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We determine the A(1232) resonance parameters using lattice QCD and the Liischer method. The
resonance occurs in elastic pion-nucleon scattering with J¥ = 3/2% in the isospin I = 3/2, P-wave
channel. Our calculation is performed with Ny =2+ 1 flavors of clover fermions on a lattice with
L ~ 2.8 fm. The pion and nucleon masses are m, = 255.4(1.6) MeV and my = 1073(5) MeV, respec-
tively, and the strong decay channel A — zN is found to be above the threshold. To thoroughly map out the
energy dependence of the nucleon-pion scattering amplitude, we compute the spectra in all relevant
irreducible representations of the lattice symmetry groups for total momenta up to P= 2T”(1’ 1,1),
including irreps that mix S and P waves. We perform global fits of the amplitude parameters to up to 21
energy levels, using a Breit-Wigner model for the P-wave phase shift and the effective-range expansion for
the S-wave phase shift. From the location of the pole in the P-wave scattering amplitude, we obtain the

resonance mass m, = 1378(7)(9) MeV and the coupling g,_,y = 23.8(2.7)(0.9).

DOI: 10.1103/PhysRevD.103.094508

I. INTRODUCTION

The A(1232) (in the following denoted as A) is the
lowest-lying baryon resonance, typically produced when
energetic photons, neutrinos, or pions hit a nucleon [1].
While these three processes differ immensely, they have the
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two-particle nucleon-pion scattering amplitude in common.
The scattering amplitude in which the A appears as an
enhancement in the P-wave with J© = %+ and I = %, often
also referred to as the P33 amplitude, where the notation
means /,;,;. For energies near the A mass, this amplitude is
nearly completely elastic [2,3].

Modern determinations of the A resonance parameters
are typically performed using data from experiments such
as CLASI2 at JLab and MAMI-A1 in Mainz. While the
results for the pole location differ slightly from the Breit-
Wigner parameters [4], the A is generally found to have a
mass of approximately 1230 MeV and a decay width of
approximately 100 MeV [5,6].

Published by the American Physical Society
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Phenomenological studies of the A have been performed
using quark models, chiral perturbation theory, and related
effective field theories, and the S-matrix approach. From
the quark-model point of view, many baryons remain
elusive, but the A mass is reproduced quite well [7-9].
Chiral perturbation theory and related effective field
theories have shown great success in determining low-
energy scattering parameters and z/N scattering amplitudes
[10-13]; an extensive review can be found in Ref. [14].
Analyses of the large experimental data sets using ampli-
tude models based on S-matrix principles were performed
in Refs. [15-17].

First-principles computations of A properties can be
done using lattice QCD. The A mass, assuming a stable A,
was studied in Refs. [18-23]. However, for quark masses
corresponding to pion masses below a certain value, the A
is an unstable hadron, and its mass and decay width must be
determined from the appropriate Nz scattering amplitudes.
While the use of Euclidean time in lattice QCD prevents
direct computations of infinite-volume scattering ampli-
tudes [24], Liischer showed how the finite-volume energy
spectrum of a two-body system interacting through an
elastic short-range interaction is related to the infinite-
volume scattering amplitudes [25-27]. The decades
following Liischer’s seminal work witnessed further devel-
opment of the theoretical framework to moving frames
[28,29], unequal masses [30-32], and arbitrary spin [33].
These methods have been applied to many systems in the
meson sector and are reviewed in Ref. [34]. For the
nucleon-pion scattering only a handful of studies have
been done in the Nz channel [35-43].

In the following, we report a new lattice-QCD study of
elastic Nz scattering in the A resonance channel using the
Liischer method. Our calculation is performed using N =
241 flavors of clover fermions at a pion mass of
m, = 255.4(1.6) MeV, on a lattice with L ~ 2.8 fm. We
obtain detailed results for the energy-dependence of the
scattering amplitude by analyzing multiple moving frames.
From the amplitude’s pole position, we determine the A
mass, decay width, and its coupling to the Nz channel.
Preliminary results were previously shown in Ref. [44].
The computations presented here also constitute the
first step toward a future calculation of N — Nz electro-
weak transition matrix elements using the formalism of
Refs. [45,46].

The paper is organized as follows: in Sec. II the details of
the lattice gauge-field ensemble are presented. Section III
describes the interpolating operators and the method used
to project to definite irreducible representations of the
lattice symmetry groups. The Wick contractions yielding
the two-point correlation functions for the A — Nz system
are discussed in Sec. IV. In Sec. V, the results of the spectra
analysis are presented. The relevant finite-volume quanti-
zation conditions are discussed in Sec. VI. The K-matrix
parametrizations employed for the scattering amplitudes

and our results for the amplitude parameters are presented
in Sec. VII. We conclude in Sec. VIIL

II. GAUGE ENSEMBLE

We use a lattice gauge-field ensemble generated with the
setup of the Budapest-Marseille-Wuppertal collaboration
[47], with parameters given in Table I. The ensemble has
been used previously in Ref. [48]. The gluon action is the
tree-level improved Symanzik action [49], while the
fermion action is a tree-level clover-improved Wilson
action [50] with two levels of HEX smearing of the gauge
links [47]. We analyze 600 gauge configurations and
compute the correlation functions for 16 source positions
on each configuration, resulting in a total of 9600
measurements.

When considering the Nz system in the rest frame only,
the spatial lattice size of L = 2.8 fm (with periodic boun-
dary conditions) results in a rather sparse energy spectrum
across the elastic region. Between the Nz and Nzazx
thresholds there are few energy points available to constrain
the phase shift we aim to determine. A straightforward way
to gain additional points would be to add a spatially larger
ensemble, but this is computationally quite expensive.
A more efficient approach employed here is using also
moving frames [28,51,52] on the same ensemble, where
the Lorentz boost contracts the box, resulting in different
effective values of the spatial length along the boost
direction [32].

