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We review arguments that chiral symmetry breaking is triggered when the quark bilinear condensate’s
dimension passes through one (y = 1). This is supported by gap equations and more recently holographic
models. Confinement may then be a separate property of the pure Yang-Mills theory below the scale of the
dynamically generated quark mass, occurring at the scale of the pole in the deep IR running. Here, we use
perturbative results for the running of the gauge coupling and y in asymptotically free SU(N) gauge
theories with matter in higher dimension representations to seek the best candidate theories where
confinement and chiral symmetry breaking can be maximally separated. For example, SU(2) gauge theory
with a single Weyl quark in the S3 (dimension 4) representation may have a factor of 20 separation in scale.
Such a theory could be simulated on the lattice to test the separation. We also propose studying
multirepresentation theories where the higher dimension representation forms a condensate at one scale that
can be quite separate from the condensation scale of the second representation matter. The confinement
scale would presumably be below the second scale. For example, SU(3) gauge theory with a Weyl adjoint

fermion and ten fundamental quarks may have a separation of a factor of 20 also.
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I. INTRODUCTION

QCD is an asymptotically free SU(3) gauge theory with
fermions in the fundamental representation. The coupling
becomes strong in the infrared at around 200-300 MeV. Near
this scale, the dynamics triggers chiral symmetry breaking by
the dynamical generation of a quark mass or a vacuum
expectation for the operator g; gr + H.c [1]. Experimentally
the signatures of this symmetry breaking are the pseudo-
Goldstone nature of the pions and the absence of parity
doubling in the spectrum. In addition, one observes color
charge confinement—that is the quarks cannot be liberated
from hadrons (although the pair creation of light quarks
breaks flux tubes between the charges if they are too
separated). Here it has been posited that the mechanism is
the condensation at strong coupling of magnetically charged
scalar operators leading to a dual Meissner effect [2,3].

It has long been a question of interest as to whether or not
chiral symmetry breaking and confinement are separate
dynamics or inherently linked in QCD—see for example
[4-12]. A common back of the envelope computation is to
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use the confinement distance in Heisenberg’s uncertainty
principle to estimate the momentum of the state and hence
its energy and mass. The logic here is that only confinement
would need chiral symmetry breaking and not vice versa.
Of course, the masslessness of the pions in the chiral limit
provides a (symmetry driven) counterexample to such
simple logic. That the two phenomena are linked is
supported by lattice simulations of QCD [13,14] which
show a single finite temperature phase transition at which
the theory both deconfines and restores chiral symmetry.
On the other hand, that transition is a blurred cross-over
and, further, lattice simulations of QCD with Nambu-Jona-
Lasinio operators present have already shown that a clean
split between the chiral symmetry breaking scale and the
confinement scale can be realized [15]—the higher dimen-
sion operator raises the chiral symmetry breaking scale.
Here we will pursue the idea that the scales are separate, but
somewhat accidentally coincide for fundamental represen-
tation quarks. We will explore asymptotically free gauge
theories, without higher dimension operators, but with
fermions in different representations than the fundamental
to seek for cases where the separation can be maximized.
We will search for theories where this separation of scales
could be tested with first principle lattice simulations (and
review simulations already done that support these ideas).

In the 1980s chiral symmetry breaking was studied using
gap equation techniques [16—18]. That is truncations of the
Schwinger-Dyson equation for the quark self-energy were
studied in the rainbow approximation and the resulting
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equations were shown to have a critical coupling for chiral
symmetry breaking. Additionally, it was understood that the
key criteria for mass generation in the calculation was that the
dimension of the quark bilinear y grew greater than one—see
for example [19]. This is a natural point for an instability to
setin since it is when the quark mass and condensate become
equal in dimension. These methods neglected confinement.
The justification is as follows: the assumption is that the QCD
coupling grows until they = 1 criteriais met, at which point a
dynamical quark mass forms. The quarks should then be
integrated from the theory leaving a pure Yang-Mills theory
that will run to yet stronger coupling. Confinement is then
imagined to be a product of that pure glue theory, which
perhaps contains condensed magnetic monopole configura-
tions. For quarks in the fundamental representation the value
of the critical coupling, a,., when y = 1 is strong and so the
pure Yang-Mills theory starts at rather large coupling and
runs very fast, so its Landau pole and confinement lie rather
close to the chiral symmetry breaking scale. The assumption
of this separation was necessary to justify the use of gap
equation methods but not proven. The early gap equation
work has been extended since to include the Schwinger
Dyson equation for the gluon propagator, where some hints
of signals of confinement are possible (see for example [20]),
but the basic picture does not seem to change.

