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The requirement of diffeomorphism symmetry for the target space can lead to anomalous commutators
for the energy-momentum tensor for sigma models and for fluid dynamics, if certain topological terms are
added to the action. We analyze several examples. A particular topological term is shown to lead to the
known effective hydrodynamics of a dense collection of vortices, i.e., the vortex fluid theory in 2 + 1
dimensions. The possibility of a similar vortex fluid in 3 + 1 dimensions, as well as a fluid of knots and
links, with possible extended diffeomorphism algebras is also discussed.
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I. INTRODUCTION

The components of the energy-momentum tensor in fluid
dynamics or in a field theory will obey commutation rules
which express the fact that they are the generators of
diffeomorphisms. Anomalies in diffeomorphism sym-
metries will be reflected, in a Hamiltonian formulation
of the theory, as anomalous commutators. Although we
generally seek to avoid such anomalies for reasons of
unitarity, the following more nuanced situation can arise.
The fields or fluid variables we are considering are maps
from spacetime, denoted as M, into a target manifold M.
As is well known in the context of sigma models, the choice
of local coordinates on M should not affect physical
results, such as the S-matrix. In other words, field rede-
finitions via diffeomorphisms of M are possible. It is then
possible that there are certain types of topological terms
which can be included in the action and which can create an
incompatibility between diffeomorphisms in spacetime M
and on the target space M. This feature can then be
manifest as anomalous commutation rules for the energy-
momentum tensor. Such topological terms are the subject
of this paper.

The immediate motivation comes from the work of
Wiegmann, and Wiegmann and Abanov, who considered
vortices in a superfluid, and for the quantum Hall system, in
2 + 1 dimensions [1]. In a situation with a large number of
vortices, it is possible to consider an effective hydro-
dynamics for them. In other words, each vortex can be
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viewed as a point particle and a fluid with such constituents
is obtained. This fluid is different from the underlying fluid
which produced the vortices in the first place. The authors
of [1] showed that the commutation rules for the energy-
momentum tensor for the vortex fluid has anomalous terms.
We may recall that anomalous commutators can be viewed
as 2-cocycle terms obtained via the descent equations from
an index density in two higher dimensions, and hence, they
are closely tied to the existence of gravitational anomalies
[2]. Since there are no purely gravitational anomalies in
2 4 1 dimensions [3], how is it possible to have anomalous
commutators? Could they arise from the incompatibility
mentioned above?

There is also alarger context for our analysis in view of the
recent resurgence of interest in fluid dynamics. Studies of the
behavior of a quantum Hall droplet as an incompressible
fluid with the possibility of nondissipative viscosity in 2 4 1
dimensions [4] and the holographic fluid-gravity correspon-
dence in the AdS/CFT framework [5] have been two major
tracks for ongoing research. Added to this is the fact that a
formalism for non-Abelian fluid dynamics incorporating
anomalous symmetries [6] is clearly the natural framework
for interesting physical phenomena such as the chiral
magnetic effect and its variants [7]. And, of course, the
fluid version of the Wess-Zumino term as an effective action
for anomalies is the classic example of a topological term
which can influence the dynamics of a fluid [8,9]. In the
present analysis, we will focus on a slightly different class of
topological terms. We will consider terms which can lead to
anomalous commutators as well as terms which can couple
different fluids. Notice that the example of the vortex fluid
may be considered as a two-fluid system with the funda-
mental underlying fluid and the vortex fluid, so it should be
interesting to analyze systems with independent dynamics
for each component except for coupling via topologi-
cal terms.

Published by the American Physical Society
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A useful observation is that anomalous commutators
define 2-cocycles in the operator algebra [3]. For the equal-
time algebra for a theory in 3 + 1 dimensions, we should
thus consider a five-form which is closed but not exact.
Locally such a five-form can be written as the exterior
derivative of a four-form I'. This can be added to the action,
and can lead to anomalous commutators. Thus, in 3 + 1
dimensions, our strategy will be to consider sigma models
or fluid variables for which we can identify nontrivial
five-forms. For 2 + 1 dimensions, we will need nontrivial
four-forms.

This paper is organized as follows. In Sec. II, we analyze
the sigma model with target space CP2, showing how the
extended version of the diffeomorphism algebra arises
and how it is connected to diffeomorphism of the target
space. In Sec. III, we consider various types of topological
terms which can be added to the standard action for fluid
dynamics. This is done in terms of a group-theoretic
formulation of the Clebsch variables, which helps to
simplify the analysis. Section IV is devoted to the case
of one of the topological terms and the corresponding
extended version of the diffeomorphism algebra is
obtained. In Sec. V., we carry out the necessary comparison
to identify this case with the vortex fluid work of [1] in
2 4 1 dimensions, and also show that a special case yields a
central extension identified in [10] for 3 + 1 dimensions. In
Sec. VI, we analyze the other topological term, designated
I,, and argue that the extended algebra obtained may apply
for an effective hydrodynamics of knots and links in 3 + 1
dimensions. The paper concludes with a short discussion.

