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The purpose of the present study is to explore the mass spectrum of the hidden charm tetraquark states

within a diquark model. Proposing that a tetraquark state is composed of a diquark and an antidiquark, the
masses of all possible [gc][g ], [sc][5¢], and [gc][5¢] ([sc][ge]) hidden charm tetraquark states are
systematically calculated by use of an effective Hamiltonian, which contains color, spin, and flavor
dependent interactions. Apart from the X(3872), Z(3900), x.,(3930), and X(4350) which are taken as
input to fix the model parameters, the calculated results support that the y.,(3860), X(4020), X(4050) are
[gc]lg €] states with 16JFPC = 0F0++, 117, and 172++, respectively, the y,,(4274) is an [sc][s ] state
with I6JPC = 0+ 1++, the X(3940) is a [¢c][g €] state with [9JFPC = 170 or 171F+, the Z,,,(3985)" is an
[sc][g €] state with J* = 0T or 17, and the Z,,(4000)" and Z..,(4220)" are [gc][5 ¢] states with J© = 17,
Predictions for other possible tetraquark states are also given.

DOI: 10.1103/PhysRevD.103.094038

I. INTRODUCTION

Since the first XY Z state X(3872) with 1°J7C = 01+,
mass M = 3872 £ 0.6 MeV, and width I" < 2.3 MeV was
accidentally discovered by the Belle Collaboration [1] in
the reaction B - KX, X — oz~ J/y, many other char-
moniumlike exotics were successively reported in experi-
ments. For example, the Z.(3900) was found in 2013 by
the BESIII Collaboration with M = 3899.0 3.6 MeV
and I' = 46 £ 10 MeV in the reaction ete™ - 777~ J /y
[2], and by the Belle Collaboration with M = 3894.5 +
6.6 MeV and I' = 63 + 24 MeV in the reaction ete™ —
yrtr~J/w [3]; the y.(4274) was first found by the CDF
and CMS Collaborations [4,5], and later was confirmed by
the LHCb Collaboration with M = 4273.3 £ 8.3 MeV and
I' =562+ 10.9 MeV [6]; the y.1(3860) was observed by
the Belle Collaboration in the process e*e™ — J/wDD
with M = 38627357 MeV and T" = 2017343 MeV [7].
Very recently, the BESIII Collaboration reported the
Z.4(3985)" with M =3982.51,8 £2.1 MeV and T'=
12.8737 £3.0 MeV, which is a first candidate of the
charged hidden-charm tetraquark with strangeness [8];
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the LHCb Collaboration observed the Z.,(4000)" with
M =4003 £ 6%}, MeV and T =131+15+26 MeV,
and Z.,(4220)* with M = 4216 £2473 MeV and ' =
233 + 52f79; MeV [9]. More XYZ states gradually discov-
ered in experiments in recent years are listed in Ref. [10].

Theoretically, several approaches were used to under-
stand those XYZ states and to predict new exotics. In
particular, many XYZ sates were explained as molecules,
kinematical effects, or hybrids [11,12]. See Refs. [13,14]
for recent reviews. Besides those models and phenomeno-
logical explanations, the XYZ states were also widely
explored in diquark models [15-33].

The X(3872) was the first XYZ state which has been
discussed as a tetraquark state composed of a diquark
[gc] and an antidiquark [g ¢] with J© = 17 [15,16]. Later,
efforts were also made in describing the Z.(3900) and
X(3915) as tetraquark states composed of a pair of diquark
and antidiquark with JP = 1% and 0T, respectively
[16-18,30]. In Refs. [19-22], the Y(4140) was assigned
as a tetraquark state composed of a diquark [sc] and an
antidiquark [s¢] with JP¢ = 17", and meanwhile, the
X (4350) was explained as an [sc][5 ¢] tetraquark state with
JPC = 0" or 2. For y., states, as both y.;(4140) and
2c1(4274) have the same quantum numbers, [6JPC =
0*t1**, it is still not clear which one should be identified
as the only theoretical S-wave [sc][5 ¢] tetraquark state with
I6JPC =017+ [21-23,33], an analog of the X(3872)
which was considered as a [gc][g €] tetraquark state with
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I6JPC€ =01+ [15,16]. Besides, the Z.,(3985)" was
analyzed as a candidate of the charged hidden-charm
tetraquark with strangeness composed of a diquark [sc]
and an antidiquark [g ¢] with J¥ = 17 or 0" [24-26].

In most of the existing diquark models for tetraquark
states, the flavor dependent interactions are not included in
the effective model Hamiltonian, which makes these
models fail to describe the mass splitting among different
isospin multiplets of tetraquark states with the same spin,
parity, and diquark constituents. In Ref. [29], the one-pion
exchange potential was considered to distinguish the
isospin-triplet and isospin-singlet tetraquark states; never-
theless, the color-spin interactions between diquarks were
ignored in that model.