More recently holography [21-23] has provided further
insights into chiral symmetry breaking [24]. Here the quark
bilinear is mapped to a scalar in an AdS5 like space where the
fifth dimension of AdS, r, corresponds to energy scale in the
gauge theory. The symmetry breaking becomes a Higgs like
mechanism where the scalar condenses at small r because its
mass is driven through the Breitenlohner-Freedman (BF)
bound [25] so that the zero vacuum expectation value
configuration is unstable. In AdS5/CFT,, the mass of the
scalar is related to the dimension, A of the dual operator by
m* = A(A — 4). The case A = 2 (again y = 1) corresponds
to the saturation of the BF bound. A controlled example of
such a chiral symmetry breaking theory is provided by the
D3/probe-D7 system with a magnetic field on the probe
brane [26,27]. The base gauge theory is a N = 4 glue theory
with N, quenched N/ = 2 hypermultiplets. The magnetic
field breaks supersymmetry and conformal symmetry and
triggers the formation of a chiral condensate. Analysis of the
chirally symmetric theory shows precisely the mechanism
where m? for the scalar is driven through the BF bound [28].
The N = 4 glue of this theory is conformal and so there is no
confinement even at infinitesimally small temperatures. The
reader can find further examples of this holographic logic in
[29-31]. The key point here though is that these models
support the gap equation criteria of y = 1 and that chiral
symmetry breaking can be separate from confinement.

Let us therefore at least entertain that confinement and
chiral symmetry breaking are separate. To shed further light
on this phenomenon it would be good to build a bank of
models where the separation is clear cut. We recognize that

any number of such models will not prove the absence of a
link in theories like QCD where the scales for both
phenomena are so close but they will generate weight for
the separation hypothesis. How might one find theories with
such a separation? It was suggested a long time ago that
theories with quarks in higher dimension representations
may have higher values of y for a given a and this would tend
to raise the scale of the chiral symmetry breaking. In [32], it
was ambitiously questioned whether a higher dimension
representation quark in QCD might even provide a separation
in symmetry breaking scales of 100 to allow QCD to generate
the electroweak scale. The separations in scales are not
expected to be this big as we will see but the philosophy
remains. An additional problem that is likely to occur is that,
as pointed out in [33,34], the operators that cause confine-
ment (the Polyakov loop expectation value) and chiral
symmetry breaking (the quark condensate expectation value)
will interact and if one forms at strong coupling then it may
trigger the formation of the other. To break this link one
would need the chiral symmetry breaking to happen at
sufficiently weak coupling that the interactions between the
two sectors remains small—we must seek theories with quite
large separations in scale therefore.

To make proposals for theories with separated scales we
will perform here two very simple analyses based on
perturbative results for the running of the coupling and y.
Our goal, in the spirit of [35,36] for studies of the possibility
of conformal window regimes, is to place down a “straw
man” plot of the behavior of gauge theories that lattice studies
can be compared to, or motivated by. We will initially take the
one loop results for the running of the gauge coupling and
anomalous dimension and determine the value of a,. for chiral
symmetry breaking in the space of asymptotically free
SU(N) theories. One can associate this value of the coupling
with the scale of the quark mass or chiral symmetry breaking,
A,sg. We then set that value of a. as the UV boundary
condition on the pure Yang Mills theory below the quark
mass scale. We simply compute the ratio of the Landau pole,
as a measure of the confinement scale, to A;(SB- We also use
the two loop runnings that include infra-red conformal fixed
points to exclude theories where the infra-red (IR) coupling
lies below the critical value—these theories lie in the
conformal window.

The majority of chiral symmetry breaking theories with a
single representation have a predicted gap between A g and
the confinement scale of 5 or less and at the level of this
analysis itis hard to be certain whether they will in fact have a
large gap. We will though highlight a couple of theories with
high dimension representations that have a gap above ten
which is of potential interest. We will review lattice work on
this space of theories to see the degree to which the simple
perturbative based results hold nonperturbatively.