III. INTERPOLATING OPERATORS

We use local single-hadron and nonlocal multihadron
interpolating operators, both necessary for a complete
determination of the resonance properties [53]. For the
single-hadron A operators with / = 3/2, I; = +3/2 (cor-
responding to the A™™), we include two choices:

8 (B) = D eane1ta(®) o] (F) Criuc (7)) 7%,

87 (P) = D eane (4a(D)aih R)Crivoue ()P, (1)

TABLE I. Parameters of the lattice gauge-field ensemble.

N3 x N, 243 x 48
p 3.31
am, 4 —0.09530
am; —0.040
a [fm] 0.1163(4)
L [fm] 2.79109)
m, [MeV] 255.4(1.6)
m, L 3.61(2)
Nconfig 600
Nineas 9600
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The two-hadron interpolators with the same quantum
numbers are obtained from products of the form

NP (B)a(By) (2)

as explained in more detail below. The pion interpolator
(I =1, I3 = +1) is given by

7 (p) =Y d@)ysu(F)e’”*, (3)

and for the nucleon (I = 1/2, Iy = +1/2) we again include
two choices,

NY(p) = Zeabc(ua()_é))a(ulf(})cysdc(}))eiﬁi,

N (B) = easeltta )] (3 Crursd, (£)e P, (4

To correctly identify the angular momentum in the
reduced symmetry of the cubic box, we project the
operators to the irreducible representations (irreps) that
belong to the symmetry groups of the finite volume. Instead
of the infinitely many possible irreducible representations
JP of the continuum, on the lattice, there are only a finite
number of possible irreps A. Thus each lattice irrep in
principle contains infinitely many values of the continuum

spin J. Each irrep belongs to a little group LG(13)
describing the underlying symmetry of the finite spatial

volume contracted in the direction of the boost vector f’,
i.e., the total momentum of the Nz system.

In the moving frames considered here, the symmetries
are reduced to the groups Cy,, C,,, C3, (see Table II).
The degree of symmetry is mirrored by the group’s order

916(P) which corresponds to the number of transformation

elements (rotations and inversions) belonging to the group.
In particular, half-integer spin is best described by the
double cover of symmetry groups (labeled D), which
introduce the 2z rotation as a new element of the group,
effectively doubling the elements of the original group [54].
Additionally, a clear parity identification is lost in the
moving frames, where the subduction mixes parities in the
same irrep [55]. The list of chosen total momenta, sym-
metry groups, and irreps for the hadrons used in this work
can be found in Table II.

To project the single-hadron operators to a definite irrep
A and row r, we make use of the formula [57-61]:

dp

oM (P) = Z A (RW(R)TO(P), (5)

ILG(P) RELG(P)

where d, is the dimension of the irrep A and I' are the
representation matrices belonging to the irrep A. The
matrices W(R)~! correspond to the matrices appearing
in the right-hand sides of Egs. (B1), (B2), or (B4). Here we
denote the elements of the little group generically as R,
even though in the rest frame they include the inversion in
addition to the lattice rotations. The index i labels the
embedding into the irrep and replaces any free Dirac/
Lorentz indices appearing on the right-hand side of Eq. (5).

The analogous projection formula for the two-hadron
operators is

DS ST E)

ILG(P) RELG(P) P

x W' (R)N(RP)W(R)™'x(P = Rp). (6)

ONFI(P) =

Representation matrices for irreps in the rest frame are
found in [61,62] and for the moving frames are provided in

TABLE II.  Choices of total momenta 13 along with the little groups LG, irreducible representations A of relevant hadrons and their
angular momentum content J”. The multihadron Nz operators have the same irreps as the single-hadron A operators. From left to right
the subduction of irreps in moving frames. The label *“(2)” for irrep G in group C%, indicates the double occurrence of the irrep from the
subduction; to differentiate this irrep from the homonymous of group C? we keep the additional label “(2)” throughout the paper.

Images credit [56].
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[60]. In Eq. (6), given a total momentum 1_5, the sum over
internal momenta is constrained by the magnitudes |p,| =
IRp| = |p| and |p,| = |P — Rp|. The structure of the
projected operators A and Nz for all irreps is listed in
Table III.
In general, both Egs. (5) and (6) produce for each row r
of irrep A multiple operator embeddings (identified by the
label i) that are not guaranteed to be independent. We
therefore perform the following three steps to arrive at our
final set of operators [59]:
(i) Construct all possible operators using Egs. (5) and
(6) for r =1 only.

(i1) Reduce the sets of operators obtained in this way to
linearly independent sets.

(iii) Construct the other rows r for these linearly inde-
pendent sets of operators.

The operators obtained in step (i) have the generic form

oML ( Zc Lo/ (P). (7)

Using Gaussian elimination we obtain a smaller matrix cf,\jl

such that the linearly independent operators constructed in
step (ii) have the form

OAln

ZCA 10i(P (8)

The number of independent operators (corresponding to the
range of the index n) is equal to [62,63]

TABLE IIT.  List of projected single-hadron (A) and multihadron (N ) operators for all irreps. In the construction of the multihadron
operators, we use optimized nucleon operators N that are linear combinations of N() and N?), as defined in Eq. (16).

o Number of
ZL—”Pref [N gi] Group LG Irrep A Rows Ang. mom. content Operator structure operators
(0,0,0) 1] op Gy, 2 J=1/2,7/2,... Nz with |pi| =|p2| =0 1