In the present work, we use an effective Hamiltonian
which contains explicitly the color-spin, spin, flavor-spin,
and flavor dependent interactions to investigate the mass
spectrum of the hidden charm tetraquark states composed
of diquarks and antidiquarks. We systematically calculate
the masses of all possible [¢gc][g ¢], [sc][5 ¢], and [gc][5 €]
([sc][ge]) hidden charm tetraquark states, and discuss
which of the observed XYZ states can be accommodated
in a diquark scenario and which cannot. We also give
predictions for the possible tetraquark states which have not
yet been observed so far.

The paper is organized as follows. In Sec. II, we
construct the wave functions for the hidden charm tetra-
quark states. In Sec. III, we present the effective
Hamiltonian employed in the present work and give the
mass formula for the tetraquark states considered. In
Sec. IV, we show the results of the calculated masses of
the hidden charm tetraquark states and give discussions for
these theoretical results. Finally, in Sec. V, we give a brief
summary.

II. WAVE FUNCTIONS OF THE HIDDEN CHARM
TETRAQUARK STATES

In color space, each quark (antiquark) belongs to a color
3. (3,) representation, two quarks can stay in color 3, or 6,
configurations, and two antiquarks can stay in color 3. or
6. configurations. It is well known that the interactions
arising from QCD are attractive between a pair of quarks in
color 3, state or a pair of antiquarks in color 3, state [15].
Thus, the color wave function for a tetraquark state
composed of a pair of diquark and antidiquark can be
constructed straightforwardly as [(3.3,)s, (335)35]1(-

In flavor space, a hidden charm tetraquark state com-
posed of a pair of diquark and antidiquark can be denoted
as [¢'c][g'c], where ¢’ represents one of the three light
quarks, u, d, and s, in the flavor SU(3) case. The light quark
¢ and light antiquark g’ combine into an SU(3) octet
multiplet or an SU(3) singlet multiplet:

o ]
Dsf ? H?'f L : @1{ W

Thus, similar to the ¢’g’-meson octet and singlet multiplets,
the hidden charm tetraquark states can decompose into a
flavor SU(3) octet multiplet

Z X zZr Zk

V2 Ve ¢
0
MYy =\ zz -H+k oz | (2
_ =0 2X
ch ch _\/6

and a flavor SU(3) singlet X’. Explicitly, the flavor wave
functions for the states denoted by the symbols Z0, X, Z,
Z4, Z:, 70, 7z, 72, and X' can be written as [23]

Z: =lddad,  zf = uc]da, ()
O—L ucllac| - [dc]lde

Zc_\/i([ Jluc] - [dc][de]). (4)

ZY = ldc][se],  Z& = [uc][s ], (5)

Zo =Iscluc),  ZY =[sc]lde], (6)

X = i6 (ucl[ae] + [de][@e] - 2sel5e)),  (7)
’—L uclluc cllde scl[s e

X —\/5([ Jlae] + [dc][de] + [sc][s ]) (8)

The symmetry states X from the flavor SU(3) octet and X’
from the flavor SU(3) singlet have the same isospin 0. They
can couple together to result in the physically observed

states X and X”:
<}_(’) <cost9 —sinH) (X’) ©)
X/) \sin coso xX)
with 0 being the mixing angle. For simplicity, an “ideal
mixing” is chosen, i.e., @ ~ 54.732°, which gives

X = —=([uc][ac] + [dc][d &]), (10)

Sil-

X' = [sc][s €. (11)

In short, the above-mentioned flavor wave functions for
hidden charm tetraquark states composed of diquarks and
antidiquarks could be divided to three types of configura-
tions, i.e., [gc][g ¢], [sc][5 €], and [gc]|[5 €] ([sc][g €]), where

q denotes u or d quark, and g denotes i or d quark. Note
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that here g could be one of uii, ud, dii, and dd. In the rest
of this paper, we refer to the diquarks [gc] and [sc] as D and
D,, the antidiquarks [g¢] and [s¢] as D and D;, respec-
tively, for the sake of simplicity.

In spin space, the wave functions for the three flavor
types of configurations, DD, D, D, and DD, (D,D), can
be constructed as follows. We mention that no orbital
excitation inside a diquark or between a pair of diquark-
antidiquark is considered in the present work.

A. Spin wave functions for DD and D, D,

As can be seen from Eqs. (3)—(11), the isospin triplet Z,
79, and Z}, and isospin singlet X are tetraquark states that
have the DD type configurations, and the isospin singlet X’
is the tetraquark state that has the D, D, type configuration.
Their spin wave functions can be constructed as [18,29,30]

JFC = 07+:]0,0),. 11, 1): (12)
JPC =1t —([1,0), +10,1),); (13)
V2
1
JPC = 141 (1.0}, — |0.1),), L1, (14
¢§ ) ) L 1) (14)
JPC = 2++:(1,1),. (15)

Here each ket denotes [Sp, Sp)g, or[Sp.Sp )y, withS
! $7 9D Dy

being the spin of the diquark (antidiquark) or a pair of
diquark and antidiquark indicated by the corresponding
subscript. Note that for D, D, states the isospin is I = 0 and
the G parity is given by G = C(—1)! = C.

