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Pole and screening masses of neutral pions in a hot and magnetized medium:
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In this work, we investigate not only the pole masses but also the screening masses of neutral pions
at finite temperature and magnetic field by utilizing the random phase approximation (RPA) approach in the
framework of the two-flavor Nambu—Jona-Lasinio model. And two equivalent formalisms in the presence of
a magnetic field, i.e., the Landau level representation and the proper-time representation (PTR), are applied to
obtain the corresponding analytical expressions of the polarization functions (except the expressions for the
pole masses in the PTR). In order to evaluate the applicable region of the low-momentum expansion (LME),
we compare the numerical results within the full RPA (FRPA) with those within the reduced RPA, i.e., the
RPA in the LME. It is confirmed that the pole masses of z° in the FRPA suffer a sudden mass jump at the Mott
transition temperature when in the presence of external magnetic field, the Mott transition temperature is
catalyzed by the magnetic field. And by analyzing the behaviors of the directional sound velocities of 7,
which are associated with the breaking of the Lorentz invariance by the heat bath and the magnetic field, we
clarify the two problems existing in previous literatures: one is that the transverse sound velocities in the
medium are always larger than unity and thus violate the law of causality on account of the noncovariant
regularization scheme, and the other is that the longitudinal sound velocities are identically equal unity at

finite temperature on account of the limitation of the derivative expansion method used.

DOI: 10.1103/PhysRevD.103.094001

I. INTRODUCTION

Extremely strong magnetic fields are expected to exist in
several important high-energy physical systems, such as the
early Universe [1,2], compact stars [3], and the noncentral
heavy ion collisions [4-7]. As a consequence, in the last
few decades, more and more attention have been paid to the
influence of strong magnetic fields on the strongly inter-
acting matter. Theoretically, it has been known that, the
interplay between nonperturbative properties of quantum
chromodynamics (QCD) and the strong magnetic field
might give rise to a variety of intriguing phenomena,
e.g., the chiral magnetic effect [8§—11], magnetic catalysis
[12-15] and inverse magnetic catalysis [16], vacuum
superconductivity [17,18], and so on. In particular, some
of these phenomena are associated with the hadron proper-
ties in external magnetic fields. For one thing, in order to
confirm or exclude the existence of the charge rho meson
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condensation in strong magnetic fields, i.e., the electro-
magnetic superconductivity of vacuum, the behaviors of
rho meson masses dependent on the magnetic field strength
have been computed by various effective theories and
models [17-31] as well as lattice QCD simulations
[32-36]. For another, since neutral pions are Nambu-
Goldstone bosons of the chiral symmetry breaking, the
modifications of their properties in an external magnetic
field will help to understand the effects of magnetic fields
on the chiral phase transition and thus are extensively
investigated recently [37-59]. Furthermore, there are some
other works involving heavy mesons [60—71] and baryons
[72-78] in the magnetic field.

In the present paper, we will focus on studying the
neutral pion masses, including not only pole masses but
also screening masses, at finite temperature and magnetic
field via random phase approximation (RPA) approach
in the two-flavor Nambu—Jona-Lasinio (NJL) model. As
mentioned in the last paragraph, there are a lot of works that
have studied the pole masses of 7° mesons under a constant
external magnetic field, but only several of them explored
the screening masses of them correspondingly [39,40,52].
On the other hand, in Refs. [39,40,52], the pion masses,
including the pole and screening masses, were obtained
by employing the derivative expansion method in the
NJL model, which is just equivalent to the RPA in the
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low-momentum expansion (LME) (or call it the reduced
RPA) [52]. Therefore, we will complete the analytical
derivations and numerical calculations for both the pole and
screening masses of neutral pions within the full RPA
(FRPA) under the magnetic field. Furthermore, due to the
explicit breaking of the Lorentz invariance by the magnetic
field and the temperature bath, there is not only an
anisotropy between the transverse and longitudinal direc-
tions with respect to the direction of the external magnetic
field, but also another one between the temporal and spatial
directions. Both of them will be thoughtfully discussed in
this paper, whereas the latter one was neglected in
Refs. [39,40,52] as a result of the defects of the derivative
expansion method at finite temperature.

Based on the strategy in Refs. [39,40], a nontrivial
anisotropic energy dispersion relation for neutral pions in
the hot and magnetized medium (the magnetic field is
assumed to be in the positive z direction without loss of
generality) is introduced by

E? =l q} + ujgs +my o, (1)

where u; = u; = u, and u| = uj3 represent the pion trans-
verse and longitudinal velocities (u#; is the pion sound
velocity in the g; direction), respectively, and m, . is the
pole mass of neutral pions. Apparently, it is a natural
extension of the scenario in a hot medium under vanishing
magnetic fields [79,80]. Here, according to the patterns of
Lorentz symmetry breaking by the temperature bath and the
magnetic field, u;, = u, (B, T) is a quantity dependent on
both T and B, while uj = u(T) is T dependent only.
Correspondingly, the transverse and longitudinal screening

m
: __ "'mp.pole
masses of the neutral pion are defined by m; o | = s
my, . .
and my | = B—H”"'e In particular, according to the evalu-

ation of the one-loop effective action in the two-flavor NJL
by the derivative expansion method [39,40], these quan-
tities, such as u; and u), are associated with the normali-
zation parameters (form factors) of the pion fields. Please
note that in Refs. [39,40] u, and u| were defined as the
refraction indices mistakenly. Thus, in our paper, the
definitions of the directional refraction indices are given
by n, =1/u, and n| = 1/u.

Now, we begin to consider three special cases for Eq. (1)
in the following: first, at 7 =0 and B = 0, we should
have u, = u| = 1, and thus My pole = Mgy ser, L = Mgy ser|
because of the Lorentz invariance. It implies that, in the
chiral limit, massless pions propagate at the speed of light
in vacuum. Second, at 7 # 0 but B = 0, since the temper-
ature breaks the boosts of Lorentz symmetry, it is expected
that u; = uy=u # 1 and My pole # My ser. L = My ser||-
And as discussed in Refs. [81-83], the sound velocity u is
always smaller than unity (i.e., # < 1), which means
massless pions, in the chiral limit, travel at a speed
slower than the speed of light in the hot medium, obeying

the law of causality. Third, for B# 0 but 7 =0, the
anisotropy that arises by the constant magnetic field leads
to u; #uy but uy =1, as well as my o | # My o and
My pole = M scr,|- I order to satisfy the causality, we
expect that uy < 1 and my pole = My ser,| < Mgy ser,L- 118
found that our statements are consistent with the results in
Ref. [52], but in contrast with those in Refs. [39,40],
although all calculations were done by the same derivative
expansion method in the NJL. model. According to argu-
ment in Ref. [84], this problem is caused by the regulari-
zation schemes used in these two papers: the former one
uses the covariant regularization scheme [the Pauli-Villars
(PV) scheme], while the latter one uses the noncovariant
soft-cutoff scheme. This is one of the reasons why we
choose the Pauli-Villars scheme in this paper and a further
discussion will be held also. Finally, to summarize the
above discussions, when 7 # 0 and B # 0, we arrive at
the conclusions: u; <u <1 and mg poe < My ger || <
My, ser, 1 - However, in Refs. [39,40,52], it is claimed that
the longitudinal velocity u of neutral pions is equal to
unity always and independent of 7. The source of the error
is because the derivative expansion method ignores the
breaking of Lorentz invariance by the heat bath: more
explicitly, in the one-quark-loop polarization function
calculations, the static limit (¢o =0, ¢ = |q| — 0) does
not commute with the long-wavelength limit (g, — O,
g =|q| =0) at finite temperature [85], and these two
limits solely commute at 7 = 0. In addition, the erroneous
results u; > wyjand my o | < My oo atnonzero T and B
were also obtained in Refs. [39,40] due to the noncovariant
regularization scheme, which will be corrected by employ-
ing the Pauli-Villars scheme in this paper.

