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We develop a number of novel “black-bounce” spacetimes. These are specific regular black holes where
the area radius always remains nonzero, thereby leading to a “throat” that is either timelike (corresponding
to a traversable wormhole), spacelike (corresponding to a “bounce” into a future universe), or null
(corresponding to a “one-way wormhole”). We first perform a general analysis of the regularity conditions
for such a spacetime and then consider a number of specific examples. The examples are constructed using
a mass function similar to that of Fan-Wang and fall into several particular cases, such as the original
Simpson-Visser model, a Bardeen-type model, and other generalizations thereof. We analyze the regularity,
energy conditions, and causal structure of these models. The main results are several new geometries, more
complex than before, with two or more horizons, with the possibility of an extremal case. We derive a
general theorem regarding static spacetime regularity and another general theorem regarding (non)

satisfaction of the classical energy conditions.
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I. INTRODUCTION

Research in black hole physics has recently received a
huge boost of interest, especially due to several break-
through discoveries, namely (i) the reconstruction of the
event-horizon-scale images of the supermassive black hole
candidate in the center of the giant elliptical galaxy M87 by
the Event Horizon Telescope project [1-6] and (ii) the
gravitational-wave searches by the LIGO Scientific and
Virgo Collaboration for coalescing compact binaries [7—13]
(and Laser Interferometer Space Antenna in the future [14]).
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The detection of gravitational waves is not necessarily a
completely definitive proof of the existence of black holes,
since the ringdown signature in the time domain of
extremely compact objects and black holes is very similar
[15]. Despite the fact that the exterior of a black hole is
pathology-free, the interior seems to be riddled with prob-
lems [16], such as the presence of spacetime singularities.
More generically, the (maximally extended) Kerr family of
solutions harbors closed timelike curves and features
Cauchy horizons signaling the breakdown of predictability
of the theory [17,18]. Nevertheless, as dictated theoretically
by the weak cosmic censorship conjecture [19,20], space-
time singularities are cloaked by event horizons and there-
fore are inaccessible to distant observers. In fact, there are
still many subtle and interesting issues going on in black
hole physics. Deep issues of principle still remain, despite
many decades of work on the subject, and in many cases it is
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worthwhile to carefully reanalyze and reassess work from
several decades ago [21,22]. See also recent phenomeno-
logical discussions such as [23-28].

In particular, due to the problematic nature of the
spacetime singularities, it is useful to consider the existence
of regular black holes. It was recently shown that the
spacetime structure of regular spherically symmetrical
black holes generically entails the violation of the strong
energy condition (SEC) [29]. In order to prove this,
consider that, in general, there are N zeros of the metric
function g, (r), located at the positions r = u; of the
coordinate (where i=1,...,N). The outermost root
viewed from the outside corresponds to the black hole
event horizon. In fact, it was shown that the SEC is violated
in any static region within the event horizon in such a way
that the Tolman mass becomes negative. In the nonstatic
case, there is a constraint of another kind which, for a
perfect fluid, entails the violation of the dominant energy
condition (DEC).

Furthermore, a general procedure for constructing exact
regular black hole solutions was presented, in the presence
of electric or magnetic charges in general relativity (GR)
coupled to a nonlinear electrodynamics (NLED) [30-32]. A
two-parameter family of spherically symmetric black hole
solutions were obtained, where the singularity at the
spacetime center was eliminated by moving to a certain
region in the parameter space; consequently the black hole
solutions become regular everywhere. The global proper-
ties of the solutions were studied and the first law of
thermodynamics was derived. The procedure was also
generalized to include a cosmological constant, and regular
black hole solutions that are asymptotic to an anti—de Sitter
spacetime were constructed.

The study of regular black holes was generalized to
modified theories of gravity and their relation with the
energy conditions [33,34]. For instance, a class of regular
black hole solutions was obtained in four-dimensional f(R)
gravity, where R is the curvature scalar, coupled to a
nonlinear electromagnetic source [35]. Using the metric
formalism and assuming static and spherically symmetric
spacetimes, the resulting f(R) and NLED functions were
characterized by a one-parameter family of solutions which
are generalizations of known regular black holes in GR
coupled to NLED [30,36-46]. The related regular black
holes of GR were recovered when the free parameter
vanished, and where consequently the Einstein-Hilbert
action was recovered, i.e., f(R) x R. The regularity of
the solutions was further analyzed and it was shown that
there are particular solutions that violate only the SEC,
which is consistent with the results attained in [29].

This analysis was then generalized by leaving unspecified
the function f(R) and the NLED Lagrangian in the model,
and regular solutions were then constructed through an
appropriate choice of the mass function [47]. It was shown
that these solutions have two horizons, namely, an event

horizon and a Cauchy horizon. All energy conditions are
satisfied throughout the spacetime, except the SEC, which is
violated near the Cauchy horizon. Regular solutions of GR
coupled with NLED were also found by considering general
mass functions and then imposing the constraint that the
weak energy condition (WEC) and the DEC are simulta-
neously satisfied [48]. Further solutions of regular black
holes were found by considering both magnetic and electric
sources [49], adding rotation [50-55], or by considering
modified gravity [56-61].

Herein, we are essentially interested in constructing
regular black hole models, inspired by the recently devel-
oped black-bounce spacetimes [62]. The constructed space-
time neatly interpolates between the standard Schwarzschild
black hole and the Morris-Thorne traversable wormhole
[63—66] and at intermediate stages passes through a black-
bounce, an extremal null-bounce, and a traversable worm-
hole. It is interesting to note that as long as the bounce
parameter a is nonzero the geometry is regular everywhere,
so one has a somewhat unusual form of a “regular black
hole,” where r = 0 can be either spacelike, null, or timelike.
Thus this spacetime generalizes and broadens the class of
regular black holes beyond those usually considered.

The nonstatic evolving version of this regular black-
bounce geometry was also recently analyzed, where the
static metric was rewritten using Eddington-Finkelstein
coordinates [67]. In fact, the spacetime interpolates
between the Vaidya spacetime and a black-bounce and
traversable wormhole. It was also shown that the spacetime
metric can be used to describe several physical situations of
particular interest, including a growing black bounce, a
wormhole to black bounce transition, and the opposite
black bounce to wormhole transition. Furthermore, the
black-bounce spacetimes were also used to construct
closely related spherically symmetric thin-shell traversable
wormholes, where each bulk region is now a segment of the
black-bounce spacetime, and the exotic matter is concen-
trated on the thin shell [68]. The construction permitted a
dynamical analysis of the throat by considering linearized
radial perturbations around static solutions, and it was
shown that the stability of the wormhole is equivalent to
choosing suitable properties for the exotic material residing
on the wormhole throat.

It is interesting to note that different kinds of regular
black holes to the black-bounce solutions discussed above,
with a minimum of the areal radius in the T-region, where
the radial coordinate is timelike, or on a horizon, were
discussed in [69-72]. More specifically, the spacetimes
described in [70] have a de Sitter late-time asymptotic,
making them in principle viable candidate cosmologies. In
[72], regular solutions with a phantom scalar and an
electromagnetic field were obtained, leading to a diversity
of global structures, including those with up to four
horizons. In addition to this, the stability of the solutions
obtained in [70] was analyzed in [73], where it was shown
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that all the configurations under study were unstable under
spherically symmetric perturbations, except for a special
class of black universes where the event horizon coincides
with the minimum of the area function.