B. Spin wave functions for DD, or D, D

One sees from Egs. (3)-(11), the isospin doublet Z%, and
Z7, are tetraquark states that have the DD, type configu-
ration, and the isospin doublet Z7; and Z%; are tetraquark
states that have the D,D type configuration. Their spin
wave functions can be constructed as

0)o, 1. 1)g; (16)
0), Dy, Dy (17)
1), (18)

Here each ket denotes |Sp, Sp ) Sop, O ISp, . SD> L With

being the spin of the diquark (antidiquark) or a palr of
diquark and antidiquark indicated by the corresponding
subscript. Note that both the DD, and D,D configuration
states are constructed to have particular strangeness quan-
tum numbers [cf. Egs. (5) and (6)], and consequently, they
are not eigenstates of the charge conjugation operator.

III. MASS FORMULAS FOR THE HIDDEN CHARM
TETRAQUARK STATES

A. The effective Hamiltonian

The phenomenological Hamiltonian of a diquark model
is usually parametrized as a sum of the diquark masses and
an effective potential composed of color-spin and color-
electric interaction terms [15,23,34] which are inspired by
one-gluon exchange potential and instant-induced interac-
tion [28]. Such a potential can be written explicitly as [34]

s

=2y [a,] (A 258+ 8)) +—— w (. (19

i>j

where the parameter @;; and the masses m; and m; depend
on the flavor of constituents i and j, while the parameter
is flavor independent. A° represents the Gell-Mann matrix
for the color SU(3) group. In order to describe the mass
splits of isospin multiplets of the considered tetraquark
states, we introduce, analogously to the color dependent
potential in Eq. (19), the following flavor dependent
potential:

y - - p .
Vis = 2Z {m—mj (A] - 4S:-S)) + e, (4 -4, (20)
> i i

where the parameters y and p are both flavor independent,
and A/ represents the Gell-Mann matrix for the flavor SU(3)
group. Note that in Egs. (19) and (20), the summations are
performed over all pairs of quarks (antiquarks), either
inside a diquark (antidiquark) or between a diquark and
an antidiquark for a tetraquark state. The effective
Hamiltonian of the model is then written as

H=Y M, +V+Vy,, (21)

with M, being the effective mass of the nth constituent
which includes also those effects not accounted for by the
above-mentioned interactions.

The color matrix elements for tetraquark states com-
posed of diquark-antidiquark are

(G 2¢) = { -8/3, (i, jin the same diquark) (22)
/ —4/3. (others)

The flavor matrix elements are
@&y =2/3, (23)

for tetraquark states Z-, Z°, z+, 7%, Z%,, ZZ,, and Z9,
defined in Egs. (3)-(6), and are
@l - 47)

o =—10/3. (24)
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TABLE I. Spin matrix elements for tetraquark states composed
of diquark-antidiquark pairs. The spin states are denoted by

|S127 S?ﬂl)slzj;'

S1-8, S-S5 S1-85 8,55 8,-8;3 85-8;

(0.01S; - ;]0.0), =3/4 0 0o 0 0 -3/4
(1,0[S;-S,;[1,0), 1/4 0 0 0 0 -3/4
(0.1]8;-8;0.1), =3/4 0 0o 0 0 1/4
(L1)S;-S;[1,1), 1/4 -1/2 -1/2 -1/2 -1/2 1/4
(L1)S;-S;[1.1), 1/4 —1/4 -1/4 -1/4 -1/4 1/4
(L1S;-S)[1,1), 1/4 1/4 1/4 1/4 1/4 1/4
(0,01S;-S;[1, 1) 0 —/3/4 \3/4 /3/4 —\/3/4 0
(1.0S;-S;0.1), 0  1/4 —1/4 -1/4 1/4 0
(0. 11S;-S)[1. 1), 0 —v/2/4 —v/2/4 v2/4 V2/4 O
(1,OIS; - S;|1,1), 0 \2/4 —\/2/4 \2/4 —\/2/4 O

(4] -4])z, = —=4/3, (25)

for tetraquark states X and X’ defined in Eqgs. (10)—(11).

The spin matrix elements can be calculated directly from
the spin wave functions constructed in Egs. (12)—(18). The
details of the calculation are given in Appendix A, and the
results are listed in Table 1.

B. Mass formulas for DD

By use of the effective Hamiltonian in Eq. (21), the color
and flavor matrix elements in Egs. (22)—(25), and the spin
matrix elements listed in Table I, the masses of hidden
charm tetraquark states DD, D, D;, and DD, (D, D) can be
calculated straightforwardly.

