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We consider a further extension of our previous works in the treatment of the three-dimensional general
relativistic Poynting-Robertson effect, which describes the motion of a test particle around a compact object
as affected by the radiation field originating from a rigidly rotating and spherical emitting source, which
produces a radiation pressure, opposite to the gravitational pull, and a radiation drag force, which removes
energy and angular momentum from the test particle. The gravitational source is modeled as a nonspherical
and slowly rotating compact object endowedwith amass quadrupolemoment and an angularmomentum and
it is formally described by the Hartle-Thorne metric. We derive the test particle’s equations of motion in the
three-dimensional and two-dimensional cases.We then investigate the properties of the critical hypersurfaces
(regionswhere a balance between gravitational and radiation forces is established). Finally,we showhow this
model can be applied to treat radiation phenomena occurring in the vicinity of a neutron star.
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I. INTRODUCTION

The motion of matter around compact objects, when it is
influenced by an electromagnetic radiation field [originat-
ing for example from the surface of a neutron star (NS), a
boundary layer around a NS, a type-I x-ray burst on the NS
polar caps, a hot corona around a black hole (BH) or an
accretion disk around a NS or a BH], deviates from a
geodesic trajectory. In such processes, the general relativ-
istic Poynting-Robertson (PR) effect plays an important
role in removing energy and angular momentum from the
affected body, thus playing a role of a dissipative force in
general relativity (GR) [1,2].
Recently, a series of programmatic studies on such an

effect in GR have been published. From a theoretical
perspective, it is worth to cite: the general relativistic
modeling from the two-dimensional (2D) [3–6] to the
3D cases in Kerr and other metrics [7–10], its treatment
under a Lagrangian formalism, determining for the first
time the analytical form of the Rayleigh potential in GR
literature [11–13], proof that the equatorial ring of the
critical hypersurface is a stable attractor [14], and the whole
critical hypersurface is a basin of attraction [15]. There are
also several attempts to apply such an effect to describe
astrophysical phenomena, like: analysis of the disk

dynamical evolution when it is intercepted by a type-I
x-ray burst [16–19], modeling the photospheric expansion
occurring during Eddington-luminosity x-ray bursts
[20,21] and associated oscillations [22,23], a new method
to diagnose the presence of wormholes through the
detection of metric changes occurring in strong field
regimes around black holes through the PR critical hyper-
surfaces [24].
The exterior spacetime of a rotating NS (or other

compact objects such as dark stars, gravastars, and boson
stars [25]) is not unique and analytically known. However,
if we consider such objects in a regime of slow rigid
rotation, modeled as stationary and axially symmetric
perfect fluids through mass M, angular momentum J,
and quadrupole moment Q, then the Hartle-Thorne metric
can be employed to realistically describe them with
accuracy up to the second order in J and first order in
Q [26,27]. While Schwarzschild, Kerr, and Erez-Rosen
metrics are all exact solutions of Einstein vacuum field
equations to, respectively, model static, rotating, and static,
axially symmetric and nonspherical compact objects, the
Hartle-Thorne metric, on the other hand, is an approxi-
mate solution of Einstein field equations in the vacuum.
In this work, we aim to extend our previous works on the

3D modeling of the general relativistic PR effect [7,8,10] in
the Hartle-Thorne metric, using as a description of the
radiation field the model developed in Ref. [8]. The paper is
organized as follows: in Sec. II we recall the Hartle-Thorne
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metric; in Sec. III we derive the test particle’s equations of
motion; in Sec. IV we analyze the critical hypersurfaces,
investigating extensively their properties, and showing also
a possible application to the NS case; finally in Sec. V we
draw our conclusions.

II. SPACETIME GEOMETRY

A. Hartle-Thorne spacetime

Astrophysical objects are not exactly spherical symmet-
ric, the more if they are rotating. The exterior spacetime of a
slowly rotating and slightly deformed compact object
endowed with total mass M, angular momentum J and
quadrupole parameter1 Q can be accurately described by
the Hartle-Thorne metric [26,27]. Using geometrical units,
whereG ¼ c ¼ 1, and spherical coordinates ðt; r; θ;φÞ, the
line element of this metric is given by [28]

ds2¼−fðrÞF1ðr;θÞdt2þ
F2ðr;θÞ
fðrÞ dr2

þ r2F3ðr;θÞðdθ2þ sin2 θdφ2Þ−4J
r
sin2 θdtdφ; ð1Þ

where

fðrÞ ¼ 1 −
2M
r

;

k1ðrÞ ¼
J2

Mr3
fð−2rÞ − 5

8

Q − J2=M
M3

Q2

�
r
M

− 1

�
;

k2ðrÞ ¼ k1ðrÞ −
6J2

r4
;

k3ðrÞ ¼ k1ðrÞ þ
J2

r4
−
5

4

Q − J2=M

M2r
ffiffiffiffiffiffiffiffiffi
fðrÞp Q1

�
r
M

− 1

�
;

F1ðr; θÞ ¼ 1þ 2k1ðrÞP2ðcos θÞ þ
2

fðrÞ
J2

r4
ð2 cos2 θ − 1Þ;

F2ðr; θÞ ¼ 1 − 2k2ðrÞP2ðcos θÞ −
2

fðrÞ
J2

r4
;

F3ðr; θÞ ¼ 1 − 2k3ðrÞP2ðcos θÞ; ð2Þ
and P2ðxÞ is the Legendre polynomials of the first kind,
Q1ðxÞ and Q2ðxÞ are the associated Legendre polynomials
of the second kind, which all explicitly read as

P2ðxÞ ¼
1

2
ð3x2 − 1Þ;

Q1ðxÞ ¼ ðx2 − 1Þ1=2
�
3x
2
ln

�
xþ 1

x − 1

�
−
3x2 − 2

x2 − 1

�
;

Q2ðxÞ ¼ ðx2 − 1Þ
�
3

2
ln

�
xþ 1

x − 1

�
−
3x3 − 5x
ðx2 − 1Þ2

�
: ð3Þ

1. Properties of the Hartle-Thorne metric

We report some useful properties of the Hartle-Thorne
metric, which will be useful in the next sections.

