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Effective field theory on a finite boundary of the Bruhat-Tits tree
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Based on bulk reconstruction from the finite boundary of the Bruhat-Tits tree, the boundary effective
theory is obtained after integrating out fields outside this boundary. According to the p-adic version of
anti—de Sitter/conformal field theory duality, two-point functions of dual theory living on the finite
boundary are read out from the effective action. They can be regarded as two-point functions of a deformed

conformal field theory over p-adic numbers.
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I. INTRODUCTION

It is proposed that physics should be invariant under the
change of number fields [1]. For example, we should be able
to use either real numbers (R) or p-adic numbers (Q,,) [2—4] to
set up spacetime coordinates and write down the same
physical laws. Such number fields should include the set
of rational numbers (Q) since all measurement results in
physics are rational numbers. Considering that Q,, and R are
the only two candidates satisfying certain restrictions such as
including @, it is necessary to study physics over Q, as
investigations to the above proposal. Another motivation to
study physics over Q, comes from the possibility that
spacetime is non-Archimidean at small scales [1,5,6], and
it is very convenient to construct such spacetime using Q,,.
String theories over Q,, (p-adic string) begin with [5,7,8], and
the Bruhat-Tits tree (T),) is regarded as the p-adic string world
sheetin [9]. Spinors, gravity, and black holes on T, are studied
in [10-15]. Relations between T, and tensor network are
studied in [16-18]. The p-adic version of the anti—de Sitter/
conformal field theory duality (p-adic AdS/CFT) [19-21] is
proposed in [10,22], which are followed by lots of works, such
as [23-33].

Among all these references, [9,22] are the most impor-
tant to this paper. Besides identifying T, as the p-adic
string world sheet, Ref. [9] also calculates the effective field
theory on the infinite boundary of T, which is obtained by
integrating out fields in the bulk. “Effective” comes from
the integration of fields. One key technique is the use of
bulk-boundary propagators. But propagators seem useless
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when one wants to calculate the effective field theory on the
finite (cutoff) boundary, where bulk reconstruction from the
finite boundary is required. “Cutoff” usually means ignor-
ing one side of the boundary. “Finite boundary” is preferred
to “cutoff boundary” in this paper because both sides of the
boundary are handled carefully, and none of them is
dropped directly.

One motivation of this paper is to extend the work of
Ref. [9], which is to calculate the effective field theory on a
finite boundary. Bulk reconstruction from the finite boun-
dary is solved in Sec. III, and the effective field theory is
calculated in Sec. IV. Another motivation is to find some
results of p-adic AdS/CFT which are parallel to those
of AdS/CFT over R with a cutoff AdS boundary, such as
[34-38]. Identifying T, as the p-adic version of AdS
spacetime [22], two-point functions of a deformed CFT
over Q p are calculated in Sec. V, where the deformation
comes from the “cutoff” of T, or in other words, comes
from the finite boundary. Section II provides some basic
knowledge of T, and points out the field space used in this
paper. The last section is summary and discussion. In this
paper, the measure y, dx, the p-adic absolute value || ,, and
the edge length L have the dimension of length while
p-adic numbers are dimensionless.

II. THE BRUHAT-TITS TREE AND FIELD SPACES

Referring to Fig. 1, T, is an infinite tree with p + 1
edges incident on each vertex, where p is a prime number.
The distance d(-, -) between vertices can be defined as the
number of edges between them. Letting z(-) denote the
vertical coordinate of a vertex, there is a particular one-to-
one correspondence between the upper boundary of T, and
Q,, such that |x — y|, = |z(ay,)|,, where a,, is the lowest
vertex on the line connecting x and y on the upper boundary
(x,y € Q). |x —y|, also defines the distance between x
and y, and it is actually the regularization of d(a, b) when
a — x and b — y. Referring to Fig. 1, a,b — x,y can be
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achieved by x’ — x and y' — y. According to [22], we can
write