Thus, in this work, we shall develop a number of
additional novel black-bounce spacetimes. These are spe-
cific regular black holes where the area radius always
remains nonzero, thereby leading to a throat that is either
timelike (corresponding to a traversable wormhole), space-
like (corresponding to a bounce into a future universe), or
null (corresponding to a one way wormhole). We shall first
perform a general analysis of the regularity conditions for
such a spacetime and then consider a number of specific
examples.

The structure of this article is organized as follows. In
Sec. II we deal with general properties, like the spacetime
symmetry and the curvature singularities in Sec. I A, the
stress-energy tensor in Sec. II B, the Hernandez-Misner-
Sharp mass in Sec. IIC, and the energy conditions in
Sec. II D. In Sec. III we describe some of the main features
of the Simpson-Visser model. In Sec. IV we present several
new black-bounce models, where we analyze the main
characteristics, such as regularity, quasilocal mass, energy
conditions, and causal structure. We make our conclusion
and final remarks in Sec. V.

We adopt the metric signature (+,—, —, —). Given the
Levi-Civita connection, I'*,, =1 ¢ (8,9,5+ 0, 9,5 — 09,
the Riemann tensor is defined as R%,, = 0,I%;, —
0%, + T, I%,, =175 '*,,. We shall work in geome-
trodynamic units where G = ¢ = 1.

II. GENERAL BLACK-BOUNCE SPACETIMES

A. Metric and curvature

The most general static spherically symmetric metric can
always locally be cast into the form

2 _ f(y z_d_”z_ 2y 2 | gin2 2
ds” = f(r)dP = 5= 32(7) (AP +sin’ 044 (1)

K =

(ZZf//)Z + 2(2]('/2/)2 + 222(f/2/ + 2f2”)2 + 4(1 _fZIZ)Z

Here f(r) and X(r) are at this stage two freely specifiable
functions. Horizons (if present) are located at the roots of
f(r) = 0, and the metric determinant is g = —X*(r) sin’ 6.
The area of a sphere at radial coordinate r is A(r) =
47%2(r). The coordinate choices implicit in Eq. (1) are
often called “Buchdahl coordinates™ [74-77].

From this line element, we may easily calculate the
nonzero components of the Riemann tensor

1 V>4
Rtrl‘r = Ef”7 Rtate = Rt¢t(ﬁ = 22 ’
f/z/ +2 fZ” fz/z -1
RY,y=R",,= — Ry = S (2)

To guarantee that the spacetime is everywhere regular we
demand the following:
(i) Z(r) must be nonzero everywhere.

(i) X'(r) and X"(r) must be finite everywhere.

(i) f(r), f'(r), and f”(r) must be finite everywhere.
We may also calculate the Kretschmann scalar, K =
RaﬁwR“ﬂﬂ”, in terms of the Riemann components (2), as
a semipositive sum of squares [78]

K = 4'(Rtrtr)2 + 4(Rt9t6')2 + 4(Rt¢t(/))2 + 4(Rr9r9)2
+4(R?,4)* + 4(R%y,)*. (3)

More explicitly, in view of the spherical symmetry, we have
K =4(R",,)* +8(R")* +8(R",9)* + 4(R" )%, (4)

See Appendix A for a more comprehensive justification of
the fact that the Kretschmann scalar is semipositive for the
strictly static region of any static spacetime. Specifically, in
the current situation we find the explicit sum of squares

Verifying whether or not the Kretschmann scalar is finite
for all values of the radial coordinate r is a good check on
the regularity of any static spacetime.

Similarly one can consider the Weyl scalar C,, 4
for which a minor variant of the argument in [78] yields

C/,wa/}

c

wapCP* P = 4(C, )2 +4(C7)* +4(C7 )

+4(C,5)* +4(C,4)* +4(C%py)*. (6)

24

(5)

|
In view of spherical symmetry this reduces to

c

WwapC = 4(C7,)? 4 8(C)* +8(C7 )

+ 4(C9¢9¢)2. (7)
Indeed, explicit computation yields a perfect square

2flzl 2f(2/2 —ZZ/,) 2 2
1 __ _
> + 3 ) (8)

1
C;wa[)’ C/,waﬁ = g <f
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Verifying whether or not the Weyl scalar is finite for all
values of the radial coordinate r is a partial check on the
regularity of any static spacetime.

B. Stress-energy tensor

The Einstein field equations are given by

R;u/ - %Q/ADR = Kszn (9)
where g, is the metric tensor, R,, = R?,,,, R = ¢"R,,,
T,, is the stress-energy tensor, and x* = 87G/c*. In this
work we adopt geometrodynamic units ¢ =G =1, so
k* — 8z, as mentioned in the Introduction. If we consider
the matter sector as an anisotropic fluid, then in regions
where the 7 coordinate is timelike [f(r) > 0, for instance, in
the domain of outer communication], the mixed compo-
nents of the stress-energy tensor are given by

TMI/ :dlag[p, —p17_p2,—p2}’ (10)

where p, p;, and p, are the energy density and the two
principal pressures, respectively. Taking into account the
line element (1), the Einstein equations (9) provide the
following stress-energy profile:

_Z(flzl + ZfZN) +f2,2 -1

= , 11
p 52 (11)
Zf/z/ +f2/2 _ 1
=T e 1)
Zf”—i—Zf’Z'—FZfZ”
P2 = . (13)

2kr%

However, in regions where the ¢ coordinate is spacelike,
f(r) <0, we should set

T”U:diag[_p17p9 _p27_p2}’ (14)

where p; is the principal pressure in the now spacelike ¢
direction. Then in the subhorizon regions where ¢ is
spacelike

Zflzl +fz/2 -1

pP= KZZZ ’ (15)
Z(f’2’+2f2”) _|_f2/2_1
1= =) ’ (16)
KX
E i 2 /E/ 2 E//
A e (17)
2k°Z

Furthermore, at any horizons that may be present, where
f(r) =0, we have

B B Zf/z/ -1 B Zf” + 2f/2/ (18)
p=—DP1= Kzzz ’ P2 = 2K22 .
The on-horizon equality of p = —p; has been known for

some time [79,80] and physically is needed to ensure that p
is continuous as one crosses the horizon.
Finally, for the trace of the stress energy

Ir=T',=p—pi—2p

B ZZf// + 42(2//f + Z/f/) + 2(2/)2]0 -2 19
- K_zzz ( )

regardless of whether one is above or below any horizon
that may be present.

To guarantee that the stress-energy is everywhere regular
we demand the following:

(i) Z(r) must be nonzero everywhere.

(i) X'(r) and X"(r) must be finite everywhere.

(i) f(r), f'(r), and f”(r) must be finite everywhere.
(This is of course the same set of conditions as was required
for the Riemann tensor to be everywhere regular.)