(i) Metric (1) reduces to the approximate Kerr metric in
the Boyer-Lindquist coordinates ðt; R;Θ;φÞ up to
second-order terms in the rotation parameter a by
considering J ¼ −M2a, Q ¼ J2=M, and the follow-
ing transformation of coordinates [28]:

r ¼ Rþ a2

2R

�
fð−RÞfð2RÞ

− fðRÞf
�
−
3

2
R
�
cos2Θ

�
;

θ ¼ Θþ a2

2R2
fð−RÞ sinΘ cosΘ: ð4Þ

(ii) For J ¼ 0 metric (1) reduces to the linearized Erez-
Rosen spacetime (static, axially symmetric, and
nonspherical quadrupolar massive source) with re-
spect to its quadrupole parameter QER [6].

(iii) Hartle-Thorne spacetime can admit an event horizon
RH and ergosphere RSL, whose expressions are
obtained by, respectively, imposing g2tφ−gttgφφ¼0

and gtt ¼ 0 and then solving such equations for r in
terms of θ, once Q, J has been assigned [29].

(iv) The domain of validity of the Hartle-Thorne
approximation around a gravitating body must al-
ways be (see Sec. II in Ref. [28], for further details)

r − 2M ≫
�
25J2Q2

128M7

�
1=3

: ð5Þ

B. Zero angular momentum observers

The Hartle-Thorne spacetime admits, as in the Kerr
metric, zero angular momentum observers (ZAMOs), who
are dragged by the rotation of the spacetime (even though it
is not strong) with angular velocity ΩZAMO ¼ −gφt=gφφ,
while their radial and latitudinal coordinates remain con-
stant. The four-velocity of ZAMOs, n, is [3,4,7,8]

n ¼ 1

N
ð∂t − Nφ∂φÞ; ð6Þ

where N ¼ ð−gttÞ−1=2 is the time lapse function and Nφ ¼
gtφ=gφφ is the spatial shift vector field. An orthonormal
frame adapted to the ZAMOs is [3,4,7,8]

et̂ ¼ n; er̂ ¼
∂rffiffiffiffiffiffi
grr

p ; eθ̂ ¼
∂θffiffiffiffiffiffi
gθθ

p ; eφ̂ ¼ ∂φffiffiffiffiffiffiffigφφ
p : ð7Þ

All the indices associated to the ZAMO frame will be
labeled by a hat; instead all the quantities measured in the
ZAMO frame will be followed by ðnÞ.

1The quadrupole parameter Q introduced here is related to the
mass quadrupole moment QHT as defined by Hartle and Thorne
[26,27] through the formula Q ¼ 2J2=M −QHT .
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C. ZAMO kinematical quantities

The properties of the Hartle-Thorne spacetime combines
those of the Kerr [7,8] and Erez-Rosen metrics [10].
Therefore, as done in the previous cases it is still convenient
to use the Lie transport (see [11,30,31], for further details),
where the nonzero ZAMO kinematical quantities are
acceleration aðnÞ ¼ ∇nn, expansion tensor along the φ̂
direction θφ̂ðnÞ, and the signed Lie curvature tensors
kðxi; nÞ relative to the ZAMO n four-velocity along the
directions xi ¼ r; θ;φ [7,30,31]. They have only nonzero
components in the r̂ − θ̂ ZAMO plane [7,8,10] and can be
calculated through the formulas

aðnÞ ¼ aðnÞr̂er̂ þ aðnÞθ̂eθ̂
¼ ∂rN

N
ffiffiffiffiffiffi
grr

p ∂r þ
∂θN

N
ffiffiffiffiffiffi
gθθ

p ∂θ;

θφ̂ðnÞ ¼ θðnÞr̂φ̂er̂ þ θðnÞθ̂ φ̂eθ̂
¼ −

ffiffiffiffiffiffiffigφφ
p
2N

�∂rNφffiffiffiffiffiffi
grr

p ∂r þ
∂θNφffiffiffiffiffiffi
gθθ

p ∂θ

�
;

kðxi; nÞ ¼ kðxi; nÞr̂er̂ þ kðxi; nÞθ̂eθ̂
¼ −

∂rgii
2gii

ffiffiffiffiffiffi
grr

p ∂r −
∂θgii

2gii
ffiffiffiffiffiffi
gθθ

p ∂θ: ð8Þ

It is important to note that kðφ; nÞ ¼ kðLieÞðnÞ [7,10]. The
ZAMO kinematical quantities are expressed in terms of the
derivatives of ∂αN and ∂αNφ, where α ¼ r, θ, namely

ψα ¼ g2tφ∂αgφφ þ gφφðgφφ∂αgtt − 2gtφ∂αgtφÞ;

∂αN ¼ −
N3

2

ψα

ðg2tφ − gttgφφÞ2
;

∂αNφ ¼ gφφ∂αgtφ − gtφ∂αgφφ
g2φφ

: ð9Þ

Therefore, to have their explicit expressions we need to
calculate the derivatives of the metric components with
respect to the radial r and polar θ coordinates. The
derivatives with respect to r are

∂rgtt ¼ −½∂rfðrÞF1ðr; θÞ þ fðrÞ∂rF1ðr; θÞ�;

∂rgrr ¼
fðrÞ∂rF2ðr; θÞ − ∂rfðrÞF2ðr; θÞ

fðrÞ2 ;

∂rgθθ ¼ r½2F3 þ r∂rF3ðr; θÞ�;
∂rgφφ ¼ ∂rgθθsin2θ;

∂rgtφ ¼ 2J
r2

sin2θ; ð10Þ

while the derivatives with respect to θ are

∂θgtt ¼ −fðrÞ∂θF1ðr; θÞ;

∂θgrr ¼
∂θF2ðr; θÞ

fðrÞ ;

∂θgθθ ¼ r2∂θF3ðr; θÞ;
∂θgφφ ¼ r2½sinð2θÞF3ðr; θÞ þ sin2θ∂θF3ðr; θÞ�;

∂θgtφ ¼ −
2J
r
sinð2θÞ: ð11Þ

In Table I we summarize the explicit expressions of
functions’ derivatives (2) and (3) in Hartle-Thorne
metric.