The work is organized as follows. In Sec. II, we first
introduce the two-flavor NJL model in the presence of an
external magnetic field and derive the gap equation for
the quark mass in the mean field approximation at finite
temperature and magnetic field. And then, the pole and
screening masses of neutral pions in the hot and magnetized
medium are calculated based on the standard RPA
approach, where we make use of two equivalent formalisms
in the magnetic field, i.e., the Landau level representation
(LLR) and the proper-time representation (PTR). And
notice that, since it is difficult to compute the pole masses
at finite temperature in terms of the PTR, we only deal with
them in the LLR. Next, in Sec. III, we show our numerical
results not only within the FRPA but also within the
reduced RPA (RRPA). Finally, the summary and conclu-
sions are presented in Sec. IV.

II. FORMALISM

A. NJL model and the gap equation

The Lagrangian density of two-flavor NJL model [86,87]
under a constant external magnetic field is given by
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=@ (ip — iy + Gl(py)* + (Fir7y)],  (2)

where y = (%) represents the quark fields of two light

flavors, 7 = (z!,7%,7%) is the isospin Pauli matrix, and G
is the coupling constant corresponding to the (pseudo)
scalar channel. The current mass matrix i1 = diag(m,,, my),
and we assume that m, = m; = mg. As for the covariant
derivative, D, = 0, + i QeAjjXt couples quarks to an external
magnetic field B = (0,0, B) along the positive z direction
via a background field, e.g., Af,’“: (0,0,—Bx,0). Besides,
Q = diag(Q,. Q,) = diag(2/3,—1/3) is a diagonal quark
charge matrix in the flavor space, and e is the absolute value.

In the mean field approximation, the constituent quark
mass m is determined by the gap equation [88,89]

m = my —2G(py), (3)
which is obtained by minimizing the thermodynamical
potential. And (py) = —TrS(u, u) with the quark propa-
gator in the mean field approximation S = i(ip — m)~! =
diag(S,, S;). In the presence of a constant magnetic field,
the quark propagator S(u, u') can be expressed in the LLR
[90], and it takes the following form:

S(u,u') = TS (w—u'), @

Su-u) = [ Sherttsp). 9

where u = (t,x,y,z), r; =(x,y), and ®(r,,r|)=
—QreB(x +x')(y —)')/2 is the Schwinger phase [91]
for the vector potential in the above Landau gauge. In
momentum space, the Fourier transform S(p) of the
translationally invariant part S(u — ') is given by

ey

nOpO

)"Dy(p)
p3 -m —2n\QfeB|

(6)

where the numerator of the nth Landau level contribution is
determined by

D,(p) =2[p%" - p*y* + m]
X [PLL,(2p1 %) = P_L,_(2p%1?)]
+4(p'y' + p2A)LL_ (2p2 P). (7)

Here LY%(z) are the generalized Laguerre polynomials,
P.=1(1=+is y'y?) are spin projectors, and [=
\/1/|QyeB]| is the magnetic length. By definition, s, =
sign(QeB) and L%, = 0.

By making use of Egs. (4)-(7) and performing
Matsubara frequency summation, the gap equation of
Eq. (3) at finite temperature and magnetic field can be

explicitly written as follows:
m = my + 4GN ml,(m?), (8)

and the function I, (m?

Z |QfeB\Zﬂn1/ nf 9)

f=ud

) is defined as

I (m?)
where 8, =2 -6, and
- dp3 1
=-T o3
Zoo/ 2z (iwy)* = p3 —m; , + i€

dps 1 ebnlT —1
27 2B, ;ebnl/T 417

(10)

with io, = i(2l+ 1)zT, m; ;= 2n|QreB| 4+ m*, and

E,;=\/p3+m, ;. And I'(m; ;) can be divided into a

sum of two contributions—the vacuum part and the
temperature part,

1/1( ) I/IVdc( )+Iltem( n.f)’ (11)

with
dp3 1
20\ _
Ill vac(m ,f) - §2En,f’ (12)
dp; 1 -2
Bmlmt) = [ LGB gy

21 2B, ebnlT 117

Notice that the vacuum part is divergent, while the temper-
ature part is convergent and vanishes at 7 = 0.

Since the NJL model is not renormalizable, regulariza-
tion is needed in the model calculations. In this paper, we
shall use the Pauli-Villars regularization scheme, which
preserves the Lorentz symmetry. And although the three-
dimensional cutoff regularization scheme is commonly
used, it breaks the Lorentz invariance and leads to an
unphysical oscillation [89,92]. In the Pauli-Villars scheme,
an integral /(m) is regularized as

I(m) = Z Cal(ma)’ (14)

where m, = \/m* + a,A*> are masses of auxiliary par-
ticles. The parameters a, and C, are determined by the

condmons ay=0,Co=1,and >N C,mi =0for L =
0,1,...N—1. In this paper, we make the choice
(C(),CI,CZ) = (1,1,—2) and (ao,al,az) = (0,2, 1)
And then the parameters GA? =2.87, A =851 MeV,
and my=15.2 MeV are fixed by the decay constant
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fr=93 MeV, (iiu)=(-250MeV)?, and m, =135MeV
as in Ref. [88].

Therefore, in the Pauli-Villars scheme, the correspond-
ing expressions are given by

1 N
I/I;Xac(mi,f) = _Ezocaln(mi.f,a) (15)

and
N
I,llj,\t;m(mi.f) = Z C!ll/l,tem(mizq,f.a)’ (16)
a=0
where  m;, ., =m; +a,A. Now, I''V(m; )=

IV, (my ) + '\ (m;, ) can be used to calculate the
constituent quark mass m at finite 7 and eB by the gap
equation.

Alternatively, the translationally invariant part S(u — u')
can also be expressed in the mixed coordinate-momentum

space [90],

. dpodps o i
S(u—u') = / DULR emimtiniS (pg. pyirs =),

S(Po,Pz;ll -r))

e—ri/(4lz) ©
=1

Dn(Po, p3:r —r)) (18)
2712 g pi— p3—m? —2n|QeB|’

where the numerator of the nth Landau level contribution is
determined by

D,(po. pyirL — 7)) = [p%° = p’y’ + m]
X [P+Ln(§) + P—Ln—l(é)]

_ 112 (rL—v) 7. L (&), (19)

)2
with & = —mz;l) and y, = (y', 7).