For DD states with [9J7€ = 0t0t* and 19J7C =
170", whose spin wave functions are defined in
Eq. (12), the masses are, respectively, determined by the
following mass matrices:

< M (00)0.0 Ml(oo-u)o,o) (26)
M QOO—I oo Manoo ’
< M 00)0.1 M/(00—11)0,1> 27)
Moo 1100 Mano ’

where the subscripts of the diagonal matrix elements M
denote (SpSp)S, I, and the subscripts of the transition
matrix elements M’ denote (SpSp — SpS%)S, I, with S and
I being the total spin and isospin for the considered
tetraquark states. Explicitly, one has

8 16p 88 20p

M =2Mye +8age =5 = ——— =5 — 5,

(00)0,0 ge T 8% 3m2  mgm, 3m2 3m}
(28)

4 4 8  16f 8B
M =2My +~ PR i )
(11)0.0 ge T3 %q T 3 ¥ 3m2  mgm, 3m?
20p 10y
_ - 29
3m§ + 3m%1 29
o) 4 2 Sy
00-11)0,0 qq qc “ |
( V3BT BT am?
8 168 8B  4p
M =2M 8Qye — x5~ — ’
(0001 ge + e 3mg  mgm.  3mg - 3my
(31)
3p 165 8p

4 4
M(ll)O,l = Zch +_aqq + 5 U T2 =

3 3 3mi mgm, 3m?

4 2

7/)2 _r (32)

3my  3my

2 4 2 y
M =0y — =y T =0 ———. (33)

00-11)0,1 qq9 qc cc
=100 /3 V3 V3 \3ml

Similarly, for DD states with I9J°¢ =0-1*~ and
I16JP€ = 1*1*=, whose spin wave functions are defined
in Eq. (14), the masses are, respectively, determined by the
following mass matrices:

( M o1)10 M/(o1—11)1,0) (34)
Moo Manio ’
( Monia M/(01-11)1.1> (33)
Mg Man '
where
2 4 2 8 16
Mionro = 2Mae 300 + 300 430 =37 e
8 20 5
—3—/);—3—€ 3—y2 (36)
mz  3m;  3m;
2 4 2 8 168
M =2M “a, —= o ——
oo 4 3% 73 % T30 3mg  mgm,
&8 20p Sy
TR 2 22T 3.2 (37)
3mZ 3mi  3mj
4 4 10y
M/(01—11)1,o = 3% + 3 %ee 3—’"5’ (38)
2 4 2 8 16p
Mot = 2Mye #3000 300 + 300 =3, 7= 0
8 4p v
TR 2 TRy T R 0 39
3m?2 + 3m%1 3m§ (39)
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Y M Jr2 4 +2 8 16/
= e, =0 F = O ——— —
(1)Ll ac 13700 300 T 3T T30 iy m,
8 [ 4p v
- B 40
3m3+3m2 3m? (40)
4 4 2y

MI(01—11)1.1 = T3% +§O‘cc +W~ (41)

q

For DD states with I9JP¢ = 0+t1t+ and 16JPC = 171+,
whose spin wave functions are defined in Eq. (13), the
masses are, respectively, given by

2 2 8 164
Mopo = 2Mge =3t 4t =3t = 3ml mgm,
8 20p 5
e (42)
3mc 3mq 3mq
2 2 8  16p
Mo = 2Mge =304 + 4tge =30 = 3m mym,
8p 4p y
2ty T3 43
32 " 3m2 3m2 (43)

For DD states with [6JP€ = 02+ and 16JPC = 1721+,
whose spin wave functions are defined in Eq. (15), the
masses are, respectively, given by

2 2 88 164
Mo = 2M e =300 =400 =30 =3, 2= o
86 200 5
——ﬂz——pz——yz, (44)
3mc 3mq 3mq
2 2 88 16p
M = 2Mge = 3009 = 40gc =30 = 3mZ mgm.
8p 4p y
- 2 t33: (45)

3mZ  3mi  3m}

The mass formulas for D,D, and D,D (DD,) can be
calculated in the same way. To make the paper more
concise, we exhibit them in Appendixes B and C,
respectively.

C. Model parameters

Apart from the masses of u(d), s, and ¢ quarks and the
parameter f in Eq. (19), whose values are taken from
Refs. [34,35] as myq =313 MeV, m; =470 MeV,
m, = 1650 MeV, and p = 0.41 fm™3, the values of the
following parameters in Eqs. (19)—(21) need to be deter-
mined before the calculation of the spectrum of hidden
charm tetraquark states: M., M., 0t,;, Qug> Xger Ages Aes
U5, P, and y.

qe» qq> “qs> %qc-

TABLE Il.  Model parameters. The parameters M., M., a4,
Qyss Xges Ager Aeer and ayg are in MeV. The parameters p and y are
in fm™. The quark masses and parameter § are taken from

Refs. [34,35] as My(a) = 313 MeV, my; =470 MeV,
m, = 1650 MeV, and g = 0.41 fm™.
aqc A Qe (qu aqs Ay
—8.06 —8.98 -10.59 -28.43 =21.70 -23.24
M. M, Y p

Model I  Model 11
2059 2252 2205 0.03 0.11

Following Refs. [15,16,28,36], we attribute the X(3872),
Z.(3900), and y.,(3930) as [gc|[ge] states with
I6JPC = 0*1++, 17177, and 02+, respectively, to fix
the parameters M, p, and y. Following Refs. [34,37], the
heavy baryons A, 2., Q¥, ¥, B/, %, and E; are attributed
to diquark-quark configurations and their masses are used
to fix the parameters ag,, @y, Aye, Ay, and ag,.