III. TEST PARTICLE DYNAMICS

A. Radiation field

In this section we approximate the radiation field by
considering it to only consist locally of photons traveling
on trajectories orthogonal to the rotating emission sphere
(corresponding either to the NS surface or a boundary layer
forming around a NS). Such photons are characterized by a
four-momentum component kθ ¼ 0. This approach follows
previous studies [3,4,7,8,10], and it simplifies the treatment
of the model significantly. Of course more astrophysically
realistic models should take into account the photon
emission from the whole surface including the whole range
of outgoing light ray directions, the angular dependence of
the surface emissivity, and law of emission related to the
equation of state of the emitting surface. Although in the
literature there are some attempts along this direction
[9,32,33], they are based on relativistic models simpler
than the one proposed in this paper. These crucial features

TABLE I. Explicit expressions of functions’ derivatives (2) and
(3) in Hartle-Thorne metric. For easing the notations, we define
x¼r=M−1 andy¼cosθ,where∂yP2ðyÞ¼3y and∂rfðrÞ¼2M=r2.

Metric quantity Explicit expression

∂xQ1
xð7−6x2Þþ3ðx2−1Þðx2−1=2Þ ln½ðxþ1Þ=ðx−1Þ�

ðx2−1Þ3=2
∂xQ2

−8þ10x2−6x4þ3xðx2−1Þ2 ln½ðxþ1Þ=ðx−1Þ�
ðx2−1Þ2

∂rk1ðrÞ − J2

Mr5
ð3rþ 4MÞ − 5

8
Q−J2=M

M4 ∂xQ2ðxÞ
∂rk2ðrÞ ∂rk1ðrÞ þ 24J2

r5∂rk3ðrÞ ∂rk1ðrÞ − 4J2

r5
− 5

4
Q−J2=M

M2

h
rfðrÞ∂xQ1ðxÞ=M−Q1ðxÞfð2rÞ

r2
ffiffiffiffiffiffiffiffi
fðrÞ3

p
i

∂rF1ðr; θÞ 2∂rk1ðrÞP2ðyÞ − 4J2ð2 cos2 θ−1Þ
r6fðrÞ2 ð2r − 3MÞ

∂rF2ðr; θÞ −2∂rk2ðrÞP2ðyÞ þ 4J2

r6fðrÞ2 ð2r − 3MÞ
∂rF3ðr; θÞ −2∂rk3ðrÞP2ðyÞ
∂θF1ðr; θÞ − sinð2θÞ½3k1ðrÞ þ 4J2

r4fðrÞ�
∂θF2ðr; θÞ 3 sinð2θÞk2ðrÞ∂θF3ðr; θÞ 3 sinð2θÞk3ðrÞ
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are not discussed in the present article, but they will be part
of forthcoming works.
The effective description of the radiation field is thus

given by the stress-energy tensor [3,4,7,8,10]

Tαβ ¼ Φ2kαkβ; kαkα ¼ 0; kβ∇βkα ¼ 0; ð12Þ

where Φ is the parameter related to the intensity of the
radiation field. The photon four-momentum k can be split
in the ZAMO frame as [3,4,7,8,10]

k ¼ EðnÞ½nþ ν̂ðk; nÞ�;
ν̂ðk;nÞ ¼ sin β sin ξer̂ þ cos ξeθ̂ þ sin ξ cos βeφ̂; ð13Þ

where ν̂ðk; nÞ is the photon spatial velocity on the spatial
hypersurface orthogonal to n and EðnÞ is the relative
photon energy in the ZAMO frame [3,4,7,8,10]:

EðnÞ ¼ −k · n ¼ E
N
ð1þ bNφÞ; ð14Þ

where E ¼ −kt > 0 is the conserved photon energy and β
and ξ are the two angles in the azimuthal and polar
direction, respectively. The case sin β > 0 corresponds to
outgoing photons (increasing radial distance from the
central source) and sin β < 0 to incoming photons (decreas-
ing r). The angular momentum along the polar θ̂ axis in the
local static observer frame Lθ̂ðnÞ is [7,8,10]

EðnÞ cos β sin ξ ¼ Lθ̂ðnÞ ¼ kðnÞ · eφ̂ ¼ Lzffiffiffiffiffiffiffigφφ
p ; ð15Þ

where Lz ¼ kφ is the conserved photon angular momentum
along the θ axis. From Eqs. (14) and (15), we have

cos β ¼ bNffiffiffiffiffiffiffigφφ
p ð1þ bNφÞ ; ð16Þ

where b ¼ Lz=E denotes the azimuthal photon impact
parameter associated to the azimuthal angle β. Following
the same strategy as adopted in previous studies (see
Refs. [7,8,10], for details) we assume that kθ ¼ 0 along
all the photon trajectories. This implies that the polar angle
θ is conserved along the photon trajectories, namely
_θ ¼ kθ=gθθ ¼ 0, and so θ ¼ const. Since our radiation
field is emitted radially in the frame of the rigidly rotating
emitting surface, we have that ξ ¼ π=2 [cf. Eq. (13)] and
everything is expressed only in terms of the parameter b
and the angle θ occupied by the test particle. This implies
that [8,10]