(x=x)(y—-))
(x=y)(x' =y

—d(ab) _ )=y L
P |)C - y|127

p (1)

where the right-hand side of “~” is the regularization of the
left-hand side. There is only one single point on the lower
boundary of T,, which is noted as co. Each vertex can be
regarded as a subset (ball) of Q, containing points on the
upper boundary which are connected to this vertex from
above. There is an additive measure y of vertex a which
equals |z(a)|,. Several examples are provided in Fig. I,
such as

d(a,¢) = d(b,c) = d(e, ) = 1, 2)
d(a, ) = d(b, e) = d(a,b) = 2, (3)

x=yl, = lz(ay)l, = lz()], = Ip"l, = p™.  (4)

e —ul, = ly—ul, =lz(e)|, = p"", = p'™".  (5)
x€a, y€b, uce, aUb=cCe, (6)
p*u(a)=p*u(b) = pu(c)=n(e)=l|z(e)|,=p'". (7)

Be aware that u & ¢ since edge ec is attached to ¢ from
below but not from above.

Consider the action and equation of motion of a real-
valued massless scalar field on T),:

1 (¢a - ¢ )2
S=22 T ®)
(ab)
O¢a =0,  Ofa=> (fa—1fi): 9)

beda

where (ab) is the edge connecting the neighboring vertices
a and b. The constant L is the length of edges. b € Ja
means b is a neighboring vertex of a and the sum ), ;, is
over all the neighboring vertices of a. This action can be
rewritten as a sum over vertices, which is

u oo T Y y z

FIG. 1. T,_, and its vertical coordinate z.

AL2S = (o -

a beda
=2 > $O¢a+Fn(.d) + Ry(d.4). (10)
z(a)<p”
z Z (fatFu)lgp—90).  (11)
)=p" (JEOKHI
- X 3w —g). (12)

a)>p"N b€da

Ry comes from the separation
2=+ (13)
a a)<p  z(a)>pN

and F comes from the identity

Z Z — )

<pN b€da

=2 Z faDga+FN(f’g)
z(a)<pV

Z(a)<pM

It is convenient to consider a field space where Ry and Fy
vanish. For the field space H in this paper, we demand that

VfgEH, lim Fy(f.g)= lim Ry(f.9)=0. (15)

Hence, we can always write

_1 <¢a_¢b)2_
P D

1
770 $ba  (16)

where no boundary term appears.

III. BULK RECONSTRUCTION
FROM THE FINITE BOUNDARY

With the help of on-shell conditions in the bulk, fields
there can be reconstructed from those on the boundary. In
Fig. 2, there are four subgraphs of T,_,. From left to right
their bulks and boundaries (bdy) are

bulk:{1},  bdy: {0,052}, (17)
bulk:{l,Z,...}, bdy:{01,02,03,04,3}, (18)
bulk:{1,2,3,...},  bdy:{0,,0,.....0,,05,4},  (19)

bulk:{1,...,n,...},  bdy:{0},....,0,,n+1}. (20)
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FIG.2. Foursubgraphs of T,_,. Vertices on the upper boundary
are noted as 0;’s. The lower boundary of each subgraph contains
only one vertex.

Refer to the first subgraph on the right. ¢,, whose location
is one edge above the lower boundary {n + 1}, can be
reconstructed from ¢, (the field on the lower boundary)
and ¢y’s (fields on the upper boundary). After solving the
cases of n =1, 2, 3 (three subgraphs on the left), the
following ansatz can be proposed:

Api1Pn = Appi1 + 0124507 nxl, (21)
n

a,=p"—1,

Zd’o = Zfﬁo,-- (22)
n i=1

It can be proved by mathematical induction.

What is useful in this paper is the reconstruction of ¢y,
whose location is one edge below the upper boundary.
Letting n =1, 2, 3 in (21), we have

a)py = ay, + 61121:450
aypy = arps + a1;¢o = (23)
asps = azy + 0123:450

b= S Y e S s
lia1a2l O aya, > 0" aza, 3 O aiag
(24)

Referring to the third subgraph on the left in Fig. 2, Eq. (24)
is the reconstruction of ¢; from ¢, and ¢,’s. Therefore, the
ansatz for the reconstruction of ¢, from ¢, and ¢,’s can
be proposed as

1
_2 Zaat+lz +

which can also be proved by mathematical induction.