C. Hernandez-Misner-Sharp quasilocal mass

The Hernandez-Misner-Sharp (HMS) quasilocal mass
[81-86] is most easily defined by inspecting the Riemann
tensor component

g = Blns)_JORCP g
Then
Minss(r) = 55001 = FOZ0PL (21)
Using this, f(r) can be written as
It will be useful to redefine f(r) as
) =1 -3 23)

But now M (r) is simply a function appearing in the metric,
it is no longer the quasilocal mass obtained by integrating
the energy density over the volume contained by a surface
of radius r. Explicitly

Z(r){1 - Z'(r)*}. (24)
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At any horizon that may be present, where f(ry) = 0, in
view of (21) and (23) we have

Myns(ry) = M(ry) = Z(;H) . (25)

Finally, at any local extremum of X(r) that may be present
(that is X' (r.y) = 0, corresponding to a throat, a bounce, or
an “antithroat”), in view of (21) and (23) we have

MHMS(rext) = E(I;Xt) 5
M(rext) — 2‘(rext){lz_ f(rexl>} . (26)

Either differentiating Mys(r) or substituting (22) into
the Einstein equations, we may obtain the Hernandez-
Misner-Sharp quasilocal mass in terms of the stress-energy
component 7",(r),

Migs (r) = 42T, (r)Z(r)?Z'(r);

Myps(r) = M. + 4 / TLREREE (FdE. (27)

r*

Note that while the Hernandez-Misner-Sharp quasilocal
mass can be defined for arbitrary values of r, it really only
has its normal physical interpretation in the region where
the 7 coordinate is timelike, where 77, — p and we have

Migs(r) = dzp(r)Z(r)*Z (r);

Muis(r) = Migs(ry) + 47 / "p(PE(FRE (Rdr.  (28)

'y

That is, the “mass function” M (r) defined in (23) is not the
energy contained within a surface of radius r; we now see
that it is the Hernandez-Misner-Sharp quasilocal mass
My (r) that plays this role.

Note that in the limit X(r) — r we recover the usual
results

M) = Mus(r): £(r) = 1= 22mss(0),
ROy = —ZMHriI‘B‘S(r). (29)

D. Energy conditions

The standard energy conditions of classical GR are
(mostly) linear in the stress-energy tensor and have clear
physical interpretations in terms of geodesic focusing, but
suffer the drawback that they are often violated by semi-
classical quantum effects. In contrast, it is possible to
develop nonstandard energy conditions that are intrinsically
nonlinear in the stress-energy tensor and which exhibit
much better well-controlled behavior when semiclassical

quantum effects are introduced, at the cost of a less direct
applicability to geodesic focusing [87-90]. The energy
conditions have also found significant usage in cosmologi-
cal settings [91-97], in “gravastars” [98-103], and in
various wormhole-related constructions [104—-109]. The
standard pointwise energy conditions [65] for the stress-
energy tensor (10) are given by the inequalities

NEC,, = WEC,, =SEC;, ©p+p1»20, (30)
SECy; o p+p+2py, 20, (31)

DEC,, ©p—|p12]20

S (pP+p1220) and (p—p;,20), (32)

DEC; = WEC; & p > 0. (33)

(This formulation has carefully been phrased to be
true regardless of whether the ¢ coordinate is timelike
or spacelike.) We note that DEC,, & ((NEC,,) and
(p— p1220)). Since we already want to enforce the
NEC, for all practical purposes we might as well subsume
part of the DEC into the NEC and simply replace
DECy, = p—p1220.

Inserting the results given in (11)—(13), in regions where
the ¢ coordinate is timelike we have

2f2//

NEC, = WEC, = SEC, & "3 >0, (34)
K

22f//_2f(22//+(zl)2)+2

NEC,=WEC,=SEC >0,
2 2 2 2,232 =
(35)
Zf// +2f/2/
2(1 = 123 — £(2? - X3y
DEC, = ( f zf(2 )y -f ) >0, (37)
>
sz” + 24T +6fX) + 2f2’2 -2
DEC - >0,
2= 2k2¥? -
(38)
B 23 3/ 2 -1
DEC; = WEC; & — (F2 + f2)2+f( ) > 0.
KX
(39)

Inserting the results given in (15)—(17), in regions where
the ¢ coordinate is spacelike we have

2 Z//
NECIZWECIZSEC1<=>+—];Z >0, (40)
K
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22f11_2(2/)2f+222uf+2 -0

NEC,=WEC,=SEC, <

2K*3? -
(41)
2 1/ 22/ ! 42//
SEC, & XTI AT (42)
K°X
2(1 = 123 — £(2)? — f=x
pEC, = 2T SEE S JEV 2P g
K°XZ
_S2f" —2XYf — 4T/ f' — 2L )2f +2
DEC >0,
2= 2K°%? -
(44)
ZZ/ / 2/ 2 -1
DEC; = WEC; & — =S+ ES/ =1, (45)

K>X?
That is, independent of whether one is above or below
the horizon, we have

2|f(r)|Z"(r)
s 2o (46)

So as long as one is not exactly on any event horizon that
might be present we must have f(r) # 0. Also X(r) > 0
everywhere. So we easily verify that NEC, = WEC; =
SEC, all exhibit negative values everywhere, not exactly on

|

NEC, = WEC, = SEC, & —

the event horizon whenever X (r) > 0. Thus the null energy
condition (NEC), and so all of the standard pointwise energy
conditions, are violated for black-bounce models when-
ever 2’(r) > 0.

Theorem.—For any static anisotropic fluid sphere with
line element as in (1), all of the standard pointwise energy
conditions are violated whenever f(r)#0, Z(r) >0,
and X'(r) > 0.

Unfortunately, apart from NEC; and DEC,, the other
pointwise energy conditions do not transform nicely as one
crosses any horizon that may be present.

We now intend to look for models with positive energy
density p, at least (insofar as possible) satisfying WECj5. In
addition to this, we are also looking for models that have a
richer causal structure than the original Simpson-Visser
model [62].

To quantify the amount of exotic matter present in the
regions where the NEC is violated, we may apply a volume
integral quantifier [107,110]. With respect to Buchdahl
coordinates, X(r) defines the appropriate formula for the
surface area of the spherical hypersurfaces via A =4z%(r).
It follows that if the NEC is violated when r € [r|, ], then
the amount of exotic matter is quantified by the definite
integral

r o 2| fFIX &) &) 1 )
/ (p+ Pr)47t22d2 = / - |1£|Z 4g32dy = —/ |fIZ'EdE = —/ |fIZ'2Edr = —5/ |f|2[(2’)2]’dr
r r

r

1 /
= S lfEE)?

Given a specific candidate spacetime, i.e., explicit forms for
f(r) and 2(r), we may compute this integral and obtain the
amount of required exotic matter.

III. SIMPSON-VISSER
BLACK-BOUNCE SPACETIME

The Simpson-Visser black-bounce model is a special
case of (1). Specifically, take

(r)=Vr*+ad, M(r)=m, f(r):l—\/’j’j:—az.