In Refs. [20-22], the X(4350) is treated as [sc][5 ]
tetraquark state. But it is not quite known whether its
quantum numbers /9J”€ should be 0t0** or 072+ due to
the lack of experimental information. In the present work,
we use the mass of X(4350) to determine the parameter
M. In model I, we assume that the quantum numbers for
X(4350) are I6JF€ = 070", and in model II, we assume
16JPC = 02" for X(4350). The resulted values of M,
are 2252 and 2205 MeV, respectively, in models I and IL

The parameter a,.. can be fixed by the mass splits of J/y
and 7., which gives

3
Qe = _ﬁ(ml/y/ - mm)’ (46)

with m;,, and m
respectively.

All the model parameters needed in the present work are
listed in Table II.

,, being the masses of J/y and 7,

IV. NUMERICAL RESULTS

With the values of model parameters listed in Table II,
the masses of hidden charm tetraquark configurations
[gcllgc], [sc][sc], and [gc|[s¢] ([sc][gec]), which are
denoted as DD, D,D,, DD, (D,D), respectively, in
Sec. II and Sec. III, can be obtained directly by use of
the mass formulas given in Sec. III B and Appendixes B
and C.

The numerical results for the mass spectrum of [g¢]|[g €]
are listed in Table III, where the first two columns show the
quantum numbers /°J7C and the calculated mass of each
tetraquark configuration, and the last three columns show
the particle name, the quantum numbers /°J7C, and the
energy of each state advocated by the Particle Data Group
(PDG) [38]. In the third column, the states X(3872),
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TABLE III. Mass spectrum of tetraquark configurations
[gc][g ¢]. The masses are in MeV. The first two columns show
the quantum numbers and mass of each tetraquark configuration
from our theoretical model, and the last three columns show the
particle name, quantum numbers, and energy of each state
advocated in PDG [38]. In the third column, the states marked
with “x” are input used to fix the model parameters, and the states
marked with “?” are those that have more than one possible
assignment.

J6JPC M Particle (177 ppg Mppg
0t0tt 3795

0T0*t" 3839  x,(3860) 0T 0" 3862726110
170"+ 3854

170t 3910  X(3940)? 2797 39427/ + 6
0T1tt 3869  X(3872)* 0r1tt 3871.69 +0.17
17171 3934 X(3940)? 2797 39427/ + 6
0-17= 3830

0-1*t~ 3868

1t1+= 3887  Z.(3900) 11+ 3888.4+25
1M1+ 3942 X(4020) 1+7%- 4024.1+1.9
027t 3925 x.,(3930)* 02t 3922 + 1
172+ 4000  X(4050) 1=+ 4051 4 1472

Z.(3900), and y.,(3930), each marked with an asterisk, are
taken as input to fix the model parameters, as mentioned in
Sec. III C. The states marked with “?” are those that have
more than one possible assignment. One sees from Table 111
that the y.(3860) has a mass M = 3862735 MeV and
quantum numbers /¢JP¢ =0*0** in PDG [38]. Our
calculated mass of the tetraquark configuration [gc|[g ]
with I19JP€ = 070" is 3839 MeV, very close to that of the
experimentally observed y.,(3860), supporting the assign-
ment of y.(3860) as [gc][gc] tetraquark state. The
X (4020) has a mass M = 4024.1 £ 1.9 MeV and quantum
numbers 1¢J°€ = 1727 in PDG [38]. Our calculated mass
of the [gc][g €] state with [9JFC€ = 1717~ is 3942 MeV, not
far away from that of the experimentally observed
X(4020). Accommodating the X(4020) to a [gc][gc]
tetraquark state will suggest a spin 1 and parity positive
for this particle. The X(4050) has a mass M = 4051 £
14729 and quantum numbers 172"+ in PDG [38]. Our
calculated mass of the [gc][g¢] configuration state with
16JPC = 172+ is 4000 MeV, close to that of the exper-
imentally observed X(4050), which supports the explan-
ation of X (4050) as a [gc][g ¢| tetraquark state and suggests
a spin 2 and parity positive for this state. The X(3940) has a
mass 39427 + 6 in PDG [38], but its quantum numbers are
still not clear. Our calculated masses of the [gc]|[g ¢] states
with 716JP€ = 1-0"* and 171+ are 3910 and 3934 MeV,
respectively, both very close to the experimental mass of
X(3940). This indicates that the X(3940) could be
explained as a [gc][g¢] tetraquark state and its quantum
numbers might be /J°¢ = 1707+ or 1717+,

TABLE IV. Mass spectrum of tetraquark configurations
[sc][5 ¢]. The masses are in MeV. The first column shows the
quantum numbers of each theoretical tetraquark configuration.
The second and third columns show the masses calculated in
model I and model II, where the X(4350) is assumed to be a
tetraquark state with 19J°¢ = 070"+ and 072, respectively.
The last three columns show the particle name, quantum
numbers, and energy of each state advocated in PDG [38]. In
the fourth column, the states marked with “x” and “?” are input
used to fix the model parameters and have more than one possible
assignment. Note that for [sc][s¢| configurations, 7/ =0 and
G=C(-1).