Let us consider a simple case of the boundary condition
on the lower boundary, which is ¢,_,, = 0. Remember that
oo is the lower boundary of T, (Fig. 1). Letting ¢, ., =0
and n — oo, the reconstruction of ¢; writes

¢n+1’ (25)
Ant1

1 =1
— ¢ = . 26
20 =2 2 (26)

It can be rearranged into a more useful form. Taking the
third subgraph on the left in Fig. 2 as an example, we can

write
23 21 22 23

2450 = Zﬁboi = Zﬁboi + Z o, + Z o,

3 i=1 i=1 i=2'+1 i=22+1

= Zébo + Z(ﬁo + zfﬁov (27)

2\1 3\2

where “=" means that we introduce new symbols on the
right-hand side to denote the left-hand side. Remembering
that each vertex is a ball in Q,,, > ;;),; means the sum is
over all vertices 0’s (vertices on the upper boundary)
included in vertex i + 1 but not included in vertex i. It
can be found that there are p terms in >, and p'*! — p/
(i 2 D) termsin ), ), ; Now the reconstruction of ¢, (26)
can be rewritten as

1 1
a—%fﬁl = ﬁsz)OJr
= St

% Z(/,O +..
(Z(ﬁo + Z%)

21
= Alzlf’o + Azzfﬁo + Azz% +- (28)
21 3\2
= 1
—x didit1

The distance between any vertex 0; C (i 4+ 1)\7 and vertex
1 is a constant that only depends on i. Taking the third
subgraph on the left in Fig. 2 as an example, we have

0,U0, =1, d(0,,1)=d(0,,1)=1=2x1-1, (30)
0;U0,=2\1, d(05,1)=d(04,1)=3=2%2-1, (31)

05 U 0g U0; UOg =3\2, (32)
d(05.1)=d(05,1)=d(0,,1)=d(0g,1)=5=2%3—1. (33)

Therefore, under the boundary condition ¢,_, ., = 0, the
reconstruction of ¢; from ¢,’s (28) also writes

ZA Z Po= D Avaagy.  (34)

=2n-1 0cbdy

—451

where > )—5,—; means the sum is over vertices on the
upper boundary that are 2n — 1 edges away from vertex 1.
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D0 2d(1.0) = Doebdy 1S the sum over all vertices on the
upper boundary. The weight coefficient A 4, only
depends on the distance between ¢,’s location and vertex 1.

IV. THE EFFECTIVE FIELD THEORY
ON THE FINITE BOUNDARY
Consider the partition function with sources only living
on a finite boundary E,;. We can write

D 2

ZM [J} fTI) D¢e_s ’ (35)

_ 1 (¢a B ¢b)2 _ 1
SE%TEZ:QbaD(bW (36)
Ey ={alz(a) = pM},  Jugr, =0, (37)

where pr D¢ means ¢ fluctuates on the entire T,.
Decompose ¢ into @ and ¢’ which satisfy

o =@y + ¢£1’ |:l(I)aéEM =0,

¢¢/1eEM =0. (38)
@ is on-shell outside E,; and ¢’ vanishes on E,,. It can be
found that ® and ¢’ are decoupled in our free field theory,
and only @ will contribute to the final result. Rewriting the
action using ® and ¢’, we have

2128 = ) @, 00, +

a€Ey,
=Y 0@, -0, )+ >0, (p0 - Y @)
a€Ey acEy bEda
z(b)>z(a)
+ 5,
S = ¢.04),. (39)

where (14) and (38) are used. Among p + 1 neighboring
vertices of a, there is only one satisfying z(b) < z(a)
(noted as a~) and the rest satisfying z(b) > z(a). When
choosing a particular on-shell configuration of ®, above
Ey (z(a) > pM), the second term in the action vanishes,
and it makes the calculation easier. Referring to Fig. 3, we
have

PR — > @y =pD,— Y D, =0. (40)

b€da beda
2(b)>2(a) 2(b)>2(a)

Other on-shell configurations which are not considered in
this paper, such as ®, = p~'®, in (40), can introduce a
nonzero mass term. According to the reconstruction of ¢,
from ¢,’s (34), @,- can be reconstructed from ®’s on E),.
And the action can be written as

By =By, =By, = -

(ba’:q)b,’z.:q)bé:“' z

a

E]W:{aaa,a"'} by

FIG. 3. The configuration of ®, when z(a) > pM. Take a €
E); as an example. by = a~, b,, and b3 are p + 1 = 3 neighbor-
ing vertices of a, which satisfy z(b;) =2z(a”) < z(a) and
z2(by) = z(b3) > z(a). @’s on vertices included in a (vertices
of the red subgraph) equal to ®,. ®’s on vertices of the blue
subgraph equal to ®,, and so on.

