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We obtain the mass parameter for a class of static and spherically symmetric regular black holes (BHs)
(namely Bardeen, Hayward and Ay6n-Beato-Garcia BHs) which are solutions of Einstein’s field equations
coupled to nonlinear electrodynamics (NED) in terms of redshifts and blueshifts of photons emitted by
geodesic particles (for instance, stars) orbiting around these BHs. The motion of photons is not governed by
null geodesics for these type of spacetime geometries which reflects the direct effects of the electrodynamic
nonlinearities in the photon motion; hence, an effective geometry needs to be constructed to study null
trajectories [M. Novello et al., Phys. Rev. D 61, 045001 (2000)]. To achieve the above, we first study the
constants of motion from the analysis of the motion of both geodesic particles moving in stable circular
orbits and photons ejected from them and reaching a distant observer (or detector) in the equatorial

plane for the above mentioned regular BHs. The relationship between red/blueshifts of photons and the

regular BH observables is presented. We also numerically find the bounds on the photon shifts for these

regular BH cases.
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I. INTRODUCTION

The existence of black holes (BHs) in the cosmos has
been confirmed by recently detected gravitational waves
(GWs) by LIGO and Virgo collaborations [1,2] and with
the first direct image of compact object M87 by the Event
Horizon Telescope (EHT) collaboration [3—8]. BHs, which
are characterized by three externally observed classical
parameters namely, mass M, spin a, and charge Q, are one
of the most interesting compact objects predicted by
Einstein’s general relativity theory (GRT), as well as by
other modified gravitational theories (i.e., f(R) [9], Gauss-
Bonnet [10], Lovelock [11], massive gravity [12], modified
gravity [13], string theory [14], and some more.).

Hence, to know about the properties of BHs and the
physics in their vicinity, it is important to determine BH
observables (i.e., M, a, and Q) in terms of quantities which
are astrophysically relevant. With this motivation at hand,
Herrera and Nucamendi (hereafter known as HN) came up
with an algorithm to obtain the mass and spin parameters of
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a Kerr BH as a function of red/blueshifts (z, and z,,
respectively) of photons emitted by geodesic particles (say
stars) orbiting in stable circular orbits around it and the
radius of their respective orbits [15]. In their work they
found an explicit expression for the parameter a in terms of
Z,» Zp, radius of circular orbit and the parameter M of Kerr
BH. However, they argued that parameter M cannot be
found explicitly as it satisfies an eighth order polynomial in
M and one needs to find it numerically. Later, the HN
algorithm was used to obtain the observables of boson stars
and Reissner-Nordstrom BH in [16] and for rotating Kerr-
MOG BH in [17]. As HN theoretical approach has been
used only for a few compact objects till now, it is important
to develop more theoretical templates using HN algorithm,
such as if we have a set of observational data containing
red/blueshifts emitted by geodesic particles orbiting around
a BH at different radii {z,,z,,r}, then it is possible to
constrain the values of BH observables using that data set.

Additionally, it is widely known in GRT that collapsing
matter forms a spacetime singularity if the strong energy
condition and the existence of global hyperbolicity hold
[18,19]. A singularity is a location in spacetime where the
laws of normal physics breaks down. However, it is also
well established that these singularities are only due to the
limitations of GRT and must be get rid of in a quantum

© 2021 American Physical Society
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FIG. 1. Pictorial representation of the setup in which a massive

geodesic test object is moving around a BH in a stable circular

orbit. Here, emitter, observer, and the trajectory of photons all lie
pa

in the equatorial plane (6 = %).

gravity theory. Though we do not have any trustable theory
of quantum gravity till now, many phenomenological
attempts have been made to get rid of these spacetime
singularities and study its effects. In this context, many
researchers proposed BH solutions even in GRT which are
popularly known as regular BHs [20-24]. These types of
BH solutions do have an event horizon r,;, but no spacetime
singularities. In these regular BHs models the singularity
theorem is bypassed in a way such that these BH solutions
only satisfy the weak energy condition and not the strong
one. It is important to note that these (regular) BHs are not
the solution of Einstein vacuum field equations, but can be
found either by using nonlinear electrodynamics, or by
revamping the gravity. Interestingly, the recent research on
gravitational wave echoes by Abedi and Afshordi [25] also
gave a hint about the existence of quantum BHs.

Motivated by this line of research, in this paper we
specifically infer the mass parameter of static and spheri-
cally symmetric (SSS) Bardeen, Hayward and Ayén-Beato-
Garcia (ABG) BHs in terms of red/blueshifts of photons
emitted by geodesic particles moving in their stable circular
orbits around these regular BHs (see Fig. 1 for pictorial
representation of the setup used). In recent times, these
three SSS regular BHs gain lot of attentions from the
researchers and appeared in many notable works on geo-
desics of particles [26-35], quasinormal modes [36—40],
gravitational lensing [41-43], thermodynamics of BHs
[44,45], BH as a particle accelerator [46,47]. Also, these
regular BHs have been studied in [48-72]. It is worth it to
point out here that we consider that, without loss of
generality due to spherical symmetry, the whole setup
which comprises of the emitter (star), detector (observer)
and photons will lie in the equatorial plane (6 = z/2)
of BH.

The remainder of paper is organized as follows: In
Sec. II, we give a brief overview of the HN algorithm and
note down the general form of some key quantities for a
SSS spacetime that are important for later sections.
Additionally, in Sec. II A we also find the expressions like

effective potential (V), conserved energy per unit mass
(E), conserved orthogonal component of orbital angular
momentum per unit mass to the azimuthal rotation (L),
double derivative of (V ), azimuthal and time components
of 4-velocity (i.e., U? and U"), angular velocity (Q) of the
geodesic particles moving in circular orbits in the equato-
rial plane around the SSS of compact objects and redshift
(z,) of the photons emitted from them. In Sec. III, we work
with the metric function f(r) for Bardeen regular BHs,
discuss the properties of event horizon, find the associated
explicit expressions for conserved quantities £ and L for
geodesics particles moving around these BHs in stable
circular orbits with the help of general formulas found in
Sec. II. Later, we obtain the mass parameter M as a function
of frequency shift z, radius of stable circular orbits r, (later
for simplicity used as r) and the parameter g. We also
verified our results with the Schwarzschild BH in the limit
g — 0. Finally, in Sec. III, we graphically find the bounds
on frequency shift z and analyze the mass parameter M for
Bardeen regular BH as a function of r and z. These analyses
must be carried out numerically; hence, in this section, we
also provide a numerical algorithm which is employed with
the regular Hayward and ABG BHs in Sec. IV and V
respectively. It is worth mentioning that we also used
equations of motion for photons emitted by geodesic
particle and traveling along null geodesics in the effective
geometry [73] before getting detected by an observer
(residing at a far away location from the emitter). We
finally present a summary of our work and conclude with
the results in Sec. VI. Further, by completeness, the
calculation of effective metrics for Bardeen, Hayward
and ABG BHs spacetimes is presented in the Appendix,
in which we have explicitly obtained the effective metric
components for these regular BHs spacetimes using the
prescription of the geometric optic approach in NED
theories given originally in [73] and later in [74-76].
Throughout the paper, we work with the sign conventions
(—=,+,+,+) and use the spherical polar coordinate
system. Greek letters denote the spacetime indices, while
Latin letters use for space indices only. Unless otherwise
stated, geometric units are used for the fundamental
constants, ¢ = Gy = 1.

II. BRIEF OVERVIEW OF HERRERA-
NUCAMENDI THEORETICAL APPROACH

The starting point of the HN [15] theoretical approach, is
the definition of the frequency shift z associated to the
emission and detection of photons

1 4z="2¢, (1)
Wy
Here w, is the frequency emitted by an observer moving
with a photon emitter particle at the point e and w, the
frequency detected by an observer far away from the source
of emission. These frequencies are given by
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w, = =k, U*

e 0g = —k,U"

d> (2)

where U* = (U', U", U?, U?) is the 4-velocity of a particle
that moves in a geodesic trajectory in certain spacetime,
particularly we deal with static spherically symmetric
spacetimes

1
f(r)

The geodesic particles are emitting photons which have
4-momentum k* = (k', k", k% k?) that move along null
geodesics k,k* = 0.