JPC My My Particle  (JPC)ppg Mppg

0+ 4306 4212

0t 4350 4257 X(4350)*? T 4350.6740+0.7
I+ 4373 4280 p.(4274)  1FH 427478
1t 4344 4251

1= 4383 4290

2FF 4443 4350 X(4350)*7 M 43506720+ 0.7

The theoretical results for the mass spectrum of [sc][5 ¢]
are listed in Table IV. There, the first column shows the
quantum numbers of each theoretical tetraquark configu-
ration, the second and third columns show the masses
calculated in model I and model II, where the X(4350) is
assumed to be a tetraquark state with /¢J°¢ = 070+ and
0t2**, respectively. The last three columns show the
particle name, quantum numbers, and energy of each state
advocated in PDG [38]. In the fourth column, the states
marked with “x” and “?” are input used to fix the model
parameters and have more than one possible assignment.
Note that the quantum numbers /¢ are not shown in
Table 1V, as one always has I =0 and G = C(-1)! = C
for the [sc][5 ¢] configurations. One sees from Table IV that
in model I the calculated mass of the [sc][5¢| state with
JPC = 17+ is 4373 MeV, which is 99 MeV higher than the
mass of y.;(4274), a state advocated in PDG [38] with the
same quantum numbers. In model II, the calculated mass of
this state is 4280 MeV, which is very close to the
experimental value of y.(4274), supporting the explan-
ation that the y.,(4274) is an [sc|[5 ¢] tetraquark state. Note
that although the y., (4140) has the same quantum numbers
as y.1(4274), our theoretical results do not support the
explanation of the y,. (4140) as a tetraquark state, as the
calculated masses of [sc][s¢] with JPC = 1*F in both
model I and model II are too far away from the exper-
imental mass of y.;(4140). In Ref. [33], the y.,(4140) was
assumed to be an [sc][5 ] state with JF€ = 17+ to fix the
model parameters, and the y.;(4274) was considered as a
charmonium state y.;(3P). More elaborate works need to
be done to understand the nature of the y.(4140) and
Xe1(4274) states.

The numerical results for the mass spectrum of tetra-
quark configurations [sc|[g¢] ([gc]|[s¢]) are listed in
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TABLE V. Mass spectrum of tetraquark configurations [sc][g ¢]
([gc][s €])- The masses are in MeV. The first column shows the
quantum numbers of each theoretical tetraquark configuration.
The second and third columns show the masses calculated in
model I and model II, respectively. The last three columns show
the particle name, quantum numbers, and energy of each state
reported in Ref. [8] for Z,;(3985)~ and in Ref. [9] for Z,.,(4000)*
and Z.,(4220)". In the fourth column, the states marked with “?”
are those that have more than one possible assignment.

JE M My Particle (T)exp- My,

0t 4097 4050 Z,(3985)? 7 3982.50) 8 £2.1

0t 4141 4095

It 4133 4087 Z,(3985)77 7 39825718 12
Z,(4000)* 1" 4003 + 671,

1t 4163 4117

1t 4173 4126 Z.,(4220)* 1’ 4216 £ 2475

2t 4231 4185

Table V. There, the first column shows the quantum numbers
of each theoretical tetraquark configuration. The second and
third columns show the masses calculated in model I and
model II, where the X(4350) is assumed to be a tetraquark
state with I6JPC€ = 070"+ and 072"+, respectively. The
last three columns show the particle name, quantum num-
bers, and energy of each state reported in Ref. [8] for
Z.,(3985)" and in Ref. [9] for Z,,(4000)" and Z.,(4220)*.
In the fourth column, the states marked with “?” are those
that have more than one possible assignment. The
Z.4(3985)" has M =3982.51)% £ 2.1 MeV [8]. Our cal-
culated masses of the [sc][g c] states with J* = 0" and 1*
are 4097 MeV and 4133 MeV in Model I, and 4050 MeV and
4097 MeV in Model 11, not far away from the experimentally
observed value. The Z.(4000)" and Z.(4220)" have
masses M = 4003 £67), and M = 4216424733 [9],
respectively, which are in line with our calculated masses
of the [gc][s ] with JP = 1+,

In Refs. [30,32], the P-wave tetraquark states of [gc|[g €]
with 19JP€ = 0717~ were discussed with the model
parameters being fixed by the experimental information
of the Y(4230), Y(4260), Y(4360), and Y (4390) states. In
the present work, we can, in principle, include the spin-
orbit and orbit-orbit interactions in the Hamiltonian of
Eq. (21) to analyze the possible P-wave tetraquark states.
However, for the [sc|[5 ¢] and [gc][5¢] ([sc][g ¢]) configu-
rations, we do not have enough experimental information to
fix the additional model parameters for spin-orbit and orbit-
orbit interactions. Thus, we leave such an analysis to future
work when more experimental information becomes
available.