b ¼
�
−
gtφ þ gφφΩ⋆
gtt þ gtφΩ⋆

�
r¼R⋆

; ð17Þ

where R⋆ and Ω⋆ are, respectively, radius and angular
velocity of the emitting surface.
Therefore, the photon four-momentum k is defined in

terms of bðθÞ or equivalently ðθ; R⋆;Ω⋆Þ, whereas the
stress-energy tensor of the radiation field (12) is completely
determined by calculating the quantity Φ. From the con-
servation equations ∇βTαβ ¼ 0, the absence of photon
latitudinal motion (kθ ¼ 0), and the axial symmetries of
the Hartle-Thorne spacetime, we have [3,4,7,8,10]

0 ¼ ∇βðΦ2kβÞ ¼ ∂rð
ffiffiffiffiffiffi
−g

p
Φ2krÞ: ð18Þ

Therefore, we obtain [4,7,10]

ffiffiffiffiffiffi
−g

p
Φ2kr ≡ NEðnÞ ffiffiffiffiffiffiffiffiffiffiffiffiffi

gφφgθθ
p

sin βΦ2 ¼ E sin θΦ2
0; ð19Þ

whereΦ0 isΦ evaluated at the emitting surface. Then, after
some algebra, we obtain

Φ2 ¼ Φ2
0

ð1þ bNφÞr2F3ðr; θÞ sin β
: ð20Þ

B. Test particle motion

A test particle moves in the 3D space with four-velocity
U and spatial velocity ν̂ðU; nÞ with respect to the ZAMO
frame, given, respectively, by [3,7]

U ¼ γðU; nÞ½nþ νðU; nÞ�; ð21Þ

ν̂ðU;nÞ¼ νr̂er̂þνθ̂eθ̂þνφ̂eφ̂

¼ νðsinαsinψ er̂þ cosψ eθ̂þ sinψ cosαeφ̂Þ; ð22Þ

where γðU; nÞ≡ γ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jjνðU; nÞjj2

p
is the Lorentz

factor, να̂ðU; nÞ≡ να̂ is the spatial velocity in the ZAMO
frame, α and ψ are the azimuthal and polar angles,

respectively, and ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
νr̂2 þ νθ̂2 þ νφ̂2

p
is the module of

the spatial velocity. The explicit expressions of the test
particle velocity components are

Ut̂ ≡ dt
dτ

¼ γ

N
; Ur̂ ≡ dr

dτ
¼ γνr̂ffiffiffiffiffiffi

grr
p ;

Uθ̂ ≡ dθ
dτ

¼ γνθ̂ffiffiffiffiffiffi
gθθ

p ; Uφ̂ ≡ dφ
dτ

¼ γνφ̂ffiffiffiffiffiffiffigφφ
p − γ

Nφ

N
; ð23Þ

where τ is the affine (or proper time) parameter along the
test particle’s world line.
Using the observer splitting formalism, we find that the

test particle acceleration in the Hartle-Thorne spacetime is
similar to that of the Erez-Rosen metric [10], whose explicit
expression is given by
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aðUÞr̂ ¼ γ2½aðnÞr̂ þ 2ν cos α sinψθðnÞr̂φ̂
þ ν2ð−kðr; nÞθ̂ sin α sinψ cosψ

þ kðφ; nÞr̂sin2ψcos2αþ kðθ; nÞr̂cos2ψÞ�

þ γ

�
γ2 sin α sinψ

dν
dτ

þ ν cos α sinψ
dα
dτ

þ ν cosψ sin α
dψ
dτ

�
; ð24Þ

aðUÞθ̂ ¼ γ2½aðnÞθ̂ þ 2ν cos α sinψθðnÞθ̂ φ̂
þ ν2ðkðφ; nÞθ̂cos2α sin2ψ
þ kðr; nÞθ̂sin2α sin2ψ
− kðθ; nÞr̂ sin α sinψ cosψÞ�

þ γ

�
γ2 cosψ

dν
dτ

− ν sinψ
dψ
dτ

�
; ð25Þ

aðUÞφ̂ ¼ −γ2ν2½kðφ;nÞθ̂ sinψ cos α cosψ

þ kðφ; nÞr̂sin2ψ sin α cos α�

þ γ

�
γ2 cos α sinψ

dν
dτ

− ν sin α sinψ
dα
dτ

þ ν cos α cosψ
dψ
dτ

�
: ð26Þ

From the orthogonality between aðUÞ and U, we can
determine the expression of aðUÞt̂ [7,8]:

aðUÞt̂ ¼ ν½aðUÞr̂ sin α sinψ þ aðUÞθ̂ cosψ
þ aðUÞφ̂ cos α sinψ �

¼ γ2ν½sin α sinψðaðnÞr̂ þ 2ν cos α sinψθðnÞr̂φ̂Þ
þ cosψðaðnÞθ̂ þ 2ν cos α sinψθðnÞθ̂ φ̂Þ�

þ γ3ν
dν
dτ

: ð27Þ

We note that such expressions for J ¼ 0 (Q ¼ 0) behave
similarly to that of the Erez-Rosen [10] (Kerr [7,8]) metric.
Instead, for J ¼ 0, Q ¼ 0, they reduce to that of the
Schwarzschild metric [7,8].