In order to compute the frequencies (2) we need to find
U as well as k*. The 4-velocities U* can be found by
considering the Euler-Lagrange equations

oL d (oL
5ﬁ‘a<aﬁ—“ “

with the Lagrangian £ given by

ds® = —f(r)de* + dr? + r*(d6* +sin* 0d¢*).  (3)

1, . ) . .
L= 5 [gut® + g7 + 9oo?” + 9(/;(/)452], (5)
being ¥ = % and 7 the proper time. Since the metric (3)
depends solely on r and @ there are two quantities that are
conserved along the geodesics

pr:aizgni:gnUl:_Ev

oL .

b — = = Yo :g)U{/):L 6
o= 55 0P = 9 (6)

From (6) two components of the 4-velocity vector are
readily found

L L
= , U = =——_ (7
9u  f(r) Jpp  r’sin’0 )

The normalized 4-velocity condition
—1= g, (U + 9,(U)* + goo(U°)* + gps (U?)*. (8)
renders
(U")? + f(r)Vess = 0, )
here V. is an effective potential given by

E? L?
Ve =14+ 120 — — + ————. 10
eff tr f(r) + 2 sin% @ (10)

The 4-momentum k* can be obtained in a similar
fashion. Using the same Lagrangian (5) one gets two

conserved quantities for photons: the energy and the
orthogonal component of the angular momentum to the
azimuthal rotation respectively

L, = r’sin?0k?. (11)

Thereby k" and k% can be written in terms of E, and L,
respectively, which are needed in (2) which in turn are
required to obtain 1 + z which reads now as

(E, U = LU = UK/ f(r) — rPU%Y)|,

1 4+27= (12
te (E,U" = L,U? — UK’/ f(r) - PUK)], (12)

Astronomers report the observational data in terms of a
kinematic frequency shift z;, defined as z, =z —z,
where z,. known as the central frequency shift, corresponds
to a gravitational frequency shift of a photon emitted by a
static particle located in on the line going from the center of
coordinates to the far away observer (represented by the
green zig-zag line in Fig. 1). Hence

(E,U")l. _ U,

EU), " U, (13)

I+z.=

The kinematic redshift z;, = (1 +z) — (1 + z.) can be
written as

(U’—bU‘/’—#(r)U’k’—ELrZU"k")\e Ut
n= - i —Z (14
U= bUP S U =R, U (14)

where we have introduced the quantity b = L,/E, known
as the apparent impact parameter of photons. As the photon
energy E, and the orthogonal component of orbital angular
momentum L, to the azimuthal rotation are conserved
along null trajectories from the point of emission until
detection, the value of the impact parameter is preserved
ie., b, = by.

The analysis may be carried out either with z given by
(12) or with zy;,, in this paper we work with the latter. The
expression (14) is rather simplified for circular orbits
(U" = 0) in the equatorial plane (UY = 0)

- ULUh, — U U?D,
in — h
U4 (U4 = byUY)

(15)

What is not yet included in (15) is the light bending due
to gravitational field, that is to say, we still need to find
b = b(r.) where r, is the radius of the circular orbit of the
photons emitter. To construct this mapping, we consider
photons emitted at both sides of the compact object as
shown in Fig. 1 by the red and blue zigzag lines. At those
points k" = 0 and k = 0, whereas k' and k? are already
known and are given in (11). From k,k* = 0 one attains
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9o r

by =4,/-—/==% . 16
+ 0 G (16)
However, if the observer is very far from the photons
emitter (i.e., r — o0), all the spatial components of the
detector’s four-velocity (i.e., U”, U? and U?) vanish in this
asymptotic limit, except the component U’ =1 =E. In

this case, the kinematic frequency shift (15) reduces to

Zkin = —U¢be. (17)

According to (16), the impact parameter b(r) may have
two different signs, so does the kinematic frequency shift
Zin- The frequency shift corresponding to receding emitter
is known as a redshift (z, > 0), while the frequency shift of
an approaching emitter is known as a blueshift (z;, < 0).

A. Circular orbits

For equatorial orbits the effective potential acquires a
simple form (for the case of equatorial orbits, the orthogo-
nal component of the orbital angular momentum to the
azimuthal rotation L is equal to the total orbital angular
momentum.)

E? L’ E* L?
it Geg f (r ) r
For circular orbits V. and its derivative % vanish. From

these two conditions one finds two general expressions for
the constants of motion E? and L? for any static spherically
symmetric spacetime

g, 212(r)
E? = - 9 — . (19
91:9/4;4; = Gu9pp  2f(r) =rf'(r) 19)
L2 _ ‘g‘%‘lﬁg;t r3f/(r) (20)

B gng:;;gs - .dllg(/ld) B 2f(r) - rf/(r) ,

where primes denote derivative with respect to r.
Stability of circular orbits is guaranteed provided that
Vi > 0 holds.

The general expression for V7, reads

Vi g2 {gi’tgn - 2(9&)2} 2 [9;?(/]%(/) - 2(9;5¢)2]
eff — 3 3
n I
Dyt — Yy N 2919y,
gttg;ﬁp - g;tgqﬁqﬁ 9ppYit
_20rf () f"(r) + 3f(r)f'(r) = 2ef'(r)?
rf(r)[2f(r) = rf'(r)]

The explicit expressions for the energy and angular
momentum, (19) and (20), were used in the last step. If we

(21)

employed them now in (7) one obtains expressions for the
4-velocities in terms of f(r) only

. 7 - >
v \/ RGN PiCEAC)
(22)

The angular velocity of particles in these circular paths
can be readily found

_Gn _
oo

(23)

Since we have an explicit expression for both, U ¢ and b,,
the frequency shift becomes

.= UZ’ b, — —9¢¢g§z
’ gtt(gttg;sqs - g;tg(ﬁ(ﬁ)

_ \/ rf'(r)
F@F) = rf (1)

It has been argued that photons motion in nonlinear
electrodynamics regular black holes is not governed by null
geodesics of the spacetime geometry. In order to see
reflected the direct effects of the electrodynamic non-
linearities in the photons motion, the null geodesics should
be studied using an effective geometry. The original
approach to derive effective metrics can be found in
([73]). Bardeen and Hayward regular BH were first
presented as toy models, they were not exact solutions
to FEinstein equations; there were no known physical
sources associated with any of them. Later on, they were
interpreted as singularity-free solutions of the Einstein field
equations coupled to a suitable nonlinear electrodynamics.
Our third example in this paper, Ayon-Beato-Garcia (ABG)
regular black hole, was constructed from the start in the
framework of general relativity as a solutions of the
Einstein field equations coupled to nonlinear electrody-
namics ([77]). Some studies of null geodesics in these toy
models have been made without considering effective
metrics. Since we are going to be dealing with regular
BHs where light travel along null geodesics with an
effective metric g,,, the previous expression (24) needs
to be modified to take this fact into account. It was in the
derivation of the apparent impact parameter where the null
geodesic equation was employed, then (24) needs to be
replaced by

(24)

7= UZ’be+

_ T (o)
gtl(gttg/gﬁqﬁ = Gu9pp)
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The computation of the effective metrics g, for Bardeen,
ABG and Hayward BHs can be found in the Appendix. In
the next section, we will analyze the relationship between
the mass parameter of three regular BHs in terms of the red/
blueshifts of light emitted by geodesic particles orbiting in
circular trajectories of radius r.. The analysis will be
carried out using both expressions (24) and (25), the former
does not take into account the effective metric, the later
does. In the literature one can find null geodesics studies
that inappropriately, do not take into account the fact that an
effective metric must be employed. By carrying out the
analysis with both expressions (24) and (25), we can
compare both results and see the differences of neglecting
the effective metric in regard to the computation of the mass
parameter in terms of circular orbits radii and red/blue-
shifts. For each of our three working examples, we will find
bounds of these frequency shifts as well.

III. BARDEEN REGULAR BLACK HOLE

Our first working example is the Bardeen spacetime.
This was the first regular BH model in general relativity, it
was later on reinterpreted as the gravitational field of a
nonlinear magnetic monopole, namely as a magnetic
solution to FEinstein equations coupled to a nonlinear
electrodynamics [77]. Hence, here we will work it as a
toy model first and then as a solution of Einstein equation
with NED. For this spacetime, the function f(r) reads

2M [ 2 32 2M

) =1-20 ] T =1 -2 Rt 9

As the parameter g — 0, the function Rz(r,g) — 1 and
(26) becomes the Schwarzschild metric. A plot of f(r) for
different values of g is shown in Fig. 2, it has two roots
which disappear as ¢ increases. Consequently Bardeen

0

_3 L PR R IS T S S N SN SN SN S Y S S S TN N SN TN SN SO [ SN S S 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0

7

FIG. 2. Plot of Bardeen’s f(7) as a function of 7 = r/M for
different values of parameter g. Here, § = g/ M changes from zero
(Purple) to unity (red) in steps of 0.1. As § increases its value, the
roots of f(7) get closer and then cease to exist. For g > 0.76
approximately, f(7) is always positive.

spacetime possesses an exterior (and interior) event horizon
r& (i for certain values of g and M. In order to locate
these event horizons one has to find the roots of f(r) = 0. It
is convenient to introduce the variables 7= r/M and
g = g/M; hence, finding the roots of f(r) =0 is akin to
finding the roots of

P+ (37 -4 + 357 +5° = 0. (27)

There are two roots real and positive if and only if
0 < g < 0.7698, otherwise there are no real and positive
roots at all. At §. = 0.7698 the two roots collide as shown
in Fig. 3, it is also shown the bounds on the parameters [
and Q of the Hayward and ABG BHs as well. Shaded
regions corresponds to the existence of BHs, the dots point
out the location of the critical cases. The upper (orange) line
represents the external event horizon. We will work in the
region outside the exterior horizon r > r$}', whose value
depends on g and M, that is r$' = r${'(g, M) and is found
by solving (27). Hence r > r$}" is a condition that we ought
to keep in mind. We must also mention that only when the
mass M exceeds the critical mass M, = 3v/3g/4 we have
the pair of event horizons. What we are seeking is to find an
analytical formula for the mass parameter M = M(z, r, g),
where r is the radius of circular orbits followed by geo-
desics particles emitting photons whose frequency shift is z
as detected by a far away observer, ¢ is a parameter of the

20 T T T T ]

.76980,1.08)
(0.63418,1.