Second, we will look at multirepresentation theories. A
scenario one might dream of is a theory where the dynamics
runs to strong enough coupling that one representation
condenses and is integrated out, leaving a theory in the
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conformal window. The putative IR conformal theory
might then never confine. Unfortunately this scenario
does not seem to exist at the level of our approximations
and one can not generate an infinite separation in scales
between the mass gap of the higher dimension represen-
tation and the confinement scale. However, what one can
do is to find theories with large gaps between the scale of
the higher dimensional representation’s chiral symmetry
breaking scale and that for the lower dimensional repre-
sentation. The confinement scale should lie below the
lower of these two scales. The most flexible case is to
study theories with fundamental fermions and a minimum
number of spinors of a higher dimensional representation.
By tuning the number of fundamental fermions the IR
running of the coupling can be made to run more slowly
than if the theory were pure glue (this is “walking”
behavior [37]). We find a considerable number of exam-
ples with gaps between the two representations’ chiral
symmetry breaking scales greater than ten, and some
where it is are as large as twenty to thirty. Of course it is
possible, if our estimates are imperfect, that some of these
theories truly enter the conformal window in the IR and
the gap is much bigger. There has already been a small
amount of lattice work on two representation theories
which we review in this light.

Note that among the theories we consider are chiral
theories with just a single Weyl fermion in some real
representation. Such theories are a challenge for the lattice
since they potentially have a sign problem. However, there
has been work on such theories where a Majorana mass is
included and then it is experimentally tested in the simu-
lations whether there is in fact a sign problem as the mass is
reduced—see [38,39] for example. Progress has been made
in this way and it may be possible by a judicious combination
of continuum limit and chiral limit to avoid the sign problem
completely (note that to identify the chiral symmetry break-
ing scale it is only necessary for the quark mass to lie at a
lower scale, not to be formally zero). We include these
theories therefore. Among our results though are plenty

TABLE L.

where Dirac representations are all that are needed to see gaps
between confinement and chiral symmetry breaking.

The theories we propose with large gaps between the
chiral symmetry breaking and confinement scales can in
principle teach us about many aspects of strong coupling
dynamics. Not only whether the two phenomena are truly
separate but also, for example, how fermions decouple at
strong coupling and how well the two loop running
describes the nonperturbative walking regime of the gauge
theories? We hope this work will inspire lattice studies of
the phenomena we uncover.

II. MATTER IN ONE REPRESENTATION

Asymptotic freedom in gauge theories was first com-
puted at one loop in [40,41] giving the classic result for the
gauge coupling o

da
n— = —b0a2,

——ZT ) (1)

The running of the anomalous dimension for the quark
bilinear operator is given by

3C,(R)

=T * (2)

In these equations 7 is half the Dynkin index, C, is the
quadratic Casimir, and N (R) is the number of flavors of the
representation. The values of these constants (and the dimen-
sion of the representation d(R)) are given for the representa-
tions we will consider for SU(N) theories in [42] and we
reproduce them in Table I. The normalization for these group
invariants that we choose is such that the Dynkin index in the
fundamental representation is equal to 1. The maximum
number of flavors of any representation for the theory to be
asymptotically free is controlled by requiring by > 0.

Group theory factors for SU(N) gauge theory representations and the maximum number of flavors for

asymptotic freedom to be present at one loop. For SU(2) only the F, G and S, representations exist (here G = S,).

For SU(3) the A, =
representations are distinct.

F, G =R, and R; = S,. For SU(4) the R, becomes distinct and Ry =

R,. For N > 5 all the

R T(R) Cy(R) d(R) N(R)q
1 2 1IN
F 2 szv1 N 2
G N N N2 -1 %
S (N=1)(N+n)(N+n-1)! n(N—1)(N+n) (N+n-1)! LIN?(N+1)(n=1)!(N=1)!
" AN(N=1)(n—1)1(N=1)! IN nl(N=T)! (NTn)(Ntn=1)!
A (N+1)(N=n)(N=1)! a(N=n)(N+1) NI IN(n—1)!(N=n)!
" 2(N=1)(N=n){(n=1)! N nl(N=n)! 2(N=n)(N=-2)!
N2-4 2(N2—4 N-1)N?(N+1 33N
R, =z ( ¥ ) ( )12( ) 2(11\1121;4)
23 3 N-1)N(N+1
R, = 0-3) RN i
)3 _ - 11N
R; (N 2)(2%N+1) (N 1)2(13N+1) (N 2)1;1(N+l) ae e
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In this paper we will consider fermion representations that
give asymptotically free theories for some choice of the
number of flavors N(R). Representations can be specified
by their Dynkin indices or Young tableaux. The Dynkin
indices of the singlet is just (000 --- 00) and the Young
diagram is . The fundamental representation is F =
(100 ---00) and the Young tableaux [J. The remaining
representations we consider are

