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Algebraic properties of the Becchi-Rouet-Stora-Tyutin (BRST) symmetry associated to the twisted
gauge symmetry occurring in the x-Poincaré invariant gauge theories on the x-Minkowski space are
investigated. We find that the BRST operation associated to the gauge invariance of the action functional
can be continuously deformed together with its corresponding Leibniz rule, into a nilpotent twisted BRST
operation, leading to a twisted BRST symmetry algebra which may be viewed as a noncommutative analog

of the usual Yang-Mills BRST algebra.
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I. INTRODUCTION

Some attention has been paid to noncommutative field
theories (NCFTs) on x-Minkowski spaces for more than
two decades; see e.g., [1-4] and references therein. The
x-Minkowski space M¢ can be described in its simplest
version as the enveloping algebra of the solvable Lie
algebra of “noncommutative coordinates'” defined by
[X0.x;] = £x;, [x;.x;] = 0,i,j = 1,...,(d = 1). This atten-
tion has been increased by the behef that x-Minkowski
spacetimes may capture salient features of the quantum
spacetime underlying quantum gravity at least in some
limit. This is partly motivated by observing [5] that the
(2 + 1)-dimensional quantum gravity coupled to matter,
upon integrating out the gravitational degrees of freedom,
yields a field theory invariant under a deformation of
the Poincaré algebra, the x-Poincaré algebra P¢ [6]. But
this latter quantum algebra is the building block of the
x-Minkowski space M¢ which is nothing but the dual of a
subalgebra of P¢, the “algebra of deformed translations”
T¢, as first evidenced in [7] from the Hopf algebra
bicrossproduct structure of P¢ with covariant coaction
on M. For a general review, see e.g., [8]. For useful
properties of P¢, see the Appendix B.

Extrapolating the validity of the above observation
to (3 + 1) dimensions has somehow reinforced the idea that
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that x ~ O(Mp]‘mck) in four dimensions.
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k-Minkowski and k-Poincaré structures are of some relevance
to understand the behavior of the (3 + 1)-dimensional
quantum gravity in some regime near the Planck scale,
triggering a huge number of works on NCFTs on «-
Minkowski spaces. Comparatively to the noncommutative
gauge theories on Moyal spaces R2" or on R3 [9] for which
classical and/or quantum properties have been examined to
some extent [10—15], it appears that noncommutative gauge
theories on k-Minkowski spaces have been much less
investigated although past works [4] have opened the way
for their exploration.

Recently, we have taken advantage of the convenient star
product used in [3] to characterize the classical properties
of k-Poincaré invariant gauge theories on x-Minkowski
spaces [16]. It is given,2 together with the involution, by

(f+g)(x / —dyoe 007 (xg + y. T)g kg €755),

(1.1)
/—dyoe op f(xo +)’07e_p0/'<3_5), (1.2)

for any f and ¢ in a suitable multiplier algebra® which we
will simply denote by M¢. Recall that this product stems

2Spacelike (respectively, timelike) coordinates refer to Latin
i,j,...=1,2,....(d—1) (respectively, 0) indices. x := (x,) =
(x0.X) and x.y = x,* = x¢yo + Xy. The Fourier transform of
feL'(RY) is (]:f)(p = [ d?xe~PoxotP5) f(x) with inverse
F-!, f its complex conjugate. S, is the space of Schwartz
functlons with compact support in the first variable.

For a full characterization of this algebra multiplier, see [17].
It is the algebra of smooth functions with polynomial bounds
together with all their derivatives and such that their inverse
Fourier transform with respect to the x, variable is compactly
supported.
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from a mere combination of the Weyl-Wigner quantization
map with the convolution algebra of the affine group
R X R@1, The «-Poincaré invariance of the functional
action forces the trace in the action to be the usual Lebesgue
integral which however is no longer cyclic with respect to
the above star product. As a result, a twist shows up upon
cyclic permutation of the factors inside the trace. The twist,
called modular twist [3], and depending on the dimension d
that appears in the affine group from which M¢ is built,
prevents the factors stemming from the gauge transforma-
tion to compensate each other. In [16], we have shown that
the modular twist effect can be entirely neutralized, leading
to a x-Poincaré invariant and gauge invariant functional
action with physically acceptable commutative limit, pro-
vided the k-Minkowski space is five dimensional.” This can
be achieved thanks to the existence of a unique twisted
noncommutative differential calculus based on a family of
twisted derivations of 7¢ [19]. Some physical properties of
the four-dimensional effective theory obtained from stan-
dard compactification scenarios have been analyzed and
confronted to recent data from collider experiments and
gamma ray burst photons in [19].

In this paper, we study the algebraic characterization of
the Becchi-Rouet-Stora-Tyutin (BRST) symmetry associ-
ated to the twisted gauge symmetry ruling the above k-
Poincaré invariant gauge theories. The BRST symmetry for
noncommutative gauge theories was considered for the first
time in the literature in [20] for the Moyal space and in [21]
for the noncommutative torus. While the algebraic structure
of the BRST symmetry for gauge theories on Moyal spaces,
R3, or on the noncommutative torus follows closely, at least
formally, the one of (commutative) Yang-Mills theory, the
appearance of a twisted gauge symmetry combined with a
twisted differential calculus, both mandatory to insure the
gauge invariance [16], modifies the algebraic structure
coding the BRST symmetry associated to the gauge
theories considered here. We find in particular that the
BRST operation related to the gauge invariance of the
action functional can be continuously distorted into a
twisted BRST operation, preserving nilpotency and anti-
commutativity with d, distorting continuously the Leibniz
rule. This twisted BRST operation gives rise to a twisted
BRST symmetry algebra, resulting in two nilpotent oper-
ations related to the gauge symmetry.

To make the paper self-contained, the useful properties
of the twisted differential calculus and of the twisted
connection are collected in Secs. I A and IIB. The
BRST operation leaving the action functional invariant is
presented in Sec. II C. In Sec. III A, we recall the algebraic
structure of the BRST algebra for (commutative) Yang-
Mills theory while the basics of the Weil algebra are

4Starting from another star product, a four-dimensional gauge
theory on x-Minkowski space has been obtained in [18], which
however does not give rise to a standard commutative limit.

collected in Appendix A. The twisted BRST symmetry
algebra is considered in Sec. III B. In Sec. IV, we conclude.

II. BRST SYMMETRY FOR GAUGE THEORIES ON
x-MINKOWSKI SPACE

A. Twisted differential calculus

The relevant family of twisted derivations of 7¢ is
given by

Xo=xk&(1-&) and X,=&"P; fori=1,...,(d-1),
(2.1)

where for the moment we do not fix d to its special value
d = 5[16] and y is a real parameter. One easily verifies that

X,.X,] = X,X, - X,X, =0 (2.2)
so that the X,’s form an Abelian Lie algebra for the usual
commutator [-, |, denoted below as D, .

Recall that the X, belong to a particular type of twisted
derivations sometimes known in the mathematical literature
as (z, o) derivations where the morphisms 7 and ¢ twist the
standard Leibniz as we will show below. For recent
applications of these twisted derivations in Ore extensions
and Hom-Lie algebras, see e.g., [22,23].

In the case of (2.1), the twisted Leibniz rule is given by
X, (axb)=X,(a)x(E'>b)+ (E>a)xX,(b),  (2.3)
for any a,be M? (hence 7=¢&" and o= &)
Equation (2.3) stems from the definition of the X, (2.1)
combined with the structure of the coproduct equipping P¢.
Furthermore, the algebra D, verifies

(X.2)(a):=X(a)xz=zxX(a)=(z.X)(a) (2.4)
for any a € M¢ and any z € Z(MY), the center of MY,
thus exhibiting a structure of bimodule over Z(MJ).