0.5r i
r [0 ABGBH
Bardeen BH
| [l HaywardBH |
0.0 .. P T S S RN SRS B
0.0 0.2 0.4 0.6 0.8 1.0
Qgl

FIG. 3. Plot shows the bound on the parameters Q, g and [ of
ABG, Bardeen and Hayward BHs, respectively. Here, the BHs
exist in the shaded region only. Whereas, dots (blue, red, and
green) represent the location of extremal (ABG, Bardeen and
Hayward) BHs case. It worth to mention that parameters r, Q, g
and [ are normalized with the mass parameter M of the
respective BHs.

084054-5



RICARDO BECERRIL et al.

PHYS. REV. D 103, 084054 (2021)

compact object which is interpreted as the magnetic
monopole charge. To reach this goal, we insert function
(26) into (24) and it is found that

MRy (r* —24%)
(r—2MRg)[¢* + r(r — 3MRg)]’

2=

(28)

which is a relationship between the redshift (blueshift) z,
the mass parameter M and the radius r. of a particle’s
circular orbit that emits light. (28) makes sense provided
|

.
M, =—5——
* T 122%R4(r, 9) [<

where the H and Ry are given by

H(r,z,9) = (1 +10z2% + z2*)(r* = 24%) [rz

Observing that 0 < (z> —1)?/(1+10z> +z*) <1 and
due to the condition 7> — 2¢> > 0, it turns out that H > 0
always; hence, the mass parameter is never a complex
quantity.

Nonetheless, (29) still poses a problem, since for a
particle following a circular orbit and emitting light with a
shift z, it is not physically acceptable to have two values of
the mass parameter. Lets figure out how to overcome this
difficulty.

Using the conditions for existence of circular orbits,
namely V. = 0 and V., = 0, explicit expressions for E?
and L? were found in the previous section. For the Bardeen
case, these are

> (r=2MRp)*(r* 4+ ¢*)
- PP+ r(r=3MRp)]’

(30)

Mr(r* = 2¢*)Ry

L? =
[¢* + r(r—=3MRp)]’

(31)

(30) requires that g> + r(r —3MR) > 0 whereas (31)
requires additionally that > — 2g* > 0. On the other hand,
circular orbits are stable provided that V" > 0, from (21)
V” reads

"o [7'3(1’ - 6MRB) + 892(7-2 — gz)]ZMr4
Ve = (7 + @) *R[r — 2MRy][ + r(r — 3MRy)]’ (32)

which is positive as long as
r(r—6MRg) + 8¢*(r* — ¢*) > 0. (33)

Therefore, in addition to the condition (33), the con-
ditions

that z2 > 0. It turns out that existence of circular orbits
demands > —2¢*> > 0 and ¢*> + r(r — 3MRg) > 0; thus
(28) is consistent as long as r —2MRpg > 0. In the limit
g — 0, this latter condition is akin to working outside
the event horizon r > 2M and the former condition is
akin to r > 3M which guarantee circular orbits for the
Schwarzschild BH. (28) leads us to quadratic equation for
the mass parameter M, its analytical expression is then
given by

2 1
1+5z2)+r—922(z2—1)ip H(Mvg)]v )

20%(z% = 1)? r

—% 5 RB(r’g> :m
141022 +2 (r + %)
[
r—2MRy >0,  r*=2¢*>0,
@+ r(r=3MRy) > 0, (34)

must be simultaneously satisfied.
It can be verified that as g — O the mass parameter (29)
reduces to the one for Schwarzschild BH [16], namely

1+522+V1+ 1022 + 7
1272 '

My(r,z)=r (35)

Stability for circular orbits (32), in this limit, implies
r > 6M. In [16] it was proven that r > 6M led us to the
conclusion that only the minus sign in (35) is allowed and
that there is a bound for the frequency shift, explicitly

z

FIG.4. The mass parameter M for the Schwarzschild black hole
is shown as a function of he frequency shift z (redshift z > 0 and
blueshift z < 0) and the radius r of an eventual circular orbit of a
photon emitter. M and r are in geometrized units and scaled by
pM where p is an arbitrary factor of proportionality.
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|z| < 1/+/2. The function M = M(r, z) given by (35) is in
geometrized units (Gy = ¢ = 1). We scale M and r by an
arbitrary multiple of the solar mass pMg, for Sgr A,
p = 2.72 x 10°. Its graph is shown in Fig. 4.

For Bardeen BH, solely the minus sign in (29) is allowed
as well. To see that this is indeed the case, we substitute the
expression (29), for the mass parameter M., into the
stability condition (33). After some algebra (33) becomes

Lys=—(1+32)( = 28)(r* - 2¢°G(z)) > £r*VH,

. 472
with  G(z) = a2 (36)

Recalling the condition > —2¢> > 0, for the case
|z| <1, it is apparent that 0 < G(z) <1, then one has
r? > 2¢*> > 2¢°G(z); therefore, the left-hand side in
Eq. (36) Ly is negative and the positive sign appearing
in (36) is out of the question; therefore M (r,z) must be

J

2Mr*(r? = 2¢7)(r? + ¢7)°/?

discarded. Nonetheless, for |z| > 1, the function G(z) is
bounded as 1 < G(z) < 4/3 and verifying analytically that
(36) holds for just the minus sign is not straightforward. We
checked numerically that (36) holds only with the minus
sign for a variety of intervals 0 < g < Gmaxs Fmin < ¥ < Tmax
and 1 < 7 <z satisfying 72 —2¢7 > 0 (Zpax  20ing
beyond unity). This establishes the uniqueness of the mass
parameter given by (29), only M_(r, z) is compatible with
the stability condition of circular orbits. The stability
condition (36), together with (34) should allow us to find
the bounds for z and plot M = M_(g, r, z). For g — 0, (29)
becomes (35) for Schwarzschild BH. For the case of a
magnetic monopole, using the relationship (25), that takes
into account the fact that light travels along null geodesics
with the effective metric, one obtains an expression for
the redshift (blueshift) z, and a quadratic equation for the
mass parameter that we call M to distinguish it from (29),
they read

The explicit expression for the M reads

Mi:

The discriminant A = B2, —4A,,C,,

2= 2 32 _ 21102 o 2VS2 — ARl A (37)
(3r2 = 4g)) (P + )3 = 2MP)[(r* + ¢*)>/? = 3M 1]
For the quadratic equation A,,M> + B,,M + C,, = 0, the coefficients are given by
A, = 6r9(3r2 —4¢?)22,

B, = =r*(r’ + @) P2(7 = 2¢°) (" + ) + (317 = 4¢%) (57 + 2¢°)2’).
Cp = (rP+¢)'(3r —4¢%)2". (38)
o PP @R = 2¢) (P + @) + (37 — 440 (577 + 2972 £ VA (39)

121537 — 4¢%)2? ’
A=r(r?=2g) (P + @V = 2¢°) (P + ) +4(3r° = 4g) (P + 7) (57 + 20°)2% + (= 2°) (31 — 4¢%)*2"].

(40)

is always positive since r*> —2g*> > 0.

One faces again the undesirable possibility of having two
values for the mass parameter. We will verify whether the
conditions to have circular stable orbits will determine the
uniqueness of the solution, as mentioned before, this proof
ought to be done numerically.

We shall carry out the analysis considering Bardeen
spacetime as a toy model first and then considering it as an
exact solution of Einstein field equations with NED, that is
to say, working first with the expression (29) and second
with (39) and then comparing both outcomes. We shall
work in the region outside the exterior event horizon

r > ri' which exists only for g < 0.7698M, otherwise
one has a globally regular spacetime. These class of
solutions have been proven to exist, yet they are given
numerically [78,79]. The numerical algorithm to perform
this analysis is provided next.
(1) Construct a domain D which is a set of points
{(gi, Vj,Zk)} = Pijk-
(2) For each point P;;; compute M and M_ with (29).
(3) Test whether (33) and (34) are simultaneously
fulfilled.
(a) If the conditions are fulfilled. Then store
M(P;;) and z = z(g;.r;), the former to plot
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M = M(g,r,z), the later to be constructing the
bounds of z.

(b) If the conditions are not satisfied. For the current
point P;j there is not a physically acceptable
value of the parameter M and this point P;;; can
be disregarded.

(4) We can distinguished between a Bardeen BH or a
globally regular spacetime by testing whether g <
(0.317)(2M) is satisfied.

(a) It is satisfied (BH). Then one has to find r§}' =
ri1' (i rj. 7x) and verified that r; > ry, if it is
the case, continue, otherwise remove this set
{Pijr, M(P;;;)} from the plot M = M(g,r,z),
select another point and go back to 2.