Rank-n
symmetric (S,,)

Rank-n anti-

symmetric (A,) Adjoint (G)

= - \nl
(n00---00) (100301) (000---1---00)

R, R, R;
|

L] -]

z |
(020---0) (110---00) (10~%10)

Theories with fermions in these representations only are
asymptotically free.

A.R= Apole/A;(SB

To progress we must now specify a criteria for chiral
symmetry breaking. We follow the logic of the papers
[31,35,36]. For example, in the holographic models if one
relates the mass squared of the scalar in AdSs to the
dimension of the operator in the perturbative regime one has

m>=A(A—4)
=@B=-n(=r-1
~ =3 -2y. (3)

Thus extrapolating the perturbative result for y to the non-
perturbative regime leads to the BF bound being violated
when the perturbative running y = 1/2. Putting together (2)
and this factor of 2 we find a critical value of a for chiral
symmetry breaking

T
a,. =
© 3Cy(R)

: (4)

We can now perform a very simple computation, albeit
improperly extending the one loop results beyond the
perturbative regime. We assume that at a scale A,gp the
SU(N) theory with N(R) fermions in a given representa-
tion has @ = .. We assume that at this scale the fermions
will become massive and should be integrated from the IR
theory below A, gg. Now we are left in the IR with a pure
glue theory which runs with by = 11N/6x so

a
a(Q?) = < , 5
() 1+ b5"a, log(Q/A,) ©)

and the IR pole is then given by
Apgle = : 6
pole = Y,sB €XP m : (6)

We can combine these equations, to obtain and expression
for the ratio of the two scales

Agsp 9 N2—1T(R)
oo (G m) O

R(R) =

We will use this R(R) as a measure of the gap between
the confinement scale and the chiral symmetry breaking
scale. It is crude because: the perturbative results may not
be a good description of the nonperturbative regime;
confinement may happen before the Yang Mills theory
pole (lowering the gap); the fermions may not sharply
decouple from the running (potentially increasing the gap
between the scales); and at strong coupling the two
phenomena might become intertwined triggering each
other. Nevertheless it stands as a straw man that can be
used to ask questions on precisely these points.

B. Conformal window constraint

There is one additional constraint on the maximum
number of N(R) that we will note. It has been suggested
35,36]] that some of these theories have IR fixed points and
if the fixed point value lies below a,. then they live in the
“conformal window” and will not break chiral symmetry,
nor confine. For example the two loop beta function result
for a is [36]

da
ﬂa = —bga® — by, (8)

with
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FIG. 1. Plotof R(R) = Asp/ Apole against N for various single representation theories: we have used red for the fundamental, green
for the adjoint, cyan for the rank-2 symmetric, gray for three-rank symmetric, gold for the rank-2 antisymmetric, pink for the A5, maroon
for the A4, and blue, orange, black for the R| ; 5 respectively. The points are marked by the maximum number of flavors for which the
theory is asymptotically free and the lower number of flavors that marks the last chiral symmetry breaking theory before the conformal

window begins.

by = %7[2 (3405((;) =) (206,(G)

+ 12C2(R))T(R)N(R)). 9)
p vanishes at the fixed point so when
a, =——. (10)

Now one can compare this to the value of a.. We now
find a new upper limit on the number of flavors (lower than
that at which asymptotic freedom is lost) given by

_d(G) Cy(G) 17C5(G) + 66C,(R)
X d(R) Co(R) 10C,(G) +30C,(R)

N3 (R) (11)

C. Results and outlook for one
representation SU(N)
In Fig. 1 we plot the ratio R = Aye/A,sp, Which
measures the split between the chiral symmetry breaking
scale and the confinement scale, for all the asymptotically

free theories containing the representations we have listed.
The points are labeled by the (integer) maximum value of
flavors N ;(R) for the theory to be asymptotically free. For
SU(2) where representations are real, and generically for
the real adjoint representation, we allow 1/2 integer values
of N ;. We also include in the label the maximum number of
flavors for the theory to lie below the conformal window at
the level of the two loop approximation—this is the second
number associated with each point in Fig. 1.