(48)

This model has several properties, which we now list:
Since (for a > 0) X(r) is never zero, and is regular, and
f(r) is regular, then for a > 0 this spacetime is everywhere
regular. If we take the limit @ — 0, then the Schwarzschild
solution is recovered. For different values of the constant a,

|

K

_ 4m*(2r? — a?)? + 8m*rt + 8(mr? — 2ma® + AV +a®)? +42mr? + >V + d2)?

r r

“ea Uy (@7)

|
we have the following situations: (a) For 0 < a < 2m, there
are two horizons, ry = 4+/(2m)? —a®, where r, is
positive and r_ is negative. This is a regular black hole
spacetime, with the core being a bounce located at r = 0.
(b) For a = 2m, we have a wormhole with a throat located
at r = 0, being an extremal null throat. This throat can only
be crossed from one region to another, i.e., so that the
wormhole is only one-way traversable. (c) For a > 2m, we
have a wormhole with a two-way timelike throat at » = 0.

We may also see that in the case with two horizons,
0<a<2m, so f(r=0)=[(a—2m)/a] <0. That is,
f(r) is positive outside the horizons with metric signature
(+,—,—,—), zero on the horizons, and negative between
the horizons with metric signature (—, +, —, —).

For the Kretschmann scalar we find the explicit sum of
squares

(r? +a?)’
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Provided a > 0 this is manifestly finite for all values of r
and m.

The energy conditions for this spacetime, in the region
where t 1s timelike, are written as

24 (\/ 2+ a? - Zm)
K2(F2 T a2)5/2 20,

3a’m

a? (\/ 24+ a?— 4m)

NEC, & —

WEC; & — (2 + a?)%? 20,
2a*m
SEC3 QWZO, (51)
4ma?
DEC, = Kz(rz I a2)5/2 2 0,
a? (2\/ r* 4 a’ - 5m>
DEC, = — > 0. (52)

(17 + a?)3? =

Starting with the regular black hole spacetime, wherein
a <2m, we see that the NEC, = WEC, = SEC; is
violated outside the horizons r.; furthermore the WEC;
and DEC, are violated when |r| > r_. For a wormhole
with a null throat, a = 2m, the NEC, is violated for all
values of r; the WEC; and DEC, are violated for |r| > a.
Relative to the two-way wormhole with a > 2m, the NEC,
and WEC; are violated for all values of the radial
coordinate, while DEC, is violated for |r| sufficiently
large. The energy density is always negative for the last
case. It is noteworthy that spherically symmetric regular
black holes in GR coupled to NLED always violate SECj3,
however, this is not necessarily true for black-bounce
spacetimes. Furthermore, even if SEC; is satisfied,
SEC, is certainly violated—at best one has partial sat-
isfaction of some of the energy conditions.

The energy conditions for this spacetime, in the region
where ¢ is spacelike (the existence of this region requires
a < 2m), are written as

2a*(Vr* + a* = 2m)

NEC, & K2(r2 + a2)5/2 20,
(2\/m— m)a?
NEC, &-=— RV 0. (53)
a2
WEC; & ——5——-552>0,
3 KZ(VZ—FCIZ)Z =
2 2 2 /2 2 -3
SEC, & 2RV a =3m) sy

Kz(rz +a2)5/2 =

dma®
2
DEC, = 5—" >0 (55)

K(rr+a?)? =

Below the horizon we have vr? + a? <2m, so that
NEC, = WEC, = SEC; is certainly violated. This implies
that below the horizon all of the usual pointwise energy
conditions are violated. Even though WEC; is satisfied
below the horizon, WEC, is not—at best one has partial
satisfaction of some of the energy conditions.

We may apply the volume integral from Eq. (47) to the
Simpson-Visser spacetime to obtain the amount of exotic
matter required. In the case where a > 2m, we have no
horizons, i.e., a traversable wormhole geometry. For this
case we may simply integrate the expression for NEC,
above horizons from Eq. (50), all the way from 0 to +o0,

dv

oo 2a? <2m -Vt + a2>
/) (2 + a?):
/+oo azr(2m -Vt + a2>
0

(r* + a*)?

dr=m-a. (56)

Given a > 2m, the amount of exotic matter present must
therefore be strictly greater than m in order to stabilize the
wormhole throat.

In the case where horizons are present, i.e., when we
have a regular black hole and a € (0,2m), we find the
following for the amount of exotic matter inside the
horizon:

ry 207 (\/ r*+a’ - 2m>
/ dv
0

K.2(,,.2 + 612)

%
(Zm)z_az a2]”< 1”2 —+ a2 — 2m>
= / dr
0

—_a-m (57)

and for the amount of exotic matter outside the horizon

/+°o 2a® (2m —Vrr+ a2>

dav
H K.2(,,.2 + 612)%
oo a2r<2m -V + a2) &2
- dr= -2~ (58)
Venre (P +a?) 4m

In all cases the amount of exotic matter required is strictly
finite.
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We can easily calculate the Hernandez-Misner-Sharp
mass (21) for this model,

a Kz r
MHMS(r) = 54—3/0\ T’,(r)r\/ r2 +a2dr

mr2 Clz

= —I— .
RN e

(59)

This mass is always positive. The first identity in this
expression arises from Eq. (27), with r, =0, M, = a/2.
We also have the limits lim,_oMyys(r) = a/2 and
limr—>oo MHMS(r) = m.

The causal structure of the spacetime is given by the
Carter-Penrose diagrams for the following cases: (i) for
a > a., = 2m, in Fig. 1, which corresponds to a traditional
two-way traversable wormhole in the sense of Morris and
Thorne; (ii) for a = a. = 2m, in Fig. 2, which corre-
sponds to a one-way wormhole geometry with an extremal
null throat; (iii) for 0 < a < 2m, in Fig. 3, where we have
one horizon location in each universe, and one may
propagate through the event horizon, at r = r, to reach
the spacelike bounce hypersurface at » = 0, before “bounc-
ing” into a future reincarnation of our own Universe.

Our primary goal below is to explore new black-bounce
models that generalize this Simpson-Visser model or that
might somewhat ameliorate the violation of the energy
conditions. We shall explore these options in the next few
sections. In the rest of the work we will consider X(r) =
Vr? 4+ a” as given in (48).

Though not central to this paper, a dynamical version of
the Simpson-Visser spacetime has been explored in [67],

I'+

=0

i 0 "Other" universe Our Universe

Wormbhole throat at r

FIG. 1. Carter-Penrose diagram for the case when we have a
traditional two-way traversable wormhole in the sense of Morris
and Thorne.

etc...

etc...

Copy of our Universe

Our Universe

FIG. 2. Carter-Penrose diagram for the case when we have a
one-way wormhole geometry with an extremal null throat; for all
relevant examples this corresponds to fixing a = dey,.

where multiple phenomenological models describing
various transitions are analyzed.