(b) It is not satisfied (Globally regular spacetime).
Then any r > 0 is acceptable at this stage, store
M(P;jx) and z = z(g;,r;) and continue.

(5) Go back to 2. until every point in the domain D has
been tested and data stored.

A. Bardeen spacetime as a toy model

It turns out that with M __ there is not a single point in the
domain D, no matter how large it is constructed, for which
all conditions are simultaneously fulfilled. On the other
hand, working with M_, there is a subset DEH C D where
these conditions are simultaneously satisfied and those are
considered physically acceptable. Thus, a measurement of
the redshift z of light emitted by a particle that follows a
circular orbit of radius r in the equatorial plane around a
Bardeen BH (§ = g/M < 0.7698) will have a mass param-
eter determined by M = M _(r, z, g) given in (29) whose
domain is the subset DBH. Part of this subset is shown in
figure 5, where the bounds of z in terms of g and r are
plotted, only for z between the lower (red) surface z,;,(g, 7)
and the upper (green) surface z,,,, (g, ), the conditions for
circular stable orbits of photon emitters together with
r> ' are simultaneously satisfied. For ¢g=0 the

Schwarzschild bound |z| < 1/+/2 is certainly recovered.
The gap between the bounding surfaces |zg,, — Zin¢| nar-
rows as ¢ increases its value. The two surfaces z,., (g, r)
and 7, (g, 1), collide along a curve. On that curve (it looks
a line in figure 5), z increases its value as g increases, yet z
never goes beyond 0.85. For § > 0.7698 one has globally
regular (GR) spacetimes, there is a subset D{® where the
conditions for circular stable orbits of photon emitters are
simultaneously fulfilled. Part of this subset is shown in
Fig. 5 where we also superimposed both bounds for
Bardeen’s BH and globally regular spacetimes.

We scale M and r by an arbitrary multiple of the solar
mass, i.e., by pMg, being p an arbitrary proportionality
constant. Figure 6 shows this numerically generated scaled
relationship M = M(r,z,g) which is symmetric with
respect to the frequency shift z (z,q > 0, Zpe < 0) for
g=0.1,0.5,1.0,2.0. For g = 0.1 the graph M = M(r, ) is

FIG. 5. In the upper plot, we presents bounds of z for Bardeen’s
BH constructed with the original metric g,,. The only allowed
frequency shifts that could be detected by a far away observer is
located in the gap zpin(9, 7) < Z < Zmax (9, 7). The value of z does
not go beyond 0.85. In the middle plot, we present bounds of z for
globally regular Bardeen’s spacetime, only z € [Zpin, Zmax] are
allowed. The two surfaces GR-z,,,, and BH-z;, corresponding
to Bardeen’s globally regular and BH spacetime respectively,
coincide when z < 0.85. Whereas, when z > 0.85 only globally
regular spacetime is allowed. This is shown in the lower plot
where we have superimposed both bounds for Bardeen BH and
globally regular spacetimes.

nearly the one shown above in Fig. 4 for Schwarzschild
BH, yet there is a gap in the z axis that splits the regions for
z>0and z < 0. z is no longer bounded as |z| < 1/,/z as
in the Schwarzschild case, it allows a little bit larger values,
up to 0.85. The mass parameter allowed for the globally
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g=0.1

g=2.0
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- W o N ©

> 1.2 04 -04 12
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FIG. 6. The mass parameter M for Bardeen’s BH ¢g/M <
0.7698 (red --> blue colors) is shown as a function of the
frequency shift z (redshift z > 0 and blueshift z < 0) and the
radius r of an eventual circular orbit of a photon emitter for four
values of g. The green surface corresponds to the mass parameter
for the globally regular spacetime sector g/M > 0.7698. M and r
are in geometrized units and scaled by pMg where p is an
arbitrary factor of proportionality. Here, the numerical algorithm
employed yields the known critical mass M, = (31/3g)/4 that
separates the BH from the GR spacetime (see text for details).

TIsco

4.4

0 0.2 0.4 0.6 0.8
oM, UM, O/M

FIG. 7. Stable circular orbits for the Schwarzschild spacetime
are found for 7= r/M > rigco = 6. For Bardeen BH, this
risco = risco(9) is shown in the upper curve (red color), where
g=g/M <0.7698. We also present the behavior of rigco =

”lsco(l) for the Hayward (middle red curve) and rigco =

risco(Q) for the ABG (lower green curve) BH as function of
their corresponding parameters //M and Q/M respectively.

regular spacetime sector (green color) is considerably
smaller than for BH sector (red-blue color) yet, since there
is no event horizon, in principle, stable circular orbits of
photon emitters may allow smaller radii than those for the
BH sector. As g increases, the surface M(r, z) for the BH
region, splits more notoriously into two parts for the red
and blueshifts; this gap width varies with r according
to Fig. 5. The green sector for GR spacetimes and the red-
blue sector for BHs is separated by the critical mass

M, = 3v/3g/4. For g = 0 (Schwarzschild) one has stable
circular orbits for 7 = r/M > 6 = 7. As mentioned above,
for g =g/M < §. = 0.7698 Bardeen spacetime is a BH.
As g grows, the value of this lower limit 7, for stability
decreases as shown in the upper red curve in Fig. 7. In the

same figure one may see the behavior of 7, = 7(I) for the
Hayward (middle red curve) and 7, = 7,(Q) for the ABG
(lower green curve) BH as function of their corresponding
parameters [ and Q respectively. It is for the Bardeen BH

that this stability limit is lowered the most.

B. Bardeen spacetime as an exact solution
of Einstein field equations with NED

We performed an analogous analysis to the one just done
above. Yet, we take into account now that, since light
moves in null geodesics with an effective metric, then the
mass parameter expression to be employed is (39). It turns
out again that, solely with M_, there is a subset of the
domain D where the conditions of having circular and
stable orbits are all simultaneously fulfilled; therefore, the
solution is unique as it should be. Bardeen’s effective
metric g, takes into account the effects of the electro-
magnetic nonlinearities on the motion of light, not on the
motion of particles with mass, it is related with the original
Bardeen’s geometry by
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G = Gus Grr = Grrr Joo = 900/ P Tpp = 9pp/ Ps
where ®(r) reads
1[r?-6g
b=14-|——""51, 41
+2[r2+92] o

whose derivation is described in the Appendix. Since ® —
3/2 as g — 0 (eliminating the electromagnetic fields) in
this limit, the effective metric does not becomes exactly the
Schwarzschild. By the same token, the expression for
M(r,z,g) as g— 0 does not become exactly the one
corresponding to Schwarzschild.

Figure 8 shows a portion of this subset of points
{(r,g,2)}, in which, plots of the z-bounds in terms of g
and r are displayed. Only with values of z in the gap
between the lower (red) surface z,,(g,r) and the upper
(green) surface 2z, (g.r) one finds M(r,z,g) to be
compatible with all the conditions for circular and stable
orbits for photon emitters. This plot can be compared with
figure 5 constructed with the original metric g,, not with
the effective g,,. The upper bounds shown in figure 8,
that is to say the upper surface z...(r,g), reaches its
highest values (for a given fixed g) along the line where the
two surfaces zpa(r,g) and zy.(r,g) merge, on this
line z does not exceed 0.71 which is slightly higher than

Schwarzschild upper bound 1/+/2. Figure 9 presents the
scaled relationship M = M(r, z,1) for three g = 0.1, 0.5,
1.0, 2.0. As mentioned above, using Bardeen’s original
metric g,,, z is bounded approximately by 0.85, whereas
using the effective metric, it is bounded by approximately
0.71. We also observed that as g climbs up, the scaled mass
parameter value yields a larger value. In figure 6 (working
with the original metric), looking at the data file, one
may pick randomly a point in the domain, for instance
M,(r=50,9=0.1, 2,4, (50,0.1) = 8.266 value is 8.266
and see that increases its value as g grows, M,(r = 50,
g =2, Zmax(50,2)) = 8.402. Whereas working with the
effective metric (figure 9), the largest value of the mass
parameter is Mg (r = 50, g = 0.1, 2,,,,(50,0.1)) = 8.247
for ¢=0.1 and M:eff(r =50,9=2,7,,x(50,0.1)) =
8.3928. In regard to the mass parameter, generally speak-
ing, there is a slight reduction when using the effective
metric in relation to the original one.