We first introduce the twisted differential calculus’
based on the algebra D, of twisted derivations (2.1) which
underlies the whole framework ruling the x-Poincaré
invariant gauge theories developed in [16,19].

In this differential calculus, n-forms are defined from the
linear space Q"(D,) of n-linear antisymmetric forms,
where linearity of forms holds with respect to Z(M¢).
Then, for any n-form a € Q"(D,), one has a:D, - M¢
with

(04 (X 1s X Dy oees

X,) € MY, (2.5)

SFor untwisted noncommutative differential calculus, see [24]
and references therein.
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a(X],XQ,...,Xn.Z):(X(Xl,XQ,...,Xn)*Z, (26)
for any z in Z(M¢) and any X,,....X, € D,.
We now define
d
Q=P (D) (2.7)
n=0

with Q°(D,) = M¢. This linear space inherits a structure

of associative algebra when equipped with the product of
forms defined for any a € Q7(9,), p € Q1(D,) by

axfeQrid,) (2.8)
with
(a X ﬁ)(Xl» '”’Xp+q)
1 S N
o O (Ve X))
P4 se&pra)
*ﬁ(XS(p+1)9 "Xs(q))7 (29)

in which &(p + ¢q) is the symmetric group of a setof p + ¢
elements and sgn(s) is the signature of the permutation s.
Finally, the differential is defined by

d:Q" (D) » (D), Vpe{0,.. (d-1)}
(2.10)
with
(da) (X1, X, ... X, 11)
,,Z DFX(a(Xye o Vi X)), (2.10)

where the symbol V; indicates the omission of X;. The
differential satisfies

d>=0. (2.12)

It can be easily verified that the differential d satisfies the
following twisted Leibniz rule:

d(axp)

where §(a) is the form degree of a and £*(a) is defined for
any real number x and any form a with degree n by £*(a) €
Q"(D,) with

(@Y (o) x dp,

—dax & (f)+(-1)° (2.13)

E(@)(Xy o Xp) = E > (a(X). .. X)) (2.14)

Then, the triple (Q°, x,d) defines a graded differential
algebra.

At this stage, three comments are in order:

(1) Given the algebra D, related to (2.1), the definition
of the elements of Q' implies that the maximal
degree of the forms is equal to d, stemming simply
from the antisymmetry of forms.

(2) One has a x f8 # (—=1)%@%A) g x a, contrary to what
happens for the standard commutative (de Rham)
differential calculus. In particular, given a 1-form A,
one has A x A # 0 as it can be easily verified by
using (2.9). It follows that the differential algebra
(@, x,d) is not graded commutative.

(3) We recall for further use that the X, are self-
adjoint operators with respect to the Hilbert product
(a,b) = [d'xa’*b, ie., (a.X,(b)) = (X,(a),b)
and that [d?x is a twisted trace with respect to
the star product (1.1), namely [3]

/ddxa*b = /dd)c(é’d_l > b)xa

for any a,b € Q'(D,).

(2.15)

B. Twisted connection and curvature

Let [E be a right module over M¢, assumed in the sequel
to be one copy of MY, ie.,
E~ M. (2.16)
We will nevertheless use separate symbols for the algebra
and the module in the sequel when necessary.

In the following, the action of M¢ on [ is assumed to be
given by

m<la = mxa. (2.17)
The twisted connection is defined [16] as a map
VX”:[E—>[E, VX, €D, (2.18)
satisfying
Vi, +x,(m) = Vx, (m) + Vy (m),  (2.19)
V. x,(m) = Vx (m)*z, (2.20)
Vx,(mxa) = Vx (m)x(E > a) + (& > m)*X,(a),

(2.21)

for any m € E, X, X, €D,, z € Z(M{), and a € M.
Note that in (2.21) the factor (£7"! > m) in the second
term must be understood as a morphism, say f:E — E,
whose action on the module is simply defined by f(m) =
EMl > m for any m in E ~ M,.
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For m =1, (2.21) yields

Vy,(a) = Ax(E > a) + X, (a), (2.22)

where we set

V, = VX”, (2.23)
thus introducing the gauge potential. More generally, we
will denote the evaluation of any form a on any derivation

X, €D, as a,:=a(X,).

The map defined by (2.22) easily extends to a map

VIE-EQQ(D,) (2.24)

such that

V(a) =Axa+1Qda (2.25)

with A € Q'(D,) the 1-form gauge connection, and d is
still given by (2.11) with d*> = 0.

The curvature can be defined from the map F (X, X, ) =
F B — E such that®

F=E1(V,E171V, = V,E7177V,).  (226)

By using Eq. (2.21), it can be easily verified that 7, (2.26)
is a morphism of module; namely one has

Fu(mxa) = F, (m)*a (2.27)
for any m € E and a € MZ. We set
Ful)=F, (2.28)
with
F,=&%>(X,A,-X,A)+ (E7>A))
*(ET>A)—(ETT>A)X(ET>A,).  (229)

It is easy to extend the (analog of) the field strength (2.29)
to a map

F:E—-EQ®Q(D,) (2.30)
related to the 2-form
F=E%>dA+E7> ((E>A) xA). (2.31)

®This definition is not exactly the same as the one we used in
[16,19]. In those references, the curvature was a morphism of
twisted module, while here we introduced a twist in order to turn
the curvature into a morphism of (nontwisted) module. As a
consequence, the expression of the classical actions will be
slightly different but also totally equivalent.

Finally, one can easily verify that F (2.31) fulfills the
Bianchi identity

dF = (E"" > F)xA— (2> A)x (&> F). (2.32)

It is convenient to define the gauge group [16] as

U={g€eE,g'xg=gxg =T}, (2.33)
which characterizes the set of automorphisms of E,
say Aut(E), preserving its structure of right module and
compatible with the canonical Hermitian structure on M¢.
This latter is simply given by

h(my,my) = m}*m, (2.34)

for any m;,m, € E. Indeed, for any ¢ € Aut(E),
@(mxa) = ¢(m)*a holds for any m € E Hence,
@(Ixa) = p(a) = p(I)*a showing that the action of
any ¢ € Aut(E) on the algebra is fully determined
by its action on the unit ¢(I). Then, set g:= ¢(I)
and consider the compatibility condition with the
Hermitian structure’ given by h(p(m;*a,), p(myxay)) =
h(m*a;, myxa,) for m; =m, =1 The result (2.33)
follows.
The twisted gauge transformations are defined by

Vi, (a) = (&> g")xVy (gxa), VgeU, YaeM{.
(2.35)

Accordingly, the gauge transformation of the gauge poten-
tial A, is
Al = (& > ") * A+ (E7 > g)

+ (&t > gT)*Xﬂ(g), Ygelu, (2.36)

with Vg’(# (a) = Ajx(E > a) + X, (a). The gauge trans-

formation for the 1-form connection reads

A9 = (&M > ') x A% (&7 > g) + (& > ¢T) x dg.
(2.37)

The corresponding gauge transformation for the field
strength and 2-form curvature are given for any g € U by

Fi, =& (g")xF,*xg and FI=E&*(¢g")x Fxg.
(2.38)

'Recall that a Hermitian structure is a sesquilinear
form h:E ® E — M satistying h(m,,m,)" = h(m,,m,) and
h(m*ay, my*a,) = ai*h(m,,m2)*a2 for any m,,m, € E and
any a;,a, € M¢.
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From now on, we will focus on the case y = 0. The
extension to nonzero values of y is straightforward and will
not alter the conclusions obtained in the ensuing analysis.