V. SUMMARY

In the present work, we employ a diquark model to
explore the mass spectrum of the hidden charm tetraquark

states composed of diquarks and antidiquarks. The effective
model Hamiltonian we used contains explicitly the color-
spin, spin, flavor-spin, and flavor dependent interactions.
We systematically calculate the masses of all possible
[gcl[g e, [sc][sc], and [gc][s¢] ([sc][gc]) hidden charm
tetraquark states, and compare them with those advocated
by the PDG [38].

Our results show that, apart from the X(3872), Z(3900),
¥2(3930), and X(4350) which are taken as input to fix the
model parameters, the y.,(3860), X(4020), X(4050) can
be explained as [gc|[g¢] states with [6JPC =0T0++,
17177, and 1727, respectively, and the y.(4274) can
be explained as an [sc][5 ¢] state with 19PC€ = 071", In
addition, the X(3940) can be explained as a [gc][g ¢] state
with 16JP€ = 170" or 1717*, the X(4350) can be
explained as an [sc|[sc] state with IJPC =0T0*" or
0t2%*, the Z.(3985)~ can be explained as an [sc|[gc]
state with J¥ =0% or 1%, and the Z.(4000)" and
Z.,(4220)" can be explained as [gc][5c] states with
JP = 1%. Our results do not support the explanation of
the y.,(4140) which has 19J7€ = 017" as an [sc][5¢]
tetraquark state. We also give the predictions of other
possible [gc][g ¢], [sc][5 €], and [gc][5 €] ([sc][g c]) hidden
charm tetraquark states, and hope that these states could be
searched for in experiments in the near future.
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APPENDIX A: THE SPIN MATRIX ELEMENTS

As shown in Eqgs. (12)—(18), the spin wave function for
the [q1¢2][@3gs] tetraquark state are denoted as
S12,834)s,,,,» Which is an abbreviation of [(S),S,)S)2,
(83,81)S31)s,,,,» With the spin of each quark (anti-
quark) S, = S, = S5 = S; = 1/2.

The spin operator S; - §; satisfies

(S; +5;)>-82-82

B Sii(Si;+1)=8;(S; +1)=8;(S; + 1)

B 2

_Sy(Sy+1) 3 (A1)
2 4

By using this relation, the matrix elements of the spin
operators S; - S, and S3 - S; can be calculated straightfor-
wardly, while for other spin operators, the recoupling of the
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spin wave functions via 9 symbols are needed to compute
their matrix elements. Specifically, one has

<S12’ S34|S1 S2|5127 S34>51234

_ {512(312+ 1) 3

2 - Z:| 551253255515%1’ (AZ)

<512?S34|S% S4|S12’ 34>
_ {534(534+ D

51234

3
- Z:| 651253255535%15 (A3)

2
(812,8331S1 - 851875, ;4>Sm4
¢ g o [SulSatD) 3
S S
S1352
1/21/2 S | (172 172 s,
x{1/2 172 S35 4 1/2 172 84, 1, (Ad)
513 5221 512321 513 Sz& 51231
(812,833, - 831875, ;4>Sm4
& on o oa 18a(Su+1) 3
3 8585383818, | B D) 3
ol 2 4
13924
1/2 1/2 S, 1/2 1/2 S’12
x{ 1/2 1/2 83y 1/2.1/2 84, ».  (AS5)
Si3 S S Si3 S Sz
<S127SS4|S1 S4|S12’ 34>5m4
= D (=1)%1%81,85387:83:81,55
$135x3
« S13(Sia+1) 3
2 4
1/2 1/2 Sy, 1/2 1/2 8,
x{1/2 1/2 Ss3 34 1/2 172 i o, (A6)
Siz S Sisa Siz S5 S
(S12, 85485 - S%|*5‘12~5V34>51234
= Z (=1)%*s 3451253452 52 2534
5121523
y Sy(S3+1) 3
2 4
1/2 1/2 Spp 1/2 1/2 S’12
x{1/2 172 S35 34 1/2 1/2 Sy ¢, (A7)

Siz Szé Slzﬁz’t Siz 523 Slzift

where we have used the symbol S'ij =
conciseness.

By use of Egs. (A2)—(A7), all the needed spin matrix
elements can be calculated, and the results are listed in
Table 1.

