε
ζηκξϵ�ϕζðp2Þp2ηðk1κ þ qκÞ�

× ϵ�λϕ ðp3Þ½gD�D�ϕgριg
ρ
υðqλ − k2λÞ

− 4fD�D�ϕp
ρ
3ðgιρgυλ − gιλgυρÞ�; ðE7Þ

Mð2−8Þ ¼
Z

d4q
ð2πÞ4

g̃ψωðk1Þ
k21 −m2

D�

g̃ιχðk2Þ
k22 −m2

D�

g̃γυðqÞ
q2 −m2

D�
F 2ðq2Þ

× ½gχc2D�D�ϵμνχc2ðp1Þðgνωgμχ þ gμωgνχÞ�
× ϵ�ζϕ ðp2Þ½gD�D�ψgηγg

η
ψðk1ζ þ qζÞ

− 4fD�D�ϕp
η
2ðgγηgψζ − gγζgψηÞ�

× ϵ�λϕ ðp3Þ½gD�D�ϕgριg
ρ
υðqλ − k2λÞ

− 4fD�D�ϕp
ρ
3ðgιρgυλ − gιλgυρÞ�: ðE8Þ
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