At this point, one comment is in order: It can be realized
that the connection VXF does not satisfy the usual relation
for Hermitian connection given by h(Vy (m;),m;) +
h(my,Vy (my)) = X,h(my, my), giving rise to A, = A}l
This stems from the fact that the derivations are twisted
derivations, in view of (2.3), and not real derivations
since one has (X, (a))" = £7'X,(a"). Instead, the relation
is twisted as it can be expected. Indeed, a standard
calculation yields

h(E" >V (my), my) + h(E™" > my, V (my))

= Xﬂh(ml,mz) (239)
for any X, € D,, m;, m, €, provided A, = &> A,L
Note that a relation somewhat similar to (2.39) appears
within noncommutative differential calculus based on ¢
derivations and corresponding & connections [25].

C. The BRST symmetry

We will follow the algebraic route used a long time ago
in the context of the BRST symmetry for (commutative)
Yang-Mills theories which gave rise to the algebraic theory
of anomalies. Here, our purpose is to define algebraically
the structure equations characterizing the BRST symmetry
linked to the gauge symmetry (2.37) for y = 0 given by

A= (E>g') x Axg+ (E> g¢') x dg, (2.40)
together with (2.38).

First, one easily defines from (2.40) the following
operation:

SpA, = X, (@) + Apxo — (€ > w)xA
SpA=do+AXxw—(E>w) XA,

'y

(2.41)

where @ € Q°(®), which can be viewed as the infini-
tesimal transformations linked to (2.40). Recall that A €
Q!(9®,) denotes the 1-form connection. One can verify that

[6(1)] ’ 6{02] = 5(111 s O, — O,

Wy

w, 60)] = 6[0},,0)2]’ (242)
where [0, @,] = @, *®, — w,*w,, hence entailing the set
of §, transformations with a structure of Lie algebra.

Furthermore, one can verify that the classical action

Sy = / (F x F1) = / &xF, «Fj,  (2.43)

is invariant under the gauge transformations (2.38) as well
as under the operation (2.41), namely

O0pSa = 0. (2.44)
Note by the way that gauge invariance which now translates
into (2.44) holds only whenever the k-Minkowski space is
five dimensional, i.e., d =5, as a consequence of the
analysis of [16].

Promoting @ to a Grassmann variable, i.e., introducing
the ghost field C, gives rise as usual to the BRST counter-
part of (2.41) given by the following structure equations:

s)A=—-dC-AxC—-(E>C)xA, (2.45)
50C =-CxC, (2.46)
which, combined with (2.31) with y = 0, giving
F=dA+ (> A) XA, (2.47)
yields
so)F =FxC—(&1>C)xF, (2.48)

while the invariance of S (2.44) translates as expected into

S()Sc] = V. (249)
Here, the operation s, sometimes called the Slavnov
operation, satisfies
53 =0, (2.50)
as it can be easily verified by a simple calculation.
Notice that the BRST transformations given in (2.45)
and (2.46) are formally similar to the BRST transforma-
tions for a commutative non-Abelian Yang-Mills theory, up
to a twist operating in the third term of (2.45). A similar
comment applies to the BRST transformation for F' with a
twist occurring in the second term of (2.48). This reflects
merely the fact that the present twisted BRST symmetry
(2.45) and (2.46) is related to a twisted gauge trans-
formation corresponding to (2.41). Note that s, acts on
products of forms as
sop xn) =s(p) xn+ (=1)°Vpxn.  (2.51)
The above nilpotent operation s, gives rise to the
functional Slavnov identity which permits one to control
the UV behavior of the BRST invariant action S [see
(2.49)] after a suitable gauge fixing obtained by adding a
BRST-exact term. Namely, a suitable gauge-fixed action is

S =Sq+so / Bx(C*EH(X,A,)) (2.52)

= Su+ / Bx(b.(X,A,) - CX,(54,)).  (2.53)
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where X, is given by (2.1) with y =0, the symbol “”
denotes the usual commutative product and we used the
identity [3,26]

/ Bx(frg)(x) = / Frf)g)  (254)

(g is the complex conjugate of g) which holds for any
Schwartz functions. Here, the real-valued fields C and b
are, respectively, the antighost field and the Stiickelberg
auxiliary field whose functional integration serves to
implement the gauge-fixing condition. The respective ghost
numbers are —1 and 0. The BRST transformations of these
fields are

s0C=b,  sob=0. (2.55)

The action of s, on the fields gives rise to the functional
Slavnov identity. Namely, by supplementing S with source
terms one introduces

V=g + Ssource’ Ssource = /dsx(jﬂ*SOAll + j*SOC>'

(2.56)

Then, one easily infers that the functional Slavnov identity
is given by

P ) B oro 1o
0:= [ &
S / x( )54 +

8ju(x) 8A,(x) ~ 8j(x) 6C(x)
SO
b(x) w) =0, (2.57)

capturing the BRST symmetry of the theory at the tree
level. This Slavnov identity should serve to control the UV
behavior of the theory as well as the gauge invariance at
each order in the perturbative expansion, I'’ being replaced
by its renormalized counterpart at the given order. This will
not be of our concern here.

III. TWISTED BRST SYMMETRY AND ITS
RELATED ALGEBRAS

It turns out that (2.45) and (2.46) can be related, in a
particularly relevant way to be described in a while, to a
twisted BRST symmetry obtained from a noncommutative
analog of a horizontality condition. Indeed, the nilpotent
operation linked to this latter BRST symmetry acts as a
twisted derivation exactly as d acts, justifying the termi-
nology “twisted BRST,” while s, given in (2.45) and (2.46),
which characterizes an invariance of S, (2.43), is a non-
twisted derivation.

At this stage of the analysis, it is instructive to recall
the main features of the algebraic framework ruling the
BRST symmetry for commutative Yang-Mills theories,

introducing in particular the notion of BRST algebra as
a bigraded differential algebra encompassing the 1-form
connection, ghost field, related curvature and the BRST
operation as one component of the total differential. This
will be done in Sec. III A. This framework based on the
notion of Weil algebra, whose basic features are summa-
rized in Appendix A, is sufficiently universal and flexible to
serve as a guideline to define a suitable characterization of
the algebraic setup for the twisted BRST symmetry and its
nontwisted partner.

Recall that the usefulness of the BRST symmetry for
Yang-Mills theory goes much beyond the gauge-fixing
procedure of the classical action functional. For a geomet-
rical interpretation as well as related algebraic Viewpoints,8
see [27-29]. Recall that the BRST symmetry plays a central
role in the algebraic theory of perturbative anomalies for
which “solving” the related Wess-Zumino consistency
condition actually reduces to solving the s-cohomology
modulo d [27-31], while the higher-order cocycles occur-
ring in the corresponding descent equations are linked with
a tower of anomalous correlation functions of the BRST
current algebra [32]. In the same way, the BRST symmetry
is essential in topological field theories [33] of cohomo-
logical class to perform a suitable gauge fixing [34] as well
as in the determination of the corresponding invariants.
This applies to the Donaldson invariants [35] stemming
from the four-dimensional topological Yang-Mills theory
[36] as well as the invariants related to the two-dimensional
topological gravity [37], where in each case the use of a
suitable BRST symmetry was shown [38] to be essential to
characterize the relations between the different schemes
describing the equivariant cohomology [39] relevant to
these theories.