IV. NEW BLACK-BOUNCE SPACETIMES

We shall first consider the following rather general class
of black-bounce models that generalize the Simpson-Visser
spacetime, in which the functions X(r), M(r) and f(r) are
given by

S(r) = VP +

_2M(r)
x(r)

m2(r)r
(}"2" 4 a2n)(k+1)/(2n) ’

M(r) =

1 =1

(60)

Here n and k are positive integers. This new model is
inspired by the Fan-Wang mass function [31] for regular
black holes. The Simpson-Visser model (48) is recovered
for n =1 and k =0, and (for any n and k) in the limit
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"Bounce"

io Copy of Parallel universe

"Bounce"
r=0

Parallel universe Our Universe

FIG. 3. Carter-Penrose diagram for the maximally extended
case where we have one horizon location in each universe. One
may propagate through the event horizon, at r = r, to reach the
spacelike bounce hypersurface at r = 0, before bouncing into a
future reincarnation of our own Universe. Infinitely many future
copies of the Universe exist if we extrapolate the time coordinate
“up” the page; only two are displayed here for tractability.

a — 0 we obtain the Schwarzschild solution. We cannot
recover the usual regular black hole solutions (Bardeen,
Hayward, Frolov) due to the term a” present in X(r).
However, this model can generate several new classes of
black bounce, for which we shall examine several specific
cases below.

A. Model n=2 and k=0
For n =2 and k = 0 in (60), we have

2m

‘4/’.4 + a4 ’

In order to verify the regularity of the model, we analyze
the Kretschmann scalar (3), using (61), which takes the
following form:

2(r) =Vr*+a?, flry=1- (61)

K- 8m?r®
(r2+a2)2(r4 +a4)5/2
e e)
(P + a2
8(a2(r4 + a4)5/4 + m(re — 245 — a2r4))2
<r2 —|—a2)4(r4+a4)5/2

4m?r*(3a* — 2r%)?
(r4 +a4)9/2

(62)

The Kretschmann scalar is manifestly finite for all real
values of the radial coordinate, so the spacetime is regular
for this model. From (61) we see that f(r) = 0 provides

two symmetric real values r, = 4+/(2m)* — a*. When
0 < a < 2m, we have a regular black hole with two event
horizons r,, one in the positive and another in the negative
region of r, with signature (+, —, —, —) outside the horizon.
For r = 0, the spacetime is regular and can be extended to
r < 0, then going through a bounce to the region where the
radial coordinate is negative, i.e., this corresponds to a one-
way spacelike throat, a black bounce. We also see that the
limit of f(r) for r — 0, results in [(a — 2m)/a] < 0, with a
signature (—,+,—, —) inside the horizon. If a = 2m, the
(maximally extended) spacetime has only extremal hori-
zons, so we have a one-way wormhole geometry with an
extremal null throat and a signature (+,—,—,—). For
a > 2m, we have no horizons and there is a wormhole
with a two-way timelike throat, maintaining the signature
(4, —,—,—) throughout. Essentially, this spacetime pos-
sesses the same characteristics as for the Simpson-Visser
geometry. Thus, this is the behavior in general for any
integer n and k = 0. Thus, the causal structures remain the
same as in the Simpson-Visser case. More specifically,
(i) the case a > a, =2m is depicted in Fig. 1;
(i1) a = aq = 2m in Fig. 2; and (iii) the region 0 < a <
a., = 2m is depicted in Fig. 3.

In the region where the ¢ coordinate is timelike, the
energy conditions are given by

221_ 2m

e W)>o
K(rr+a*)? T
226 342 724_26

ma(2a2—|— a2r ;i— a4r94 r)ZO, (63)
K(r* 4+ a*) (r* + a*)?/

NEC, & —

NEC, &

a*((r* + a*)>* = 2m(2a* + a®r> + r*))

WEC, & — >0,
3 Kz(rz —|—a2)2(r4 +a4)5/4 =
2ma*r*(3a* + 5a%r* — 2r*)
SEC; & >0, 64
3 Kz(r2+a2)(r4 +a4)9/4 = ( )
DEC, = datm >0
! (24 a®)(rt +a*)t T
m(6ab—a®r24+2a*r* —a*ro+6r%
“2< T 2)
DEC, = >0. (65)

K.2(r2 + a2>2

We see that outside the horizons the NEC, = WEC, =
SEC, condition is again violated for |r| > r, and the
NEC,, SEC5, DEC,, and WEC5 are violated for r > r,.
Again, we have a negative energy density beyond some
in-principle calculable but messy absolute value of r,
maintaining the essential characteristics of the original
Simpson-Visser model.
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In the subhorizon region where the ¢ coordinate is spacelike (the existence of this region requires a < 2m) we have

202(1 __2m )
NEC, & —gra v 20, (66)
242 (r* + a*)°* — ma®(3r* — a*)(2r° — r*a® — r*a* — 2a°)
NEC, & (2 + a2 (r* + a*) 20, (67)
a*((r* + a*)>/* = 2mr*(r* — a?))

WEG; & (P + a2 (r* + a4)5/4 20, (68)

da*(r* + a4)9/4 —2ma*(4a® — 3a°r* — 3ar + 61%)
SEC; < Kz(rz + a2)2<r4 + 04)9/4 >0, (69)

4 4 2 2 4 _ 5 2.2 2 4

DEC, = am >0.  DEC, = "Ra=Sra +2r) (70)

K(r? 4 a®)(r* + a*)>/* ~

We see that between the horizons the NEC, = WEC, =
SEC, condition is again violated, now for all |r| < r_. This
implies violation of all the standard pointwise energy
conditions, maintaining the essential characteristics of
the original Simpson-Visser model.

The Hernandez-Misner-Sharp mass (21) for the case
of (61) is given by

a? mr?

= + .
Wrr+a® P+ aVd +

The mass is always positive, and the limits are given by
lim,_,o MHMs(r) = a/2 and llm,_)oo MHMs(r) =m.

If we construct models by varying the (integer) value of
n, and setting the value of & in (60) to zero, we will always
have the same qualitative characteristics as the original
Simpson-Visser model. Thus, this motivates changing the
value of k, which we will consider below.

Mys(7)

(71)

B. Model n=1 and k=2

For the case n = 1 and k = 2 in (60), we have

2mr?

(r) m.

r? + a?, flry=1- (72)

The function f(r) is identical to that appearing in the
regular Bardeen black hole, with the change a — g¢.
However, the spacetime is completely different to that of
Bardeen, due to the term a? appearing in 2. [Note that the
Bardeen model is recovered by setting @ — 0 in X(r), but
leaving a # 0 in f(r).] Solving for the roots of f(r) =0,
we have (i) for a < ag = 4m/(31/3), there are four real
solutions, which are symmetrical to each other, namely,
(ry,re,—re,—r,) (where r, corresponds to the event

KZ(r4 + a4)9/4 -

horizon and r- to a Cauchy horizon); (i) for a = a.y,
we have two real solutions (., —r, ); and (iii) for a > a.y,,
no real value exists.

In this new model, we have the first drastic difference
compared to the Simpson-Visser model for a < a.,,, as, by
taking the limit » — 0 in f(r), we verify that f(r) has a
positive value with signature (+, —, —, —), contrary to the
Simpson-Visser case. This is due to the fact that the latter
model only has a single horizon, changing the signature
from (+,—-,—,—), outside, to (—,+,—,—), inside the
horizon, where r = 0 is contained. However, in the model
considered in this section, the signature changes four times,
as we can see in Fig. 4 which describes the behavior of the
metric function f(r). Thus, we have four horizons, namely,
two event and two Cauchy horizons.