N with [1] = || = 22 2

H, 4 J=13/2,5/2,... A12)(P) 2

Nz with [p,| = |pa| = F 2

0,0,1) [3] c? G, 2 J=1/2,3/2,... A12)(P) 8
Nz with |p,\—0and Pa| =% 2

N with || =3 and [p,| =0 2

Nr with |p1\—fand |y = V222 4

Nﬂ'Wlth |ﬁ]‘:\/§% and ‘I;2|:2Ll 4

G, 2 J=3/2,5/2,... 12(13) 4

Nz with |p| = V2% and |p,| = % 4

N with |p;| = 2% and \ﬁ2|—\/§2{ 4

(0,1,1) [6] cy (2)G 2 J=1/2,3/2,... A02)(P) 12
Nz with [p;| =0 and |p,| = V22 2

Nz with [p;| = V22 and |p,| = 0 2

N with |5)] = || = 2 4

(LL1) [4] cy G 2 J=1/2,3/2,... AU (P) 8
Nz with [p;| =0 and |p,| = /3% 2

Nz with |p| = V32 and [p,| =0 2

Nz with |p| =25 and |p,| = V2% 4

N with |P1\—\/_T and |p,| = F 4

F, 1 J=3/2,5/2... A12) (13') 4

Nz with |p)| =2 and |p,| = V2% 2

Nz with |ﬁ\:f and |p,| =2 2

F, 1 J=3/2,5/2,... A12) (;5) 4

Nz with |p, \: and |p,| = V2% 2

Nz with |p| = \/izf”and |py| =2 2
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1

=S A RR), )
Irop) RELG(P)

where the characters y*" (R) and " (R) are equal to the
traces of the representation matrices I and the trans-
formation matrices W(R).

In step (iii), to construct the other rows r > 1 we use

dy

OA,r,n (ﬁ) — CA"»I

nj -
7 I
x > TN (R)RO/(P)R,  (10)
)

RELG(P

where the rotations/inversions F{Oj(]_")F{‘l are performed
as in Egs. (5) and (6), depending on the structure of O/ (13)
Also, to increase statistics, multiple directions of P at

fixed |I_5| are used (see Table IIT). For every moving frame,
we first perform the irrep projections for a reference

momentum P and then rotate the projected operators
to the new momentum direction. Generating operators
initially from a reference momentum and r =1 only
facilitates the identification of equivalent operators embed-
dings that can later be averaged over different rows of the
same irrep A (which is possible due to the great orthogon-

ality theorem [63]) and momentum direction of equal |P)|.
In the following, the label r for the row will be dropped.

IV. WICK CONTRACTIONS

From the A/Nr interpolators discussed above, we build
two-point correlation matrices for each total momentum P
and irrep A,

Cii" = {0 (1) 07 (1)) (11)
where the indices i, j now label all the different operators in
the same irrep that can vary in internal momentum content,
embedding from the multiplicity, or gamma matrices used
in the diquarks of Egs. (4) or (1). The Wick contractions are
computed following the scheme outlined in Refs. [64,65].
The correlators with single-hadron interpolators at source
and sink are constructed from point-to-all propagators,
while the correlators with a single-hadron interpolator at
the sink and a two-hadron Nz interpolator at the source use
in addition a sequential propagator, with sequential inver-
sion through the pion vertex at source time. The topologies
of these diagrams are shown in the top panel of Fig. 1. The
bottom panel of Fig. 1 shows the topologies for the
correlators with Nz operators at both source and sink.
The diagrams are split into two factors, separated at the
source point and by using a stochastic source—propagator
pair. For the latter we use stochastic timeslice sources in the

A

FIG. 1. Upper panel: two-point function contractions involving
the A interpolator. A gray filling of a circle represents the A
interpolator, a green filling represents the z interpolator, and a
blue filling represents the N interpolator. A solid black outline
indicates a point source, while a dotted outline represents a
sequential source. The black arrow lines represent point-to-all
propagators, and the red arrow lines represent sequential propa-
gators. The contractions with the zN operator at the sink and the
A operator at the source are not computed directly but are
obtained from the contraction with the A operator at the sink and
the zN operator at the source through conjugation. Lower panel:
two-point function contractions for #7N — zN. The blue arrow
lines represent stochastic propagators, while the other elements
are analogous to the upper panel.

upper two diagrams. In the lower diagrams we employ spin
dilution and the one end trick in addition to time dilution.

The quark propagators of all types are Wuppertal
smeared [66] at source and sink with smearing parameters
awyp = 3.0 and Ny, = 45; these parameters were origi-
nally optimized for the nucleon two-point functions in
Ref. [48]. The gauge field deployed in the smearing kernel
is again 2-level HEX smeared [67,68].

V. SPECTRA RESULTS

The masses of the pion and nucleon are used as input
parameters in the Liischer method. We extract them from

094508-5
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fits of their dispersion relations, shown in Figs. 2 and 3,
giving

am, = 0.15052(78). (12)
amy = 0.6326(20). (13)

The energies are obtained from single-state fits of the two-
point functions projected to different momenta (using a
cosh for the pion and a single exponential for the nucleon).

For the A — Nz system, to extract the energy levels ENP
(where n now counts the finite-volume energy levels for a

given A, P) from the correlation matrices Cﬁ}'ﬁ we use the
generalized eigenvalue problem (GEVP) [26,69-71]

CEP ()t (1) = A" (1, 10)Cly"ul (1), (14)
where u} are the right generalized eigenvectors. In the

plateau regions the energies are obtained from fits to the
principal correlators A" (¢, 1,) with single exponentials as

AP

V(1 ty) ~ e~ B (1=00), (15)

7 dispersion relation
(aB)? = (amg)* + *(ap)?
0.25 am; = 0.15052 % 0.00078
' ¢ =1.0105 %+ 0.0023
X?/ndf =0.154

0.20
Lﬂs 0.15

0.10

0.05

0.00 0.05 0.10 0.15 0.20 0.25
(ap)®
FIG. 2. Pion dispersion relation.
Nucleon dispersion relation (GEVP)
o (a)? = (amy)? + (ap)®
amy = 0.6326 % 0.0020
060l T c=0978£0.014
X2/ndf = 0.744

0.55
=
=

0.50

0.45

0.40

0.00 0.05 0.10 0.15 0.20 0.25
(ap)®
FIG. 3. Nucleon dispersion relation from the GEVP analysis.

Here, 1, is a reference timeslice that does not strongly affect
the large-r behavior; we set ty/a = 2.
Additionally, for the projected multihadron operators

(Nz)Mr(P) we implement an optimized interpolator of the
nucleon [72]

N1 = Y uly (ON:(y). (16)

l

where i labels the two types of nucleon operators in Eq. (4)
and u(y); are the generalized eigenvectors (for #/a = 4)
from a single-nucleon GEVP analysis. The optimized
nucleon interpolator has improved overlap with the single-
nucleon ground state with momentum p, [73].