An important point to note here is that we include
theories with Ny =1,1/2 where the axial symmetry is
expected to be anomalous. The reason is that the anomaly is
driven by the operator TrFF but this vacuum expectation
value may be associated with the confinement scale. If there
is a big gap between the confinement and chiral symmetry
breaking scales then the anomaly may be a minor issue at
the fermion condensation scale.

Note that in the large-N limit we can explicitly compute
the limiting value for the ratio of scales for the 4
representations that remain asymptotically free at large N

18
1

R(F) = et =227, R(G) = en
5

Il
bt
—_
N
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We will now review our results and relevant lattice
simulation results. Note that the lattice effort to date has
largely been concentrated on beyond the Standard Model
(BSM) physics and seeking walking gauge theories. This is
necessarily challenging on the lattice since these theories
have an indistinct chiral symmetry breaking scale (the
coupling runs slowly at a.) and there can be a large gap in
scales between the weak coupling and chiral symmetry
breaking scale. Whether a theory lives in the conformal
window or breaks chiral symmetry at a low scale is often
hard to determine so many questions remain to be resolved.

Fundamental matter: To begin to place the plot in Fig. 1
in context let us begin by considering the case of funda-
mental representation fermions. Here the plot has R ~ 2 in
all cases. However, we know of no lattice results that have
claimed to see a clear distinction between the chiral and
deconfinement transition at finite temperature (see for
example [13,14]). We must therefore take R =2 to
represent no observable gap.

There has been considerable work on studying SU(3)
theories with varying numbers of fundamental fields. The
N = 8 theory is known to likely break chiral symmetries
[43-45]. The Ny = 12 theory is likely in the conformal
window (with g2 = 6.2(2) [46-49]). Recent work [50] has
centred on testing Ny = 10 with hints that it lies in the
conformal window or has a very slow IR running. The two
loop prediction that the critical value of Ny is 11 is still
a reasonable estimate. SU(2) theories have also been
studied—see [51]. Here signs of IR fixed point behavior
are observed above Ny = 6 so the two loop prediction for
the edge of the conformal window may be a little high.

Adjoint matter: for which R = 5 for all N might be the
first case on our plot when we begin to have some
confidence that an observable gap could be found. The
SU(3) theory with two Dirac flavors has been studied on the
lattice in [52] and there a gap size of a factor of 8 is found
between the confinement and chiral symmetry breaking
scales (the former is a first order transition, while the latter
is continuous). That study provides strong support for the
hypothesis that the two phenomena are separated. That the
gap size is larger than we predict is also possibly evidence
that at strong coupling the fermions do not decouple
sharply from the running below their mass scale, but
continue to slow the running to the IR Yang Mills theory
pole. This should be caveated by the possibility the theory
is rather walking above the chiral symmetry breaking scale
[53] which makes lattice simulations hard—[52] may not
have corresponded to the continuum limit.

SU(2) theories with Ny =2 [54-56] and N, =1 [57]
have also been simulated each showing some signs of fixed
point behavior but as yet no concrete observation of chiral
symmetry breaking has been reported.

We also note that the case of a single Weyl adjoint degree
of freedom is the N’ = 1 super Yang-Mills theory which
has also been studied on the lattice [58]—here the second

order transition with temperature for both the Polyakov
loop and the chiral condensate appear to occur at the same
scale (within the errors). That this case is different is not
surprising because the supersymmetry ties glueballs and
gluino balls into the same supersymmetric multiplets [59]
so the supersymmetry will naturally bring the two scales
together, physics our computations totally miss.