A. BRST algebra and Weil algebra
in Yang-Mills theory

In this subsection, we use mostly the notations of [38].
Given a Lie algebra g, it is known that the structure of the
BRST algebra for commutative Yang-Mills theories follows
closely the generic structure of the Weil algebra [29,38,40].
As we now recall, this is a mere modification of the material
presented in Appendix A.

The relevant differential algebra is built from two copies
of the algebra W/(g) (Al). One copy is still W(g), the
free algebra generated by the w*’s with degree 1 and by the
Q%’s with degree 2. The other one, denoted by W,,(g), is
the free algebra generated by additional elements C*’s with
new degree 1 and by the ¢*’s with new degree 2. {C%} o1
and {¢“},c; are therefore, respectively, basis of two
additional copies of g* and the dual of g with basis
{T%},c7. As for (Al), one has W,,(g) = Ag*(C) ®

Va*(¢) with Ag*(C) =@ NA?¢*(C) [respectively,
geN

¥The relevance of the Weil algebra in the BRST framework
was initially suggested by Stora.

086018-6



TWISTED BRST SYMMETRY IN GAUGE THEORIES ON THE ...

PHYS. REV. D 103, 086018 (2021)

V' () = P Vg (¢)] where A" (C) [respectively,

geN
\/?g*(¢)] involves forms of new degree g (respectively,
2g), identified with the ghost number.
The elements w* and Q¢ still verify (A2) and (A3) while
C“ and ¢“ obey similar relations

1
¢=SC+§[C,C], (3.1)
with the Bianchi identity
sp+C.4) =0, (3.2)

where C =T ® C%, ¢ = T* @ ¢ and one has s> = 0.
The differential s will be identified with the Slavnov
operation for the BRST symmetry.

From the two-graded differential algebra’ (WV(g). d) and
(Wyx(g). s), the BRST algebra can then be defined as the
following differential algebra:

Werst(8) = <W(Q) ® qun(Q),& =d+s,

[further supplemented by the condition Q = Q; see (3.6)
below], which is now bigraded, each element carrying a
bidegree (p, g) where p (respectively, g) is the degree of
form (respectively, ghost number)."” d and s in the total
differential d are now subdifferentials with respective
bidegree (1,0) and another one with bidegree (0,1).
Using d*> = 0, s> = 0 and
sd +ds =0, (3.4)

one obtains d> = 0. The generators @ = A + C and Q
of Werst(g) satisfy relations similar to (A2) and (A3)
given by

R B

Q:da)—l—i[w,w], dQ+[@,Q] =0, (3.5)
where the commutators are graded commutators with
respect to the total degree defined by the sum of the form
degree and the ghost number (mod 2). The structure
equations for the BRST symmetry for g stem from the
condition, sometimes called the “Russian formula” [27]:

Q=0Q, (3.6)

*We drop from now on the subscript W in dy.
"The bigrading can be straightforwardly extended to a Z
bigrading for convenience.

which, after expanding the lhs of (3.6) in ghost numbers
and identifying the terms of same ghost number in both
sides, yields

so = —dC — [w, (], sC = —-CC. (3.7)
Algebraic connections on Wggsr(g) (3.3) are split into
components of bidegree (1,0) and (0,1). f ® = A+ C is

such a connection, one then has for any 4 € g
Do =2,

L)d = [@. 1], (3.8)

in which, setting in obvious notation L,,(4) = i, (4)s +
Siz[m(/l)’

i =iy + ige L=id+di=Ly+Ly,. (3.9
stemming from

where iy, and iy, carry respective bidegree (—1,0) and
(0,—1) while the L’s have bidegree (0,0). From the
expansion in ghost numbers (bidegrees) of (3.9), one easily
obtains the action of iyy, Lyy, is,, and Ly, on the various

generators. Besides, one can check that Q fulfills

iMQ=0, LAQ=[Q1, Vieg (3.11)
Hence, Q occurring in (3.6) is horizontal.

Note that, merely extending the notion of Weil
algebra recalled in Appendix A, one can define the Weil
algebra of the BRST symmetry for Yang-Mills theories as

(Wsrst(8), i), where i defined in the first relation (3.9).

B. Twisted BRST symmetry from
a Russian formula

We now turn to the case of the BRST symmetry derived
in Sec. II C. We will follow rather closely the various steps
used in Appendix A and in Sec. III A, adapting when
necessary the initial framework to the relevant noncom-
mutative setting.

We start from the 1-form connection A € Q!(D)
introduced in (2.23) and (2.24) and its 2-form curvature
F € Q*(®y) defined in (2.31). Define in a way somehow
similar to (A1) the free graded algebra W(A) generated by
A and F (respectively, with degree 1 and 2). The use of
degree of forms introduced in Sec. I A gives rise to

W(A) = G}NWP(A), where p is the degree of form
pe

(W(A) € Q(Dy)). According to (2.31) and (2.32), A
and F verify the by-now obvious relations

F=dA+ (£ A) x A, (3.12)
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dF =(E>F)xA—- (& >A)x F,  (3.13)
which may be viewed as the analogs of (A2) and (A3).
Equipping W(A) with the differential d, which obeys
d? = 0, as signaled by the Bianchi identity (3.13), turns
(W(A),d) into a graded differential algebra which how-
ever is no longer commutative, a change which will play no
role in the ensuing analysis. Recall that d is a twisted
differential with twists (I, &) in view of (2.3); i.e., (2.13)
yields for y =0

d(p xn) =dpxn+ (=1)°") (> p) x dn,

Vp,neW(A), (3.14)
which extends to p, 7 € Q(Dy), where §(.) is still the form
degree as in Sec. II A. Now, define one copy of (W(A), d),
hereafter denoted by (W(C),s;), by introducing new
generators C and ¢ playing, respectively, the role of A
and F and a new twisted differential s; with twists (I, £);
that is, s, satisfies

si(pxn) = s1p x5+ (=1)°V(E > p) x sy,
Vp,neW(C) (3.15)

[which extends to p,n € Q(D,), one copy of Q' (Dy)].
The new degree resulting from this construction is

identified with the ghost number, as in Sec. Il A. One

has W(C) = @WY(C) with g being the ghost number. The
geN

generators C and F verify by construction

$=s5C+(E>C)xC, (3.16)

s1p=(E> ) x C—(E21> C) x ¢, (3.17)
and the twisted differential s; with twists (I, £) is such that
st =0 in view of (3.17). (W(C),s;) is again a graded
differential algebra and it can be easily seen that the data
(W = W(A) ® W(C),d,) are a bigraded differential alge-
bra where the total twisted differential (11 =d + s, with
twists (I,€). d and s, are differentials of respective
bidegree (1,0) and (0,1). To see that, one first notices that
forms in W have a bidegree (p, g), where p (respectively, g)
is the form degree (respectively, ghost number). For
instance, A carries a bidegree (1,0) while C has bidegree
(0,1). Since W(A) and W(C) are each a subalgebra of
Q' (D), it is convenient to view W as a subalgebra of the
bigraded algebra Q built from these two copies of Q° (D).
One then can write W ¢ Q = @QP9(D,) and the differ-
Py

entials d and s; extend to maps such that

d:QP9(Dy) — QPH9(D), (3.18)