FIG. 4. Graphical representation of the possibilities of f(r),
given by (72). For a < aqy, the signature changes four times,
which translates as four horizons: two event and two Cauchy
horizons. For a = a., we have a black bounce with two
symmetric degenerate horizons. For a > a.,, no horizon exists.
See the text for more details.
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The Kretschmann scalar is given by

B 8m?rt(r? —2a%)*  4(a*(r* + c12)3/2 + 2mrt)?

K= (rz 4 a2)7 (rz 4 a2)7
4m*(2a* — 11ar? + 2r4)?
(r* + a?)’
S(az(rz + a2)3/2 + mrz(rz _ 4a2))2 (73)
(I‘2 _|_(12)7 .

We verify that for a > 0 this scalar is finite for all values
of (r,m). Thus, the spacetime is always regular.

The causal structure is summarized as follows: (i) When
a < Aoy = 34% we have four horizons and the global causal
structure cannot easily be represented in two dimensions, at
least not without “cutting the sheet.” Consequently the
usual Penrose diagram approach is not useful. (ii) When
a = Aoy = ;‘—mﬂ we have a black bounce with two symmetric
degenerate horizons. The relevant Penrose diagram is
depicted in Fig. 5. (iii) The specific case of a > a., =

34% is a horizonless traversable wormhole represented by

the Penrose diagram in Fig. 1.

I Copy of our Universe

Parallel universe Our Universe

FIG. 5. In this example the horizon location is extremal.
Mathematically we therefore have repeated roots r, = rc of
f(r) =0. Since the extremal horizon (H, = C, =r,) is as
usual an infinite proper distance from any point not on the
extremal horizon, the Carter-Penrose diagram is somewhat
misleading in that it would be infeasible to propagate through
the extremal horizon to reach the hypersurface at r = 0. The
bounce surface is now timelike, given f(r) does not switch sign
through the extremal horizon.

In the region where the ¢ coordinate is timelike, the
energy conditions for this model are given by the following
relations:

2[12(1 —%)
K(rr+a*)? T
ma®(13r> — 2a?)
Kz(rz +a2)7/2 20, (74)

NEC, & —

NEC, &

a*((r* + a?)3/? = 8mr?) >0

(P2 + a2)P =Y

2ma*(7r* = 2a?)
(P + )7

WEC; & —

SEC; & >0, (75)

DEC, = _Ramr
KZ(r2+a2)7/2 =

a*(2(a® + r*)3? — m(2a®> + 3r%))
(2 + )72 :

DEC, = — (76)

As mentioned above, the NEC; = WEC| = SEC,; are
violated for |r| > r; the DEC, and WECj are violated for
|r| > r,. The NEC, is violated in the range —y/2/13a <
r < +/2/13a, and finally the SEC; is violated for
—/2/7a < r < +\/2/7a. As WEC; = p is violated outside
the event horizon, we continue to have negative energy
densities.

In the region where the ¢ coordinate is spacelike, the
energy conditions for this model are given by the following
relations:

2
2(12<1 —(rzin%)
(rr+a*)? T
2a(r* + a*)3* + a’>m(9r° — 24?)
Kz(r2 + a2)7/2 =

NEC, &

NEC, &

az((rz + a2)3/2 +4mr2) -0
KZ(rz + a2)7/2 =
4a*(r* + a*)? + 2ma*(3r* - 2a?)
K2(r2 +a2)7/2 =

WEC; <

SEC3 =4

2.2
12a“mr >0

DEC\ = 52— n iy’
> 0. (79)

Again, the NEC, = WEC, = SEC; is violated for sub-
horizon regions.

The Hernandez-Misner-Sharp mass (21) for this model
(72) is given by
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My (r) = ——_ ™" (80)
r)= .
v Wi+ (P +a?)?

The mass is always positive and possesses the limits
limr_>0 MHMs(r) = (1/2 and limr_wo MHMS(”) = m.

If one wishes to construct models by setting k = 2 and
by changing the integer n, we verify that the respective
spacetime possesses similar characteristics as the case
considered above, and the energy density will always be
negative for the region outside the event horizons.

C. Model with zero energy density

While (as we have seen above) some of the energy
conditions will always be violated, can we at least satisfy
the WEC;? This would require a non-negative energy
density, and we shall first consider the special case where
the energy density is identically zero. Setting p(r) = 0 and
X(r)=Vr*+a* in (11) and solving the differential
equation for f(r), we obtain

£(r) = (V2 +a? +2K)\/r2+a2. (81)

I%

But the regularity condition that £(0) be finite requires the
integration constant K to be set to K = —a, in which case

4+ a?—a)Vrt+ a?
fiy ~WEEEZ VIR )

r

This geometry is horizonless and

f(r):%+(9(r2); while. f(7)=1-2+0(1/7).  (83)

From the Einstein equations applied to this metric it is now
easy to verify that p = 0 and that

_ 282(VrP+a’-a).

r r2(r2_|_a2)3/2 ’
B 2\/m(3a2 +2r%) —a(7r* + 6a?) 84
Pr= 2(r + a?)3%r - (84

For this model p, < 0 for any nonzero r, and p, > 0 for
any r, so certainly NEC, is still violated throughout the
spacetime. WEC5 is by construction marginally satisfied.
So while we can force the WEC to be tolerably well
behaved, other energy conditions will still be violated. The
Hernandez-Misner-Sharp mass for this spacetime is par-
ticularly simple, Myys(r) = a/2 everywhere.

One could try to generalize this construction by choosing
some positive function p.(r) >0 and setting p(r) =
p.(r) > 0. One would then solve the differential equation
for f(r) arising from (11), fixing the integration constant by
demanding the finiteness of f(0). Such a construction

would at least satisfy WECs3, at least in the domain of outer
communication, but the status of the other energy con-
ditions would remain unresolved.

However when it comes to analyzing the NEC; =
WEC, = SEC; we can say more. From Eq. (46) substitut-

ing = — v/r> + a?, we can see that
2|f(r)|a®

NEC, =WEC, =SEC, & —————-2>0. 85
1 1 1 K2(r2+a2)_ ( )

So NEC, = WEC, = SEC, are definitely violated every-
where except on the horizons themselves, indeed when-

ever f(r) #0.
D. Model M(r)=m cos?" [ry/Z(r)]
Choosing M(r) = mcos®" [ry/2(r)], we have

_2M(r) . 2m cos? [ry/Z]

firy=1 =0 =1 — (86)

where for n — 0, since we are retaining £ = v/r> + a?, we
recover the Simpson-Visser model. As the radial coordinate
tends to infinity we have lim,_ f(r) = 1. [Indeed, for
r> 1 we have f(r) ~1— (2m/r).] Also

limf(r) = 1 — 2mcos® (ry/a) .

r—0 a (87)
Appropriately choosing r, we have three possibilities,
namely, f(0)>0, with the signature (4, —, —, —); f(0)=0
with 2m > a; and f(0) < 0, with signature (—, +, —, —).