We end this section calculating the angular velocity Q of
photon emitters orbiting in stable circular orbits. The
relationships for U’ and U? given in (22) are employed
to compute Q = U?/U" =
reads

f'/r*. For Bardeen metric it

M(r? = 24*
6%35%‘ (42)

The angular velocity becomes a function of g, r, z after
substituting M_ given in (29). Q is indeed a real quantity

Q(g,r,z) =

Zmin

max

Zmin

40

FIG. 8. In the upper plot, we presents bounds of z for
Bardeen’s BH considering that photons move in the corre-
sponding effective metric. The only allowed frequency shifts
that could be detected by a far away observer is located in
between the lower and upper surfaces. The value of z never
goes beyond unity. In the middle plot, we present bounds of z
for globally regular Bardeen’s spacetime, only Z € [Zmin» Zmax)
are allowed. The two surfaces z,,, and z,;, corresponding to
Bardeen’s globally regular and BH spacetime respectively,
coincide when z < 0.71. Whereas, when z > 0.71 only globally
regular spacetime is allowed. This is shown in the lower plot
where we have superimposed both bounds for Bardeen BH and
globally regular spacetimes.

since > —2¢> >0 and it is valid regardless Bardeen
spacetime is considered a toy model or an exact solution.
For g = 0, the angular velocity for Schwwarzschild BH is
recovered
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g=0.1

FIG. 9. The mass parameter M for Bardeen’s BH g/M <
0.7698 (red --> blue colors) is shown as a function of the
frequency shift z (redshift z > 0 and blueshift z < 0) and the
radius r of an eventual circular orbit of a photon emitter for four
values of g. The fact that photons travel in the corresponding
effective metric was taken into account to generate these plots.
The green surface corresponds to the mass parameter for the
globally regular spacetime sector g/M > 0.7698. M and r are in
geometrized units and scaled by pM, where p is an arbitrary
factor of proportionality. Here, the numerical algorithm employed
yields the known critical mass M, = (31/3g)/4 that separates the
BH from the GR spacetime (see text for details).

Q(r,z) = \/g = \/jE—;Q(Z‘) (43)

where F_ = (1 + 522 — V1 + 102> + z*)/(122?).

IV. HAYWARD SPACETIME

Our second working example is the Hayward regular
BH. Inasmuch as this regular spacetime had not been
associated with any NED field, later on it was, here we
work it as a toy model first and then as a solution of
Einstein equation with NED, just as we did it in the

previous section. Its g, = —f(r) metric component reads
2M7? 2M

=1l—-————-—=1——Ry. 44

f(r) P+ 2PM poo (44)

As it happens with the Bardeen spacetime, the function

3

Ru(r 1) = P+ 2PM’ (45)

Ry(r,l) > 1 as the parameter [— 0 and the
Schwarzschild BH is recovered. The function f(r) behaves
in a similar fashion as Bardeen’s (see Fig. 10), i.e., it has
two roots for [ = I/M < 0.7698 which implies the exist-
ence of an exterior r$;" and interior rih,nt event horizons, these
horizons are found by solving f(7) = 0 (where 7 = r/M),
which is equivalent to finding the roots of

P -2/ 421 =0. (46)

For [ # 0 the cubic has two real and positive roots and are
given by Cardan’s formula, provided that I < I, = 0.7698.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

FIG. 10. Plot of f(7) for Hayward spacetime as a function of
7=r/M for different values of parameter .. Here, [ = I1/M
changes from zero (purple) to unity (red) in steps of 0.1. As 1
increases its value, the roots of f(7) get closer and then cease to
exist. For [ > 0.7698, f(7) is always positive.
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At the critical value I, the two horizons 5 and 71 collide

as it is shown in Fig. 3. For 7 =0 one is left with the
Schwarzschild horizon 7 = 2. We will work in the region
outside the exterior horizon r > r$}'. The critical mass in

this case is M, = 3v/31/4.

A. Hayward spacetime as a toy model

Once again, in order to find an explicit expression for the
mass parameter M = M(z, r,[) we substitute the Hayward
function f(r) into (24) to attain a relationship between the
redshift z, the Hayward parameter [, the radius of the
photon emitter circular orbit  and the mass parameter M

5 MrSRI_il(r, D(r*—4’M)
[(r=2M)r> +22M|[r (r = 3M) + 41*M?* + 41°M 3]
(47)

Expressions for E?, L? and V" are computed as well

(r*(r—2M) + 2I>°M)?

E? = ,
[P (r=3M) + 41*M?* + 4P M r?]

(48)

Mr(r3 —41°M)
[P (r=3M) + 41*M?* + 4PM 73]’

L? = (49)
DM (r = 6M) + 22253 M — 321 M?)

[P (r=3M) +41*M? +4PMP3][(r = 2M)r* + 2I°M]

(50)

V// —

Existence of circular orbits is guaranteed as long as
E?,L? > 0, that is to say, the following two conditions
P (r—3M) +41*M?* + 41*r*M > 0,
r—4PM > 0, (51)

simultaneously hold. Equation (47) additionally requires
that

r?(r—2M) +2I°M > 0, (52)

which is satisfied since we are working outside the exterior
horizon. Lastly, circular orbits stability V" > 0 is akin to
demanding that

P(r—6M)+2212r°M — 321*M?* > 0. (53)

It is apparent that as [/ — 0, the condition for stability
of circular orbits V” >0 implies r > 6M as in the
Schwarzschild BH case.

From (47) one arrives at a cubic equation to get
M = M(z,r,1) (I #0), explicitly

CsM3 + Co,M?> +C /M +Cy =0, (54)

where

Cy =814(r* + 22(1> - 1)),

It can be verified that for / = 0 (54) becomes the mass
parameter formula (35) for Schwarzschild. Given a cubic
equation, there could be either three real roots or one real
root and two complex. We have verified numerically that
only one real value of the mass parameter allows the
conditions for stability of circular orbits to be fulfilled
together with the condition r > r?}“; furthermore, these
conditions are satisfied solely for |z| < 0.75. This analysis
was performed using a combination of bisection and
Newton-Raphson methods to solve (54). We have also
attained the bounds of z=z(l,r). We just basically
followed the five steps of the numerical algorithm
described in the previous section.

In Fig. 11 one observes bounds of the frequency shifts
for the two sectors: black-holes (upper plot) and globally
regular spacetimes (middle plot). D5 is a subset where all
the conditions for existence of stable circular orbits of
photons emitters outside the exterior event horizon are
satisfied. It stretches out in the region where z,;,(r, /) <
7 < Zmax(F, 1) (see upper plot in Fig. 11) it happens that
Zmax < 0.75 in all the domain DBH, this value is reached
along the curve where the two bound surfaces merge. The
corresponding subset for the global regular sector is shown
in the middle plot in the same figure. The surface z,,,, (7, /)
for GR coincides with the z,,;,(, [) for the BH case, but in
the case the surfaces spreads further and allows z > 0.75
differing from the BH case. This is shown in the lower plot
where we have superimposed both bounds for Hayward’s
BH and globally regular spacetimes.

As in the Bardeen working example, we scale M and r
by an arbitrary multiple of the solar mass. Plots of M =
M(r,z) for different values of the Hayward parameter [
follows an analogous pattern as Bardeen’s plots. This
means that for / = 0.1 the graph M = M(r,z) is rather
similar as the one for Schwarzschild BH. The gap in the z
axis that splits the regions for z >0 and z <0 also
increases its width as [/ increases. z goes beyond the
Schwarzschild bound |z| < 1/4/z, yet is smaller than unity.
Figure 12 shows this scaled relationship M = M(r, z) for
[=1.0 and 2.5. The mass parameter allowed for the
globally regular spacetime sector (green color) is smaller
than for BH sector (red-blue color). Since there is no event
horizon, stable circular orbits of photon emitters may allow
smaller radii than those for the BH sector. As [ increases,
the surface M(r,z) for the BH region, splits more noto-
riously into two parts for the red and blueshifts. We also
observed that Hayward’s parameter [ grows, the scaled
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FIG. 11. In the upper plot, we presents bounds of z for
Hayward’s BH when using the original metric. The only allowed
frequency shifts that could be detected by a far away observer is
located in the gap z,in(7,1) < z < zZpmax (7, ). It turns out that
z < 0.75. In the middle plot, we present bounds of z for globally
regular Hayward’s spacetime. Only z € [Zyin, Zmax) are allowed.
The two surfaces z,.c and z.;, corresponding to Hayward’s
globally regular and BH spacetimes respectively, coincide when
7z < 0.75. Whereas, when z > 0.75 only globally regular space-
time is allowed. This is shown in the lower plot where we have
superimposed both bounds for Hayward’s BH and globally
regular spacetimes.

mass parameter also increases. Working with the original
Hayward’s metric, the largest value of M,(r =50,
1 =0.1,2,,x(50,0.1)) = 8.265 for [ = 0.1 and increases
to M,(r=>50,1=2,7,x(50,0.1)) = 8.3721 for [ =2.
This is a typical behavior of the mass parameter as
g Srows.