Furthermore, the sum over Landau levels can be easily
performed in Eq. (6) with the help of the summation

formula for Laguerre polynomials [93],

[Se]

ZL‘;(x)z” = (1-z)"*Dexp <le> (20)

n=0 -

27)? -
(27) Then we obtain the propagator S(p) in the proper-time
(17) representation [91],
|
5 0 is <p2_pz_m2_pz ‘*‘"(Qf””))
S(p) = / dse \'° 7 S I p,+m+ (p'y* — p*r') tan(QyeBs)|[1 — y'y? tan(QeBs)]. (21)
0
By utilizing Eq. (21), the functions I ,,.(m?) for T =0 and I,(m?) for T # 0 can be rewritten in the following forms,
respectively:
1 w gTms
I yoc(m*) = Z QfeB/ ds coth (QreBs) (22)
- 0 s
f=ud
and

1,(m?) T ZQfeB [)00 ds

=3
42 =y

T 00
Z QfeB/O ds

= 3
S

25

" oy 35 )

[=—

2

—m-s

NG

coth (QeBs)6,(0, e““’zﬂz), (23)

where the Jacobi theta function 6,(0, ¢) =2/ >"% ¢""*1) . We follow the Pauli-Villars regularization procedure above,

so that Egs. (22) and (23) can be written as

Ilrxac (m2) = AII]D,Vvac(Inz) + Ill),zac (m2)|B:0

1 & o
:WZCQZQJMB/) ds©

a=0 f=ud

and

[coth (0;¢Bs) - Y () (24)

1
QyeBs
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ITVOnZ)::AITVOWZ)4-ITVOn2MB:o
- Z e 1 4n2ST? PV (2
= 0 eB/ ds [coth(Q eBs) — ]92(0, e+ 1Y (m*) g, (25)
4”2 a=0  f=u.d ! \/E ! QfeBs : ?
|
where AP e %
Hﬂo.vac(Q) = —l/WTI'{lY5T3S(p)l}/5TBS(p _Q)} (30)
1Y (m*) | p=o = I Vae(m*) =g + I yem(m*) |-~ (26)
Note that two Schwinger phases of the quark-antiquark
with pair cancel with each other in the neutral meson polariza-
tion function. At finite 7', the corresponding expression for
Il is obtained by the replacement
Y (m?)|p_ ~0=7% C,m2In(m2) (27)
e Z Inlmi) po — iw; = i(21 + )aT, (31)
and &
. (32)
PV ®
h ‘em( Na-0 = ZC 0 dp P2+ m2 Since T,, matrix is interpreted as an effective meson
(_2) propagator, the pole mass m. (setting g; = g, = g3 = 0)
X 28 and the screening masses - in ¢’ direction (settin
T (28) g My in g' direction (setting

which is obtained by using the quark propagator in vacuum
S(p) =1

It will be shown later that, compared with the quark
propagator in the LLR in the momentum space, it is more
convenient to derive the analytical equations for meson
transverse screening masses by using the quark propagator
either in the LLR in the mixed coordinate-momentum
space or in the PTR. Hence, in the following subsections,
we will first derive the equations for the pole masses and
longitudinal screening masses of neutral mesons by using
Eq. (6), and then show the derivations of the equations
for the transverse screening masses by using Eqgs. (18)
and (21), respectively.

B. Meson pole and screening masses
at finite T and eB

In the framework of the NJL model, the quark-antiquark
T matrix for the meson channel M is constructed by using
the RPA,

2G
Ty=——"¢, 29
M1 -26my, (29)
and we focus on M = z° in this paper. And in momentum
space, by introducing the propagator of Eq. (6), the meson
polarization function Il in the magnetic field at 7 =0
takes the form

go =0, and g; = 0 for j # i) can be solved by following
equations, respectively:

1 —2GM (g3 = m?

pole’

0)=0 (33)
and

1 —2GM(0,g? = —m?

scr,i

) =0. (34)

When mpge (mg,) exceeds 2 times the quark mass, we

F o]e

(mger =
Moy — *”) and the mass myq. (M) and its w1dth Cpote
(Ty;) are determined by the corresponding complex equa-
tion. For simplicity, in this paper, we implicitly neglect
the widths of the mesons and define the masses by the real
parts of Egs. (33) and (34),

need to make a replacement mpqe — Mpgle —

1- 2GR6[H”0 (q% - mgole’ O)] =0 (35)
and

1 —2GRe[IL0 (0, qiz = _mgcr,i)] =0. (36)

Now, we begin with the derivations of the equations
for the pole masses. By working in the rest frame of
mesons, i.e., ¢ = (¢°,0,0,0), and using the orthogonal
relationship for the Laguerre polynomials, the polarization
function for 7° pole masses at finite 7 and eB can be
written as

094001-5
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IL0(q5.0) = N.[21,(m?) — q51>(m*, 45, 0)], (37)
where
|0 €B|
Iy(m?, 43,0 Z SN B (. 63.0), (38)
n=0

and I%(m?, ¢§.0) is obtained by taking analytical continuation iw; = i2zjT — ¢° for I'(m?, iw;,0), with

dp’; 1
I(m 0)=-T . 39
(" fe, Z / 27 (iw))* — E% , (iw; — iw;)* — E2 (39)

n.f (la)l n.f

Besides, it is shown that I’2(m2, q%, 0) can also be separated into two terms, i.e., the vacuum and temperature parts,

1y(m?, g5, 0) = Iy .. (m*, q5,0) + Iy o, (m*, 45, 0), (40)
where
dpg, 1
I oo (m*. 45.0) = /E—zqé (41)
4En,f(En,f - T)
and

dl?3 1 (—2)

I, 2.q2.0) = . 42
Ztem(m 490 ) 27[ 4E ( _%%) eE"f/T + 1 ( )
Obviously, I, .. (m?, ¢3,0) is divergent and in terms of the Pauli-Villars scheme, it takes the form (¢° > 0)
N 90
. C arcsin (51— " )
I/gvvac(mz’ q(Z) + ie, O> = 22—; ®(2m”‘f*a - qo) - L 2
a=0 qdoMy f.a 1 - (Zmnm)
arccosh(52 ) F i
+ 9(610 - 2mn.f.a) ’ (43)
q40My f.a (2m [(1) -1
where ©(x) is the unit step function. As for the temperature part I'}Y. (m*, ¢5.0), it is easily obtained by
I/2P\t;m m qO’ ZC I2tem(ml%t’ q%,O) (44)
Thus, we have
'Y (m?, q3.0) = I'7\ (M, 5. 0) + 'Y (m*. 45, 0). (45)

which can be used to calculate the pole mass of z° at finite 7 and eB by Eq. (35).
Next, we show the equations for the screening masses of z° in the longitudinal direction, i.e., the direction of the
magnetic field. In the frame of ¢* = (0,0,0, ¢*), one finds that the polarization function for z° reads

IL0(0.43) = N.[21,(m?) + ¢31,(m*,0. ¢3)]. (46)

094001-6
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Similarly, at T = 0, I,(m?,0, ¢3) is represented in such a form

10 €B|
12 vac m 0’ 3 Z f Zﬂn 2VaC mz’()’ q%)’ (47)
n=0
with
dpodp3 1 1
hac(M?.0.63) = / : (48)
b, : (2”)2 P%—P%—mi,fp(z)_ (P3 —613)2 _m%,f
In the Pauli-Villars scheme, when making a replacement g3 — —(k3 =+ ie), I'5Y,.(m?,0, k3) takes the form

N . ky
C arcsin (5,2 —)
IR0, 2 de) = 32 ¢ O g0 = ki) |- =
a=0 " k3m, ro4 /1 — (anjm)z
arccosh( ) Fil

+ @(k3 - 2m”.f.a)

k (49)
kSmn.f,a (Zm,im)z -1

Notice that it is exactly the same as Eq. (43), in consistent with our expectation that m,e = mg,3 at T = 0 but eB # 0.
For finite 7, it is known that

> d 1 1
I(m?,0,43) = —TZ/ Is , (50)
A,

2z p3 +mn1/ (p3 — )2+m3.l,f

where m},, . = [(21 + 1)aT]* + m;, ;. In order to evaluate the temperature-cut contribution easily, we use the method in