C. Test particle–radiation field interaction

We assume that the radiation–test particle interaction
occurs through Thomson scattering, characterized by a
constant momentum-transfer cross section σ, independent
from direction and frequency of the radiation field. The
radiation force is [3,4,7,8,10]

F ðradÞðUÞα̂ ¼ −σPðUÞα̂β̂T β̂
μ̂Uμ̂; ð28Þ

where PðUÞα̂β̂ ¼ δα̂
β̂
þ Uα̂Uβ̂ projects a vector orthogonally

to U. Decomposing the photon four-momentum k first with
respect to the test particle four-velocity U, and then in the
local observer frame n, we have [7]

k ¼ EðnÞ½nþ ν̂ðk; nÞ� ¼ EðUÞ½Uþ V̂ðk;UÞ�: ð29Þ

Exploiting Eq. (29) in Eq. (28), we obtain [7,8,10]

F ðradÞðUÞα̂ ¼ −σΦ2½PðUÞα̂β̂kβ̂�ðkμ̂Uμ̂Þ
¼ σ½ΦEðUÞ�2V̂ðk;UÞα̂: ð30Þ

The equations of motion aremaðUÞ ¼ F ðradÞðUÞ, wherem
is the test particle mass. Defined σ̃ ¼ σ=m, we obtain the
following equations [7,8,10]:

aðUÞ ¼ σ̃Φ2EðUÞ2V̂ðk;UÞ: ð31Þ

Multiplying scalarly Eq. (29) by U, we find [7,8,10]

EðUÞ ¼ γEðnÞ½1 − ν sinψ cosðα − βÞ�: ð32Þ

Such splitting permits one to determine V̂ðk;UÞ ¼ V̂tnþ
V̂rer̂ þ V̂θeθ̂ þ V̂φeφ̂ as [7,8,10]

V̂ r̂ ¼ sin β
γ½1 − ν sinψ cosðα − βÞ� − γν sinψ sin α; ð33Þ

V̂ θ̂ ¼ −γν cosψ ; ð34Þ

V̂φ̂ ¼ cos β
γ½1 − ν sinψ cosðα − βÞ� − γν sinψ cos α; ð35Þ

V̂ t̂ ¼ γν

�
sinψ cosðα − βÞ − ν

1 − ν sinψ cosðα − βÞ
�
: ð36Þ

D. Equations of motion

The test particle equations of motion are written in terms
of magnitude of spatial velocity ν, polar ψ and azimuthal α
angles of the spatial velocity measured in the local ZAMO
frame, radius r, polar angle θ, and independent from the
azimuthal angle φ due to rotational symmetry of the PR
model [7,8,10]:

dν
dτ

¼ −
1

γ
fsin α sinψ ½aðnÞr̂ þ 2ν cos α sinψθðnÞr̂φ̂�

þ cosψ ½aðnÞθ̂ þ 2ν cos α sinψθðnÞθ̂ φ̂�g

þ σ̃½ΦEðUÞ�2
γ3ν

V̂ t̂; ð37Þ
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dψ
dτ

¼ γ

ν
f− sin α cosψ ½aðnÞr̂ þ 2ν cos α sinψθðnÞr̂φ̂�

þ sinψ ½aðnÞθ̂ þ 2ν cos α sinψθðnÞθ̂ φ̂�
þ ν2½ðkðφ; nÞθ̂cos2αþ kðr; nÞθ̂sin2αÞ sinψ
− kðθ; nÞr̂ sin α cosψ �g

þ σ̃½ΦEðUÞ�2
γν2 sinψ

½V̂ t̂ cosψ − V̂ θ̂ν�; ð38Þ

dα
dτ

¼ γ cos α
ν sinψ

f−½aðnÞr̂ þ 2ν cos α sinψθðnÞr̂φ̂�

− ν2½ðkðφ; nÞθ̂ − kðr; nÞθ̂Þ cosψ sinψ sin α

þ kðφ; nÞr̂sin2ψ þ kðθ; nÞr̂cos2ψ �g

þ σ̃½ΦEðUÞ�2 cos α
γν sinψ

½V̂ r̂ − V̂φ̂ tan α�; ð39Þ

Ur ≡ dr
dτ

¼ γν sin α sinψffiffiffiffiffiffi
grr

p ; ð40Þ

Uθ ≡ dθ
dτ

¼ γν cosψffiffiffiffiffiffi
gθθ

p ; ð41Þ

Uφ ≡ dφ
dτ

¼ γν cos α sinψffiffiffiffiffiffiffigφφ
p − γ

Nφ

N
: ð42Þ

Defining A ¼ σ̃Φ2
0E

2, which is the so-called luminosity
parameter and can be also written as A=M ¼ L=LEDD ∈
½0; 1�, where L is the luminosity measured by a static
observer at infinity and LEDD is the Eddington luminosity
[7,8,10] and using Eqs. (20) and (32), we obtain

σ̃½ΦEðUÞ�2¼Aγ2ð1þbNφÞ½1−νsinψ cosðα−βÞ�2
N2r2F3ðr;θÞsinβ

: ð43Þ

IV. CRITICAL HYPERSURFACES

The dynamical system governed by Eqs. (37)–(42)
admits, as the previous models, a critical hypersurface
outside of the emitting surface, where gravitational
attraction and radiation pressure balance. Such a region
is analytically determined by the critical radius rcrit as a
function of θ, i.e., rcrit ¼ rcritðθÞ, once the parameters
ðJ;Q; A; R⋆;Ω⋆Þ are assigned. We consider a test particle
moving along a nonequatorial plane on purely circular orbit
(i.e., the azimuthal and polar angles related to the test
particle’ spatial velocity as measured in the local
ZAMO frame are, respectively, α ¼ 0; π and ψ ¼ π=2,
and the magnitude of the spatial velocity is ν ¼ const).
Equation (37) for dν=dτ ¼ 0 reduces to [3,4,7,8,10]