Two index symmetric matter: here we predict a
potentially observable gap between confinement and chiral
symmetry breaking as for the adjoint matter fields. There
has been considerable interest in the SU(3) Ny = 2 theory
since it might be rather walking above the chiral sym-
metry breaking scale. In [60] with Wilson fermions a gap
between confinement and chiral symmetry breaking was
not observed. On the other hand in [61] with staggered
fermions a gap was observed. Work since these papers
[62-64] has centred on determining how walking the
dynamics is with sufficient suggestion of slow running
to make lattice results hard to confidently interpret at this
stage. The focus to date has been on looking for walking
dynamics but it might be interesting to study for example
SU(6) with Ny = 2 which is likely away from the edge of
the conformal window. That theory might clarify the size of
the gap if one is interested in the confinement versus chiral
symmetry breaking separation.

More exotic representations: We also have predictions
for representations that have not been studied yet on the
lattice. The R, and Rj; representations are only asymptoti-
cally free for particular choices of N and then likely in the
conformal window. The predictions here would be for gaps
between confinement and chiral symmetry breaking like
that for the adjoint representation. The SU(4) Ny =1, R,
theory is of more interest since that theory is predicted to
have a gap of over 11 which could be straightforward to see
on the lattice at finite temperature where one might observe
chiral symmetry breaking but no sign of confinement even
at quite low temperatures. Finally the S theories stand out
for having gaps above 20. Only the SU(2) theory with a
single Weyl fermion is likely outside the conformal
window though. That theory where the S; is only 4
dimensional might though also be of interest to study.

The interesting theories with large gaps between confine-
ment and chiral symmetry breaking are likely (or have
already proven) hard to study in lattice simulations because
of the potentially slow running above the chiral symmetry
breaking scale and the closeness of the critical coupling to
the fixed point value. For example consider the following
data for four of the theories
SU@3). F,Ny=3by =143 a, =0.79 a, = o
SU@3). G, Ny =2 by =048 a. = 0.35 a, = 0.42
SU(4), Ry, Ny =1by=0.64 a, =0.17 a, = 0.22

SU(2), S5, Ny = 0.5 by = 0.64 a. = 0.28 a, = 1.97

The first is QCD and has fast running from the
perturbative regime (large b)) and a critical coupling below
the fixed point value (which is formally infinite). It has a
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very clear distinction in phase between the perturbative
regime and the strong coupling regime and the chiral
symmetry breaking scale is associated with fast running
so clear cut. The SU(3) model with adjoints and the SU(4)
model with R; both run more slowly from the perturbative
regime but crucially have the critical coupling very close to
the fixed point value making the chiral symmetry breaking
scale indistinct. This has actually been the motivation to
study the adjoint theory but necessarily makes the job on
the lattice extremely hard. From the perspective of just
observing the gap between confinement and chiral sym-
metry breaking the SU(2) theory with an S3 looks much
easier to study since the critical coupling lies quite below
the fixed point value so the chiral symmetry breaking scale
should be easier to identify.

III. TWO-REPRESENTATION THEORIES

In this section we will move to considering gauge
theories with the matter fields distributed in two distinct
and inequivalent representations of the gauge group. Such
theories are starting to become of interest because they may
play a role in composite Higgs [65], composite dark matter
[66] and composite inflation [67] models. As a result there
are already some lattice simulation of such theories. Here
our interest began as whether we could construct a model
where a higher dimension representation condenses at one
scale leaving a conformal window theory below the scale
where the higher representation was integrated out. Such a
theory essentially would never confine although it would
have chiral symmetry breaking. In fact at the level of the
approximations we use we have not found any examples of
this behavior.

In spite of this one can achieve theories where a
higher dimension representation condenses leaving a
theory with a somewhat slow running coupling at lower
scales that generates a sizable gap before the lower dimen-
sional representation condenses and then presumably con-
finement sets in. We will concentrate on theories where the
lowest dimension representation is the fundamental since
every added flavor here has the smallest possible change on
the beta function coefficients, giving the most ability to
tune the running. Further since we want to be able to add as
many as we possibly can to bring the theory with just
fundamentals toward the conformal window, we add the
minimum number of flavors of the higher dimension
representation. That is one Dirac spinor for complex
representations and one Weyl spinor for real representa-
tions (we label this as 1/2 a Dirac spinor in plots)—in fact
we will also show results for 1 Dirac flavor in the case of
the adjoint representation to highlight the difference.