II. A SIGMA MODEL ON CP?

We will start with a sigma model in 2 4+ 1 dimensions
with the target space M as the complex projective space
CP2. This will serve as a concrete example which sets the
paradigm for later discussion. The space CP? has nontrivial
H* and a generating element of this can be taken as Q A Q,
where Q is the Kihler two-form. We can think of CP? as
SU(3)/U(2) and use a group element U € SU(3) with the
identification U ~ Uh, h € U(2) c SU(3) to coordinatize
the manifold. In a 3 x 3 matrix representation of U, the
Kéhler one-form is given by

5 | 10 0
A=i—Tr(t;U'dU), tg=——=1]0 1 0 |. (1

Under U — Uh, A is not invariant, but transforms as

A(UR) = A(U) —%deg 2)

where h = exp(itg0g + it;0;), i = 1,2,3. Thus A is not a
one-form on the coset SU(3)/U(2), but Kahler two-form

Q = dA is invariant under U — Uh and is well defined on
CPZ2. One can introduce local coordinates for the manifold
by writing

1
Vvi+7Z-z

It is also useful to consider real coordinates defined by, say,
7' =o' +ip?, 22 = ¢ + ip*. In terms of these paramet-
rizations, the one-form A can be written as

Uiz = (21»22’1)~ (3)

_izdz—zedz o gdg
2 (1+z2) “(1+e?)
J12:—J21:], J34:—J43:], allother]ah:O. (4)

The product Q A Q can be written as dI” where '=A A dA.
While Q A Qis well defined on CP2, T" does not descend to
the coset space since A is not invariant under U — Uh. I
will be the topological term we add to the action. Thus the
theory we are considering is defined by the action

1
S =3 / d*xG 0,90 " + k / r (5)

where k is a constant and G, is the metric tensor for the
target space CP?. Notice that I shifts by a total derivative
under U — Uh, so that the bulk action is well defined with
appropriate boundary conditions. We take the fields to
vanish at spatial infinity. The surface terms on equal-time
spatial slices do not necessarily vanish and can lead to a
canonical transformation. In terms of the real coordinates
@?, I' is given by

@ dede*dp?
(1+ ¢*)?
@°0,9"0,0°0 9"
(14 ¢?)?

dx' A dx¥ A dx®. (6)

The canonical momentum II, can be read off from the
action as

d*x1, = d*xG ,¢p" — T, (7)
bd cd d
r,= keabcdqo 4 2¢2
(1+9%)
b c d
@ 0ip 0,9 . '
= ke pog T IE G A did 8
bed (1 +(p2)2 ( )

(The differentials dx in I, in this equation are for the spatial
coordinates only.)

The term I" we have added is a differential form on
spacetime and is therefore independent of the spacetime
metric. Therefore it will not contribute to the energy-
momentum tensor. By considering the variation of the
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action with respect to the spacetime metric, we obtain the
energy-momentum tensor as

1
T/u/ = Gabayggaay(pb ~ N 5 (Ga(pa(p) (9)

The momentum density which can be identified as
the generator of spatial diffeomorphisms is given by
T = G,,0;0°¢". The generator of the transformation
x' — x' + & is thus given by

T(&) = / (E0u")G it = / (D) (T, +T,)

- /(g.a¢a)<—152a +Fg> = —i/(rf-@fp”)Da,
D, = <6Z“ + iFa>. (10)

D, is a covariant derivative for the target space with I, as
the gauge field.

It is now completely straightforward to calculate the
commutator of two such generators. We find

[T(6). T(&)] =T (¢, 5’])—/ﬂ”(X)6b(y)[Da,Db] (11)

where [£,&] =& 08T =& - Q8 p* = (E-O¢p), and
o’ = (¢ - 0¢®). We can think of I, as a connection or
gauge field on the space of fields and hence the commutator
[D,, Dy] is the field strength,

al—‘b (y) _ ara (x)
g (x) g (y)

[D,.Dp] =i =iF,(xy). (12)
( )

It is simpler to use the notation of differential forms for the
target space and write the connection as

A= /Faégo“ (13)

where 6 denotes the exterior derivative for the space of
fields. What we need for the curvature (12) is thus 5.A. In
terms of Q = 1Q,,dp*dyp®, we can write A as

A=k / [A,80°Q + Qudpkdg!A). (14)

[We do not write the wedge sign any more to avoid too
much clutter; it is taken as understood. Notice that the
comparison of (13) and (14) gives another expression for
I', as well.] To obtain the curvature, we may note the
following identities:

1
5(A,00") = EQabe(O“&Pb’
o = d(kafS(ﬂdeDl),
1
8(Qud¢tdy') = —d <5 Qk15€0k5fﬂl>,
5(A,de) = d(A,8¢°) + Qupdp de®.  (15)