For the coupled A — Nz system we build for each irrep A

a correlation matrix Cﬁ}’P from the projected A and

optimized Nz operators in Table III. The multiplicities
of operators give rise to a fairly large basis for each
correlation matrix (the dimensions for the full bases
correspond to the sums of numbers of operators for each
irrep listed in Table III). Through singular value decom-
position of CC™ or C'C we can infer which operators
contribute to the largest singular values, allowing us to
explore subbases of the full list of operators that can lead to
reduced noise of the principal correlators while maintaining
the complete spectra.

Baryons are known to have a narrow plateau region (the
“golden window” [74]) where the higher states contribution
get small enough to enable a single exponential fit to
describe maximally a single level before the rapid decay of
signal-to-noise ratio at larger ¢ [75,76]. In the left subplot
for each irrep in Figs. 4 and 5, we show the effective masses
of the principal correlators,

)“n(t’ IO)

E(t) =ln———"—,
aEl(t) n/l,,(t—f—a,to)

(17)
converted to the center-of-mass frame using

S = (BN - (P (18)

The center-of-mass energies are also related to the scatter-
ing momenta through

VENE =\ PR 24 (PP 4 (19)

Our main results are obtained from single-exponential fits
to the principal correlators and are listed in Table I'V. The fit
ranges are chosen after a stability analysis. The upper limit
of the fit range, once chosen large enough, is found to have
a small impact on the fit itself; thus, we fix it to #,,,,. /a = 15
for all levels. On the other hand, the lower limit is varied
within a reasonable range until a plateau region is iden-
tified. This is illustrated in the right subplot for each irrep in
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FIG. 4. For each irrep, we show the effective energies of the principal correlators as a function of 7/a (left), and the energies obtained
from single-exponential fits to these correlators as a function of #,,;, /a (right). The outer, lighter-shaded bands include an estimate of the
systematic uncertainty associated with the choice of fit range, calculated from the change in the fitted energy when increasing ¢,/ a by
+1. All energies shown here are converted to the center-of-mass frame. Black dashed lines represent the Nz and Nzz thresholds.

Noninteracting Nz energy levels are shown as green lines.

Figs. 4 and 5. In addition, we estimate a systematic
uncertainty for each energy level as the shift in the fitted
energy when increasing t,,;,/a by +1. These uncertainties
have been added in quadrature in the lighter-shaded outer
bands shown in Figs. 4 and 5, and will also be propagated
to the scattering amplitudes in Sec. VIIL.

To further test the stability, we also attempted two-
exponential fits using the form

211, 10) ~ (1 — B)e Er"(=00) 4 Be=EM (=) (20)

where EQ,A"B would be a high-lying energy level not covered

by the GEVP analysis. These fits give consistent results for

EMP . but the results for the parameters B and EMP are
rather unstable under variations of ¢,;, at our level of
correlator precision.

It can be seen in the plots that energy levels that overlap
strongly with the Nz states shift away from the resonance
region, as expected. For the irrep (2)G in |P|? = (27/L)22,
the situation is more complicated and a higher number of
energy states appear in the region of interest. This situation
originates from having only a single irrep for the little
group CP . resulting in a maximal mixing of angular
momenta.

A summary of all extracted energy levels is shown
in Fig. 6.
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VI. LUSCHER QUANTIZATION CONDITIONS

The Liischer quantization condition connects the finite-
volume energy spectra affected by the interactions and the
infinite-volume scattering amplitudes; resonances corre-
spond to poles in the infinite-volume scattering amplitudes
at complex /s and in principle affect the entire spectrum.
For elastic 2-body scattering of nonzero-spin particles, the
quantization condition can be written as [51]

det(MY,, iy = 81818, c0t8y) = 0, (21)
where 9, is the infinite-volume scattering phase shift for
total angular momentum J and orbital angular momentum
l,and p, i/ = —J, ..., J. Both the scattering phase shift and

. P
the matrix M3, .,
momentum, and the solutions of the quantization condition

for the scattering momentum give the finite-volume energy

are functions of the scattering

1.7

—_
D
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a
&
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=
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Like Fig. 4, but with irreps (2)G, G, Fy, F,.

levels through Eq. (19). The matrix M]ﬁl”’ 7

geometry of the finite box and is a generalization for
particles with spins o, ¢’ of the spinless counterpart via

_ 1 1 _
ML, = Z<lm,§0|.l,u> <l’m’,§0’|l’u’>M§m7,

M
Jy m,o,
mo

I encodes the

(22)

where Mﬁn’l,m, (for a cubix box with periodic boundary
conditions) is given by [51]

. R Y Ry +

MP ( 2 — ( 1) 7 l
im,'m'\4 2 P
J=li=t ==

X Z}i(l’ qz)*clm.js,l'm” (23)

where g = % with k the scattering momentum and L the

side length of the box. Here Z}i(l, g?%) is the generalized
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TABLE IV. Center-of-mass energies in the A — Nz sector from
single-exponential fits to the principal correlators, for the differ-
ent total momenta P and irreps A. The first uncertainty is
statistical and the second uncertainty is systematic, given by
the shift in the fitted energy when increasing t,,;, by one unit.