σ̃½ΦEðUÞ�2V̂ t̂ ¼ 0 ⇒ ν ¼ cos β: ð44Þ

The velocity of the test particle equates the photon
azimuthal velocity. Since the test particle moves tangen-
tially on the critical hypersurface, we have dα=dτ ¼ 0, and
Eq. (39) assumes the following form:

aðnÞr̂ þ 2νθðnÞr̂φ̂ þ ν2kðφ; nÞr̂ ¼ σ̃½ΦEðUÞ�2
γ2

V̂ r̂; ð45Þ

which is an implicit equation for determining the critical
radius rcrit [3,4,7,8,10]. The critical hypersurface is axially
symmetric with respect to the polar direction and can
assume either an oblate or prolate form depending on the
interplay between gravitational pull aðnÞr̂, centrifugal
forces kðφ; nÞr̂, frame-dragging effect 2νθðnÞr̂φ̂, and radi-

ation forces including the PR effect σ̃½ΦEðUÞ�2
γ2

V̂ r̂.

In Fig. 1, we plot different configurations of critical
hypersurfaces by varying the values of some parameters.
Bearing in mind the condition (5), which tells from which
radius the Hartle-Thorne metric is valid, we decided to
display also the unphysical solutions, which are located
inside the emitting source (gray surface) or not respecting
the above requirement, because we would like to highlight
how the critical hypersurface configurations morph in terms
of the parameters’ variability. For convenience we have
defined the Hartle-Thorne spin a≡ cJ=ðGM2Þ ∈ ½0; 1� and
quadrupolemomentq≡ −c4Q=ðG2M3Þ ∈ ½−1; 0�. It is also
important to note that since the Hartle-Thorne metric is an
approximate solution in terms of a and q, it works for
a;−q ≪ 1. We use only negative values of the quadrupole
parameter q; otherwise, we checked that no critical hyper-
surface exists. A physical explanation of the occurrence of
such a phenomenon can be attributed to the combined effect
of the centrifugal and frame-dragging forces, which are
responsible for sweeping the test particle away.
We immediately see that the luminosity parameter A

plays a fundamental role in shaping the critical hypersur-
face. In particular, high luminosities A ¼ L=LEdd ≳ 0.7 are
needed to have a critical hypersurface relatively far from
the emitting surface (see upper left panel). Increasing the
spin values, the critical hypersurface becomes more oblate
(see upper right panel), and the same argument holds also
for the quadrupole moment (see lower left panel). The
rotation of the emitting surface, Ω⋆, strongly contributes
also in shaping the form of the critical hypersurface (see
lower right panel). In conclusion, we can infer that the
radiation field intensity and the different gravitational
effects (i.e., curved geometry, frame dragging, and cen-
trifugal forces) only along the radial direction contribute to
morph the critical hypersurface.
In the next sections, we derive the conditions to obtain

suspended orbits (Sec. IVA), and we apply this model to
describe the emission properties of a NS (Sec. IV B).
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A. Suspended orbits

The test particle could move on circular orbits bounded
on the critical hypersurface at constant height y ≠ 0 (off-
equatorial plane), without the action of the latitudinal drift
mechanism (see Refs. [7,8], for further details). To obtain
such configurations, the test particle must touch the critical
hypersurface with the following conditions: α ¼ 0; π,
ν ¼ cos β, r ¼ rcritðθÞ, and dψ=dτ ¼ 0 (where this last
condition is the strong constraint for not having latitudinal
drift toward the equatorial plane). Vanishing Eq. (38), it is
possible to determine the value of ψ , by solving this
implicit equation [8]:

aðnÞθ̂ þ 2ν sinψθðnÞθ̂ φ̂ þ ν2kðφ; nÞθ̂

þ σ̃½ΦEðUÞ�2
γ2ν sin2 ψ

½V̂ t̂ cosψ − V̂ θ̂ν� ¼ 0: ð46Þ

The value of ψ strongly depends on emitting surface
location R⋆, angular velocity Ω⋆, and compact object
quadrupole moment q and spin a.
In Fig. 2 we show the angle ψ at which the test particle

should touch the critical hypersurface to reach the fixed
height θ and moving on such plane on a circular orbit.
We note that it is always possible to have suspended orbits
both on and off the equatorial plane. It is interesting to note
that increasing the module of the spin the ψ angle decreases
because the test particle has to contrast stronger forces (see
left panel). The same argument holds also for the module of
q (see right panel). These particular configurations, on
which a test particle moves stably, are typical of the general
relativistic PR effect in the 3D space [7,8,10]. Their
formation is a result of the perfect balance among the
gravitational contributions (including also the polar cen-
trifugal force and the frame-dragging effect) and the
radiation forces along the polar direction; see Eq. (46).

FIG. 1. We show in different plots the shapes of the critical hypersurfaces in terms of varying parameters. In all plots the emitting
surface radius is R⋆ ¼ 6M and is displayed as a gray surface, and the red arrow points in the positive polar direction. Left upper panel:
We fix a ¼ 0.1, q ¼ −0.3, and Ω ¼ 69 × 10−4M−1 and change the relative luminosity A ¼ 0.80, 0.82, 0.85, 0.88, 0.90. Right upper
panel: We fix A ¼ 0.8, q ¼ −0.3, and Ω ¼ 0.034 M−1 and change the spin a ¼ 0.1, 0.2, 0.3, 0.5,. Left lower panel: We fix A ¼ 0.8,
a ¼ 0.1, and Ω ¼ 0.034 M−1 and change the quadrupole moment q ¼ −0.1;−0.4. Right lower panel: We fix A ¼ 0.8, a ¼ 0.1, and
q ¼ −0.3 and change the critical hypersurface angular velocity Ω ¼ 0.019M−1; 0.029M−1; 0.038M−1; 0.048 M−1.
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We note that off-equatorial suspended orbits are the
consequence of our assumptions on the radiation stress-
energy tensor (12), which is constituted by “a single stream
of photons” reaching the test particle at each instant of time.
In other models of the 3D general relativistic PR effect [9],
the radiation source is modeled by a bunch of photons
coming from the whole 3D emitting surface. In this case,
the radiation force drives always the test particle toward the
equatorial plane, where it moves stably, since there is a
perfect balance of both gravitational and radiation forces
from the two hemispheres of the emitting surface.