Ref. [92], where the Matsubara summation must be taken after the momentum integration. Therefore, following the Pauli-
Villars scheme, we have

/PV (2 2 = dP3 1
I (m,O,q3):—ZC 2

2z p3+ mnlfa (p3—aq3)° + m%.l,f,a

-y Z Ca (51)

[=—00 a=0 4mn lfa(mn ILf.a + q3>

with m;, , ., = [(21 + 1)zT]* + m;, ; .. Thus, after making the substitution g3 — —k3, we obtain

Cy
IV (m?,0,k3) = =T Z Z . (52)

2 3
I=—c0 a=0 4m,, lfa( nlfa 72)

In this way, the longitudinal screening mass mg || (i.e., Mg 3) at finite 7 and eB is determined by
1- 2GRe[ Y (0,k3 = scr H)] =0. (53)

Finally, we turn to explore the screening masses of z° in the transverse direction Myer | (Myer | = Moy = My ) under
the magnetic field along the positive z-axis. However, it is found that it is not convenient to compute the polarization
functions by using the quark propagator in the LLR in momentum space of Eq. (6). Hence, we make use of the quark
propagator in the LLR in the mixed coordinate-momentum space of Eq. (18), and the polarization function for 7 = 0 can be
expressed as (we set I/, = 0 for simplicity)
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dpodp;
(27)?

M .. (q) = / dPr | e ™ Trliyst38(po. pa; vy )ivst>S(po — g0, P3 — 43:—11))- (54)

In order to calculate m. |, we need to set gy = g3 = 0. With the help of Eqs. (A1) and (A2), we obtain

Jz Vac O qJ_ N Z Z{ Xnn +Xn 1,n'— 1)[11v‘1c( )+11vac( f)]
f=u.,d n,n'=0

. [<2n S

(Xn,n’ + Xn—l,n’—l) - Yn—l,n’—1:| Ig,vac(mz)}’ (55)

where ¢ =q% =@ + @3, Xyw = (247) 0GR, Y = or 12) SI0" (g2) [the explicit expressions of 70" (¢2) and

7z ;”",(qi) are given in the Appendix], and

1" ( 2) _ i/dedP3 1
Bvae (27)* (p§— p3 —2n|QyseB| — m*)(p5 — p3 — 2n'|QreB| — m?)
_21” lnfnr;l j;/n’;nff) n/ # n
= (e 56
-l 1 n' =n. (39
27r2m"_f

Thus, the corresponding expression in the Pauli-Villars scheme is given by

I”gvvac 2) — Z C 12 vac (57)
a=0

At finite T, T1,0(0,¢%) can be easily obtained by making the replacements I} ,.(m*) — I'(m?) and I . (m*) —
IIQI(m ) - Igvac( )+I/2/‘Lem( 2)’ Le.,

20.8) =N, 3 Z{ Kt + Xt (m2) + 1y 2, )]

f=u,dnn'=0
[(211 +2n")|QreB|
* 2

(Xn,n’ +Xn—l,n’—l) - Yn—l,n'—l:|1/2/(m2)}7 (58)
where the temperature part 1. (m?*) takes the form

I3 o (m?) = =13 o (m?) + I3 (m?)

dp3 1
I// 2) -7 / :
Bvae Z [(iw)* = p3 = 2n|QeB| — m?|[(iw;)* — p3 — 2n'|QeB| — m?]
dp 2 1 2 /
_ 27: [2En f(Enf_Ei )e "f/T+1 T 2En'/‘< . f Ei,f) eEn’_f/T+11| " ;é " (59)
B dps 1 -2 W =n
2r 4E3 )l.f/TJr] - I
Similarly, we could have
I//g\t/em 2) - Z C 12 tem (60)

And then by replacing qi - —ki, the screening mass of z° in the transverse direction Mg can be solved by
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1 - 2GRe[IY (0,K2 = m2, )] = 0. (61)

On the other hand, we find that it is more convenient to obtain the transverse screening masses of 7 by using the quark
propagator in the PTR. More explicitly, for 7' = 0, after substituting Eq. (21) into Eq. (30) and performing straightforward
but tedious calculations, one finds that IT, ,.(0, g7 ) can be reduced to the following form:

sinh[QeB(5%)s] sinh[QeB(154)s] 4% }

o b —sqm+ :
zz vac O (]L 4 2 Z / dSA due S{m sinh(QfeBs) QyeBs

f=ud

, 1 QseB (QseB)*  , QyeBsinh[Q eB(1")s] sinh[QfeB(l_T”)s]}
x { (m * ) tanh(Q reBs) * sinh®(QreBs) - sinh*(Q eBs) - (62)

Of course, it is still divergent, but its convergent part contributed from the magnetic field could be easily extracted by
subtracting the vacuum part. Thus, we rewrite IT0 ,,.(0. g% ) in the following form:

szo,vac (07 qu) AHIIO vac(ov qi) + Hﬂo vac(o’ qi) |B:O’ (63)

where
AHzzo,vac (Ov qzi) = 1—I;r(),vac (07 qzi) Hﬂo vac(ov q2l) |B—>O

1 B ,  sinh[Q reB(H)s] sinh[QeB(15%)s] ¢
> [ [ e { OB G
0

4”2f u,d
x4 m2 1 QreB n (QeB)? 2 QeBsinh[Q ;e B(134)s] sinh[Q reB(154)s]
tanh(Q reBs) sth(QfeBs) 1 sinh3(QfeBs)
N Nf 241 2 Z) m: 2 5 1—u?
S m o = 4
/ / e (S TRty ) (64)

which is the finite contribution from the magnetic field. Note that the divergent part ILo ... (0, g% )| 5, needs to be acquired
by using the quark propagator in vacuum, and it has the form

Hn".vac (0’ Qi) |B:O =N, [211,vac<m2) |B:O + QiIZ,vac(mz’ 0, Qi) |B:0], (65)

where 15 y,(m?,0, g7 )| _o is defined by

d*p 1 1
15 vac(M?,0, %) | 5= —2iN~/ : (66)
e BT ) Q) pi—pr - pi—mP pi— (pL—qu)? - pi - m?
And then, both terms of the right-hand side of Eq. (63) are handled within the Pauli-Villars regularization scheme,
szvac(o? qi) Al—IPVVac(O’ qi) + Hi(}ivac(o’ qi) |B:0' (67)

The regularized form AHi N vac (O,qi) is obtained by making the substitution according to Eq. (14). As for
Y (0.¢%)|p=0- 1} vae(m?)|—o has been given by Eq. (27), and by following the method in Ref. [89], one finds the

71' ,vac
2m, | 2 9. \*, 91
1 1 1 1 68
7 +<2m> n( —|—<2ma) +2m + Inm, (68)

Moreover, the substitution g3 — —(k% =+ ie) leads to the result (k; > 0)

expression for 15V, .(m?, 0, ¢%)| .