(£)? |P|? A n  Fit Range é{—; a\/ sinP

0 Gy, 1 4-15 1.90 0.782(4)(3)
0 Gy, 2 4-15 0.80 0.978(12)(1)
0 H, 1 5-15 1.79 0.829(4)(2)
0 H, 2 4-15 0.43 1.028(6)(4)

1 G, 1 4-15 197 0.790(5)4)

1 G, 2 5-15 1.14 0.829(5)(8)
1 G, 3 5-15 0.72 0.914(8)(9)

1 G, 1 5-15 0.48 0.827(5)(5)

1 G, 2 4-15 0.89 1.020(7)(18)
2 2)G 1 4-15 1.73 0.795(5)(17)
2 2)G 2 415 172 0.826(5)(8)
2 2)G 3 415 160 0.839(5)(14)
2 2)G 4 3-15 187 0.917(4)(12)
2 2)G 5 3-15 071 0.939(4)(3)
3 G 1 3-15 1.32 0.791(5)(2)
3 G 2 3-15 0.68 0.843(7)(7)
3 G 3 3-15 201 0.940(7)(15)
3 F, 1 4-15 1.46 0.831(7)(29)
3 F, 2 4-15 0.27 0.960(11)(3)
3 £, 1 4-15 045  0.839(7)(6)
3 F, 2 4-15 056  0.962(6)(7)

zeta function, y = E”/\/s is the Lorentz boost factor

Cimjsrm = (D)™ i7" /(21 + 1)(2j + 1)(20' + 1)
(l i )(1 j 1/)
X .
m s —m 0 0 0

To simplify notation it is common practice to define the
functions

(24)

5 zh (1, 4%)
— P — Im\~>
Wim = Wlm(q7 L) = 7773/2 20+ 1ql+1 : (25)
The elements of the matrices Mf) for all choices of P

T J' U
considered in this work are listed in Appendix C.
Furthermore, it is possible to extract quantization con-
ditions for each irrep A via a change of basis of Eq. (21).
The basis vector of the irrep A can be written as [51,77]

[ArJin) = bl i), (26)
)2

where the coefficients ¢/

Refs. [51,61], and the parity eigenstate vectors |Jlu) are

given by
1 1
Im, §0> <lm, §6|J//t>.

One can then make a change of basis for which the matrix
elements of M are given by

for [ <2 can be found in

i) =

m,c

(27)

[
(ArJIn| MNP J'TI'n"y = E c’}l;”cﬁlfﬂ',’ Mg

and the coefficient Cy,, j; ,y expressed in terms of Wigner !
3j-symbols read = SAn S Mt it (28)
o5y T N7 threshold
| ] N7 threshold
—_— 0 . = = Noninteracting Energies
1.001  mmmee mmee —— Measured Energies 1.7
0.95 - —
= —— L6 -
@ ________________________ 3
<09+ o
15>
0.85 .
—_— 14
0804 N :
——
Glu Hg Gl Gz (Q)G G F1 Fz
Irrep
1/2 3/2 1/2 3/2 1/2 1/2 3/2 3/2
3/2 3/2 3/2
J content

FIG. 6. Energy levels extracted in each irrep, with J < 3/2 content listed. The inner bands indicate the statistical and scale-setting
uncertainties. The outer, lighter-shaded bands include an estimate of the systematic uncertainty associated with the choice of fit range,
calculated from the change in the fitted energy when increasing ¢,,,/a by +1.
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where it is found, from Schur’s lemma, that the matrix M is
partially diagonalized in irrep A and row r. However, the
matrix is not diagonal in n, which labels the multiple
embeddings of the irreps. In our case only the irrep (2)G of
the group C? has multiple embeddings with multiplicity
mg = 2 (see Table II).

In principle, there are infinitely many values of total
angular momentum J and therefore also infinitely many
partial waves [ in each irrep, but, as the higher waves have
an increasingly smaller contribution, we consider only the
dominant partial waves. In particular, we assume the
contributions from partial waves in J > 3/2 to be negli-
gible and exclude them from the analysis. For the N — z
system, J = 3/2 includes both the P wave (I = 1) and the
D wave (I =2), with the former being the dominant
contribution. Several irreps mix J = 3/2 with J =1/2,
and the latter includes [ = 0, 1.

Among the partial wave amplitudes with J = 1/2, the P
wave (I = 1) is expected to be suppressed relative to the S
wave (I = 0). At our level of precision, we find the latter,
i.e., S3;, already to be consistent with zero. Given the
additional suppression of P53 relative to S5, we decided to
not include P3; in our present analysis, and this is left for
future work.

In addition to the resonant phase shift P33 (/=3/2,/=1)
for isospin I =3/2 we then have only the S3;
(J =1/2,1=0), for which the closest resonance would
be the distant A(1620). In order to better constrain the S3,
(J =1/2,1=0) contribution, we also include the irrep
G1,, which is the only irrep we can access that contains
only spin J =1/2 and [ =0 (up to contributions from
[ > 2), ensured by the negative parity (ungerade). As can
be seen in Table III, the interpolating operators in the Gy,
irrep are exclusively N — z two-hadron operators, consis-
tent with the expectation that the S3; phase shift is
nonresonant at low energy. The quantization conditions
for all irreps, expressed in terms of the two phase shifts
33/2,1> 61/2,0 and the functions wy,, are listed in Table V.

VII. RESULTS FOR THE SCATTERING
AMPLITUDES

A. Parametrizations used

We use the K-matrix parametrization rescaled with the
two-body phase space p as

K:pl/2f(pl/2’ (29)

where

- EE) )

The K-matrix relates to the phase shifts as

KVD = tan(5,)). (31)

As discussed in Sec. VI, our analysis includes the phase
shift 93/, 1, where we expect the A resonance that will be
quite narrow for our quark masses, and the phase shift
0120, Which is expected to be nonresonant in the energy
region considered. We therefore use a Breit-Wigner para-
metrization for the former,

B2 _ VsI(s) (32)
(mgw = s)p’

where mpgyw denotes the resonance mass and the decay
width I'(s) is given by

gaw £
M(s) = B2 (33)
with the coupling ggw, scattering momentum k, and center-
of-mass energy squared s. For the nonresonant K('/%0) we
use the effective-range expansion (ERE) [78]. We find that
working to Oth order is sufficient at the level of precision
we have, such that

. k
K120 =, (34)

with the S-wave scattering length a.