Sl:QP’g(go) - Qp’ngl(go). (319)
Note that the product of forms verifies QP19 (D) x
sz,gz(go) c Qp|+pz.gl+gz(@0)_

Next, for any a € Q with form degree p and ghost
number g, define the total degree |a| as

la| == 8(a) + g (3.20)

in which () is the form degree of a, already introduced
below Eq. (2.13). The Leibniz rule obeyed by d and s, then

extends for any p, n € Q as

silpxn) = s1(p) xn+ (=DV(E>p) xs1(n),  (3.21)
d(pxn) =dpxn+ (-1)P(E>p) xdy. (3.22)
Now, define
d; =d+s (3.23)
which satisfies
d?=0 (3.24)
whenever one has
sid +ds; =0, (3.25)

which holds here. It follows that d, can be interpreted as the

total differential which can equip W c Q. Processing in
analogy with Sec. III A, we now introduce

A=A+C, (3.26)

A AA

F=d,A+-(AA), (3.27)

[NSR

where the graded twisted commutator is given by

(p.n) = (glp\5<n> > p) x5 — (_1)I/)\In\(5\n\5<ﬂ) > 1) X p,

(3.28)
for any bigraded forms p, n with |p| = |n| = 1.
Then, the data (W, &I,A, F ) with F verifying
F=F (3.29)

can be viewed as a noncommutative analog of the BRST
algebra. The expansion of the lhs of the Russian for-
mula (3.29) in ghost numbers, using
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(A,A) =2(E> A) X A,
(A,C) = (C,A) =AxC+ (£ C) x A,

(C.C)=2CxC, (3.30)
yields the following structure equations:

51C=—-(E>C) xC, (3.31)

sitA=-dC—- (E>C)xA—-(E>A)xC. (3.32)

The curvature F of the algebraic connection A satisfies the
Bianchi identity

diF=E>F)xA-(8>A)xF, (3.33)
which combined with (3.29) gives rise to
siF=(E>F)xC—(&2>C)xF. (3.34)

Summarizing the above analysis, it is natural to define the
noncommutative analog of the BRST algebra for Yang-
Mills theory (3.3) by the data

<W,d1:d+s1,A:A+C,F:d1A+§<A,A>),
(3.35)

with F € Q>%(D,). Since s, acts as a twisted derivation
(3.21), this differential algebra actually corresponds to a
twisted BRST symmetry which we will call the twisted
BRST symmetry algebra.

However, assuming now that d = 5 (i.e., working with
M3), it appears that the nilpotent operation s; is not a
symmetry of the classical action S (2.43), i.e., 5154 # 0,
while s5yS. = 0. This can be easily verified by combining
(2.43) with (3.34). It would be tempting to simply replace
into the above construction s; by s, defined in (2.45) and
(2.46), but this would change the rhs of al (3.23) into
d + s, where d has twists (I, £) while s, is nontwisted in
view of (2.51), implying that d + s, is no longer a
derivation. Therefore, d + s, will never be a differential
and the resulting (W,d + s,) fails to be a differential
algebra.

Nevertheless, it turns out that the BRST operation s,
representing a symmetry of the classical action can be
rigidly linked to the twisted BRST operation s;. We now
show that s; can be continuously deformed into s, as
elements of End(Q).

First, notice that the use of a deformation of the form
{s, = (1 =1)sy +ts;,t € [0, 1]} is unsuitable for our pur-
pose. Indeed, the elements of this one-parameter family do
not satisfy a (possibly twisted) Leibniz rule.

Instead of this one-parameter family, consider the one-
parameter family {s,, z € [0, 1]} such that, for any r € [0, 1],
s, satisfies a twisted Leibniz rule with twists (I, &), i.e.,

s/(pxn) = 5,(p) x n+ (=1)P/(E > p)xs,(b),

Viel0.1], Vpnel. (3.36)
The action of s, on the generators is defined by
5;C=—(&">C) xC, (3.37)
sA=-dC—-(E>C)xA—-(E>A)xC, (3.38)
which implies in particular that
s;F=(E'>F)xC—(&1>C)xF. (3.39)

One easily check that s,y = sy and s,_; = s;. Note that
(3.37) and (3.38) are formally obtained from the expansion in
ghost numbers of F . = F in which F , 1s defined by

F,=d,A+=(AA), (3.40)

N =

withd, =d + s, and

(AA), =2(E> A) XA, (C,C),=2(&">C) xC,

(3.41)

(A.C), = (C.A), = (E>C)x A+ (&> A) x C.
(3.42)

Furthermore, it can be verified by a standard computation
that

s =0,

sd+ds, =0, Viel0,1]. (3.43)
Notice that &, still verifies cAlf =0 but is plainly not a
derivation. Notice also that s, is not an invariance of the
classical action, i.e., 5,5, # 0, unless ¢t = 0.

Let us comment on the above analysis. It appears that
(3.35) can be viewed as the natural algebraic structure
describing a noncommutative analog of the BRST algebra
(3.3). Furthermore, since d and s; carry the same twists
L&), &1 is a differential which, as such, is nilpotent and
obeys in particular a twisted Leibniz rule. This is why a
Bianchi identity (3.33) of usual form for the total curvature
(3.27) holds true (basically, it involves only hatted varia-
bles). This is no longer valid for F, (3.40) stemming from
d, =d + s, forany r € [0, 1] since d,, albeit still nilpotent,
does not obey a twisted Leibniz rule, implying the
occurrence of unwanted terms in the counterpart of
(3.33). Note that since there is basically no standard
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Bianchi identity for F,, t # 1, this latter quantity cannot be
viewed as a curvature so that the algebraic status of the
condition F, = F,t# 1, giving rise to (3.37) and (3.38) is
unclear.

Finally, remark that the deformation we exhibit here is
unique by construction. It could be regarded as a homotopy
in End(f)). However, this terminology is not quite appro-
priate, as it implies somehow forgetting at least the Leibniz
rule, which is fundamental for the present work. If, for
1 € [0, 1], we call L, the subspace of End(Q), consisting in
the elements that anticommute with d and satisfy the
twisted Leibniz rule with the twists (I, ), then our path
{s;,t € [0, 1]} actually crosses once and only once each of
these L, transversally, i.e., at exactly one point (and for each
t € [0, 1], this point is the operator s,, which is nilpotent),
while we would require the deformation to happen in the
same subspace to call it appropriately a homotopy.

IV. CONCLUSION

To summarize, we have exhibited a (continuous) map
defined by s,:[0, 1] x Q — Q, (3.21)—(3.38) and satisfying
s, = s given by (3.31) and (3.32) together with s,_o =
sy given by (2.45) and (2.46). This map defines a path in
End(Q) such that each point of this path is a twisted
derivation which is nilpotent and anticommutes with d. In
other words, although the data (W &0 =d + 5¢) cannot be
promoted to a differential algebra (d, is not a differential)
so that it cannot be reliably viewed as a BRST algebra, it
can be deformed to a full differential algebra given by
(3.35), preserving nilpotency and anticommutativity with d
and twisting continuously the Leibniz rule, through the
map s,. In some sense, the gauge invariance of the classical
action represented by s, is rigidly (by uniqueness of s,)
linked by this map to the twisted BRST symmetry algebra
(3.35). This results in two nilpotent operations. One, s,
presented in Sec. IIC, is actually the noncommutative
analog of the (historical) Slavnov operation directly related
to field theory as generating the Slavnov-Taylor identities
(2.57) controlling its perturbative behavior. The other one,
s; defined in Sec. III B, is actually the ghost number +1
component of the total differential of the twisted BRST
symmetry algebra and as such is rigidly linked to the
corresponding algebraic structure, stemming in particular
from a noncommutative analog of the Russian formula.