2 =D DD, — D) + S

acEy

=) @,(P,—d} ZAHJ(;-_,,@Z,) +5. (41

a€Ey beEy,

Considering that there are p vertices (b’s) satisfying
d(a=,b) =1 and p" — p"~! vertices satisfying d(a~, b) =
2n — 1 when n > 2, it can be proved that

a% Z A1+d(§f.b)
beEy
=aj(Aip+ A (PP —p) +A(pP — p?)+- )
=ai(p(A; —Ay) + P*(Ay = A3) + PP (A —Ag) + )

al<a2_a1+a3—az+a4_a3+...)_1. (42)
aja, aras d3dq

Hence the action also writes

205 = 30, 3 Avaca(@,-0)) 5

a€ky beEy,
=al ZE @, (;A@(cpa - c1>b)> +S. (43)
a€Ey €Ep

b#a

Substituting it into the partition function, terms related to ¢’
cancel out. And it turns out to be a partition function of a
field theory on E,;, which is

[ D <1>e_SM+ZaeEM @,J,
— M

70 , 44
M[ } fEM DDeSu ( )
(p—1)
=2 S0, (St -00). 9
a€ky €bm

b#a

f Ey D® means © only fluctuates on E,;, which comes from
the separation

086015-4



EFFECTIVE FIELD THEORY ON A FINITE BOUNDARY OF ...

PHYS. REV. D 103, 086015 (2021)

/T,, D = /EM De /T,,\EM Dép. (46)

Equation (44) is the effective field theory on the
finite boundary E,;. Taking the limit M — oo leads to that
on the infinite boundary. Refer to Fig. 4. Given vertices
a, b € Ey;, select two points x and y on the upper boundary
of T, satisfying x € a, y € b. We can write

_dlab) dlab)
M=, =p 2 [pM],.  (47)

e =y, = lzlay)l, = Ip

The action S, can be rewritten as

212
S
(p—1>""
dah
=S M@, (Z|pM|,, (@, «bh))
a€Ey, bEEy |
b#a
<I> -
=>"1pM|,@ (Z|p [pAdtas p*? 2b>, (48)
a€Ey beEy, | y|p

b#a

where x € a, y € b. |pM|, is the measure of each vertex on
the finite boundary E,;, which tends to dx in the limit
M — 0. Supposing that @ — x and b — y when M — oo,
we can write ®, —» @, and ®, — @, where ®, or ®,
represents a field on the upper boundary (infinite boundary)
of T,. As for the Ay/» p? term, considering that M — co <
d(a,b) — oo according to (47) when fixing x and y, we can
write

M|p

- 1
Ad(a h)pd(a b) pd -
2 ,'Zd/:2<p1_1><pl+1_1)
M—co d > 1 P
- D - = (49)
i:zd/:z plpH—l p2 -1

pM +1
phf

M—1
p

FIG. 4. The relation between d(a, b) and |x —y|, = |z(ay)|,
where x € a,y € b. d(a, b) is the number of edges between a and
b. a,, is the lowest vertex on the line connecting x and y. It can be
found that log, p* —log, z(a,,) = $d(a.b), which also writes
z(a,,) = pM=d@b)/2 In this figure, we have d(a,b)=
4*Z(axy) = pMiz-

Finally, in the limit M — oo, the action S;; can be written as

1 ®, -,
_rlp=l) / dx®, / dy =2 (50)
2(p+1)L* Jieq, e T =yl

This effective field theory on the infinite boundary of T,
is consistent with [9]. But different dx (or ) and ||, are
used in that paper. The relation between dx and p is
Jicqdx = p(a). Refer to Fig. 5. In the left figure, we
already know that

SM—)oo

/‘(axy) = |Z(axy)|p = p—n—l’ (51)

=pu(c) = |z(c)], =p™".  (52)

|x_y‘p:

|I/£ - v|p - ,u(auv)
The right figure is another layout for the same graph. There
is a radial coordinate z¢ of vertices depending on the
distance between this vertex and the reference one c. For
example, we can write