N
IZPV\/ac(rn2 O ('IJ_)|B 0= Ax ZZC
a=0
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N
2m ki \? k
f a 1 . 1
15V, (m?,0, k% £ ie))|p_g = ppe EZO {@(Zma —ky) l I 1- <2ma> arcsm(zma) —|—lnma]

2ma kj_ 2 kJ_ w4
+ Ok, —2m,) l I <2ma> -1 <arcosh <2ma) F l§> +1In mal } (69)

As for T # 0, by the sum over Matsubara frequencies, we generalize the expression for the pion polarization function to
the case of finite temperature, and the result for I10(0, g7 ) is given by

s smh[QfeB(%)s] sinh[Q reB(154)s] T w }
I,0(0,¢7) = / SZdS/ due sinh(QeBs) QfeBS !
”‘f ud I=—co
L 1 o QseB (QyeB)? , QreBsinh[Q eB(15%)s] sinh[Q e B(154)s]
X m? - .
2s tanh(QfeBs) sinh?(QeBs) 7 sinh’(QreBs)
(70)
Similarly, it can be divided into two parts also,
Hno (O’ qi) = AHIIO (07 qi) + Hlto (07 qi)'BzO? (71)
where
slnh[QfeB(H“) ]sinh[Q eB(154)s] 42 2}
0 1 —s< m2+ - —+ w
AH O T s%ds / due sinh(Q eBs) QyeBs l
0 qJ— ﬂZ fzud [Zoo / 0
A (s L 1 rw QeB N (gfeB)2 2 QseB smh[QfeB(32 )s] sinh[Q reB(154)s]
2s tanh(QeBs)  sinh*(Q,eBs) sinh’(Q reBs)
N N u 3 1 - 2
/ T / S_ids/ due=stm ¢ ot} 5 L (2 +—+4wl | -4 = ) (72)
27[2 Pt 2s 4

and T1,0(0, g3 )|_o has the form

I1,0(0.47)|p—o = N.[211(m) | 5_o + q112(m*.0. 47 )| p—0]. (73)
with
I,(m?,0,¢% ) |50 = 2NTE / : : (74)
2 f .
H1B=0 = Swl+pi +pi+mPel+ (pL+qu) + pi+m?

And both terms of I1,0(0, g3 ) need to be regularized in the same way as IL ,.(0. 4% ),
LY (0.4%) = AT (0. ¢1) + 153 (0. 4% ) 5-0- (75)

Especially, for IT% (0, g7 ) |g—o, 17" (m*)| p— is defined by Eq. (26), and 15" (m?,0, ¢7 )| p_ is given by the expression (see
Ref. [92] for detailed calculations)

N, T &
2,0, o = = D~ D Sarctan (), (76)

aOl*oo
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In fact, the meson screening masses in the longitudinal direction could be calculated by the quark propagator in the
proper-time representation also. By following the same procedure as above, we get the expressions of the corresponding

polarization functions at 7 = 0 and T # 0, respectively,

N, e 1 —s {mz =) 2i|
Hﬂo,vac(()? Q%) = m Z A dS\/0 due MRS

f=ud

2, 1
% {(m + s) tanh(Q eBs) *

and

N - ® 1 —s |:m2+ 7 q%+w12:|
I,0(0,43) = —5 T / sids/ due ’
#(0.43) ZH%f;d l;o i i

QreB (QyeB)? _ ,(1—u?)  QpeB ] (77)
sinh?(QeBs) EER tanh(Q yeBs)
(1-u?)
OreB (QreB)?  ,(1—-u?) QyeB (78)
sinh®(QreBs) T 4  tanh(QgeBs)]’

1
L
x [(m Tt w,) tanh(Q reBs) *

The regularization procedure proceeds in the Pauli-Villars
scheme as well,

I o (0.43) = AILY | (0.43) + T (0.43)[5—0 (79)

79 vac 7°,vac

and
PV (0, ¢3) = ATIEY (0, ¢3) + 1Y (0, g3) |- (80)

Note that TT?Y
b

vac(0:43) |50 and T1}'(0.43)[p—o take the
same forms as TI%) (0,47 )[s_o and T1%'(0, ¢7)|p_o-
Finally, after making the replacement g3 — —k3 and ¢% —
—ki in Egs. (80) and (75), pion screening masses in the
longitudinal and transverse direction can be solved by
Egs. (53) and (61), respectively.

III. NUMERICAL RESULTS

In Sec. II, we obtained the equations for the pole and
screening masses of 7° by means of the full RPA approach
in a hot and magnetized medium. Before performing the
numerical calculations, we remark that in Refs. [39,40,52],

|

|

the derivative expansion method was employed to
calculate meson masses in the NJL. model. And this method
is equivalent to the RPA in the LME (i.e., RRPA), e.g.,
I,(m?,¢*) ~ I,(m?,0) in vacuum, as discussed in
Ref. [88], where I,(m?, ¢?) is regarded as a smooth
function dependent on g*. Hence, in this section, we will
further compare the results generated by the FRPA with
those generated by the RRPA so as to find out how these
two approximations agree with each other. Apparently, for
the pole masses and the longitudinal screening masses of
mesons in the LME, we can just simply set 1,(m?, g3, 0) ~
I,(m?, q(z) — 0,0) and I,(m?,0, q%) ~ I,(m?,0, q% - 0) in
Egs. (38) and (47), respectively. Please note that, as
discussed in the Introduction, I,(m?, g5 — 0,0) # I,(m?,
0, q% — 0) at finite temperature, which was neglected in
Refs. [39,40,52].

As for the meson transverse screening masses, we need
to expand the corresponding polarization functions, either
in the LLR or in the PTR, to linear order in ¢ . Explicitly,
according to the expressions of Egs. (81) and (82) in terms
of the LLR, we have

1 /|QeB| o q1
(X, + Xy wey) = (=) =20 B 5, — T Oo(q* 81
2( n.n + n—1,n 1) ( ) 7 ﬂn n'.n 1 2|Qf€B| + (('IJ_) ( )
and
 4|QpeBl? s
Yoot = (=1 =L s, — T L o(q*). 82
n—1,n"—1 ( ) e noy, 2 2|Qf€B| + (QJ_) ( )
where

T = (20 = )8y ey + 408y + (20 + 1Sy ni1s

forn>1 J0=J%"=1 forn=0 (83)
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and
T = n(n = 1)8y ey + 2028, 5 +n(n+1)8, 41, forn>1.

So we can rewrite IT (0, ¢7) and IL0(0, 43 ) in the LME,

n+n' |Q |
Hl,;lv{ic O qL N z Z 1) * f {ﬁn n' n[ lvac( )+Ilvac( i’,f)]

f=u,dn.n'=0

+ @i (n+ ) 4T ()} + O(g1)

and

me0.q3) =N Y 30 (0 B s )+ )

f=u,dnn'=0

+ gL [=(n+n)JP" + 475711 (m?) )+ O(gt).