The immediate application of the present framework is
the use of s, and its functional Slavnov-Taylor identity to
investigate quantum properties of the xk-Poincaré invariant
gauge theory constructed in [16]. This will be considered in
a forthcoming publication.
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APPENDIX A: THE WEIL ALGEBRA
OF A LIE ALGEBRA

The notion of Weil algebra is a flexible algebraic tool
encompassing various situations whenever an action (of
e.g., a Lie algebra) comes into play. This action can be
translated into the action of suitable Cartan operations [39].
The simplest example is provided by the case of a principal
fiber bundle with connection, with the algebra of differ-
ential forms on the fiber bundle as relevant differential
algebra and usual Cartan operations for the Lie algebra of
the structure group acting on forms (and in particular the
form connection) describing the Lie algebra action on the
fiber bundle.

A convenient way to describe the Weil algebra of a Lie
algebra goes as follows. For a complete mathematical
presentation, see Chap. 6 in [39]. In this Appendix, we
use mostly the notations of Ref. [38]. Let G be a Lie group
with Lie algebra g and dual space g*. Let {7} o7 be the
basis of g and let {w’},cr and {Q“},c; denote, respec-
tively, the basis of g*(w) and g*(Q), two copies of g*.
Consider the free (graded commutative) algebra )V(g)
generated by the w®’s with degree 1 and by the Q%’s with
degree 2. Namely, one has

W(g) = \g*(0) ® Vg'(Q),

where Ag*(@) = @ ,en/\"g* (@) denotes as usual the
exterior algebra on g and \/g*(Q) = D ,enV" 8" (Q) is
the symmetric algebra on g. A”g*(®) involves forms of
degree p while \/”g*(Q) involves elements of degree 2p,
which therefore define the grading.11

(A1)

Define the following elements of g ® W(qg)
w:=T"Q w, Q:=T*Q Q" which obey
1
Q=dyo+ 3 (@, o] (A2)
together with the Bianchi identity
d)y)Q + [w,Q] =0, (A3)

and d},, = 0 which permits one to identify the derivation
dyy with degree 1 as a differential on W(g). In (A2) and
(A3) the commutator and differential satisfy for any u¢,
v"eW() [T°® u', 7" ® vh] = [T“,T”](u“.v”) and
dyy(T* @ u?) = T* ® dyy(u*) where the symbol - in the
first relation denotes the product of forms.

""This N grading can be easily extended to a Z grading for
further convenience (thus allowing one in particular to include
objects with negative ghost numbers).
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To make contact with the Weil algebra, we now
introduce the Cartan operations [39,40] characterizing
the action of g on (W(g).d,y)."> These are iyy(2) and
Lyy(4) = iy(A)dyy + dyyiyy(2) for any A € g, respectively,
the inner product and the Lie derivative [39]. iy, (4) acts
as a derivation of degree —1. iy (4) maps n-forms into
(n — 1)-forms; in particular, for any 1-form 7 in W(g),
iy (4)n = n(4). Then, one easily infers that Ly, (1) Ly (p) —
Ly(p)Lw(4) = Lw([4.p]) and  Ly(A)iw(p) — iw(p) x
Lyy(4) = iw([4.p]).

Now, assume that the 1-form ® is an algebraic con-
nection [39]. As such, it verifies [39]
for any A € g. Combining (A4) with (A2), one easily
obtains

(AS)
Ly()Q =[Q. ] (A6)
for any A€ g. The first (respectively, second) relation

(A4) is a mere generalization of the “vertical condition”
|

M. M;] = ie;;*M,

(M, P}] = ie;* Py,

i 1=\ i
[NnP]]:—zézj(K(l_gz)‘i‘;P ) +;P1Pj

The Hopf algebra structure is defined by

AP0:P0®H+H®P07

AMl:Ml®H+]I®Ml,

e(Py) = e(P;) = e(M;) = e(N) = 0. €(€) =L,

S(Py) = =Py,

1 .
S(N,) = -&7! (N[ - ;e{kPij).

(M. N;| =

[P, €] = [M;, ] =0,

(respectively, equivariance condition) satisfied by a con-
nection on a principal fiber bundle. The relation (AS5)
signals that the 2-form € is horizontal. Indeed, pick a
principal fiber bundle P(M,G) := P over a manifold M
with structure group G of Lie algebra Lie(G). Then a
Lie(G)-valued 1-form connection A on P is such that
ip(X)A =X, Lp(X)A = [A, X] for any X € Lie(G) while
its curvature F is horizontal, namely ip(X)F = 0.

The Weil algebra of g can be defined as (W(g), dyy), iyy).
The differential algebra (WV(g), d,y) generalizes the algebra
of forms on the fiber bundle P, while the Cartan operation
iy(A) generalizes the action of Lie(G) on P and on the
related connection.

APPENDIX B: k-POINCARE ALGEBRA AND
DEFORMED TRANSLATIONS

We use the bicrossproduct basis [7] in this paper.
Let A:P¢ @ P — Pl e:P?— C and S:P? — P¢ be,
respectively, the coproduct, counit and antipode endowing
P¢ with a Hopf algebra structure. Let (P;, N;, M;, E,E7Y),
i=1,2,...,d -1, be, respectively, the momenta, boosts,
rotations and & = e~0/% generating the Lie algebra

ieijka’ [NI,NJ] = —i€ijkMk, (Bl)

IN.E] = iP,-g, (B2)

(B3)

AP, =P, @1+ EQ®P,, AE=EQE, (B4)
AN, = N, ®]1+£®N,-—%e{"Pj ® My, (BS)
(B6)

S(P;) ==&7"P;, S(M;) = M, (B7)

(B8)

Recall that the x-Minkowski space M¢ can be viewed as the dual of the Hopf subalgebra 7¢ generated by P, &, the
deformed translation algebra, which inherits a structure of *-Hopf algebra through P}, = P,, & = £. Then, the following

relation holds true:

“Indeed, there is a natural action of g on itself through the adjoint representation; i.e., any A € g acts on g as Ad; = [4, .]. This induces
an action of g on g* by duality of linear spaces. This action extends to the exterior algebra /\g* (@), hence on the above differential

algebra.
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(t> )T =8S()" > f7,

for any ¢ in 7¢ and any f € MY, implying

(Por> f)F = =Pyr> (f7),

The action of 7¢ on M¢ is

€ ) =1 (30 +1.7).

(P> ) ==E7'Pi > (f7),

(B9)
(E>f)f =& (). (B10)
(Pu > f)(x) = =i(0uf) (). (B11)

[1] M. Dimitrijevi¢, L. Jonke, L. Mdller, E. Tsouchnika,
J. Wess, and M. Wohlgennant, Deformed field theory on
k-spacetime, Eur. Phys. J. C 31, 129 (2003); G. Amelino-
Camelia and M. Arzano, Coproduct and star-product in
field theories on Lie-algebra noncommutative space-times,
Phys. Rev. D 65, 084044 (2002); A. Agostini, G. Amelino-
Camelia, and F. D’Andrea, Hopf-algebra description of
noncommutative-spacetime symmetries, Int. J. Mod. Phys.
A 19, 5187 (2004).