The number of horizons may also be modified by
changing f(0), i.e., m/a, as we see in Fig. 6. In the plots
of Fig. 6, one may envision the three structures of a black
bounce: (i) for ry = 2za and a = 3m, we have no horizons,
and consequently we have a wormhole with a two-way
timelike throat at » = 0; (ii) for ry = 2za and a = 2m,
there is an extremal throat at r = 0; (iii) for the specific
example ry = 2za and a = 0.5m, we have a regular black
hole with 14 horizons, and where r = 0 is a bounce. Thus,
the number of horizons can in principle grow indefinitely.
For the latter case, the causal structure cannot be repre-
sented in a Penrose diagram. The causal structure is given
by (i) when a > ag = 2m, (ry = 2ra), in Fig. 1, and
(ii) when a = aq = 2m, (ry = 2xa), in Fig. 2.

Analytically, the energy density is not particularly
simple; we represent it in Fig. 7. We see that the energy
density oscillates as the function f(r). Asymptotically
expanding the energy density as r — oo the dominant
term is

p(r) = —a?/x*rt. (88)

Therefore the energy density is certainly negative for some
regions outside the event horizon.

084052-12



NOVEL BLACK-BOUNCE SPACETIMES: WORMHOLES, ...

PHYS. REV. D 103, 084052 (2021)

0.8

0.6

Sr)

0.4

0.2

0.5

fr)
=]

-3 -2 -1 0 1 2 3

0.8

0.6

fir)

0.4

0.2

3 ) ) . a=0.5m,
-3 -2 -1 0 1 2 3

rim

FIG. 6. Graphical representation of the possibilities of f(r), given by (86) with ry = 2za.
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FIG. 7.

The Hernandez-Misner-Sharp mass (21) for the model
(86) is given by

a? +mrzcosz”(r0/\/ r*+a?)

M r)= 89
HMS( ) 2 \/I”2+—a2 72 + (12 ( )
The mass 1is always positive with the limits

lim, o, Myis () = m and lim,_o Muys(r) = a/2.

E. Model M(r)=m arctan” (r/a)(X/r)(2/x)"

We will now define a mass function that provides a
positive energy density. More specifically, consider the
specific case M(r) = marctan”(r/a)(X/r)(2/x)", so that
the metric function f(r) is given by

0.01 |
0.008 |
0.006 |
0.004 |

0.002 |

0
-0.002 |
—-0.004 |

—0.006

p(r)

V

a=2m

-8 -6 -4 -2 0 2 4 6 8

rim

Graphical representation of the energy density p(r), to the model (86) with ry = 2za.

Fr)=1- 2M(r) _ 1 2m arctan”(r/a) (%)n %0)

(r) a r

In the limit (a, n) — 0 we regain the Schwarzschild
solution. One may show that the Kretschmann scalar is
regular, so the spacetime is regular. We can now fix n and
regulate the presence of horizons by adjusting a, as shown
in Fig. 8. For instance, consider n = 1, 2, where the
extreme case for n = 1 is given by a.,, = 4m/x, and for
n =2 we have a., ~ 5.16315560586775m/7>.

The causal structure is given by the Penrose diagrams,
namely, (i) the cases n =1 and a > do = 4m/m, n =2
and a > ag =~ 5.16m, are depicted in Fig. 1; (ii) for n = 1,
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0.8

a=m ———

a=3m

FIG. 8.
approximately d.y ~ 5.16315560586775m /x>

a = gy =4m/x, in Fig. 2; (iii) for n =1, a<da.,=
4m/x, inFig. 3; (iv) forn=2, a = a. ~ 5.16m, is depicted
in Fig. 9, where we have an extremal horizon in our
Universe, followed by a timelike bounce hypersurface at

Copy of our Universe

"Bounce"
r=0

Our Universe

FIG. 9. Carter-Penrose diagram for the case where we have an
extremal horizon in our Universe, followed by a timelike bounce
hypersurface at r = 0, bouncing into a separate universe without
horizons. Since the extremal horizon (H+ = C+ = r+) is as
usual an infinite proper distance from any point not on the
extremal horizon, the Carter-Penrose diagram is somewhat
misleading in that it would be infeasible to propagate through
the extremal horizon to reach the hypersurface at r = 0.

a=m ——
a:aé’){)‘ )
a=3m -

-0.5
-4 -2 0 2 4

rim

Graphical representation of f(r) for (90). In the left side n = 1 and right side n = 2. For n = 2, the extreme value is

r = 0, bouncing into a separate universe without horizons;
(v) forn =2 and a = a. = 5.16m, in Fig. 10, where here
we have an inner and outer horizon in our Universe, followed
by a timelike bounce hypersurface at » = 0, bouncing into a
separate universe without horizons.

Copy of Parallel universe Copy of our Universe

White Hole

Black Hole

Parallel universe

Our Universe

FIG. 10. Carter-Penrose diagram for the case where we have an
inner and outer horizon in our Universe, followed by a timelike
bounce hypersurface at » = 0, bouncing into a separate universe
without horizons.
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FIG. 11.
@ = Aoy ~ 5.16m, k> = 87 in the right plot.

The energy conditions are shown in Fig. 11. In both cases,
one verifies that all the energy conditions are violated, but in
particular, the condition WEC; = p is always satisfied for
the cases n =1, a < a. and a = a.; this renders a
positive energy density everywhere. A new feature that
highlights the difference between a regular black-bounce
solution (with horizons) and the standard regular black hole,
considered in the Introduction, is that the condition SECjs,
defined in (30), is always satisfied, as one can readily verify
in Fig. 11. More specifically, this does not occur for regular
spherically symmetrical black holes, where this condition is
always violated within the event horizon [29].

The Hernandez-Misner-Sharp mass (21) for the model
(90) is given by

" (a’*z" + m2" ' r arctan (£)")
My (r) = .

2V +d?

Note that for n odd the mass is always positive, and
we have the following limits: lim,_, o, Myys(r) = m and
lim, o Muys(r) = a/2.

(1)

F. Model M(r)=m arctan”(r/a)(2/x)"
We now define a mass function that provides a positive
energy density, given by M(r) = marctan”(r/a)(2/x)", so
that the factor f(r) takes the form

0.5
-4 -2 0 2 4

rim

Graphical representation of the energy conditions for (90) with n = 1, a = ag, = 4m/x, k> = 8, in the left plot, and n = 2,

F) = _ZM("): _Zmarctan”(r/a) %n
) =1= oy = 1-= st (ﬂ) ©2)

For n -0 we have the Simpson-Visser spacetime
and (a,n) >0 the Schwarzschild solution. The
Kretschmann scalar is regular everywhere. Figure 12
shows f(r), where for the cases n=1 and n=2,
we have horizons according to the values of a, with
n=1, as =0.714410046190945m and n =2, a., =
0.4456300400812961661m.