B. Fit procedure and results

Following Ref. [79] and as in our previous work [65], we
perform a global fit of the model parameters mgyw, ggw, and
ao to all energy levels in all irreps by minimizing the y?
function

)(2 - Z Z [C_l]lgVA,n;}ﬁ’/,A’.n’

P.An P A 0

—[data] ~[model]
(VP -

Sl o lmode]
X(SQ’P — /syt > (35)

n

Here, C is the covariance matrix of the energy levels

~[data]
sﬁ,\’P measured on the lattice. The model energies
Af)[model]
Sn’ are obtained for each parameter guess by

finding the roots of the Liischer quantization conditions
(see Table V). There are 21 energy levels from eight irreps
available for the global fit, as shown in Fig. 6.

The results for both the global fits and for fits to subsets
of energy levels are listed in Table VI. Before performing
the global fit to all energy levels, we separately considered
the irreps that include either only J = 1/2 or only J = 3/2
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TABLE V. Finite-volume quantization conditions for all irreps in terms of phase shifts §;; and functions wy,,.

2%13 Group LG Tirep A Quantization condition
(0,0,0) ob G, —Wwgo + cotdry =0
H, —Wwgo + cotdy; =0
(0,0,1) Cfb Gl —ZW%O + (W()() — cot 5%.0)(\4/0() + wyy — cot 5%1) =0
G2 —Woo + N -+ cot 5%1 =0
(1,1,0) ch, (2)G —(WOO—cotéé,o)(—w%O—FZW%Z—i-(woo—cot(s%.l)2)—4Re(w11)2(2w00+w20—i\/6w22—2cot5%’1):O
(1a1’l) Cé),/ G —6W%0 + (W()() — cot 5%’0)(W00 — i\/6W22 — cot 5%11) =0
Fl’ F2 _WOO_i\/6W22+COt6%,l :0
TABLE VI. Fit results for the scattering parameters, using different combinations of energy levels as explained in the main text.
Label Fit to (J, 1) Trreps A /s points Breit-Wigner parameters ERE parameters y%/dof
S (1/2,0) G, 2 ap/a =0.51 £0.96 0.16
| (3/2,1) Hy, Gy, Fy, F) 8 ggw = 13.36 £0.80 1.35
amgy = 0.8158 £0.0031
COrr(amb, ng) =-0.279
G(a) (1/2,0),(3/2.1) Gy, Hy, Gy, Gy, 21 ggw = 13.62 £0.50 ap/a =0.38 £0.44 0.85
(2)G, G, F\, F, amgy = 0.8136 £ 0.0029
corr(amgy, ggw) = —0.375
G(a+1) (1/2,0),(3/2.1) Gy, H,, Gy, Gy, 21 ggw = 14.05 £0.83 ap/a =0.46 £0.80 0.99
(2)G, G, Fy, F, amgy = 0.8088 £ 0.0043
corr(ampy, ggw) = —0.442
G(b) (1/2,0),(3/2.1) Gy, Hy, Gy, Gy, 21 gpw = 13.54 £ 0.59 ap/a =034 +£0.57 1.56
(2)G, G, Fy, F, amgy = 0.8161 £ 0.0030
COrr(amb, ng) = -0.324
G(c) (1/2,0),(3/2.1) Gy, H,, Gy, Gy, 15 gpw = 13.67 £0.57 ap/a = 0.68 £ 0.49 0.99
G, F,, F, amgy = 0.8146 £ 0.0030
COl’T((lmb, ng) = -0.372
G(d) (1/2,0),(3/2,1) H,, Gy, Gy, 19 ggw = 13.65 £0.52 ap/a =0.52+0.85 0.93
(2)G, G, F\, F, amgy = 0.8137 £ 0.0029

COl’T((lmb, ng) = —-0.360

(ignoring J > 3/2). The irrep G, is the only one that
contains exclusively J = 1/2, while there are multiple
irreducible representations with exclusively J = 3/2: H,
G,, F, and F,. These initial two fits enable us to obtain a
good initial guess for the parameters of the final global fits
and assess the stability of the fit over the choice of irreps
included. The fit for the S wave (labeled S) via irrep G, is
done to only two energy levels, resulting in a low y?/dof.
The other partial fit over irreps containing P wave only (P)
includes 8 energy levels and gives a higher y*/dof.

For the global fits (G), we implement five different
combinations of levels included and choices of #,,,/a to
test the stability of the results and quantify the systematic
uncertainty associated with the fits. The fit to the nominal
results for the energy levels from Table IV is labeled as

G(a), while the fit labeled G(a + 1) was done to the
energy levels with 7,,,;,,/a increased by one unit throughout.
More focused choices among the noisiest levels are made in
the fit G(b), where we vary t,,;,/a in selected levels based
on the results of the stability analysis shown in Figs. 4
and 5. Specifically, this case uses a +1 shift on 7,,;,/a on all
levels of irreps G, (2)G, Fy, F,, the ground state of G, the
first excited of G, and +2 on the first excited of G.
Additionally, we perform the global fit G(c) removing
potentially problematic levels from the list in Table I'V: the
highest level of irrep G and all levels in irrep (2)G.
Furthermore, the global fit labeled G(d) differs from
G(a) only by excluding irrep G,,. Overall, we find that
the fits provide compatible results and are very stable across
several choices.
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We select fit G(a) to report the central values
and statistical uncertainties of the fit parameters and
derived quantities, but then we estimate a systematic
uncertainty from the maximum variation in the central
value between G(a) and the other four global fits G listed
in Table VI. That is, for a parameter or derived quantity y,
we calculate the systematic uncertainty associated with the
fit choices as

Our final results for the Breit-Wigner parameters and
scattering length in lattice units are then

ampy = 0.8136 = 0.0029 = 0.0048,
gpw = 13.62 +0.50 £ 0.43,
ap/a = 0.38 £ 0.44 £ 0.30. (37)

The phase shifts 65, 1 (P33) and 6;5,(S3;) from the global
fit are plotted as functions of the center-of-mass energy in
Fig. 7. (Recall that a one-to-one mapping of energy levels
to scattering phase shifts is not possible in many of the
irreps due to the mixing between J = 1/2 and J = 3/2. For
the irreps without this mixing, we list the results of the
direct mapping in Appendix A.) Because the P-wave phase
shift rises rapidly in the region of the resonance, we
evaluated separate upper and lower systematic uncertainties
that are included in the outer band in Fig. 7, using the
asymmetric generalization of Eq. (36) corresponding to the
largest shift in each direction.