Using these results we can calculate 5.4 as
! as. b kgl
5./4 =k Egab5§0 5(ﬂ led(p d(p
— Q00" do" Qe | (16)

Some total derivatives in the integrand have been dropped
since they integrate to zero. We assume the boundary
conditions are such that this is the case. The second term on
the right-hand side of (11) can now be written as

- / p*(x)6 () [Dg. D)

1
_— / [2 Q0" Qyude dg! — 29p" e Qi d!
— iV, |V, |F (17)

where the symbol V, | denotes the interior contraction with
the functional vector field

)
v, - /pa&pa. (18)

a (functional) differential form F =

Explicitly, for
f%Fab5(pa5(pb’

o 1
V,IF= [ p° —F 005"
/)J /p5¢aJ/2ah¢¢
1

=5 / [F pp* 89" — F 1,69 p"]

= /Fab/)a5§0b' (19)

Consider now the differential four-form Q2 on the target
space. We use contractions with V, and V, and write it as a
differential form on space by taking ¢ as functions of the
coordinates; i.e., we pull back the result to spatial manifold.
We can then easily check that

V, V. |F =V,]V,](QQ). (20)

We can now rewrite (11) for the commutator of the
generators of spatial diffeomorphisms as
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T(©).T(&)] = iT([£.£)) - ik / VIV.I©@). (1)

The first term on the right-hand side is what is expected
from the fact that a diffeomorphism x' — x' + & on a
space-dependent function f leads to the change

of =¢&

Ly 22)

0.

The second term on the right-hand side of (21) shows that
the generators 7'(£) for the diffeomorphisms have anoma-
lous commutation rules, the anomaly being related to the
H* element of the target space M. The definition of the
generator as in (10) also shows how this anomaly can be
avoided. Define

T(6-10)- [ (0w, ——i [ (€ 00) 2.

(23)
It is then trivial to see that [7(&),7(&)] =7 ([¢ &),
with no anomalous terms. However, 7 is related to the
components of the energy-momentum tensor via the sub-
traction of the integral of (¢ - 0p“)I',. Since I, is not well
defined on CP?, as we have mentioned after (2), this
redefinition is problematic. In other words, A is a gauge
field on the space of field configurations and hence not
invariant under field redefinitions or target space diffeo-
morphisms. Thus, while the use of 7 (£) will eliminate the
anomaly for diffeomorphisms of the spatial manifold,
we lose the freedom of field redefinitions or target space
diffeomorphisms.

This is the key result of this section. We can add to the
action a term [ .A,p* where A is the potential for an
element of H* (or H**! for d-dimensional spacetime) of the
target space. This can lead to a conflict between diffeo-
morphisms of the base spatial manifold and the space of
field configurations, resulting in anomalous commutators.
In the next two sections, we will explore a similar structure
for fluids in 2 + 1 and 3 + 1 dimensions.

III. THE NATURE OF POSSIBLE
TOPOLOGICAL TERMS FOR FLUIDS

We start with fluids in 3 4+ 1 dimensions; the 2 + 1
dimensional case can be easily obtained by a simple
reduction.

In the classic Lagrange approach to fluid dynamics, one
considers a multiparticle system, where x'(z, ) denotes the
position of the zth particle at time ¢, where z is an element
of some indexing set labeling the particles. When the
number of particles is very large and a continuum approxi-
mation is meaningful, one chooses the initial positions of
the particles as the label for the particle. In other words,
x!(z,0) = z'. Thus x'(z, t) may be regarded as the image of
7' under a diffeomorphism parametrized by the time

coordinate t. The kinetic term in the action takes the usual
form

1 o
Sun =5 [ ol (24)
We take the particle mass to be 1 and py(z) gives the
number density of particles as a function of the fiducial
variables z'. The canonical one-form at the level of particles
is obviously given by

A—/d3zp0(z)v[5xi _/dBZpo(z))'ciéxi. (25)

The use of the notation 5x’ rather than dx’ signifies that this
is to be viewed as a one-form on the space of configura-
tions. If the helicity of the fluid system is fixed, then the
velocity admits the Clebsch parametrization

Vi = 619 + aaiﬂ (26)

for arbitrary functions 0, a, . The canonical one-form, for
this parametrization, reduces to

A= / d*zpo(2)(9;0 + ad;B)6x' = / d*zpy(2)(50 + adp)
= /d3xp(x)(5t9—|— asp) (27)

where the density p(x), as a function of the x coordinates, is
defined by d*zp(z) = d*xp(x). This shows that to obtain
the canonical one-form as in (27) we should take the term in
the action involving time derivatives to be f /)9 + paﬁ.
A suitable action for fluid dynamics (in terms of the
Eulerian variables) is then

S[p, 0, a, p] :/pé—i-paﬁ— prz—V} (28)

Here we have also included a term corresponding to the
potential energy. This expression gives the action suitable
for the Clebsch parametrization with (p, ), (pa, ) forming
two sets of canonically conjugate variables. For more on
actions for fluids and the derivation of the standard fluid
equations of motion, including the emergence of the
convective derivative, from (28), see [6,11].