The causal structure is given by (i) the cases n = 1 and
a> Ao 2 0.714m; n=2 and a > ag, =~ 0.446m, are
depicted in Fig. 1; (ii)) n =2 and a = a. ~ 0.446m, in
Fig. 5; (iii)) n =1 and a = a. = 0.714m, in Fig. 9; and
(iv) n =1 and a = a., = 0.714m, in Fig. 10.

We notice that, for odd n, the positive and negative
regions of r are not symmetric, contrary to the situation for
n even, where the regions are symmetric. In the case where
n =1, the energy density is positive for r > r, and
negative for —oo < r <r,, as we see in the left plot
Fig. 13. In the right plot of Fig. 13, we have the case
n = 2, where the energy density is positive for » > r,_ and
negative inside of the horizon.

The Hernandez-Misner-Sharp mass (21) for the model
(92) is given by

fr)

FIG. 12. Graphical representation of f(r) for (92), with n = 1 (left) and n = 2 (right) for different values of a.
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rim

FIG. 13.
_ a2 N m(%)”r2 arctan (£)"
2V + a? r’+a?

For n even the mass is always positive and possesses the
limits llm,_)oo MHMs(r) = m and limr_>0 MHMs(r) = a/2

Myps(r) (93)

V. CONCLUSION

The investigation of wormholes and regular compact
objects in GR allows for the construction of multiple
models that have the two main characteristics of the
previous models, a throat and regularity (and possibly
horizons); models which we call black bounce. In this work
we have presented two quite general theorems that guide
two general characteristics of these models, the regularity
of static spacetimes and the energy conditions for them. We
note that curvature regularity can be readily verified by
checking the condition that the Kretschmann scalar is
always finite, and that we can easily characterize the
situations under which the usual pointwise energy con-
ditions are always violated for spherically symmetric
models with the metric (1). We have reanalyzed the
Simpson-Visser model, adding a new physical quantity
to the discussion: the Hernandez-Misner-Sharp quasilocal
mass, which is always positive.

We present several new classes of black-bounce models
that generalize the geometry of the original Simpson-Visser
model. Two of them reduce to the original for a specific
choice of parameters. All the models reduce to
Schwarzschild for a suitable choice of parameters, are
regular throughout the spacetime, and have an area of the
angular part of the metric that is always positive and
nonzero. All models have positive Hernandez-Misner-
Sharp mass. The first of these solutions, the model in
Sec. IVA, has exactly the same characteristics as the
Simpson-Visser model. The second, given in Sec. IV B,
presents different characteristics, such as the possibility of
having four horizons, two event horizons and two Cauchy
horizons, and choosing the parameters properly, we can
have an extreme case with only two event horizons. The
causal structure of this solution with four horizons cannot

a=a, —_—

ext
0.2 . X . ) Ay o

Energy density for (92) with n = 1, x> = 87 (left) and n = 2, k> = 8« (right).

be represented in a usual Penrose diagram, and the extreme
case shows something new, namely, the bounce at r = 0 is
timelike and can be traversed in both directions, both from
r>0tor <0 and from r <0 to r > 0. This solution has
the symmetry a <> —a and r <> —r. In Sec. IVC we
analyze a model with zero energy density. Analysis of
this model explicitly demonstrates that, while one can by
construction force tolerable behavior for the WEC; con-
straint, one would still violate NEC, = WEC, = SEC,
everywhere “off-horizon.” In the fourth solution, presented
in Sec. IVD, we also have the possibility of having
multiple horizons, more than four, depending on the choice
of parameters. The fifth solution, presented in Sec. IV E,
may present an asymmetry, such as two horizons on the
positive part of the radial coordinate r and none on the
negative part. For the symmetric solution of this model,
the energy condition SEC; =p — p, —2p, >0 may be
satisfied for all r. This is a specific characteristic of black-
bounce models, because in regular black holes with
spherical symmetry this condition is always violated within
the event horizon [29]. In the sixth model, presented in
Sec. IV F, we also have the possibility of asymmetry, but
for the symmetrical model, the energy density is always
positive outside the event horizon.

In conclusion, we have presented and analyzed just some
of the salient features of several models of new black-
bounce geometries. We could also study geodesics,
dynamic thin shells, thermodynamics, the scattering and
absorption of quantum fields, shadows (silhouettes), and
quasinormal modes. These topics will be addressed appro-
priately in future work.
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APPENDIX A: REGULARITY OF
STATIC SPACETIMES

In Ref. [78], Bronnikov and Rubin showed that, for a
spherically symmetric and static spacetime, finiteness of the
Kretschmann scalar is enough to forbid a curvature singu-
larity. We now state the following somewhat more general
theorem that does not appeal to spherical symmetry.

Theorem.—For any static spacetime, in the strictly static
region, the Kretschmann scalar is positive semidefinite,
being a sum of squares of the nonzero components R%? s
Then if this scalar is finite, all the orthonormal components
of the Riemann tensor must be finite.

Proof.—First, for any arbitrary spacetime in terms of any
orthonormal basis, the Kretschmann scalar is

K = Ry,opR"™ =R}, ;R4 (A1)
Now assuming only that one can distinguish space from
time, split the indices into space and time, a = (0,7),
so that

K = R?}_ﬁR;ﬁ(? + 41?(”)?}];1?()?}]A< + 4R6;OjR626}

+4Ry50:R 666;+R()66()R6666. (A2)
But the last two terms vanish in view of the symmetries of
the Riemann tensor, and so

K =Ry

JRITH 4 4R ROTE 4Ry, ROI0T. (A3)

But since, in the strictly static region where the 7 coordinate
is timelike, we have g, ; = 11, = diag{1, -1, —1, -1}, this
reduces to

K= Rl]kllekl

4Ryi5iR0:5k + 4Roi05R0705-  (A4)
Furthermore, in the strictly static region where the ¢
coordinate is timelike, the 4-metric is block diagonalizable
gap = (N?*) @ (—g;;). More to the point the extrinsic
curvature of the constant-¢ spatial slices is then zero, and
hence by the Gauss-Codazzi [111-113] equations one
has Rjy:4 = 0.
Thence as long as the spacetime is static we can split
spacetime — space + time in such a manner that
K= Rz]klejkl +4R0?6} 0707 > 0. (AS)
Consequently in any static spacetime if the Kretschmann
scalar is finite then all the orthonormal components R, ;.5
of the Riemann tensor must be finite. Therefore, we can
determine the regularity of a static spacetime simply by
checking if the Kretschmann scalar is finite.
Similar comments can be made about the Weyl tensor,

C

f
wap pra/

=4C535:Co1510 +4Co303C0105-
(A6)

But the static condition implies that both the 4-metric and
the Ricci tensor are block diagonalizable. Thence both
9ap = (N?) @ (=g;;) and R,, = Roo ® R;;. This now
implies that in static spacetimes Cy;sp = R@;} = 0. So
as long as the spacetime is static we can split spacetime —
space + time in such a manner that

C/waﬂC/Waﬁ = C}}]}icf}]}? + 4CO?6}C0101 20. (A7)

Consequently in any static spacetime if the Weyl scalar
C aﬂC”Wﬁ is finite then all the orthonormal components

)72
C,ps of the Weyl tensor must be finite.
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