We proceed to perform another straightforward compu-
tation based on the perturbative running results in a gauge
theory with N fields in the fundamental representation
plus one (or a 1/2) in the higher representations from the
previous section. Again here we assume that if the

confinement scale lies far below the chiral symmetry
breaking scale then we can neglect the axial anomaly.
We compute by (1) and b; (9) in the theory with both
representations present to check the theory is asymptoti-
cally free, but also that the IR fixed point value (10) lies
above the critical coupling for the higher dimension
representation a® (4). We then ask what is the maximum
value of N such that a, > aX. In that theory we assume
that at some scale A, sz the coupling has run equal to ak
and the heavy fermions are integrated out. Next we run the
coupling numerically into the IR for the theory with just the
(maximal number of Ny) fundamentals. We ask at what
scale, A,spp it reaches the critical coupling for the
fundamental fields.

The ratio of these two scales which we denote by Q(R)

O(R) = Dxsbr (13)
A)(SBF

is the gap between the two condensation scales for the
given representation R. Since we expect the confinement
scale to lie below A,spp, this also measures the gap
between the chiral symmetry breaking scale for R and
the confinement scale. Note that the gap to the pole of the
theory is given by R(R)Q(R) and using the results of Fig. 1
the gap to confinement could be bigger than just Q(R).
We present our results in Fig. 2, where we display the
maximum value of Q(R) we can find by varying N ; as a

function of N for each possible representation R. We label
the points by the number of Dirac fermions in the
fundamental representation which has been used to maxi-
mize the gap.

One immediately sees that there are many theories with
adjoint, S, or A, representations that have gaps in excess of
a factor of ten. Adding four fundamentals to the SU(2)
theory with an S; raises the gap to over a factor of 30. The
convincing discovery of such a gap in a lattice simulation
would certainly show confinement and chiral symmetry
breaking to be totally separate phenomena.

We must be careful though because by tuning the gap
large we are also potentially making life harder for lattice
simulations. As an example lets consider SU(3) with a
single Weyl fermion in the adjoint. This is just A" = 1 super
Yang Mills. Now we can consider adding fundamental
fermions (which breaks supersymmetry) to observe the gap
growing—here our by, a. and a, are for the theory with
both representations present above the first chiral symmetry
breaking transition for the adjoint:

Njf =0by=143 a., =035 a, =

NE=4by=101a,=035a, =0 %:2.6

Njf =8 by =0.58 a. =0.35 a, =0.97 % =528
(SBF
NE =10 by =0.37 a. =0.35 a, =040 Agser _ 20.3
f Ayspr
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FIG. 2. Plot of Q(R) = A,spr/A,spr against N in theories with the minimal number of fermions in the higher dimensional
representation (either 1 or 1/2 for real representations) and N f in the fundamental representation. N jf has been tuned to maximize Q(R)

and its value is next to the point. We have used red for the fundamental, green for the adjoint, cyan for the rank-2 symmetric, gray for
three-rank symmetric, gold for the rank-2 antisymmetric, pink for the A3, maroon for the A, and blue, orange, black for the R ;3

respectively.

The N jf = 0 theory is QCD-like with fast running (large
by) and a,. < a,. As we add in fundamental fields we slow
the running (b, decreases) and a, falls, as the gap between
chiral symmetry breaking for the two representations
widens. The N ? = 10 theory has a, very close to a,
and the lattice will most likely struggle to identify the point.
The N? = 8 theory might represent a compromise that
allows the separation to be seen more cleanly even though
the gap is smaller. Incidentally N = 8 can be implemented
with staggered fermions so would also be cheaper (the
single adjoint field would need more sophisticated meth-
ods). Further it has been identified as lying outside the
conformal window on the lattice already [43—45].

In a similar vein it is probably not sensible to add
fundamental fields to the SU(2) theory with a Weyl S5 since
the gap is predicted to be large already so adding in walking
behavior will only complicate the simulations.

Finally we note a number of other promising candidate
theories with large gaps where fundamental fields could be
included as staggered fermions, albeit at larger N values:

{SU(5)|16 F,1/2G} with Q=122

{SU(9)|28 F,1/2G} with Q =9.55

{SU(10)|32 F,1/2G} with Q=115

{SU(T)20F,1S,} with Q=924
{SU(8)|24 F,1S,} with Q=113

A. Two representation lattice studies

There have already been a number of lattice studies of
SU(N) theories with two representations. In [68] SU(4)
with two F and two A, has been studied and a single
deconfinement and chiral symmetry restoration transition
observed (it is first order). This is not surprising given that
Nf =2 is low and the theory lies close to the pure A,
theory running. Here we do not expect really a bigger gap
that in QCD (see Fig. 1).