There is a group-theoretic version of the Clebsch para-
metrization which is also useful. Towards this, consider
the group SU(1,1). A typical element g may be para-

metrized as
1 1 u][e? 0
Vi—aul|un 1 0 e’

where u is a complex variable. It is easy to verify that
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— iTr(o397'dg)

a= f”b_t . p=(=i)2) ln<g>. (30)

= dO + adp,

The variable € corresponds to the compact direction, or
U(1) subgroup generated by the Pauli matrix o3; a and /8
parametrize SU(1, 1)/U(1). The action (28) can be written
in terms of g as

S[J#, g] = —i/]ﬂTr(agg_laﬂ!D —/ [le;l

where we denote J° = p. J; can be eliminated by its
equation of motion and leads back to the form in (28).
[The action (31) is to be viewed as a functional of the
currents J# and the group element g. Upon elimination of
J;, it becomes a functional of J° = p and g (i.e., @, 3, 0) as
in (28).] It is also easy to make a relativistic generalization,
with the action given by

| o

S——i / P Tr(03g70,9) — F(n) (32)

where F(n) is a function of the variable n, which is defined
by J"J = n?. The function F(n) will characterize the
fluid." We will not discuss this in any more detail, except to
note that the 7T, component of the energy-momentum
tensor for (32) is given by

Tio = p(0;0 + adif). (33)

Given that (p
easily that

,0), (pa,p) are canonical pairs, we verify

(). 7)) = iT(£E).  T(&)= / ETo. (34)

Our aim is to consider topological terms which one can
add to the action (31), or (32), and which can potentially
lead to anomalous commutation rules for diffeomorphisms.
However, a comment is in order, before we move on. The
compact U(1) direction of the SU(1,1) may be a bit
puzzling, since the classical Clebsch parametrization does
not have a compactness requirement. Using (27), we get

p)90) ==ig) S50 ()= [ Fp). (39)

This means that in the quantum theory

U gU = ge™™ = —g (36)

'Fora general discussion about using group-theoretic variables
for fluid dynamics, see [6,8].

with U = exp [-2xi [p]. All observables involve even
powers of ¢, and so are invariant under the action of /.
Effectively, we can set & = 1, giving [p = N for some
integer N. This is equivalent to saying that the fluid is made
of particles with p being the number density. Since this is
what happens in reality, we regard the existence of a
compact direction as a good feature, justifying the use of
SU(1,1). [If the total vorticity is also quantized we should
use SU(2) in place of SU(1,1).]

Turning to possible topological terms, we consider
differential forms we can construct using g. Given
—iTr(o397'dg), we can construct the two-form

® = d(~iTr(c3g7'dg)) = iTr(o3(g7'dg)?).  (37)
The spatial components of this correspond to the vorticity
with the identification (30). Further, we have the three-form
—iTr(o397'dg) A , which is proportional to Tr(g~'dg)?
for dimensional reasons. The integral of Tr(g~'dg)?® is the
helicity of the fluid and is known to commute with all
observables if we use the standard commutation rules for a
fluid. Since w A w is zero (for dimensional reasons), some
of the interesting topological terms we can construct using
g are as follows:
(1) I,=[wAB B=
2 4 1 dimensions;

() I, = [Tr(g7'dg)* A C, C = one-form in 3+ 1,

zero-form in 2 + 1 dimensions;

(3) I3 = [Tr(o3g7'dg) A Q, Q = three-form in 3 + 1,

two-form inn 2 + 1 dimensions.

The first one, namely /;, is easy to dispose of. Since
w = d(—iTr(c3g7'dg)), an integration by parts shows that
I, is a surface term if B is a closed form. Thus it will not
affect the equations of motion or the canonical structure in
the bulk. We will assume boundary conditions such that the
surface term is zero. If B is not a closed form, it reduces to
15, with Q = dB.

Turning to /,, notice that the variation of Tr(g~'dg)? is a
total derivative and hence 7/, will not contribute to the
equations of motion if C is closed, i.e., dC =0. By
considering the term with time derivatives of g in /,, we
can see that its contribution to the canonical one-form is

two-form in 3 + 1, one-form in

AA = —3/Tr[g_159d(g_ldg)} A C. (38)

This leads to §(AA) = -3 [d[(g7'59)*97"dg] A C, so
that, if C is closed, I, does not contribute to the canonical
two-form either. (Again, we assume boundary conditions
where the surface term does not contribute.) In other words
AA is a flat connection on the space of configurations
{g(x)}. While it does not affect the Poisson brackets of
observables, it does lead to a vacuum angle (via a term like
01,), characterizing the state of the fluid in the quantum
theory.
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If C is not closed, we can have a nonzero 5(A.A). In this
case, other than an external field, a natural choice for C
would be something like Tr(c3h~'dh), where he (SU(1,1)
refers to another fluid. Thus /, will be a topological term
coupling two fluids. However it is then of the form /5 with
Q = Tr(h~'dh)? if we further reverse the roles of the two
fluids with an exchange g <> A.