[2] S. Meljanac and A. Samsarov, Scalar field theory on
kappa-Minkowski spacetime and translation and Lorentz
invariance, Int. J. Mod. Phys. A 26, 1439 (2011); S.
Meljanac, A. Samsarov, J. Trampetic, and M. Wohlgenannt,
Scalar field propagation in the ¢* kappa-Minkowski model,
J. High Energy Phys. 12 (2011) 010; H. Grosse and M.
Wohlgenannt, On k-deformation and UV/IR mixing, Nucl.
Phys. B748, 473 (2006).

[3] T. Poulain and J.-C.Wallet, x-Poincaré invariant quantum
field theories with KMS weight, Phys. Rev. D 98, 025002
(2018); T. Poulain and J.-C. Wallet, x-Poincaré invariant
orientable field theories at 1-loop, J. High Energy Phys. 01
(2019) 064.

[4] M. Dimitrijevi¢, F. Meyer, L. Mdoller, and J. Wess, Gauge
theories on the kappa-Minkowski spacetime, Eur. Phys.
J. C 36, 117 (2004); M. Dimitrijevi¢, L. Jonke, and
L. Moller, U(1) gauge field theory on x-Minkowski,
J. High Energy Phys. 09 (2005) 068; E. Harikunmar, T.
Juri¢, and S. Meljanac, Electrodynamics on k-Minkowski
space-time, Phys. Rev. D 84, 085020 (2011); M.
Dimitrijevi¢, L. Jonke, and A. Pachol, Gauge theory on
twisted k-Minkowski: Old problems and possible solutions,
SIGMA 10, 063 (2014).

[5] H.-J. Matschull and M. Welling, Quantum mechanics of a
point particle in 24 1 dimensional gravity, Classical
Quantum Gravity 15, 2981 (1998); L. Freidel and E.R.
Livine, 3D Quantum Gravity and Effective Noncommuta-
tive Quantum Field Theory, Phys. Rev. Lett. 96, 221301
(2006).

[6] J. Lukierski, H. Ruegg, A. Nowicki, and V.N. Tolstoi,
g-deformation of Poincaré algebra, Phys. Lett. B 264, 331

(1991); J. Lukierski, A. Nowicki, and H. Ruegg, New
quantum Poincaré algebra and x-deformed field theory,
Phys. Lett. B 293, 344 (1992).

[71 S. Majid and H. Ruegg, Bicrossproduct structure of
k-Poincaré group and noncommutative geometry, Phys.
Lett. B 334, 348 (1994).

[8] J. Lukierski, kappa-deformations: Historical developments
and recent results, J. Phys. Conf. Ser. 804, 012028 (2017).

[9] A.B. Hammou, M. Lagraa, and M. M. Sheikh-Jabbari,
Coherentstate induced star product on R**3(lambda) and
the fuzzy sphere, Phys. Rev. D 66, 025025 (2002).

[10] For a review on gauge theories on Moyal spaces, see
e.g D. N. Blaschke, E. Kronberger, A. Rofner, M. Schweda,
R.I1.P. Sedmik, and M. Wohlgenannt, On the problem of
renormalizability in non-commutative gauge field models—
A critical review, Fortschr. Phys. 58, 364 (2010).

[11] For a matrix model formulation of gauge theories, see e.g.
H. Steinacker, Emergent gravity from noncommutative
gauge theory, J. High Energy Phys. 12 (2007) 049; H.
Grosse, H. Steinacker, and M. Wohlgenannt, Emergent
gravity, matrix models and UV/IR mixing, J. High Energy
Phys. 04 (2008) 023; H. Steinacker, Emergent geometry and
gravity from matrix models: An introduction, Classical
Quantum Gravity 27, 133001 (2010).

[12] A. de Goursac, J.-C. Wallet, and R. Wulkenhaar, Non-
commutative induced gauge theory, Eur. Phys. J. C 51, 977
(2007); H. Grosse and M. Wohlgenannt, Induced gauge
theory on a noncommutative space, Eur. Phys. J. C 52, 435
(2007); A. de Goursac, J.-C. Wallet, and R. Wulkenhaar, On
the vacuum states for noncommutative gauge theory, Eur.
Phys. J. C 56, 293 (2008).

[13] P. Martinetti, P. Vitale, and J.-C. Wallet, Noncommutative
gauge theories on R2 as matrix models, J. High Energy
Phys. 09 (2013) 051; D. N. Blaschke, H. Grosse, and J.-C.
Wallet, Slavnov-Taylor identities, non-commutative gauge
theories and infrared divergences, J. High Energy Phys. 06
(2013) 038.

[14] For a general discussion on properties of noncommutative
3-d space, see P. Vitale, Noncommutative field theory
on R3, Fortschr. Phys., (2014).https://doi.org/10.1002/prop
201400037

086018-12


https://doi.org/10.1140/epjc/s2003-01309-y
https://doi.org/10.1103/PhysRevD.65.084044
https://doi.org/10.1142/S0217751X04020919
https://doi.org/10.1142/S0217751X04020919
https://doi.org/10.1142/S0217751X11051536
https://doi.org/10.1007/JHEP12(2011)010
https://doi.org/10.1016/j.nuclphysb.2006.05.004
https://doi.org/10.1016/j.nuclphysb.2006.05.004
https://doi.org/10.1103/PhysRevD.98.025002
https://doi.org/10.1103/PhysRevD.98.025002
https://doi.org/10.1007/JHEP01(2019)064
https://doi.org/10.1007/JHEP01(2019)064
https://doi.org/10.1140/epjc/s2004-01887-0
https://doi.org/10.1140/epjc/s2004-01887-0
https://doi.org/10.1088/1126-6708/2005/09/068
https://doi.org/10.1103/PhysRevD.84.085020
https://doi.org/10.3842/SIGMA.2014.063
https://doi.org/10.1088/0264-9381/15/10/008
https://doi.org/10.1088/0264-9381/15/10/008
https://doi.org/10.1103/PhysRevLett.96.221301
https://doi.org/10.1103/PhysRevLett.96.221301
https://doi.org/10.1016/0370-2693(91)90358-W
https://doi.org/10.1016/0370-2693(91)90358-W
https://doi.org/10.1016/0370-2693(92)90894-A
https://doi.org/10.1016/0370-2693(94)90699-8
https://doi.org/10.1016/0370-2693(94)90699-8
https://doi.org/10.1088/1742-6596/804/1/012028
https://doi.org/10.1103/PhysRevD.66.025025
https://doi.org/10.1002/prop.200900102
https://doi.org/10.1088/1126-6708/2007/12/049
https://doi.org/10.1088/1126-6708/2008/04/023
https://doi.org/10.1088/1126-6708/2008/04/023
https://doi.org/10.1088/0264-9381/27/13/133001
https://doi.org/10.1088/0264-9381/27/13/133001
https://doi.org/10.1140/epjc/s10052-007-0335-2
https://doi.org/10.1140/epjc/s10052-007-0335-2
https://doi.org/10.1140/epjc/s10052-007-0369-5
https://doi.org/10.1140/epjc/s10052-007-0369-5
https://doi.org/10.1140/epjc/s10052-008-0652-0
https://doi.org/10.1140/epjc/s10052-008-0652-0
https://doi.org/10.1007/JHEP09(2013)051
https://doi.org/10.1007/JHEP09(2013)051
https://doi.org/10.1007/JHEP06(2013)038
https://doi.org/10.1007/JHEP06(2013)038
https://doi.org/10.1002/prop.201400037
https://doi.org/10.1002/prop.201400037

TWISTED BRST SYMMETRY IN GAUGE THEORIES ON THE ...