On the other hand, in the PTR, we expand Egs. (62) and (70) to order ¢> straightforwardly,

S 1 . 1 Q eB (Q 'eB)z
HLME O d / d —sm? 2 4 - A S/
e (041) 4 Z / s 0 e AUt s ) tanh(Q seBs) +sinhz(QfeBs)

(85)

(86)

f=ud
o , 1 QyeB 2(QreB)* 7 sinh[Q eB()s] sinh[Q reB(15Y)s] .
91 Km ) tanh(QeBs)  sinh*(QfeBs) QeBsinh(QseBs) +0(q1)  (87)
and
ME(y 2y _ Ne > /°° 1 /1 —s(m o) 1 QyeB (QyeB)?
M™0.41) = zn%f;dT l;o 0 s2ds 0 due T (o0 2s e tanh(QfeBs) * sinh?(QeBs)
. s QyeB 2(QreB)* 7 sinh[Q eB(H4)s] sinh[Q e B(15Y)s] .
7L [( + 25t > tanh(QyeBs)  sinh*(QreBs) QeBsinh(QseBs) +0(qL)-
(88)

And then, after introducing the Pauli-Villars regularization, the transverse screening masses of z° in RRPA can be
calculated by Eq. (61). In fact, the polarization functions for the longitudinal screening masses of mesons in the LME could

be also expressed in the PTR by expanding Eqgs. (77) and (78),

1\  QyeB (QseB)?
HLME O / d / d —sm? S S
70 VdC q3 4 2 Z § ue X m? + tanh(QfeBS) * Sinhz(QfeBs)

f=ud

~ K’" - 2) tanh%giBs) - sin(hg{;fe)Bs)} o )s} 0l

and

N > ® 1 a2 2 1 QeB (QfeB)2
[ILME 0, 2y — T¢ T / 3d / d —s(m*+w?) f
A 0.0)) 271'%,‘;‘1 I:Z—oo 0 S 0 e Bl +2 e tanh(QfeBs)+Sinh2(QfeBs)

3 QyeB (QreB)* 7 (1-u?)
_Q%Km TR )tanh(QfeBs)+sinh2(QfeBsJ 1 S}+0(€1‘3‘)-

094001-12
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0.4

_ eB=0.0 GeV?

— eB=0.2 GeV3,PTR
— eB=0.4 GeV3,PTR
... eB=0.2 GeV%,LLR
.. eB=0.4 GeV2,LLR

0.3

>
[
O 02
=)
0.1
0.
(()).0 0.1 0.2 0.3 0.4
T [GeV]
FIG. 1. Constituent quark mass m as a function of T at

eB =0.0, 0.2, and 0.4 GeV2. For nonzero magnetic fields,
ie., eB=0.2 and 0.4 GeV2, we show the comparison between
the PTR and the LLR.

A. Results at fixed eB

By utilizing the gap equations in the form of either the
LLR or the PTR, we first present the temperature depend-
ence of the constituent mass m for fixed eB = 0.0, 0.2 and
0.4 GeV? in Fig. 1. For the LLR gap equation, we impose a
sharp cutoff in the summation over the Landau level index
at ny,, = 1000 for eB = 0.2 and 0.4 GeV?, in order to
achieve sufficient convergence. And it is shown that our
numerical results obtained by the LLR formalism are
almost the same as (only approximately 0.5 percent less
than) the exact results obtained by the PTR formalism
that contains the complete contribution of all Landau levels.
Of course, it is easy to verify numerically that the more
Landau levels are included in the LLR formalism, the
smaller the discrepancy between these two formalisms
is. Furthermore, from the Fig. 1, it can be seen that the
values of m (equivalent to the chiral condensate) increase
with the magnetic field strength at any temperatures,
which is the so-called phenomenon of magnetic catalysis.
And as a consequence, the pseudocritical temperature
T. of the chiral phase transition increases with eB.
More explicitly, we have T,.(eB = 0 GeV?) = 173 MeV,
T.(eB=02GeV?)=179MeV, and T,.(eB=0.4GeV?) =
195 MeV. Obviously, it is consistent with previous studies
that the conventional NJL model gives rise to only
magnetic catalysis but no inverse magnetic catalysis. For
simplicity, in this paper, we will not take into account the
effects of inverse magnetic catalysis and hope to address it
in the future.

Now, we begin to show the pole mass, the longitudinal
and transverse screening masses for 7°, as well as 2 times
constituent quark mass 2m, as functions of the temperature
at fixed eB=0.0, 0.2, and 0.4 GeV? in Fig. 2. For
comparison, we present the results of pion masses gen-
erated by both the full RPA and the reduced RPA in this
figure. First of all, for eB = 0.0 GeVZ2, as shown by the

€B=0.0 GeV? i
— 2m
1.5
— muo ., FRPA
- mﬂo,scr’
- My . RRPA
1.0 - m”o,s", A

Masses [GeV]

0.0
0.0 0.1 0.2 0.3 0.4
T [GeV]
(@)
_ 2m eB=0.2 GeV?
151 — Mapo. FRPA
’ — M0 ser FRPA ~‘."
- - mno.scr.a.’ RPA "‘
g - mx”,pole’ i *
- m,,o’m.’ ,RRI
: 10 n,scr:.’ A
2
£
=05
0.0
0.0 0.1 0.2 0.3 0.4
T [GeV]
(b)
— 2m eB=0.4 GeV? &
1.5 — My 50 FRPA "x“‘
— M0 erps RPA o
—_— - m,,n,sm*, RPA
2 - My 0 RRPA
2 1.0 = mﬂ“.scr.ll’RRPA
~ - Mg, RRPA F A —]
[
g
= 05
0.0
0.0 0.1 0.2 0.3 0.4
T [GeV]
(©

FIG. 2. The T dependence of z°-meson pole masses M40 poles
longitudinal screening masses m,o . |, and transverse screening
masses mo .. |, as well as 2m, at eB = 0.0, 0.2, and 0.4 GeV?
within the FRPA and the RRPA. Especially, m

Mz0 ser, 1 = Mg ger at eB = 0.

ser|| =

panel (a) of Fig. 2, the pion masses in the FRPA, including
the pole and screening masses, remain small and approx-
imately constant at low temperature (7 < 7T.). This is
because of its nature as a pseudo-Goldstone boson in the
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Nambu-Goldstone phase of chiral symmetry. When the
temperature exceeds 7., the chiral symmetry is partially
restored. And it is found that both pole masses and
screening masses of z¥ start to increase with the temper-
ature remarkably in this Wigner-Weyl phase. Especially,
when the pole mass m .. meets 2m, it indicates the
Mott transition temperature Ty, by the definition
mﬂo,pole(TMott> = 2’/n(TMott)’ and TMott(eB =00 GeVz) =
186 MeV can be obtained. For the temperature larger than
Tymow» 7° mesons become resonance states from bound
states. On the other hand, m . is always greater than
Mo e At nonzero temperatures due to the breaking of the
Lorentz covariance by the heat bath. As the temperature
increases, the mass splitting between m o e and mo g,
gets larger and larger, which means the enhancement of the
symmetry breaking. And the remnant SO(3) symmetry
SUZEESLS 1M,0 oo | = My g at finite 7" and vanishing eB.
Additionally, in the interval 0 < 7' < 250 MeV, the results
Of M40 pores M0 or | AN M0 o, | In the RRPA are almost
the same as those in the FRPA. However, when T >
250 MeV, the meson mass is too heavy to make the
LME method sufficient, since a smooth dependence on
external momenta for the function 7, is not valid any more.
And it shows in the figure that, for 7 > 250 MeV, m 0 ;.
in the RRPA is smaller than those in the FRPA, while
Mmoo in the RRPA is larger than those in the FRPA.

Next, we turn to the results at finite eB, i.e., eB = 0.2
and 0.4 GeV? in the panels (b) and (c) of Fig. 2, respec-
tively. When at low temperatures, the behaviors of all
three kinds of 7 masses curves at nonvanishing magnetic
fields are similar to those at eB = 0.0 GeV2. This is
because the magnetic field helps to enhance the breaking
of the chiral symmetry so that the z° mesons remain in the
Nambu-Goldstone phase at low temperature. In this tem-
perature region, both pole masses and screening masses
display almost the same behaviors either in the FRPA or in
the RRPA.