The interesting cases to emerge from this analysis are
thus (a) I3 with Q external, (b) I, with C external, with
dC # 0, (c) I, with C ~Tr(o3h~'dh), which is also the
same as I3 with Q = Tr(g~'dg)? with an exchange of g and
h. We will now analyze these cases in some detail below.

IV. THE TERM I; IN 3+1 AND
2+1 DIMENSIONS

We now consider a fluid where, in addition to the usual
terms, we add a term proportional to /3 in the action. Thus
the action is taken to be of the form

S——i/pTr(03g"8()g)—I—ik/Tr(o3g‘1dg)/\Q—/dtH.
(39)

Here k is a constant and Q is a three-form for fluids in 3 4 1
dimensions, and a two-form in 2 + 1 dimensions. If Q has a
time component, then g~'dg in the extra term will be a
spatial derivative and will not contribute to the canonical
structure. So, for our purpose, we will assume that Q is a
three-form/two-form on the spatial manifold. Any time
components can be added to our analysis without affecting
the canonical structure which is the focus of our work. For
brevity we write

1 ijk
5—k ﬁejgijk
=M 1eiig,.

20 ij

(3 + 1 dimensions)
e (40)
(2 + 1 dimensions)

[We are taking the dual of Q to get p, so that there should be

a factor of (detg,,)™"/? in curved space, where g, is the
metric tensor.] The action (39) can be written as

s==i [(o-pTrtosg'00g) - [ anrt. (a1)
The canonical one-form and two-form are given by
A= —i/(p—ﬁ)Tr(639‘15g),
SA=—i / 8pTr(o3g7'6g) +i / (p=p)Tr(o397" 6997 69).
(42)

It is now straightforward to work out a number of Poisson
brackets. Consider a vector field L () which corresponds to

left translations on g given by V. (0)g= —i0"t,q.
Contracting this vector field with 6.4, we find

Vi@sa=a| [(p-pTriou 0| @
which corresponds to the Poisson bracket relation

[L(6), g(x)] = 6 (x)ta9(x),

L) = (=Pt rag)ot. (44
In a similar way, it is easy to obtain the relation

p(f). 9(x)] = —ig(x)t3f (x). (45)

We now turn to spatial diffeomorphisms given by a vector
field V. defined by

Veg = E0,9. Vep=V-[E(p—p).  (46)

(We consider p to be spatially constant for this.) The
contraction of this vector field with §.A gives

Vel6A = ~5T(2).
T(&) =i / (0 - P)Te(o397'& - Bg)
- [e-péw. (47)

where v; = —iTr(c397'0;9) is the fluid velocity as in (26).
7 (&) is thus the canonical generator of diffeomorphisms
and it obeys the Poisson bracket algebra

[T6).TEN=T([.]). [6&)=¢08"-¢-05. (48)

This algebra is as expected for diffeomorphisms. However,
if we define the energy-momentum tensor by varying the

action with respect to the metric, it has no contribution from
the topological term, and we find

1(6) = [ €10 [ e =i [ pixtow's-00)
=T()+ / pE'v;. (49)

From the Poisson bracket relations given above, we can
easily verify that

/z;‘v[@—m,/afvi] - [,
1

[Ui(x)»vj(y)] :_pr(aivf —ajﬂi)5(x—Y)- (50)
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Using these relations, the Poisson bracket algebra for 7'(¢)
can be worked out as

7). T(Z)
—nmab—/cﬁgyﬁwam—@m» (51)

We see that the algebra for 7(&) has an extension term
involving the density and the vorticity w;; = 0;v; — 0;v;.
This extension is absent for 7 (£) which is obtained by
adding the integral of —p& - v to T(&). Since this extra term
is well defined on the space of field configurations, the
extension in the algebra (51) is not a true anomaly. To put
this another way, it is cohomologically trivial, since it can
be removed by a redefinition of the generators. So far this is
in keeping with the absence of gravitational anomalies in
3+ 1 and 2 4+ 1 dimensions.

However, we can consider a reduction of the algebra (51)
to the case of an incompressible fluid where we set p — p to
some constant p,; i.e., we impose a constraint

pP—p—po=0. (52)

In the canonical reduction, we need a conjugate constraint,
which may be taken as 0~ 0, where 6 is the Clebsch
variable in (26) and (29). The phase space is reduced to the
set of all maps from space into SU(1,1)/U(1). The fluid
velocity —iTr(63g'0;9) is not invariant under a shift of @
and hence does not descend to the reduced space. The
addition of the integral of —p& - v to T'(£) is not defined on
the reduced space and so the extension in (51) becomes a
true anomaly. This is very similar to what we found for the
sigma model in Sec. II.