From the results of the global fit, we also determine the
position of the closest 7T-matrix pole in the complex /s
plane, associated with the A resonance. Expressing the pole
location as m, — i['/2, we obtain

amp = 0.8124 £ 0.0027 £ 0.0045,
al’/2 = 0.00484 4+ 0.00061 £ 0.00084,
mp = (1378.3 £ 6.6 £9.0) MeV,
I'/2=(82+10%+14)MeV, (38)
where the second uncertainty given is the fitting systematic
uncertainty estimated using Eq. (36). Using our result for T,
we then additionally determine the coupling ga_,y from

the equation for the decay width in leading-order chiral
effective theory [80-82],

o — Jann En +my K

= , 39
BFT ™ 487 Ey +E, m} (39)

which gives

Gaiy =238 427409, (40)

160
140
120
100
o
- 80
I8
&
RS
60
40
20
ampw = 0.8136 £ 0.0029 & 0.0048
(mpw = 1380.44 & 6.84 + 9.43 MeV)
0 —— gpw = 13.62£0.50 £ 0.43
1350 1400 1450 1500 1550 1600 1650 1700 1750
Vs [MeV]
==
—— o —. -
o ——
- Gy - H, - G Gs (2)c ¢ <R F
25
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<
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FIG. 7. Energy dependence of the P33 (upper) and S3; (lower)
phase shifts from the global fit G(a). The inner bands show the
statistical uncertainty. The outer bands include our estimate of the
systematic uncertainty associated with the choice of fit ranges for
the two point functions and the selection of energy levels included
in the global fit. The center panel shows, with the same axis range,
the values of /s for all 21 energy levels included in fit G(a). The
symbols indicate the irreducible representations of these energy
levels; the dark error bars show the statistical + scale-setting
uncertainties, while the lighter outer error bars also include the
estimated systematic uncertainties associated with the fit ranges.

The extracted values for the resonance mass m, and
coupling ga_,y are listed with recent results from the
literature in Table VII.

Our results for the scattering length a, are generally
consistent with zero within the uncertainties. For the
comparison with the literature, we consider the combina-
tion agm;. Our result from global fit G(a) is

agm, = 0.057 £+ 0.067 + 0.045, (41)
while the values extracted from experimental data are

—0.0785 £ 0.0032 from Ref. [85], —0.0894 £ 0.0017 from
Ref. [86] and —0.101 £ 0.004 from Ref. [87].
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TABLE VII. Compilation of results for m, and g,_,n. The uncertainties given for the lattice results are statistical/fitting only.
Collaboration m, [MeV] Methodology my [MeV] GA—gN
Verduci 2014 [38] 266(3) Distillation, Liischer 1396(19)gw 19.90(83)
Alexandrou et al. 2013 [37] 360 Michael, McNeile 1535(25) 27.0(0.6)(1.5)
Alexandrou er al. 2016 [39] 180 Michael, McNeile 1350(50) 23.7(0.7)(1.1)
Andersen et al. 2018 [41] 280 Stoch. distillation, Liischer 1344(20) gy 37.109.2)
Our result 255.4(1.6) Smeared sources, Liischer 1380(7)(9)pw- 1378(7)(9) poe 23.8(2.7)(0.9)
Physical value [5] 139.5704(2) phenomenology, K matrix 1232(1)gw, 1210( 1)pole 29.4(3) [83],

28.6(3) [84]

VIII. CONCLUSIONS

We have presented a determination of elastic nucleon-
pion scattering amplitudes for isospin I =3/2 using a
lattice QCD calculation on a single gauge-field ensemble
with pion mass m, ~ 255 MeV. The baryon A(1232)
emerges as the dominant resonance in the P-wave with
JP =3/2% and is the focus of this work. The infinite-
volume scattering amplitudes are obtained using the
Liischer method from the finite-volume energy spectra
extracted from correlation matrices built of A and Nz
operators, projected to definite irreducible representations
of the lattice symmetry groups. In order to thoroughly
map out the energy dependence using just a single volume,
it is essential to consider moving frames, where the
symmetries are reduced. Many irreps included mix J =
3/2 and J=1/2, and we therefore also extracted the
scattering phase shift for the latter. Each J receives
contributions from two values of orbital angular momen-
tum [/, but at the present level of precision, we can access
only a single dominant value of / for each: [ = 1 for J = %
and [ =0 for J =1 In addition, we neglect mixing
with J > 3/2.

We performed global fits to the spectra using a Breit-
Wigner parametrization for the P33 phase shift at energies
below the inelastic threshold Nzz, and using the leading-
order effective-range expansion for the S5; phase shift. We
also extracted the pole position m, — il'/2 associated with
the A resonance, and the coupling g,_,y that determines
the decay width I" at leading order in chiral effective theory.
These parameters are listed with other determinations in
Table VII. For our pion mass (and at nonzero lattice
spacing), m, is found to be approximately 170 MeV higher
than in nature, while the coupling g,_,v agrees with
extractions from experiment at the 2o level, given our
uncertainties. Our result for the coupling also agrees with
previous lattice determinations within the uncertainties. In
the S wave, our result for the scattering length is consistent
with zero and is also consistent with phenomenological
determinations.