B. Radiation effects around a neutron star

The present model of the general relativistic PR effect in
the Hartle-Thorne metric can be used to describe several
radiation processes occurring on and around a NS, like:
accretion phenomena, type-I x-ray bursts, and photospheric
radius expansion. To see how to apply our developments to
a NS, we know that such an astrophysical object is
described by mass M, radius R⋆, spin frequency f (or
angular velocity Ω⋆), Hartle-Thorne angular momentum a
and quadrupole moment q. Since we have a nonspherical
distribution of the mass, we can also consider that the NS
shape is not anymore spherical but deformed as an
ellipsoid. However, due to the axially symmetry of the
Hartle-Thorne spacetime, it is reasonable to assume that
this ellipsoid is rotationally symmetric and therefore it is
defined by the equatorial Req and polar Rpol radii.
Therefore, the NS form is described by

x2 þ y2

R2
eq

þ z2

R2
pol

¼ 1 ⇔

8<
:

x ¼ Req sin θ cosφ;

y ¼ Req sin θ sinφ;

z ¼ Rpol cos θ:

ð47Þ

The polar radius can be also expressed in terms of the
ellipticity e, namely Rpol ¼ Reqð1þ eÞ.

Therefore, the NS is defined by six parameters
fM; f; Req; a; q; eg. Since we have already several other
parameters for characterizing the radiation processes, we
would like to reduce the NS parameter space. To this end,
we follow the approach of Bauböck and collaborators [34],
defining the following set of parameters:

f0 ¼
1

2π

ffiffiffiffiffiffiffiffi
GM
R3
eq

s
; ϵ0 ¼

f
f0

; a ¼ ϵ0a�;

q ¼ ϵ20q
�; e ¼ ϵ20e

�; ζ ¼ GM
c2Req

; ð48Þ

where f0 is the Keplerian angular velocity of a test particle
orbiting at a radius Req around a mass M, corresponding
also to the maximum NS frequency to which it can be spun
up before breakup. We label the parameters with an asterisk
in order to highlight that they depend on the particular NS
equation of state considered.
Bauböck and collaborators show that the actual six-

parameter space can be reduced to a three-parameter space
spanned by fM;Req; fg, which is valid over the astrophysi-
cally relevant parameter range and for a variety of equations
of state. Therefore, the remaining three parameters fa; q; eg
can be written in terms of fM;Req; fg through the follow-
ing equations [34]:

a ¼ ϵ0ð1.1035 − 2.146ζ þ 4.5756ζ2Þ; ð49Þ

q ¼ a2 exp

�
−2.014þ 0.601 log

�
a
ϵ0

ζ−3=2
�

þ 1.10 log

�
a
ϵ0
ζ−3=2

�
2

− 0.412 log

�
a
ϵ0
ζ−3=2

�
3

þ 0.0459 log

�
a
ϵ0
ζ−3=2

�
4
�
; ð50Þ
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FIG. 2. Different configurations of suspended orbits at height θ on the critical hypersurface in terms of the angle ψ are shown. We set
A ¼ 0.8, Ω⋆ ¼ 0.01, and R⋆ ¼ 3M. Once we fix q ¼ −0.4 and change the value of the spin a ¼ 0.1, 0.2, 0.3, 0.4 (see left panel), then
we fix a ¼ 0.1 and change the value of the quadrupole moment q ¼ −0.1;−0.2;−0.3;−0.4 (see right panel).
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e ¼ ϵ20
32ζ3

f2ζ½8ζ2 − 32a�ζ7=2 þ 8a�2ζ5 − 48a�2ζ6

þ ða�2 − q�Þð45 − 135ζ þ 60ζ2 þ 30ζ3Þ þ 24a�2ζ4�
þ 45ða�2 − q�Þð1 − 2ζÞ2 logð1 − 2ζÞg: ð51Þ

We note that since we assumed an ellipsoid shape, where
the NS radius can be written as

RNSðθÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
eq sin2 θ þ R2

pol cos
2 θ

q
; ð52Þ

we have that the formula to calculate the impact parameter
(17) must be slightly changed in the following form:

b ¼
�
−
gtφ þ gφφΩ⋆
gtt þ gtφΩ⋆

�
r¼RNSðθÞ

: ð53Þ

We can also relate the angular velocity of the emitting
surface Ω⋆ in terms of the frequency f through

Ω⋆ ¼ 2πf
GM
c3

: ð54Þ

To further reduce our parameter space, we fix the values of
the NS mass M ¼ 1.4 M⊙, and equatorial radius
Req ¼ 6M; therefore, the remaining free parameter is only
f. In Fig. 3, we plot different NS critical hypersurfaces for
different values of the luminosity parameter A. We have
checked also how the critical hypersurfaces would
have altered its shape, if we had varied f ∈ ½0; 400� Hz
(physically allowed NS frequency range), but no
significant changes have been found. Therefore, in
Fig. 3 we fix f ¼ 400 Hz. In such cases, we have
the following values of the dependent parameter set:

Rpol ¼ 6.23M, Ω⋆¼17×10−3M−1, a ¼ 0.22, q ¼ 0.29,
and e ¼ 0.04. This example confirms that even if we
consider a high spin frequency, f ¼ 400 Hz, the above
approach results in a rather low spin parameter, a ¼ 0.22,
within the applicability of the Hartle-Thorne spacetime
model.
From this plot we also note that for having critical

hypersurfaces outside of the NS surface, we need to have
quite high luminosities, namely A ¼ L=LEdd ≳ 0.82. In
Fig. 4 we determine the critical luminosity Acrit, being the
luminosity A at which the critical hypersurfaces touches
the NS surface at height θ. The critical luminosity at the
equatorial plane is Acrit ¼ 0.7654 and at the poles is
Acrit ¼ 0.836; while the average critical luminosity is
Acrit¼0.800, and finally the critical luminosity for f ¼ 0
(i.e., a ¼ 0 and q ¼ 0, the Schwarzschild metric) remains
constant at Acrit ¼ 0.817.