1=1.0
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FIG. 12. The mass parameter M for Hayward’s BH I[/M <
0.7698 (red --> gray color) is shown as a function of the frequency
shift z (redshift z > 0 and blueshift z < 0) and the radius r of an
eventual circular orbit of a photon emitter for / = 1 and [ = 2.5.
The green surface corresponds to the mass parameter for the
globally regular spacetime sector /M > 0.7698. The third and
fourth plots corresponds to the mass parameter M for solely
globally regular (GR) spacetimes for [ = 2.0, 4.0, one observes
that M increases with /; nonetheless, it is much smaller than the
one for a BH. Here, our numerical algorithm yields the bound that
separates the BH from globally regular spacetime and agrees with
the relationship given in [23].
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B. Hayward spacetime as an exact solution
of Einstein field equations with NED

Considering Hayward spacetime as an exact solution of
Einstein equationts with NED, the mass parameter expres-
sion (25) must be employed. The effective metric is
Grr = Grrs Goo = g6'6'/®’

9t = Gu» Tpp = 99/ O,

where O(r, [) reads

1-3 (”sz)]
e |
1+ (3£
(see the Appendix). Since ® — 2 as [ — 0, hereby the
electromagnetic fields vanish, Hayward’s effective metric
does not become Schwarzschild metric in this limit,
neither the expression for M(r, z,1) becomes the one for
Schwarzschild.

Substituting Hayward function f(r) in (25) one gets

) Mr*(41PM - r?)
= VI 3 5 . (59)
SIS2(4I M(l M+ r ) + r (—3M+ r))
where
S =14 P —=TPM
= P4 2BM’
B 2r”M
2 2P2M + 2 ’

which relates the redshift z, the Hayward parameter /, the
radius of the photon emitter » and the mass parameter M,
From it, a four order polynomial for M in terms of z, » and /
is found

C41V[4'1—C31W3 +C2M2+C1M+C0 =0, (56)
with

Cy = 8I5(52(2 = r?) = 2r7),
Cy = 2123 (2 (221* + 15r%) = 312r%(2 + 927)),
Cy = 3r22(21* + Ir? — 41%),
C, = P(r* + 22102 = 71%)),

Cy = —2r'272.

The conditions for existence of stable circular orbits
remain the same (51) and (53). A four degree polynomial
may possess up to four real roots. We have verified
numerically that only one real value of the mass parameter
allows the conditions for stability of circular orbits to be
fulfilled. Furthermore, these conditions are satisfied for
|z| < 0.53 considerably lower than the Schwarzschild fixed

Zmin
Zmax

2.2
1.76
1.32
0.88
0.44

3.5
5

2.2
1.76
1.32
0.88
0.44

3.5

FIG. 13. In the upper plot, we presents bounds of z for
Hayward’s BH when using the effective metric. The only allowed
frequency shifts that could be detected by a far away observer is
located in the gap z,in(7, 1) < 2 < zZpmax (7, ). It turns out that
7z < 0.53. In the middle plot, we present bounds of z for globally
regular Hayward’s spacetime. Only z € [Zpin» Zmax) are allowed.
The two surfaces z.c and zn;, corresponding to Hayward’s
globally regular and BH spacetimes respectively, coincide when
z < 0.53. Whereas, when z > 0.53 only globally regular space-
time is allowed. This is shown in the lower plot where we have
superimposed both bounds for Hayward’s BH and globally
regular spacetimes.

bound (0.7071). In Fig. 13 one observes bounds of the
frequency shifts for the BH (upper plot) and GR (middle
plot) sectors. The subset DEH where the conditions for
existence of stable circular orbits of photons emitters
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FIG. 14. The mass parameter M = M(r,z,1) for Hayward’s
BH [/M < 0.7698 (red --> gray color) is shown for / =1 and
I =2.5 when using the effective metric. The green surface
corresponds to the mass parameter for the globally regular
spacetime sector [/M > 0.7698. The third and fourth plots
corresponds to the mass parameter M for solely globally regular
(GR) spacetimes for [ = 2.0, 4.0, one observes that M increases
with /; nonetheless, it is much smaller than the one for a BH.

outside the exterior event horizon are satisfied, stretches out
in the region where 7., (7, 1) < z < Zymax (7, 1) (see upper
plot in Fig. 13) it turns out that |z| < 0.53 in all the domain
DBH In Fig. 14 M(r, z,1) is presented for / = 1, 2.5. The
fact that photons travel in the corresponding effective
metric was taken into account to numerically generate
these plots. The green (lower section) surface corresponds
to the mass parameter for the globally regular spacetime
sector (g/M > 0.7698); the upper (blue section) surface
corresponds to the BH sector (9/M < 0.7698). For the BH
sector, M (r = 40, 21 (40,0.1),1 = 0.1) = 6.666 and
M i (r = 40, 7,14, (40,2), 1 = 2) = 6.676, generally speak-
ing, as [ grows, so does M(r, z,1). When using the original
metric M, (r = 40, 22 (40,0.1),1 = 0.1) = 6.6128 and
M, (r =40, 2, (40,2),1 = 2) = 6.703. In general, com-
paring both cases, as an exact solution or as a toy model,
Meose (1, 1, Zax (7, 1)) > M, (r, 1, zmax (1, 1)), be aware that
for both cases zy (7, ) most likely would be different.

To conclude this section, we calculate the angular
velocity Q of photon emitters orbiting along stable circular
orbits. The relationship Q = +/f’/r* is employed, it yields
for Hayward metric

Q(r,z, 1) = Y2V 2 1) M(r - 4I°M) (57)

20M + 13

The angular velocity becomes a function of /, r, z after
inserting M (I, r, z) solution of the cubic equation (54). The
effective metric does not play a role in computing €2 since it
relates to geodesic particles, not photons. € is indeed a real
quantity since > — 4/>M > 0 in compliance with (51). Once
again, for [/ =0 the angular velocity for Schwarzschild
metric is recovered.

V. AYON-BEATO-GARCIA REGULAR
BLACK HOLE

The previous two working examples ware originally
regular models that avoid the BH singularity problem, not
being truly solutions to the Einstein field equations at first.
Later on, they were interpreted as a solution of Einstein
field equations with NED. Unlike Bardeen and Hayward
spacetimes, Ayon-Beato and Garcia (ABG) constructed a
singularity free exact solution of the Einstein field equa-
tions coupled to nonlinear electrodynamics satistfying the
weak energy condition from the very beginning. The
function f(r) is given by

2Mr* Q*r?
f(}") =1 _W+7

o with R=r"+0% (58)

This function asymptotically behaves as the one corre-
sponding Reissner-Nordstrom BH
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2
f(r):1—27M+%+0(1/r3), (59)

which possesses two event horizons given by rgy = M +

VM? — Q? that are real and distinct provided that
M? > Q*. ABG spacetime possesses an event horizon
for certain values of Q and M. In order to locate the event
horizon one has to find the roots of f(r)=0. It is
convenient to introduce the variables 7= r/Q and
Q = Q/(2M); hence, finding the roots of f(r) = 0 is akin
to finding the roots of

(P +6/ + 117 + 67 +1)0? —#(1+7) =0.  (60)

The behavior of f(7) as a function of 7= r/Q for
different values of parameter O = Q/2M is shown in
Fig. 15. Figure 3 shows the external r$}' and internal it
event horizons. We work in the region outside the exterior
horizon r > r$}*, whose value depends on Q and M, that is

rst = r$'(Q, M), this is a condition that we ought to keep
in mind too.

We want to find an analytical formula for the mass
parameter M = M(z, r, Q), where r is the radius of circular
orbits followed by geodesics particles emitting photons
whose frequency shift is z as detected by a far away
observer and Q is the electric charge of the compact object.
As in the previous two sections, we will distinguish two
cases, first as if ABG spacetime were a toy model, that is to
say, not considering the effective metric to determine the
path followed by photons; secondly using the effective
metric constructed.

A. ABG spacetime using the original metric

For this first case, we insert the function (58) into (24),
(19), (20), and (21), to find the analytic expressions for the
redshift, the energy, the angular momentum and the second
derivative of the effective potential

2 rPRYQ*(Q° — ) — MVR(20* - )] ’ (61)
[—2M>VR + (R* + Q*r)|[-3Mr*VR + (R 4+ 20°r")]

- —3Mr4\51—:{12€§r—)|— 2027 o2

e T 2

2[AM?* + BM + (] (64)

veff = RZ[—ZMrZ\/I_?—i— (Rz 4 erz)][—3Mr4\/I_?—|— (R3 4 2Q2r4)] ’

where A =—6r°R?, B =RY?*(r#190Q%*° + 90*r* -
80°%r? —80%) and C = 4Q*R(Q% — 30Q%*r* — 3r9).