PHYS. REV. D 103, 086018 (2021)

[15] A. Géré, T. Juri¢, and J.-C. Wallet, Noncommutative gauge
theories on IRi: Perturbatively finite models, J. High Energy
Phys. 12 (2015) 045; J.-C. Wallet, Exact partition functions
for gauge theories on R3, Nucl. Phys. B912, 354 (2016);
A. Géré, P. Vitale, and J.-C. Wallet, Quantum gauge theories
on noncommutative 3-d space, Phys. Rev. D 90, 045019
(2014).

[16] Ph. Mathieu and J.-C. Wallet, Gauge theories on
k-Minkowski spaces: Twist and modular operators, J. High
Energy Phys. 05 (2020) 112.

[17] B. Durhuus and A. Sitarz, Star product realizations of
kappa-Minkowski space, J. Noncommut. Geom. 7, 605
(2013).

[18] V. G. Kupriyanov, M. Kurkov, and P. Vitale, k-Minkowski-
deformation of U(1) gauge theory, J. High Energy Phys. 01
(2021) 102.

[19] Ph. Mathieu and J.-C. Wallet, Single extra dimension from
k-Poincaré and gauge invariance, arXiv:2007.14187.

[20] C.P. Martin and D. Sanchez-Ruiz, The One-Loop UV
Divergent Structure of U(1) Yang-Mills Theory on Non-
commutative R*, Phys. Rev. Lett. 83, 476 (1999).

[21] T. Krajewski and R. Wulkenhaar, Perturbative quantum
gauge fields on the noncommutative torus, Int. J. Mod.
Phys. A 15, 1011 (2000).

[22] L.H. Rowen, Ring Theory, Vol. 1, Pure and Applied
Mathematics Vol. 127 (Academic, Boston, 1988).

[23] For a recent work including useful references, see e.g. P.
Bick, J. Richter, and S. Silvestrov, Hom-associative Ore
extensions and weak unitalizations, Int. Electron. J. Algebra
24, 174 (2018).

[24] M. Dubois-Violette, Lectures on graded differential algebras
and noncommutative geometry, in Noncommutative Differ-
ential Geometry and Its Applications to Physics (Springer,
Netherlands, 2001), pp. 245-306; J.-C. Wallet, Derivations
of the Moyal algebra and noncommutative gauge theories,
SIGMA 5, 013 (2009).

[25] A. de Goursac, T. Masson, and J.-C. Wallet, J. Noncommut.
Geom. 6, 343 (2012).

[26] T. Poulain and J.-C. Wallet, x-Poincaré invariant orientable
field theories at 1-loop, J. High Energy Phys. 01 (2019) 064.

[27] R. Stora, Algebraic structure and topological origin of
anomalies, in Recent Progress in Gauge Theories, edited
by G. Lehmann et al. (Plenum, New York, 1984); Differ-
ential algebras in field theory, Quantum Mechanics of
Fundamental Systems, Vol. 2 (Springer, New York, 1989).

[28] B. Zumino, Chiral anomalies and differential geometry, in
Relativity, Groups and Topology I, edited by B. S. De Witt
and R. Stora (North-Holland, Amsterdam, 1984).

[29] M. Dubois-Violette, The Weil B.R.S. algebra of a Lie
algebra and the anomalous terms in gauge theory, J. Geom.
Phys. 3, 525 (1986).

[30] L. Bonora and P. Cotta-Ramusino, Some remarks on B.R.S.
transformations, anomalies and the cohomology of the Lie
algebra of the group of gauge transformations, Commun.
Math. Phys. 87, 589 (1983).

[31] M. Dubois-Violette, M. Talon, and C.-M. Viallet, B.R.S.
algebras Analysis of consistency equations in gauge theory,
Commun. Math. Phys. 102, 105 (1985).

[32] J. P. Ader and J.-C. Wallet, Gauged BRST symmetry for the
free bosonic string, Phys. Lett. B 192, 103 (1987); M. Abud,
J.P. Ader, and J.-C. Wallet, The gauged BRST symmetry,
Ann. Phys. (N.Y.) 203, 339 (1990).

[33] For a pedagogical review on topological field theories and
the corresponding invariants, see e.g. D. Birmingham, M.
Blau, M. Rakowski, and G. Thompson, Topological field
theory, Phys. Rep. 209, 129 (1991).

[34] J.-C. Wallet, Algebraic set-up for the gauge-fixing of BF and
super BF systems, Phys. Lett. B 235, 71 (1990).

[35] S.K. Donaldson and P.B. Kronheimer, The Geometry
of Four Manifolds, Oxford Mathematical Monographs
(Oxford, New York, 1990).

[36] E. Witten, Topological quantum field theory, Commun.
Math. Phys. 117, 353 (1988).

[37] E. Witten, Topological sigma models, Commun. Math.
Phys. 118, 411 (1988).

[38] R. Stora, F. Thuillier, and J.-C. Wallet, Algebraic structure
of cohomological field theory models and equivariant
cohomology, in Infinite Dimensional Geometry, Noncom-
mutative Geometry, Operator Algebras, Fundamental Inter-
actions (Cambridge University Press, Cambridge, England,
1995), pp. 266-297.

[39] W. Greub, S. Halperin, and R. Vanstone, Connections,
Curvature and Cohomology, Vol. Il (Academic Press,
New York, 1973).

[40] H. Cartan, Notion d’algebre différentielle; application
aux groupes de Lie et aux variétés ol opere un groupe
de Lie, and La transgression dans un groupe de Lie
et dans un espace fibré principal, in Collogue de
Topologie, Bruxelles 1950, CBRM, Paris, Masson (Masson
& Cie, Paris, 1951), pp. 15-56.

086018-13


https://doi.org/10.1007/JHEP12(2015)045
https://doi.org/10.1007/JHEP12(2015)045
https://doi.org/10.1016/j.nuclphysb.2016.04.001
https://doi.org/10.1103/PhysRevD.90.045019
https://doi.org/10.1103/PhysRevD.90.045019
https://doi.org/10.1007/JHEP05(2020)112
https://doi.org/10.1007/JHEP05(2020)112
https://doi.org/10.4171/JNCG/129
https://doi.org/10.4171/JNCG/129
https://doi.org/10.1007/JHEP01(2021)102
https://doi.org/10.1007/JHEP01(2021)102
https://arXiv.org/abs/2007.14187
https://doi.org/10.1103/PhysRevLett.83.476
https://doi.org/10.1142/S0217751X00000495
https://doi.org/10.1142/S0217751X00000495
https://doi.org/10.24330/ieja.440245
https://doi.org/10.24330/ieja.440245
https://doi.org/10.3842/SIGMA.2009.013
https://doi.org/10.4171/JNCG/94
https://doi.org/10.4171/JNCG/94
https://doi.org/10.1007/JHEP01(2019)064
https://doi.org/10.1016/0393-0440(86)90009-4
https://doi.org/10.1016/0393-0440(86)90009-4
https://doi.org/10.1007/BF01208267
https://doi.org/10.1007/BF01208267
https://doi.org/10.1007/BF01208822
https://doi.org/10.1016/0370-2693(87)91149-X
https://doi.org/10.1016/0003-4916(90)90174-M
https://doi.org/10.1016/0370-1573(91)90117-5
https://doi.org/10.1016/0370-2693(90)90099-R
https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01466725
https://doi.org/10.1007/BF01466725