V. CONCLUSIONS

We have developed, for the first time in the literature,
the full general relativistic 3D (and 2D by considering
θ ¼ ψ ¼ π=2) treatment of the motion of a test particle
around a nonspherical and slowly rotating compact object,
described by the Hartle-Thorne metric, and in the same
time affected by the radiation field, including the general
relativistic PR effect, from a spherical and rigidly rotating
emitting surface located outside the compact object (see
Sec. III). The Hartle-Thorne spacetime is an approximate
solution of the Einstein field equations in the vacuum, and it
is described in terms of three parameters: the mass M, the
angular momentum J, and the quadrupole moment Q (see
Sec. II A).
In order to make our approach more flexible in view of

extension of this model for other metrics more realistic than
the Hartle-Thorne description, we have cast our initial

FIG. 3. Critical hypersurfaces for a NS of mass M ¼ 1.4 M⊙,
equatorial radius Req ¼ 6M, and spin frequency f ¼ 400 Hz, and
for different luminosity parameter values A ¼ 0.82, 0.83, 0.85,
0.88, 0.9 (corresponding, respectively, to the orange, blue, green,
red, and violet colors of the displayed surfaces). The gray surface
represents the NS and the red arrow the positive polar direction.
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FIG. 4. Critical luminosity Acrit in terms of the polar angle θ for
M ¼ 1.4 M⊙, Req ¼ 6M, and f ¼ 400 Hz. The red dashed line
represents the average critical luminosity, while the blue con-
tinuous line is the critical luminosity for f ¼ 0 (i.e., a ¼ 0 and
q ¼ 0); namely it is framed in the Schwarzschild spacetime.
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calculations in a modular form (see Sec. II C). Indeed,
changing the functional form of the functions F1ðr; θÞ,
F2ðr; θÞ, and F3ðr; θÞ and calculating the related deriva-
tives with respect to r and θ, it is possible to obtain the
ZAMO quantities and then to straightforwardly derive
the equations of motion, the critical hypersurface, and
the suspended orbits. In addition in the Schwarzschild
limit (i.e., q → 0 and a → 0), we have that F1ðr; θÞ;
F2ðr; θÞ; F3ðr; θÞ → 1, and the metric (1) reduces to the
Schwarzschild spacetime.
The critical hypersurface equation (45) depends on the

luminosity parameter A ¼ L=LEdd, the photon impact
parameter b (or equivalently from radius R⋆ and angular
velocity Ω⋆ of the emitting surface), the spin parameter a,
and quadrupole moment q; see Sec. IV. In Fig. 1, we have
produced different configurations of the critical hyper-
surfaces by varying the values of the parameters. We have
shown that the radiation field and the gravitational effects
strongly contribute to morph the critical hypersurfaces. In
addition, high luminosities A≳ 0.7 permit one to have the
PR critical hypersurfaces located outside the emitting
surface, making them physically possible.
We have analyzed also the suspended orbits, which are

configurations where the test particle moves on bound off-
equatorial circular orbits on the critical hypersurface at a
given θ height; see Sec. IVA. In Fig. 2 we have plotted the
angle ψ at which the test particle should be sent in order to
move on a suspended orbit, in terms of the height θ, and
once by fixing the quadrupole moment and changing the
angular momentum (see left panel) and then vice versa (see
right panel). Therefore, it is possible to obtain suspended
orbits at all heights for different values of the parameters a
and q, due to the perfect equilibrium between gravitational
and radiation forces, without having latitudinal drift motion
toward the equatorial plane.
Finally, we have also proposed an application of the PR

effect to model NSs; see Sec. IV B. In this case, we have
found a way to write the parameters fq; a; e;Ω⋆g in terms

of the quantities fM;Req; fg through Eqs. (49)–(51), which
are valid for a variety of equations of state. We have
considered that the NS is not anymore a spherical body, but
it is an ellipsoid with rotational-azimuthal symmetry and
determined by the equatorial Req and polar Rpol radii,
where the latter can be expressed also in terms of the
eccentricity e. This entailed to slightly change the expres-
sion of the photon impact parameter b; see Eq. (53). We can
further reduce the parameter space by setting M ¼ 1.4 M⊙
and Req ¼ 6M (typical NS mass and radius), so that all the
parameters will depend only on the spin frequency f. In
Fig. 3 we plotted the critical hypersurfaces, but only by
varying the luminosity parameter A ¼ L=LEdd, because
there are no significant change in terms of f. Then, we
have also analyzed at which luminosity A ¼ L=LEdd
the critical hypersurface touches the NS surface at the
height θ, comparing also these configurations with the
Schwarzschild case; see Fig. 4. This can be the initial setup
for then developing astrophysical models involving radi-
ation effects occurring either around or on the surface of
a NS.
As a future project, we aim at extending our treatment of

the 3D general relativistic PR effect around a fast rotating
and nonspherical quadrupolar massive source. These astro-
physical objects can be modeled by several sophisticated
metrics, which in general due to the complex treatment
requires specific numerical treatments [35].
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