Since the analytic expressions for the energy and angular
momentum come from the condition for existence of
circular orbits, then E? > 0, L? > 0 must hold simulta-
neously for circular orbits, their stability requires Vi > 0.
Of course z2 > 0 must hold as well. Hence we have a set of
three conditions to have stable circular orbits in addition to
72 > 0, these four conditions are explicitly given by

—3Mr*VR + (R® +20%*) > 0, (65)
Q*(Q* - ) -MVR2Q* - 1) >0, (66)
—2MrVR + (R? + Q*1?) > 0, (67)

AM? + BM + C > 0. (68)

With the coefficients A, B and C given in (64). It is by
using (61), that one finds a formula for the mass parameter

|
of Ayon-Beato-Garcia regular BH M = M(z,r, Q). (61) is
equivalent to a quadratic equation for M, whose solution is
given explicitly by

~ G(r,z,Q0) £ \/H(r,z,Q)
Mi B 12’,‘422@ ’ (69)
where the function G(r,z, Q) is
G(r.z.0) = go(r. Q) + g2(r, Q)27
go(r, Q) = R*(r* = 20?),
92(r, Q) =20° +90% +190%r* +5r%,  (70)

and the function H(r,z, Q) is

H(r.z,Q) = (* =20%)R* = 2R’ hy(r, Q)2 + hi(r, Q)z*,
hy(r, Q) = 408 +16Q°7% + 170*r* + 30%r° — 5¢8,
hy(r, Q) =20° +30%r* + Q*r* — 1", (71)
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FIG. 15. Plot of ABG’s f(7) as a function of #=r/Q for
different values of parameter Q. Here, O = Q/2M changes from
0.1 (purple) to unity (red) in steps of 0.1. As Q increases its value,
the roots of f(7) get closer and then cease to exist. For O > 0.32
approximately, f(7) is always positive.

As aforementioned, the ABG BH behaves asymptoti-
cally as the Reisnner-Nordstrom spacetime, in particular, in
this limit, we recovered the expression found in [16],
namely

M:I:(razy Q) = rg:l:’ (72)
where
1 70%7?
=——<(1+572
G IZZZ{( +5z2%) + 2
2.2 122 1/2
i<1+10z2+z4+Q22 {—f—2(z2+5)]> }
r r

(73)

If we take Q =0 (72) becomes the mass parameter
expression for Schwarzschild. In [16] it was proven that

Q=5.0
951 12
8.5
9
M 75
6.5 6
55 3

50
40
30

20 3 06 02 02

-0.6

FIG. 16. Scaled mass parameter of Reissner-Nordstrom blak-
hole with charge Q =5 as a function of (r,z). Since the event
horizon is given by ry = M 4 \/M?* — Q?, the mass parameter
must be larger than Q. Not all redshifts could be detected by a a
faraway observer, none in the gap between the region for red and
blueshifts.

0

FIG. 17. In the upper plot, we presents bounds of z for ABG’s
BH. The only allowed frequency shifts that could be detected by a
far away observer is located in the gap Zpin, < Z < Zmax- In the
middle plot, we present bounds of z for globally regular ABG’s
spacetime. Only z € [Zyin, Zmay] are allowed. The two surfaces
Zmax and zp;, corresponding to ABG’s globally regular and BH
spacetimes respectively, coincide when z < 0.9. Whereas, when
z > 0.9 only globally regular spacetime is allowed. This is shown
in the lower plot where we have superimposed both bounds for
ABG’s BH and globally regular spacetimes.

only M_ in (72) was physically acceptable; hence, the
uniqueness of the mass parameter was guaranteed. The
external event horizon is given ry = M 4+ /M?* — Q?, as a
result, given a charge Q, the mass parameter must be
greater than |Q|. This fact is illustrated in Fig. 16 for the
case Q =5, as an example.

In the ABG BH, the circular orbits stability condition
AM? +BM + C >0 and the other aforementioned
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The mass parameter M = M(r, z, Q) computed with the original ABG-metric for Q = 2 is presented on the left side of this

figure, whereas M = M(r, z, Q) constructed using the effective metrics is presented on the right side. M(r, z, Q) for ABG’s BH for
Q = 2 is shown in the first plot. The second plot displays M(Q = 2, r, z) for ABG’s globally regular spacetime sector. The third plot
superimposes both cases. Here, our numerical algorithm yields the bound that separates the BH from globally regular spacetime and
agrees with the relationship M = 1.57Q. On the left set of plot, we presented M(r, z, Q = 2) constructed with the effective metric, see

text for details.

conditions (65), (66) and (67) should allow us to find
bounds for z and to determine whether for each point
P = (Qi. 1, z;) there exists solely one mass M. We have
performed the analysis following the numerical algorithm
already described. It turns out that with M, there is not a
single point in the domain D no matter how large we take it,

for which all conditions are simultaneously fulfilled, on the
other hand, working with M_, there is a subset for the BH
sector D8P C D where these conditions are simultaneously
satisfied and those are considered physically acceptable.
We partially show this subset in the upper plot of Fig. 17.
DBH spreads out between the surfaces Zpin = Zmin(Q, 7)
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and zp. = zmdx(Q r); at any rate, the shift is never greater
than 0.9. For Q = Q/M > Q. = 0.634, one encounters
globally regular spacetimes, its corresponding DGR is
displayed in the middle plot of Fig. 17. The lower plot
of Fig. 17 presents the superimposed image of the
above two.

The scaled mass parameter M = M(Q, r,z) obtained
when using the original metric for ABG spacetime is
presented on the left set of plots in the Fig. 18 for the
value of the charge Q = 2. The first plot corresponds to
M =M(Q =2,r,z) for ABG BH. As Q increases, the gap
between the zone for red and blueshifts broadens. The
second plot (left side) in Fig. 18 corresponds to the mass
parameter M(Q = 2,r,z) for ABG’s globally regular
spacetime. The third plot we superimposed both cases.

B. ABG spacetime using the effective metric

ABG regular spacetime was born as an exact solution of
Einstein field equations in the context of nonlinear
|

electrodynamics; hence, the corresponding effective metric
should be employed, for this spacetime it reads

gtt = glt/Tv grr = grr/T’ gﬁf) = 900> g(/)(/) = g(/)(/n
(74)
with T given by
_ PL° = 50%) + 13y
[(r4 - 13Q2r2 + 10Q4) TM(3r - 4Q2) }
and
n=(*+ Qz)%. (75)

The relationship between z,r,Q and M reads for this case

- 2750 = 2 = B MVER)(QX( ~ Q)R + M(20? + 0*  r*) 6
RY2(100* + (2 = 130%) + B MVR(3r* = 40%)) (4 + (8% — &) —2r) (P24 - &) - 1)
from it, M = M(r, z, Q) can be attained by solving the cubic
C3M? + CoM? + C /M + Cy = 0, (77)

with

C; =90r°z2(4Q* - 3r*)R"/2,
C, =3r*R>(10(r* —=20%)R® + 2(67r% 428901 —

325044 —

1500572 —400°),

C, = R%2(2PPR3(350% 29071 +2r*) + 22(600"? + 395012 4 8860%r* + 765007 — 11270 /% — 4840710 — 25/12),

Co=—4(Q*r*R7(50* - 60%r* + r*) — R*z*(100* -

We have also verified numerically, that only one real
value of the mass parameter allows the conditions for
stability of circular orbits to hold. Moreover, these con-
ditions are fulfilled only for |z| < 0.81, considerably higher

than the Schwarzschild fixed bound of 1/+/2. Figure 19
shows bounds of the frequency shifts for the BH (upper
plot) and GR (middle plot) sectors.

On the right side of Fig. 18, we show M(r,z, Q)
computed with the effective metric for Q = 2. Choosing
the point (r = 50, Q = 0.1) and looking at z,,,,(50,0.1) =
0.62 we observe that M. (r = 50,0 = 0.1,z = 0.62) =
8.2717, for another point with higher Q, M. (r = 50,
0 =2,71x(50,2)) = 8.5759, generally speaking, as Q
climbs up, so does M. When employing the original metric,
the largest values attained in the same points are M, (r =
50,0 =0.1, 214 (50,0.1) = 0.7) = 8.2662 and M, (r = 50,

130277 +r*)(Q° + 30 +50°r" 4 19).

|
0 =2, 75 (50,2) = 0.72) = 8.5566. This is a typical
behavior, we observed that M (7, O, Zpa (7, Q)) >
My(r, Q, Zmax (7, Q)) generally holds, be aware that
Zmax (7, Q) 1is usually different when is calculated with
the original metric g, or with the effective metric g, .
To close this section, the angular velocity € of photon
emitters orbiting along stable circular orbits is computed.
The relationship Q = +/f/r* is employed, for ABG
metric it reads

VO (0

~MR(20° - )

Q(Qs r, Z) R3/2 )

(78)

where R = Q + r>. The angular velocity becomes a
function of I, r, z after inserting M_(Q, r, z) solution of
the quadratic equation (69). Q is indeed a real quantity

084054-19



RICARDO BECERRIL et al.

PHYS. REV. D 103, 084054 (2021)

TRNSDR

S
SRRSS

‘ " ‘ Zmax
‘e‘-ﬁ"‘,"t.}"g

FIG. 19. We presents bounds of z for ABG’s BH when using
the effective metric in the upper plot. There exist a unique value of
M(r, z, Q) for those frequency shifts that are located in the gap
Zmin < Z < Zmax- 10 the second plot, we present bounds of z for
globally regular ABG’s spacetime, again, only z € [Zyin» Zmax) are
allowed. The two surfaces z,,,, and z,,;, corresponding to ABG’s
globally regular and BH spacetimes respectively, coincide when
7 < 0.81. Whereas, when z > 0.81 only a globally regular
spacetime is allowed.

since Q?(Q? — r?) — MR'?(2Q?* — r?) > 0 in compliance
with (66).