In [69] the SU(3) theory with adjoints was supple-
mented by Njf- = 2 fundamentals where a gap between
chiral symmetry breaking and confinement was again
seen as in the Njf =0 model [52] (again care may be
needed to find the continuum limit). This does not push N ?
up as high as 10 as we have suggested to maximize the gap
but shows the lattice technology does exist to study such
theories.

Very recently [70] has begun a study of theories with a
Weyl adjoint and fundamentals. For N f = 2 the theory has
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been identified as breaking chiral symmetries but the
temperature phase structure has not yet been explored.

IV. CONCLUSIONS

We have reviewed old arguments that chiral symmetry
breaking and confinement may be distinct phenomena that
are just accidentally close in scale for QCD. We have
presented some simple computations based on the two loop
running results for a and y for gauge theories with higher
dimensional representations. We have sought theories with
one representation with the largest possible gap between
the scale where y =1 (and chiral symmetry breaking
occurs) and the pole of the running in the deep IR pure
glue theory where confinement might be associated. We
have found example theories with much larger gaps than
QCD. This view is supported by the work in [52] which
shows such a gap for adjoint matter.

We have also highlighted how including additional
matter in the fundamental representation can slow the
running between the higher representation’s chiral sym-
metry breaking scale and that of the fundamental repre-
sentation. The confinement scale should then be a little
lower yet, so this is further evidence that chiral symmetry
breaking and confinement are disconnected. These theories
provide an alternative test of the idea of walking in gauge
theories, as well as adding further evidence of the gap
between confinement and chiral symmetry breaking.

The plots we have presented, based as they are on
perturbative results extended to the nonperturbative regime,
are only representative of the expected phenomena. It
would be very interesting to study such theories on the
lattice to provide first principle confirmation of the ideas.
Lattice methods now extend to theories with multiple and
higher representations and have concentrated on looking at
walking theories that might apply to beyond the Standard
Model (BSM) physics. We think it would be sensible to
study also the separation of chiral symmetry breaking and
confinement because it will shed light on the fundamental
mechanisms at work at strong coupling and reinforce the
logic behind the BSM theories. These models we propose
are also less close to the conformal limit than walking
theories so should be easier to simulate on the lattice. In the
case of two representation theories, by having a sharp
UV scale where the higher dimension representation
condenses before the walking regime in the theory with

just fundamental fields begins, it may help lattice simu-
lations more cleanly understand walking dynamics.

Note we have assumed in our discussion that finite
temperature transitions will occur in sequence as the
temperature passes through the scale of each phenomena
as seen at zero temperature. For example, as one raises the
temperature, that first the theory will deconfine then
sequential representations of fermions will have chiral
symmetry restored. We assume gaps between these temper-
atures would reflect the gaps between the scales we have
computed. However, at finite temperature, thermal zero
modes of the gauge degrees of freedom may control the
dynamics toward the infrared whereas the fermions decou-
ple as they acquire a thermal “Matsubara mass.” This may
change the dynamics compared to the zero-temperature
case considered in the present work. It would therefore be
good to confirm this interplay in a first principle lattice
calculation.

In the introduction we noted that NJL operators have
already been used to separate the confinement and chiral
symmetry breaking scales [15]. In these theories it would
be very interesting to follow the behavior of the Polyakov
loop as the chiral symmetry breaking scale is raised. If
operator mixing does tend to bind the two scales together
then one would expect the confinement scale at first to grow
with the NJL coupling. Eventually it would be expected to
fall lower as the gauge coupling becomes weakly coupled
at the chiral symmetry breaking scale. Such an analysis
could shed light on a critical coupling for confinement. An
interesting renormalization group analysis of these theories
has been performed in [71] and supports the idea that the
scales can be separated in the presence of large NJL
operators in theories with fundamental and adjoint quarks.
That study also suggests that at low NJL coupling there
may be some binding of the two scales.

Finally, if the separation between confinement and chiral
symmetry breaking is well established it may have conse-
quences for QCD where at high density new phases such as
deconfined massive phases [72,73] or quarkyonic phases
[74] may exist if such separation is allowed.
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