Strictly speaking, we should also reduce the Poisson
bracket algebra to an algebra for Dirac brackets to see if
there is any change in the extension. But notice that the
Poisson bracket of 7(&) with the constraint (p —p — pg)
vanishes on the constrained space since

V@%/f@—ﬁ—mﬂ

— [ v-0r

=/(p—ﬁ—po)é-af—/f(ﬁ+po)v-f
~0 (53)

for divergence-free vector fields &. (When we consider
incompressible fluids only diffeomorphisms by divergence-
free vector fields are meaningful.) As a result of this
relation, the Dirac bracket [T(£),T(&')], has the same
right-hand side as in (51).

V. PHYSICAL EXAMPLES OF THE I; TERM

In this section we will consider specific physically
interesting cases for which the /5 topological term can
be used.

A. The vortex fluid in 2 +1 dimensions

Vortices in a fluid are known to have many interesting
properties. A particularly noteworthy feature is that their
position variables in two spatial dimensions (or the two
transverse position variables in three dimensions) form a
canonically conjugate set, a result going back to Kirchhoff
[12]. Recently Wiegmann, and Wiegmann and Abanov
studied the hydrodynamic description of a large number of
vortices in 2 4+ 1 dimensions, in the physical contexts of
superfluids and the quantum Hall effect [1]. The dynamics
of this vortex fluid can be extracted from the Kirchhoff
description of individual vortices and the dynamics of the
underlying fluid. The number density to be used for the
vortex fluid is related via a constitutive-type equation to
the vorticity of the underlying fluid. A background overall
rotation is introduced to cancel the vorticity to a large
extent so that a separation of scales, with the underlying
fluid having fast dynamics and the vortex fluid as the
system of slow dynamics, is possible. Here we will not
discuss more details of how the vortex fluid dynamics is
extracted, for that the reader is referred to the papers cited,
but we will give the key results relevant to comparison with
our work.

In 2 4 1 dimensions, it is natural to use complex coor-
dinates z,7=xtix,, with derivatives 8,(3):%(61 Fio,).
The holomorphic component of the fluid velocity is taken as
u = u; — iu,. The algebra of various observables can be
summarized by the commutation rules

[u(x), p(y)] = —i05(x = y),

[u(e) ' (V)] = ==—=5(x = y). (54)

where v is a constant related to the strength I' of the
individual vortices via v = 1/I". (It may also be interpreted
as the filling fraction in the context of the Hall effect.)
Diffeomorphisms are generated by the operators

1 i =
P=pu+—0p, P =ulp——08p. (55
pu+2yap u'p 21/8,0 (55)

Defining P(w) = [wP, PT(w) = [WwP", with complex test
functions w, w, the commutation rule for P, P™ can be
obtained from (54) as
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[P(w), PH(w')] = i / (W BwP — wow' P

- 2
+ / ww <i/)(8u —ou') - 7”/)2>

+ i /(W’@w@p + wow'op
2u
+ p(WOOW' + W Oow)). (56)

Further simplification of the right-hand side can be done
using the constitutive relation from [1]. It is given by

iBu—u)=(Vxu)="(p—p)  (57)

12

where p = vQ/x, with Q being the angular velocity of the
overall rotation. The commutation rule (56) now becomes

[P(w), PT(W)] =i / (W OwP — wow' PT)
—zjﬂ/v'v’wp’ —%/éwﬁv’v’p. (58)

In comparing this result with what was obtained in (51),
we first note that, in two spatial dimensions, we have the
freedom of adding to 7'(&) a term proportional to the
density, so that we can consider the more general quantity

ﬂa=r@+b/wx@p (59)

where b is a constant. This is essentially the same as the
addition of dp, Op terms in defining P, P as in (55). The
Poisson algebra for T(£) can be easily worked out from
(51) and the other relations given in the last section as

[X&T@H—ﬂﬁéb—/Q£%>w%@
—@/m%@&@@+a@@&> (60)

where @ = 9,v, — 0,v, is the two-dimensional vorticity.
We now introduce test functions w, w via w,w = &; = i&,
so that

T(¢) :—/(wP+WPT),
1~ - l - =
P=—3(Toa=iTw), P ==3To+iTe). (61)

It is a bit tedious but straightforward to write (60) in terms
of the complex test functions. We find

P(w), PH(w)] = i / (W WP — woi' P

1 D _
+—/<£_)wv‘v’w+2b/p8w8ﬂ/.
2) \p-p

(62)

We have also converted our Poisson bracket relations to
commutators for operators by the appropriate multiplica-
tion by i, for ease of comparison. For us, the velocity of the
fluid obeys the commutation rule [pv;(x),p(y)] =
ip0;6(x —y). In comparing this with (54), we see that
we must make the identification u=u; —iu, =
—1 (v — ivy), which leads to V x u = —1w. The constit-
utive relation (57) in our notation is thus

w:—j(/?—ﬁ)- (63)