VI. SUMMARY AND CONCLUSIONS

In this paper, we have determined the mass parameter of
regular spacetimes (Bardeen, Hayward and Ayon-Beato-
Garcia) in terms of the frequency shifts z of light emitted by
particles traveling along circular geodesics of radii r
orbiting in these spaces. We have sorted out our study in
two categories, first when we use the original metric of
these spacetimes, and second, when we use the effective
metric that embodies the effects of the nonlinear electro-
magnetic fields, since light travels in null geodesics in
effective geometries. In spite of this fact, one can find
papers that study null geodesics in BH with NED without
using the effective metric, we wanted to explore the
difference that we could find in our study when one uses
the original and the effective metrics, and then perform a
comparison.

We have found explicit formulas for the mass parameter
using the original metric M,(r,z, p) and the effective
metric M (7, z, p) for the three regular spacetimes con-
sidered in this paper, p stands for the parameters g, [, Q

(Bardeen, Hayward and ABG parameters respectively).
The three working examples have a BH sector which
possess two event horizon, we work outside the exterior
one, and a globally regular spacetime sector.

Not all values of z would be detected from a faraway
observer, that is, there are bounds for the frequency shifts.
For the BH sector, there is a subset DS € D where all
conditions for existence of photon emitters’ stable circular
orbits are simultaneously satisfied (together with the addi-
tional condition r > r$}"), in that subset, the mass parameter
is unique, this was numerically proven. Either using the
original g, or the effective g,, metric, in order to find
M = M(r, z, p) one has to solve a polynomial of order two,
three or four. We found this domain for BH and GR
spacetimes and plotted it for our three working examples.
These domains (for BH and for GR spacetimes) are
bounded by two surfaces z,(r, p) and zp.(r, p), we
observed that the gap between them narrows as p increases.
For the Bardeen BH using the original metric, we found
that z,.c(r,9) <0.85 and z.(r,g) <0.71 using the
effective metric. For the Hayward BH using the original
metric, we found that z,,,.(r,g) < 0.75 and z,..(r,g) <
0.53 using the effective metric. For the ABG BH using the
original metric, we found that z.,(r,g) <0.9 and
Zmax (7, g) < 0.81 using the effective metric. Therefore,
there is a considerable difference when using the original
or the effective metric. In other words, the domain size
DBH = {(r,z,p)} where there exist a mass parameter
satisfying all the conditions for existence of circular stable
orbits of light emitters, vary significantly. However, the
difference between M, (r,z, p) and Mx(r,z, p) is rather
small. In the three working examples it happens that
Meff(rv p> Zmax<r7 p)) > MO(r’ D Zmax(r’ p))

The mass parameter for the BH sector is considerably
larger than those for the GR sector. For the three cases, as
the corresponding parameter increases, the gap between the
region for red and blueshifts broadens. The angular velocity
for photons emitters orbiting along to stable circular orbits
were found for the three working examples. A study for
rotating regular BHs is being carried out and we will report
the findings somewhere else.
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APPENDIX: EFFECTIVE GEOMETRY

The action of gravitational field coupled to nonlinear
electromagnetic field reads

z:(i%)/\ﬁgm—4zwﬂmﬂ (A1)

where scalar F = (1/4)F,zF*, Faraday tensor related to
the vector potential via relation F,3 = 0,Az — 0pA,, and L
is the Lagrange function representing the NED.

The corresponding Einstein field equation derive from
least action principle takes the form

Gai = 87TTa/i = z[l:FFaﬂF; - ga/i‘C(F)]7 (AZ)
where Lz = 0pL(F) has been introduced.

Using symmetry of spacetime defined by Eq. (3) and a
particular Lagrange function £(F) one can construct the
corresponding spacetime metric in NED.

It has been argued in [73] that motion of photons around
NED regular black holes is governed not by the null
geodesics of the (original) spacetime geometry, but by
the null geodesics of an effective geometry that incorpo-
rates effects of the electrodynamic nonlinearities.

These null geodesics that are defined in effective
geometry follow from the Bianchi identities for the
Faraday tensor F,; which for the NED case read

(LFP), =0,

b

(A3)

Fopy + Fuap + Fpua = 0. (A4)
Using Bianchi identities (A3) and (A4), one can obtained
the propagation equation

Ktk

Lpp o

F

where Lpp = 0%L(F), wave vector k, = —V,S and S is
the wave phase. Further, Eq. (A5) can be rearranged to give

- (rfonno

F

(A6)

This is the general equation describing motion of the
photons in the spacetimes representing the solution of
NED coupled with GRT. It is clearly seen from the above

Eq. (A6) that this is the modified normalization condition
for photons related to the effective metric

EFF

=i =g - (T mpe. (@)

The details of how to derive effective geometry can be
found in [73-76]

Now, we will discuss the Bardeen, Hayward and ABG
BHs effective spacetime cases respectively, depending

upon the specific choice of L(F).
Case I: For Bardeen BH, the Lagrange function £(F) is

[ V2RF
o(F) =" (V) (A8)
qm 1 + 2qmF
with the Faraday tensor of the form
F, = 25[3,5:”]% sin @), (A9)

that leads to the scalar of the electromagnetic field F

(A10)

where the NED field is generated by a magnetic monopole
charge ¢,,. Now, using Egs. (A7)-(A10), the nonzero
contravariant components of Bardeen metric in effective
geometry are

5 = 95 (A11)
95 = 95 (Al12)
7 = g5 ®. (A13)
i = o, (A1
and covariant components become
91 = it (A15)
glrgr = gfrv (A16)
B
= _ Yoo
=29 Al7
Joo D’ ( )
B
~ g) p
= "
where
EFF 1 7”2 - 692
O=142F(——)=1+= , Al9
" < Ly > 2 { r+ g (A19)

084054-21



RICARDO BECERRIL et al.

PHYS. REV. D 103, 084054 (2021)

where g = ¢g,,. In the limit, when r — oo, ® becomes the
value 3/2.

Case 1I: For Hayward BH, the Lagrange function
L(F) is

_A(BF)
L(F) = Bl 1 BT (A20)
where the constants A/B=3/(212) and B=[2(212M)3)/¢2,.

Now, using Egs. (A7), (A9), (A10), and (A20), the
nonzero contravariant components of Hayward metric in
effective geometry read as

T4 = 9 (A21)
I = 94> (A22)
7 = 9470, (A23)
g = gie. (A24)
and covariant components become
i = gt (A25)
g0 = g (A26)
u 9
g, = =22, A27
Yoo ® ( )
H
~ g PP
7, = g, (A28)
where
-3
=1+ |——r 7], (A29)
1+ (2EM)

Similar to Bardeen case, in the asymptotic limit (i.e.,
r— ), 0 -2

Case 1II: For ABG BH, the Lagrange function L is
calculated from the Legendre transformation [22]:

H=2FLp— (A30)
Now, using the definition
P, = LpF, =28 8% (A31)
w — ~Ft uv r2 ’
the scalar of P,, reads
— 1 U 2
P= 4PWP = (Lp)*F (A32)

It is also shown in [22] that H which is used to define the
NED source for ABG BH as function of P, is given as

(1-3/=20°P) 3 J=20P
H(P) = P J_ 2 ,
(14 +/=20°P)" 2075 \1 4 /-20°P
(A33)
where Q=g¢q,, s=|0|/2m, P=-0?/(2r*). Using

Eqgs. (A30) and (A32), the functions Ly and Lgr come
out as

Lr=—, A34
= (A34)

Hpp

‘C - - )
" (Hp +2PHpp)Hp

(A35)

where Hp = 0pH(P) and Hpp = 0pHp. Finally, the non-
zero contravariant components of ABG metric in effective
geometry, calculated using Eq. (A7) and Eqgs. (A31)—-(A35)
are

Jisc = 9 Y- (A36)
946 = Iasc T (A37)
Tse = danes (A38)
gﬁﬁa = gABG’ (A39)
and covariant components become
BG
gvo i (A40)
T
BG
e = I’ (Ad1)
30 = aife. (42
4 = a8 (a3
where
-5 2 +15M
A 2 E(r g ) 15M ! o (Ad4)
[(r*=130°r* 4+ 100 )+T(3r —40°)n)
and 7= (r* + Q?). (A45)
Further, for the limiting cases:
(i) when r — oo, we have T = 1.
(i) And also, when parameter Q —0, T =

[r+ (15/2)M]/[r + (45/4)M] which again in the
asymptotic limit » — co becomes unity.
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It is important to note here that the effective metric
components found here for Bardeen, Hayward and ABG
BHs are different from what have been already published in
the literature [74—76] by the multiplication of a conformal
factor proportional to £z!'. This fact, of course, does not
affect the light trajectories because the geodesic equations on

the effective spacetime is invariant under a conformal
transformation. Interestingly, the conformal effective metrics
for Bardeen and Hayward BHs found by us are asymptoti-
cally flatexcept for a deficit solid angle (the study of this class
of asymptotic behavior was done in ([80])) and for the
corresponding ABG BHs are asymptotically flat.
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