2S1] + 1 for

APPENDIX B: MASS FORMULAS FOR D;D;

For D,D, states with J7C = 0%", whose spin wave
functions are defined in Eq. (12), the masses are determined
by the following mass matrix:
< M (00)0 M/(oo—n)o) (B1)
Ml(oo-u)o M1y
where the subscripts of the diagonal matrix elements M
denote (Sp Sp )S, and the subscripts of the transition
matrix elements M’ denote (Sp Sp — Sp S5 )S, with §
being the total spin for the considered tetraquark states.
Explicitly, one has

86 16§ 88 8p
Mo = 2M,, +8a,, — 2 P _ P _ P
(00)0 se 8 3m2 mgm, 3m? 3m?

4 4 1
VP PR SO L/

(B2)

M
(1o 3 3 3m2  mgm. 3m2
8p 4y
_ e B3
3m? + 3m? (B3)
2 4 2 2
M/ = =0y — =0 +_acc+ . B4
(00-110 = 73 3 73 VA (B4)
Similarly, for DD, states with J’€ = 1*~, whose spin

wave functions are defined in Eq. (14), the masses are
determined by the following mass matrix:

( Mo M/(01—11)1) (85)
Mgy Mam /)
where
2 4 2 8  16p
M =2M - — . - _
o1 = Mse ¥ 30 ¥ 3 ¥ 3 e =3 T
86  8p 2
T 2,2 2,2 "3 2 B6
3m? 3m§+3m% (B6)
2 2 8p 168
M =2M o, —— Za. - _
( se T3 T3 W 3% =3 7T
86 8p 2
T 2,2 2,2 1 3.2 B7
3m? 3m§+3m% (B7)
4 4 4y
M£01-11)1 = T3% +§acc T3 (B8)
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For DD, states with J’¢ = 17+ and J¢ = 2**, whose
spin wave functions are defined in Egs. (13) and (15), the
masses are, respectively, given by

2 2 8p 165
M =2M,. —= e =30 =3 5~
1,0,1 s¢ T3 Ags + S0y 3 Fec 3m2  mgm,
83 8 2y
~ B =T B9
3mz  3mi  3m; >
) 2 8p 16p
M, =2M, —= e =30 =57
1,12 se T3 Qs Psc 3 ee Sm% mgm,
83 8 2y
B8 (B10)

APPENDIX C: MASS FORMULAS
FOR DD, (D,D)
For DD, (D, D) states with IJ” = 10", whose spin wave

functions are defined in Eq. (16), the masses are determined
by the following mass matrix:

< M (00)0 M/(00—11)0> cn
M/(00—11)0 Mi1yo ’

where the subscripts of the diagonal matrix elements M
denote (SpSp )S or (Sp Sp)S, and the subscripts of the
transition matrix elements M” denote (SpSp — SpS7, )S or
(Sp,Sp — Sp S5)S, with S being the total spin for the
considered tetraquark states. Explicitly, one has

8 8
Moo = My + My, + 4oy + dag. — p_ 8
3mgm, m m,
8p 8 4p
B - , C2
mgm, 3m% 3mqu ( )
4 4 8p 8p
M = M M _ = _ _

(110 = Mo 7 HMoe T3 00 30 3mgmy  mgm,

B 3.2 - . (C3)

mgm. 3mg;  3mgmg  3mgmy

q

2
M =—(a

(00-11)0 = 773

Similarly, for DD, (D,D) states with 1J" = % 17, whose
spin wave functions are defined in Eq. (17), the masses are
determined by the following mass matrix:

}/
s — Que — Qe + ) ———.  (C4
* 1 ) \/g‘”q N ( )

M 101 M/(10—01)1 M,(10-11)1
Moo Moyt Migi_yy | (C5)
Ml(lO—ll)l Ml(Ol—ll)l My
where
8p 8p

4
M(10)1 = MCIC + M. +4a, — gaqc

8 86 4p

3mgmg  mgm,

; Co6
mgm, 3m?2 3mgmy (C6)
4 8p 8p
M =M,.+M,.——a,. +4a,. — -
(01)1 qc + M, 3 Qe + Aye 3mqms mgm,
86 8B 4p

3m, m

mgm, 3mZ q

2

M(ll)l = ch + M, + 3

(aqs — Oge — Qe + acc)

8p 8p 8p 8p 4p
3mymg  mgm,  mgm. 3m’:  3mgmg
14
- ) C8
3mgmg (C8)
M = —%((l s'_ac_asc+a‘c)+ s (C9)
(10-01)1 3\ q c 3mqms
2v2 V2y
M/(10—11)1:_ 3 (aqs_aqc+asc_a00)+3mqms, (C10)
2v2 V2y
M?01—11)1:T< qs+aqc_asc_acc)_3mqms- (Cll)

For DD, (D,D) states with 1J* = 12%, whose spin wave
functions are defined in Eq. (18), the masses are given
by

M(11)2 = ch + M. — gaqs - 2aqc - 2asc - gacc
86 88 88 88  4p
3mgmg  mgm,  mgm, 3m? 3mgmy
4
. Cl12
3mgmy (C12)
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