1

Zc(axy) = Pd(a‘“”c) =p, d(a.

z¢(a,,) = plaw) =p?,  (53)

25(c) = piled = 1. (54)

Each vertex (noted as a) in the right figure is a ball in
Q, U {oo} containing boundary points which are on the
“half-line” ca’s (half-lines which start from c, pass through
a, and go to the boundary). The reference vertex ¢ contains
all the boundary points, namely ¢ = Q,, U {co}. Measure
u¢ of vertices and distance | - |§, of boundary points can be
introduced according to the right figure, which satisfy

pe(ay) =

= ﬂc(au17) =

They are different from y and ||, in the left figure or which
are used in this paper. For example, it can be found that

) > u(aw),  (57)

(ay)l, =P (55)

z(aw)l, =P~ (56)

lx =yl =

lu— ol

play) < play),  p(ay

'.OC

FIG. 5. Two different layouts for the same graph T,_,. Differ-
ent y’s and |-[,’s can be introduced according to different
layouts.
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=yl <lu=vlp  |x=yl > lu—vf,. (58)

¢ and ||, are the measure and distance used in [9].

V. RELATIONS TO p-ADIC AdS/CFT

Consider the equation

fT D¢€_S+ZaeEM¢uJu
B fT,, Depe™s
_ fEM D¢ fTP\EM D¢€_S+EaEEM¢a"a
Je, DO fTP\EM Depe~s

fE D‘I’e—SM+Z“EEM ®ala
— M
Sz, DDen

ZylJ]

(59)
Ignoring denominators and setting J = 0, we can write
/ Depe=S ~ e‘SMM:;oo/ Dpe=S ~ e~Swu==.  (60)
T,\Ey T,

Therefore, S); (Sy—) can be regarded as the effective
action after integrating out fields on T,\Ey, (T ). Now let
us identify T, as a p-adic version of AdS spacetime [22].
According to the spirit of AdS/CFT,

, (61)

Poadas=Po

<efdxo¢O>CFT :/ Depe™s
AdS

where JAdS is the boundary of AdS and the fluctuation of
gravity has been ignored, e Sv-= should be directly
proportional to the generating functional of some CFT
over Q,,, whose two-point function reads

52 e Si-o
50,50,

_plp—1) 1
®=0 (p+1)L2|x—y\?,

(62)

Itis consistent with [22] if setting 7, = 1, A = n = 1 there
and L = 11in (62). On the other hand, if not taking the limit
M — oo, the following calculation should give a two-point
function of some deformed CFT over (coarse-grained) Q,,:

526_SM (p _ 1)2
_— :72Ad(n.b)
5q>a5d)b¢a d=0 2
(p-1) Z"" 1
= n n ’ (63)
L’ d(a,b) (p _1)(17 +1_1)

where d(a, b) = 2,4,6,8, ... is a positive even number and
Ey ={a,b,...} is a coarse-grained Q,. Remember that
each element in E); is a ball in Q,,. Equation (63) can be
regarded as a counterpart to the two-point function of a
deformed CFT living on the cutoff boundary of AdS
over R.

VI. SUMMARY AND DISCUSSION

In this paper, we manage to reconstruct fields in the bulk
from those on the finite boundary of T, (34). Then with the
help of calculating techniques in [9], the effective field
theory is calculated by integrating out fields on the entire
T, except those on the finite boundary (44). According to
the spirit of AdS/CFT, two-point functions of dual theories
are read out: (62) on the infinite boundary and (45) on the
finite boundary. The former is a two-point function of a
CFT over Q, which is consistent with [22], and the latter is
a two-point function of a deformed CFT which should be
compared with that in AdS/CFT over R with a cutoff AdS
boundary.

Some problems still need to be explored. For example,
(i) relations between field spaces discussed in Sec. II and
those in [13,30] are still unclear. Different field spaces or
boundary conditions sometimes lead to different results; (ii)
it may be a hard problem to find out what “deformed CFT”
is which gives a two-point function such as (63). It is
known that the counterpart over R can be regarded as a T'7 -
deformed CFT [36]; (iii) the same calculation on pAdS is
interesting. pAdS [22,25] is another p-adic version of AdS
spacetime whose finite boundary is exactly Q,, but not the
coarse-grained one.
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