However, in the Wigner-Weyl phase, the pole masses of
7% in the FPRA at eB # 0 show some difference from those
at eB = 0. An important difference is the mass jump of the
Mo ole t Ty, Where the pole mass of 7Y suddenly jumps
from nearly 2m to a more energetic state. The explanation
for the mass jump of my . has been thoughtfully
discussed in Refs. [49,55]. It is argued that the dimensional
reduction associated with the magnetic fields leads to an
infrared divergence for the lowest Landau level at the
threshold m o e = 2m. As a consequence, the threshold
mass 2m is not sufficiently to become the solution of the
RPA equation of the z° pole mass, and it has to jump to a
more energetic state at the Mott transition temperature. On
the other hand, the infrared divergence will enforce the 7°
pole mass to approach 2m infinitely when 7" < Ty Such

behaviors of m o . are shown in the panels (b) and (c) of

Fig. 2 also: between the interval of T, < T < Ty at eB =
0.2 and 0.4 GeV?, M0 bore acquired by the FRPA increases
slightly at first and then decreases with temperature to
get close to 2m. Our results are consistent with the
results found in Ref. [55], but opposite to the results in
Ref. [49], where m o . grows with 7" monotonically when
T < Tyow- This difference results in distinct effects of
magnetic fields on the Mott temperature: Ty, is catalyzed
by the magnetic field in our paper and Ref. [55], while it is
anticatalyzed by the magnetic field in Ref. [49]. Actually, in
the scenario of the chiral limit, we have Ty, = T, and it
should increase with the magnetic field in the conventional
NJL model. When considering the discrepancy between the
FRPA and the RRPA for m o at eB # 0, it is clear from
the graphs in Fig. 2 that m ;. obtained within the RRPA
do not show any mass jump and increase monotonously
with the increasing temperature, since no infrared diver-
gence appears in the equation of m ). within the LME.
And more specifically, in the interval of T, < T < Tyions
the results within the RRPA are higher than those within the
FRPA, but while 7' > T, the results within the RRPA are
much lower than those within the FRPA.

As for the temperature dependence of the screening
masses Mo .| and myo o | ateB # 0, itis found that they
show the behaviors similar to those at eB = 0 and do not
show any mass jumps unlike 71,0 .. The main reason of
this is that the vacuum and temperature-cut contributions
partially cancel each other for the polarization function of
the screening masses at finite temperature, as discussed in
Ref. [92], which makes the expressions suffer no infrared
divergence at any Landau levels, e.g., Eq. (52). Moreover,
by comparing the results in the FRPA with the results in the
RRPA for myo g and myo o, | at eB # 0, the difference
between these two prescriptions is qualitatively consistent
with the situation of eB = 0 as discussed above.

And then, we sketch in Fig. 3 the temperature depend-
ence of the sound velocities of z° including ujand u,, as
well as the ratio uL/uH, at fixed eB = 0.0, 0.2, and

0.4 GeV?, which are evaluated by the FRPA and the
RRPA also. Obviously, we find that, due to the mass jump
of mao 5o at eB # 0, the behaviors of u and u, ateB =0
are quite different from those at eB # 0 in the FRPA. For
eB =0, u| (i.e., u ) obtained by the FRPA declines with
temperature continuously but shows nondifferentiability at
T yon- In the high temperature limit (7' — 400 MeV), the

sound velocities of z° approach 0.58 NQ, which corre-

sponds to a gas of noninteracting quarks. On the other
hand, for results of eB = 0.2 and 0.4 GeV? in the FRPA, it
is shown that, as T increases, u| decreases from unity first
but jumps to about unity again at 7'y, and then continues
to show a decreasement; u | behaves in a similar way to u,
except that the starting points of it at 7 = 0 decrease with
eB, owing to the enhancement of the symmetry breaking

,pole
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FIG. 3. The T dependence of longitudinal sound velocity x|

and transverse sound velocity u |, as well as the ratio u, / u), at
eB =0.0, 0.2, and 0.4 GeV? for z° within the FRPA and the
RRPA. Especially, u) = u, at eB = 0.

[SO(3) - SO(2)] in spatial space caused by the external
magnetic field. As the results of u and u, in the RRPA,
they all reduce with the increase of temperature continu-
ously, since there is no mass jump for mo ;.

In fact, the results of the ratio u, /u| in the panel (b)
of Fig. 3 are not more than unity, as it is related to the
relative refractive index n (B, T)/n(T) = uj/u, =
M0 sor 1 /Mg sor || Of the medium and reflects the screening
effect of the magnetic fields. More specifically, the screen-
ing masses of pions govern the interaction between quarks
or nucleons. The critical length is called the screening
radius determined by the screening mass r,0 = 1/m o .
Thus, the difference between the transverse screening
radius 7, , and the longitudinal screening radius rp
reflects the degree of symmetry breaking in coordinate
space by the magnetic field. And we can find the fact that,
for eB =0.2 and 0.4 GeV?, u,/ u| is temperature inde-
pendent in the interval of 0 <7 < 50 MeV and then
increases with 7 and approaches unity gradually when
T > 50 MeV. It is shown that only when 7' < 50 MeV, the

screening effect of the temperature can be decoupled
from that of the magnetic field, and u, /u) solely depends
on the magnetic field strength. But when T > 50 MeV, the
temperature will dilute the anisotropy stemming from
the magnetic field, which is mentioned in Ref. [52] also.
In addition, although the deviation between the FRPA and
the RRPA for myo | and mgo ., becomes larger and
larger when 7' > 250 MeV, the ratios of these two types of
screening masses evaluated by the FRPA and the RRPA
show agreement with each other in the whole temperature
region.

In Refs. [39,40,52], the authors use the derivative
expansion method in the NJL model to compute 1,0 e,
M0 gor ||» A Mo o, as well as ) and u, at finite 7" for
different fixed eB within the RRPA. On the one hand, it is
shown that the values of u | at eB # 0 in Refs. [39,40] are
always larger than the speed of light, which thus violates
the law of causality. This is because that they made use of
the noncovariant regularization scheme, and it can be cured
in the covariant regularization schemes (e.g., the Pauli-
Villars regularization scheme), as discussed in Ref. [84]. In
this paper, we separate the magnetic component from the
nonmagnetic component to make a further analysis on this
problem, bases on the expressions in the PTR. In this way,
if we do not impose any regularization procedure on the
magnetic component (which is not divergent), we find that
no matter what kind of regularization scheme is done on the
nonmagnetic component, e.g., the soft-cutoff scheme or the
PV scheme, v, in the magnetic field is always less than
unity at 7 = 0. However, if we perform the same non-
covariant soft-cutoff scheme on both the magnetic compo-
nent and the nonmagnetic component, v, becomes larger
than unity. Moreover, if we perform the same PV scheme
on both the magnetic component and the nonmagnetic
component, v remains less than the speed of light as we
expect. In a word, we conclude that the unreasonable
results of the sound velocity in Refs. [39,40] are precisely
because the noncovariant soft-cutoff scheme was per-
formed on the magnetic component. On the other hand,
the temperature dependence of u| at eB # 0 is identically
equal to unity in Refs. [39,40,52], while our results of u| in
the RRPA decrease with the temperature, which implies
breaking of the Lorentz invariance at finite 7. Actually, this
disagreement is caused by the defect of derivative expan-
sion method, which neglects the difference between the
static limit and the long-wavelength limit at finite temper-
ature. Relying on our appropriate approaches, we solve
the above problems and reasonable numerical results are
displayed in our paper.