When this relation is used in (62), we see that we have exact

agreement with (58), with b = —5.
What we have shown in this subsection may be sum-

marized as follows. Consider the action
S——i/pTr(0'3g_18()g)—|—ik/Tr(63g_1dg)/\Q—/dtH
; R -
+ [ Aodt|iTrlos (g7 dg)*| +—=(p~p) (64)

where k = 1/(#I") = v/z. The two-form Q (or its compo-
nent ,) is to be interpreted as the angular velocity of
overall rotation, and p = kQ,, as in (40). The last term in
(63) has a Lagrange multiplier field A,, which enforces the
constitutive relation (63). Our result is that this action (64)
describes the effective fluid dynamics of a vortex fluid in
2 + 1 dimensions; it leads to the commutation rules (58) or
(62). What we have obtained is thus an action formulation
for the extended algebra (58), in much the same way as the
topological term of the Wess-Zumino-Witten (WZW)
model leads to the central extension of the Kac-Moody
algebra [13].

We close this section with a comment clarifying the
comparison with [I]. The commutation rules (54) are
exactly those given in [1], so the algebra (58) follows by
direct computation. However, the extension term as dis-
played in [1] is slightly different from the term in (58),
involving the Laplace operator rather than holomorphic and
antiholomorphic derivatives on w' and w. We expect that
the reason for this is the following. In [1], the quantization
of the fluid is considered where the ground state obeys the
condition P|0) = (0|P" = 0. This is like a holomorphicity
condition and, effectively, should be equivalent to a
holomorphicity condition on the test function w. The
algebra given in [1], written out with such test functions,
then reduces to (58).
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B. The vortex fluid in 3+ 1 dimensions

It is also interesting to consider a vortex fluid in 3 4 1
dimensions with a constitutive relation similar to (63). The
second extension to the algebra (58) arising from the
addition of [p(V x &) to T(&) is irrelevant for this case;
it is trivial from the point of view of the cohomology of the
algebra anyway, so we will focus on (51). We write the
vorticity as

wij = (9,-1)]- - aj’Ul' = (:‘ijkaCU (65)
where N* is a unit vector giving the orientation of the
vorticity at a given point and @ is its magnitude. Unlike in
two dimensions, we now have vortex lines, so N* gives the
local orientation of a set of vortex lines coarse-grained over
a small volume. As in the (2 + 1)-dimensional case, we
expect @ to be proportional to the number density of
vortices. So we propose to use the same constitutive

relation in three dimensions as well, namely,

iy4
v

==—(p=p) (66)
where p is given in terms of the three-form Q as in (40). The

algebra (51) takes the form
1@ @) =T(E&) + [ epsieret
ck = —ppN*. (67)
1%

We will now relate this to some recent work on the
algebra of vector fields for an incompressible fluid [10]. If
we consider the reduction of the algebra (67) to the
incompressible case, with the vector fields &, &7 being
divergence-free, pp can be taken to be a constant. The
motion of the vortices is on a two-dimensional surface
transverse to their vortex lines, i.e., transverse to the vector
NF. If we have a large dense collection of vortices, N* will
be uniform in the transverse surface, just as it was in 2 + 1
dimensions. As one follows along the vortex lines, N* can
change orientation. It is useful to consider the case of N*
being constant, independent of X. This would be realizable
at least in some subvolume of space. In this case, the
extension term in (67) becomes

Extension = ck/eijkfiﬁ’j. (68)

If space is taken to be a 3-torus as in [10], one can
parametrize the divergence-free vector fields as
é:i —_ €iabaambeir7l~55’

gl =el™B.ne™. (69)

Here m;, n; are vectors of integer components and e,
e provide a basis for functions on the torus. By taking

the components of each of a;, f; and (a x E) ; to be linearly
independent over the integers, one can get a dense set of test
functions. With the test functions in (69), the extension
term (68) becomes

Extension = —(&@ x f§) - 7i ¢ -7i. (70)

This is in agreement with the central extension considered
in [10]. So our conclusion is that the topological term /5 can
explain the central extension of [10] as a special case with
the reduction conditions as explained above. The consid-
eration of a constant c* was just for showing this con-
nection. But using the action (39) we can go beyond
considering constant c*, with the more general algebra (67)
being applicable to a vortex fluid in 3 4 1 dimensions. The
extension is no longer a central term in the general case.