Future work will include computations on additional
lattice gauge-field ensembles with different spatial volume,
which will provide more data points to better constrain

the phase shifts extracted and, at the same time, expand
on the partial-wave contributions included in the analysis
and provide information on remaining finite-volume
systematic errors. Using additional ensembles will also
enable us to investigate the dependence on the pion
mass and on the lattice spacing. Furthermore, we plan
to use the results for the energy levels and scattering
amplitudes as inputs to a computation of N — Nz electro-
weak transition matrix elements using formalism of
Refs. [45,46], similarly to what has been done for zy* —
nr [73,88].
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APPENDIX A: ONE-TO-ONE MAPPING

OF ENERGY LEVELS TO PHASE SHIFTS

IN IRREPS WITHOUT MIXING BETWEEN
J=1/2 AND J=3/2

For the irreps that do not mix J = 1/2 and J = 3/2, it is
possible to directly map individual energy levels to scatter-
ing phase shifts using the Liischer quantization conditions
in Table V (as before, we neglect partial waves higher than
S and P, respectively). The results of this mapping are
shown in Table VIII. For the G,, irrep, the lowest energy
level lies just below the Nz threshold, and we therefore
choose to list akcotd;no (where k is the scattering
momentum and a is the lattice spacing) instead of J, 5,
as this combination remains real-valued below threshold.
For comparison, we also show the phase shifts obtained
from the global K-matrix fit to all energy levels using the
parametrizations (32) and (34). The statistical uncertainties
of the energies are propagated to the derived quantities and
the systematic uncertainties are computed with Eq. (36).
For the one-to-one case, the systematic uncertainties are
computed as the difference in the values obtained from the
fits with r.;, and 7, + a.

APPENDIX B: TRANSFORMATION
PROPERTIES OF OPERATORS

In this Appendix we list the transformation properties
of the momentum-projected field operators under inver-
sions | and spatial rotations R. The pseudoscalar pion
transforms as

Rz(p)R™" = z(Rp),
lz(p)I7! = —n(=p), (B1)
while the nucleon transforms as
RN(z(ﬁ)R_l = S(R);ﬂlNﬂ(Rﬁ),
ING (P = (71)apNp(=DP) (B2)

where S(R) is the bispinor representation of SU(2). For a
rotation of angle 27z /n around the axis j, this is given by

SRy =ew (gonlrrd) 69

TABLE VIII. Phase shifts obtained using one-to-one mapping
of energy levels in irreps that do not mix / = 1/2 and J = 3/2,
compared to the phase shifts obtained from the global fit at the
same center-of-mass energies. For the G, irrep, where the lowest
energy level is found just below the Nz threshold, we list
akcotd, o instead of &, , o (Where k is the scattering momentum
and a is the lattice spacing), because this combination remains
real valued below the threshold.

One to one: Global:
Irrep A n /s [MeV] 8321 [ 8321 []
H, 1 1407(8)(6) 148(3)(2) 148(6)(5)
H, 2 1745(12)9) 147(4)(2) 148(2)(1)
G, 1 1403(10)(10) 150(4)(3) 146(8)(6)
G, 2 1731(13)(30) 155(11)(23) 149(2)(1)
F, 1 1410(13)(50) 131(7)(29) 149(7)(4)
F 2 1629(20)(7) 142(21)(5) 151(2)(1)
F, 1 1424(12)(11) 123(6)(5) 153(3)(2)
F, 2 1633(12)(13) 137(15)(12) 151(2)(1)
Irrep A n Vs [MeV] one to one: global:

ak cot 61/2,0 ak cot 51/20

Gy, 1 1327(8)(7) 4(15)(3) 2.6(3.0)(1.2)
Gy, 2 1660(21)(6) 1.4(2.2)(0.1) 2.6(3.0)(1.2)
with the antisymmetric tensor @y, = —27€ i /n and Wy, =
wiy = 0 [60].

The vector-spinor Delta operator transforms as

RAL(P)R™ = A(R)yS(R) 5 A (RP)

1A (P = (7)) apBpe(P) (B4)

where A(R) denotes the three-dimensional J = 1 irrep of
SU(2), and S(R) is given in Eq. (B3).

APPENDIX C: MATRICES M?, .,

Sy, introduced in
Eq. (22), computed for each total momentum P including
partial wave contributions in (J=3/2,/=1) and
(J =1/2,1=0). The momentum labels are given in units

of 2z /L.

Below we provide the matrices M
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o-} fo} 11-1 11-} 1 1]
0-3 we O 0 0 0 0
503 0 wy O O 0 0
MG, =31-3 L 0 0 wy O 0 0
31-4 0 0 0 wy 0 0
311 0 0 0 0 wy O
3 0 0 0 0 0 wy
(C1)
-} dop -3 B-b By i
70-3 Woo 0 —ivawy 0 0 0
503 0 Woo 0 0 —iv2wyg 0
Mg =31=3 | 0 0 wo-wny 0 0 0 (€2)
21-4 V2w 0 0 Woo + Wao 0 0
% 1 % 0 iv2wyg 0 0 Woo + Wag 0
313 0 0 0 0 0 Woo — W20
M%ulﬁ;’ﬂ’
fo-} to} -3 11-} m
30-3 Woo 0 (i—1)v/3Re(wy;) 0 (1+i)Re(wiy) 0
303 0 Woo 0 (i—1)Re(wy;) 0 (1+i)V3Re(wy)
:%1—% (1+1i)v/3Re(wy;) 0 Woo—Wag 0 V2wy, 0
31—3 0 (1+i)Re(wi;) 0 Woo + W 0 V2w,
311 (i—1)Re(wy)) 0 —V2wy 0 Woo +Wag 0
213 0 (i—1)v/3Re(wy;) 0 —V2wy, 0 Woo = W20
(C3)
T I = T L Lt
g1 Woo 0 (L—1i)y/3wip  —iV2wyg —iefwy 0
2V 73
1ol 0 Woo 0 0 —ivV2w,y (1+ i)\/%wlo
M(Jllyljl’g’y’ = %1 _% (1+ i)\/gwlo 0 Woo —2ei7"w22 V2wsy 0 (C4)
%31 1_1 % i\/iwlo ie%wlo Ze%wzz Woo 0 \/szz
glg —ie%wm i\/iwlo —V2wy, 0 Woo 2wy,
P 0 (1- i)\/%wlo 0 —\/§W22 —2€%W22 Woo
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