B. Results at fixed T

In this subsection, we present the eB dependence of
M0 poles Mg er ||» AN Mo o | at fixed temperature 7' = 0,
0.10, and 0.15 GeV in Fig. 4. In order to avoid the
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FIG. 4. The eB dependence of z°-meson pole masses M0 poles
longitudinal screening masses m,0 . |, and transverse screening
masses myo o, | atT = 0.0, 0.10, and 0.15 GeV within the FRPA

and the RRPA.

ambiguity resulted from the mass jump of 7,0 ;. at Ty,
we focus on the temperature region below T, where it is
shown that the difference between the FRPA and the RPA
is extremely small. Firstly, for 7 = 0, as shown by the

panel (a) of Fig. 4, my . decreases as the external

magnetic field grows, which is in agreement with the
lattice results in Ref. [59]. And mo . is identical to
ma0 hoe @t any magnetic field strength because of the
Lorentz invariance between the time direction and the
magnetic field direction at zero temperature, even though
they are computed by the PTR and the LLR, respectively.
As concerns m_o . |, it increases with eB at T = 0. And
more importantly, the mass splitting between m o ., | and
Mg gr || 8Os up With the increasing eB, which means that
the breaking of the Lorentz invariance is enhanced by the
increase of the magnetic fields.

Secondly, for 7 = 0.10 and 0.15 GeV, depicted by the
panels (b) and (c) of Fig. 4, mo ,c and mo o still show
the decreasing behaviors as eB increases, but the mass
splitting between them rises with the growth of 7', which
implies the breaking of the Lorentz invariance between the
temporal direction and the magnetic field direction. As for
the eB dependence of m ., at T # 0, the situation
becomes different: for 7 = 0.10 GeV, the curve of m o o, |
nearly remains constant, as the magnetic field increases; but
for T =0.15 GeV, m,o,  turns to decrease with the
increasing eB. It shows that the decreasing behavior of
m,o .. appears when the temperature is beyond a certain
threshold temperature 7y =~ 100 MeV.

Furthermore, in Fig. 5, we plot the ), u, and ul/uH as
functions of eB at T = 0, 0.10, and 0.15 GeV. According to
the Lorentz invariance between the temporal direction and
the magnetic field direction, it is obvious that u| always
equals to the speed of light at 7 = 0. And with respect to
T #0, when the temperature is low (7' < 0.1 GeV), y
shows smooth dependence on e¢B, but when the temper-
ature is high enough, u first decreases and then increases
with the magnetic field strength eB and seems to saturate at
eB > 0.6 GeV?2. More explicitly, it means that the mag-
netic field will enhance first and then reduce the anisotropy
between the temporal direction and the longitudinal direc-
tion caused by the temperature. Therefore, only in the low
temperature region or strong magnetic field region, the
behaviors of | are consistent with the expectation that
u = u|(T). Otherwise, u shows dependence not only on
the temperature but also on the magnetic field strength. As
for u, and u, /u|, they both continuously decline with eB,
reflecting the enhancement of the anisotropy in coordinate
space by the magnetic field. The main difference between
them is that the starting points of u, at eB = 0 decrease
with T, while the starting points of u, /u are equal to unity
always as the temperature increases, which is related to the
breaking of the Lorentz invariance by the heat bath. What is
more, we can find that, the higher the temperature is, the
slower the ratio u, /u) decreases with eB. It means that
the increasing of the temperature will help to weaken the
breaking of the Lorentz invariance by the magnetic field, as
we have mentioned above.
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FIG.5. The eB dependence of longitudinal sound velocity u|

and transverse sound velocity u |, as well as the ratio u | / u), at
T =0.0, 0.10, and 0.15 GeV for z° within the FRPA and
the RRPA.

IV. SUMMARY AND CONCLUSIONS

In this work, we have presented a comprehensive and
systematical study on the mass spectrum, including pole
masses and directional screening masses, of neutral pions at
finite temperature and magnetic field by the RPA approach
in the NJL model, where two mathematically equivalent
formalisms have been used (except the pole masses in the
PTR): the LLR and the PTR. In particular, for comparison,
we provide the numerical results both in the FRPA and in
the RRPA. Additionally, the behaviors of the directional
sound velocities uj and u |, as well as the ratio u | / uj, are
all investigated in the hot and magnetized medium.

By analyzing the T dependence of z° masses at fixed eB,
we find that in the low temperature regime (7' < T.), as the
pseudo-Goldstone boson for chiral symmetry breaking, the
masses of 7° (either pole masses or directional screening
masses) nearly maintain a constant value at any fixed
magnetic field. However, the pole masses of z° at nonzero
magnetic field experience a sudden mass jump at Ty

resulted from the dimensional reduction associated with the
magnetic field. What is more, the Mott temperature 7, 1S
catalyzed with the increase of the magnetic field as well
as the pseudocritical temperature 7., which qualitatively
coincides with the results in Ref. [55], but contradicts with
the results in Ref. [49]. And the mass jump of m,0 . in the
FPRA at finite B also results in the jumps of u| and u, at
Twmow- Phenomenologically, as a consequence of such
jumps for the pole mass of the neutral pion due to the
existence of magnetic fields, its total production yield
would change accordingly in the noncentral relativistic
heavy ion collisions: when the fireball cools down, there
might be sudden enhancement of neutral pions, as dis-
cussed in Ref. [49], and the behaviors of the sudden
enhancement in the collisions at different conditions might
help to clarify the impact of the magnetic fields on the
Tmow- On the other hand, by using the method in Ref. [92],
the 7" dependence of m o o, | and mo . | at finite magnetic
field is calculated in our paper and exhibits no mass jump.
Additionally, the analysis of the eB dependence of z°
masses at fixed 7T reveals that the magnetic field strengthens
the breaking of the Lorentz invariance between the longi-
tudinal direction and the transverse direction, while the
temperature helps to recover the asymmetry caused by the
magnetic field.

It should be emphasized that, in this study, we clarify the
reason in detail why the directional sound velocities u and
u |, as well as the ratio u | / u, violate the law of causality in
Refs. [39,40], which was argued in Ref. [49] also. And by
using the covariant Pauli-Villars regularization scheme,
reasonable behaviors are well described within either the
FRPA or the RRPA in our paper, which show the screening
effects of the temperature and the magnetic field. The
heat bath leads to the asymmetry between the temporal
direction and the spatial direction, while the magnetic field
leads to the asymmetry between the longitudinal direction
and the transverse direction. Hence, we must have
M pole < M0 ger | < M0 ger 15 1€ up <1, uy <1 and
uy /uy <1 at finite 7 and eB. And another point we need
to notice is that, because of the limitation of the derivative
expansion method at finite temperature, the values of uj
within the RRPA in Refs. [39,40,52] do not show the
anisotropy resulted from the heat bath. We can only rely on
taking the limits in the correct order within the FRPA to
achieve the corresponding results. Furthermore, as we have
mentioned above, the standard NJL model is unable to
produce the inverse magnetic catalysis found by lattice
QCD calculations. However, several modified NJL models
with magnetic-dependent or thermomagnetic-dependent
coupling constants could effectively mimic such phenome-
non to a great extent [94-98]. Therefore, with resort to
these improved NJL models, we hope to make a survey of
the influence of the inverse magnetic catalysis on the mass
spectrum of pions in further work.
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APPENDIX: USEFUL FORMULAS

Here we list the expressions of Zp" (k%) and Z2" (k2 ) used in Sec. II (the details of the derivations for these functions

are given in Ref. [99]),
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