VI. THE TERM I, IN 3 +1 DIMENSIONS

We now turn to the second case of a topological term we
listed at the end of Sec. III, namely, I, = Tr(g~'dg)* A C
where C will be taken as external, with dC # 0. Adding
such a term with coefficient —k/3, the action we are
considering is

S = —i/pTr(03g_15‘0g) —lg/Tr(g_ldg)3 A C—/dtH.
(71)

The terms with the time derivative of g lead to the canonical
one-form and two-form

A= =i [ Tr(asgg) ~ k [ Telgg(g do)?) A C.
SA = —i / [6pTr (0397 8g) — pTr(o3(g~'69)°]
+ k/Tr[(g‘lﬁg)zg_ldg] A C. (72)

In this case the identification of the Hamiltonian vector
fields is not very easy; it is simpler to work out the inverse
of the canonical two-form and form the Poisson brackets.
Towards this, we write

g '6g = —it,£4 = —it ,E%5¢",
g 'dg = —it,I°. (73)

The canonical two-form 6.4 is then given as
3, ] b1 b
6./4 = —5,05 + Epeab35“ N g - Eé‘abcbcga N g (74)

where
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k
b¢ == By,

. B* = ékmy,C,,. (75)

Taking the inverse of 5.4, the Poisson bracket of functions
A, B is given as

SA 5B b, 6A 5B
A, B _/|: g—la _ 1 g—la
A, B] Sp(x) 7 8p*(x) p—bydp(x)" S*(x)
by A g0 5B
p—bydp(x) = 5p%(x)
1 64 5B
- T g-laglV 7T (A & B)|. 76
p—b35(,0“ 1 2 5(/}/} ( <~ ) ( )

The computation of the Poisson brackets of various
quantities of interest using this formula is tedious but
straightforward. The bracket of p and g is given by

() ao] = =i Lt = gbn, | 7). )

As before, using the energy-momentum tensor obtained by
varying (71) with respect to the metric, we have

T() = —i/ﬂTr(63g‘1§-8g) = /pf' v.  (78)
For this we have the Poisson bracket algebra

(). T()] = - / pE-Vf

P a —1
- [ 525w e 00,
[T(¢),T(&)) =T([¢.¢])
* k/p _pb3 Tr([g'¢-Dg. 97" - Dglg~"dg)

AdC. (79)

Recall that the helicity of the fluid is given by

Cz%/v-w:é/Tr(g‘lngE/a. (80)

In terms of the density ¢ for helicity as defined above, the
bracket relation for 7(£) can be written as

1O =T()+ank [ (L2 )(ExE)-B. (1)

A natural question at this point would be whether there is
a physical system for which the present case of I, is

applicable. The example of vortex fluids discussed in the
last section can be a guide in this direction. As known for a
long time, helicity is related to knots and links for vortex
lines. For example, consider the linking of a vortex line
with another, the latter forming a circle which may be
viewed as the boundary of some two-surface X. If vortices
are approximated by thin lines, the integrand o for helicity
has support at the point of intersection of the vortex line
with the surface Z. The support for ¢ is pointlike localized
in the thin vortex approximation. As time evolves, these
points can move and for a fluid with a dense collection of
such knots one can envisage constructing an effective
hydrodynamics of knots or links. The action with the 7,
term added as in (71) is a good candidate for such an
effective hydrodynamics. Again an overall rotation (inter-
preted as dC) may be needed to ensure a proper separation
of scales. Although well motivated, admittedly, this con-
nection is still speculative; it will need more work to tie
down the specifics.

VII. DISCUSSION

In this paper, we considered some topological terms
which can be added to the standard actions for sigma
models and for fluid dynamics. The example of the sigma
model with CP? as the target space shows how the
additional term can lead to a conflict between diffeo-
morphisms for the target and base spaces. For the case
of fluid dynamics, it is worth emphasizing that we are not
introducing any additional variables or degrees of freedom.
We use the standard action in terms of the Clebsch variables
with the topological terms added. In 2 4- 1 dimensions, we
showed how one such topological term leads to the
effective hydrodynamics of a vortex fluid as derived in
[1]. This provides an action-based derivation of the
extended diffeomorphism algebra in much the same way
as the WZW model gives an action-based derivation of the
central extension of the Kac-Moody algebra. A similar
analysis was made in 3 41 dimensions, presumably
applicable to a fluid of vortex lines. A special case leads
to the central extension found in [10]. We also discussed
another topological term using the helicity of the fluid,
which might apply to a fluid made of knots and links of
vortex lines.

There are a couple of other relevant observations. For the
example of the invariant /,, we considered the one-form C
to be external, with dC # 0. As already mentioned, one
could also consider C to be of the form Tr(c3h~'dh) where
h defines the Clebsch variables for another fluid. The
algebra of observables for the second fluid will be similar to
what was obtained for the /5 invariant. However, for the
combined system, there can be cross terms. These need
further analysis. Our second observation is about the Hopf
invariant. If one considers vortices of quantized charge or
strength, the Clebsch variables are described by SU(2)
rather than SU(1, 1) with the vorticity as the pull-back to
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space of the volume form on $? = SU(2)/U(1). It is then
natural to consider the Hopf invariant in 2 + 1 dimensions,
and in 3 + 1 dimensions with an additional one-form C.
A partial analysis of the 2 4 1 case is given in [14], but
more needs to be done for this case as well.
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