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The procedure underlying the matching of 1-form (tetrad) fields in theories possessing absolute
parallelism—f(T') gravity being within this category—is addressed and exemplified. We show that the
remnant symmetries of the intervening spaces play a central role in the process, because the knowledge of
the remnant group of local Lorentz transformations enables one to perform rotations and/or boosts in order
to C'-match the corresponding tetrads on the junction surface. This automatically ensures the continuity of
the Weitzenbock scalar there, even though this proves to be just a necessary condition in order to obtain a

global parallelization of the spacetime.
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I. INTRODUCTION

Junction conditions are key tools in regard to the
comprehension on how different solutions of a given
physical theory interact. They provide crucial information
about the physical constraints arising because of the
interplay between the intervening solutions. In fact, the
way the pieces combine into a more global solution is as
important as the individual pieces themselves. For instance,
vacuum solutions describing black holes in any gravita-
tional theory would be of little interest if we did not know
that black holes are the result of gravitational collapse, i.e.,
of the unstoppable contraction of matter in a certain region
of spacetime. In this case, junction conditions will not only
be instrumental in providing a black hole formation
mechanism, but also in relating the physical properties
of the collapsing matter to the angular momentum, electric
charge, and mass of the remaining black hole.

In general relativity (GR), the definite answer to the
junction problem was pronounced by Israel [1], even
though Darmois and, later on, Lichnerowicz, were very
aware of the issue and made sharp contributions on the
matter well before [2]. Actually, solutions of GR involving
matching techniques were known since the late 30s and
early 40s, especially concerning the junction between
Friedmann-Robertson-Walker cosmological models and
the spherically symmetric vacuum corresponding to the
Schwarzschild solution [3,4]. Much more recently, the
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junction conditions in extended theories of gravity within
the metric approach—known as f(R) gravity—were
worked out [5,6]. Additionally, junction conditions in
Palatini-f(R) gravity were studied as well [7].

Here it is our intention to study junction problems at the
level of the tetrad field, which is the dynamical carrier of
the gravitational degrees of freedom in the so called f(7T)
gravity [8—10]. Due to the additional complications coming
from the underlying parallelization process involved in
these theories, it is by no means surprising that very few
authors dealt with this subject in the past; see [11,12]. In
certain sense, we offer in this paper a complementary point
of view regarding the ideas developed in [11]; actually, by
bringing into scene the remnant group of local Lorentz
symmetries present in f(7T') gravity, we explain by means of
a relatively simple example, how to get a global paralle-
lization which incorporates at once the partial ones asso-
ciated to the spaces to be glued. This procedure is
particularly useful when no matter shells or layers are
present on the junction surface, so it can be considered the
f(T) analog of the Darmois-Lichnerovicz procedure.
Hopefully, it will serve also in other theories relying
on absolute parallelism (see, e.g., [13]), even though a
characterization of the remnant symmetries in question
constitutes a crucial ingredient of the method.

After a brief exposition of f(T) gravity and its remnant
group of transformations in Sec. II, we heuristically
illustrate the nature of the matching problem in Sec. III.
Section IV exemplifies the technique by obtaining a global
parallelization for the Schwarzschild interior and exterior
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spaces corresponding to a simple model of a spherical star
immersed in a spherically symmetric vacuum. Finally, we
further comment on our results in Sec. V.

II. PRELIMINARY MATERIAL

In the context of f(T) gravity, the dynamical field is the
tetrad e“(x*), and the metric g(x*) is just a subsidiary field
obtained by means of g(x*) = e®(x*)e”(x*)n,, where
Na = diag(1,—1,—1,—1). This means that in the local
coordinates x*, the components of the metric are just
G = € ﬂebvnab. The tetrad is responsible for the torsion

= de”, which in local components acquires the form
T, = d,e", —d,e,. According to this framework, the
tensor 7¢ is the building block of the gravitational
Lagrangian; in fact, we can construct the (diffeomorphism)
invariant

T= SamxTa/w’ (1)

where

Sy =

i

1
(Ta/u/ - T/wa + Tuya) + 5 (5/‘1TD'I/O- - 5161T6M0)

B —

and T, =g¢"T," = e”aepbn“bTW”. The Weitzenbock
invariant 7 is a scalar only under general coordinate
transformations. However, under a local Lorentz trans-
formation of the tetrad, e®(x*) — &9(x*) = A%, (x*)e” (x*),
the object T transforms as T — T = T + DT, with

DT = e 'd(espeae® N e” A ™A dN ) (2)

and e = dete?, = /| det g,,|. This transformation law has
a central importance in this work; we see that, in general,
only global Lorentz transformations leave 7 invariant.
Nonetheless, we shall briefly comment on the local
symmetries which actually lie behind the transformation
law encoded in (2), leaving the reader to follow the full
exposition given in [14,15].

The remnant group of local Lorentz transformations [14]
is defined by demanding that 7 becomes a genuine Lorentz
scalar, i.e., by asking the on-shell equation DT = 0. The
remnant group can be characterized by expanding the
Lorentz transformations around the identity element, i.e.,

Ny (#) = 3 + 50 (Meg), + O?), (3)

where 6°¢(x*) = —¢% (x*) are the infinitesimal parameters

and

(Mcd)ab = 0nap — 5fﬂ7cb- (4)

It is direct to show that the requirement DT = 0 coming
from (2) at the same order implies

Eapead(e® A €P) A dod + O(c6?) = 0. (5)

This result seems to suggest the convenience of classifying
a given spacetime e in terms of the closed 2-forms e A e”
it involves, if any; in this way, a given tetrad will be called a
n-closed-area frame (n-CAF), if it satisfies d(e® A e?) =0
for any of the six different pairs (a,b) (0 <n < 6). For
instance, let us inquire into the infinitesimal, local sym-
metries allowed by the 6-CAF Euclidean, tetrad
e® = 5¢dx”, which leads to Minkowski space with metric
N4+ Equation (5) just says that the infinitesimal parameters

<d are totally free. This means that any nonlocal Lorentz
invariant theory constructed upon the Weitzenbock invari-
ant T, such as f(T) gravity to be described in a moment, is
unable to select a preferred parallelization at a local level. In
other words, the absence of gravity embodied in
Minkowski space is described in f(7T) gravity as a local
lack of preferred frames; any of them connected by local,
infinitesimal Lorentz transformations is equally good for
describing the local absence of gravity. However, things are
very different for finite Lorentz transformations. In this
case, the full expression (2) must be considered, and one
can prove that 6 one-dimensional groups (three pure
rotations and three pure boosts) act as remnant symmetry
groups of Minkowski space. Moreover, three Abelian, two-
dimensional groups G; appear as symmetries as well; these
are generated by G; = {K;,J;}, (i = x!,x2,x), where K;
and J; correspond to boosts and rotations along and about
the i-axes, respectively. For details, we suggest to con-
sult [14].

The equations of motion of f(7) gravity are

710, (eS") + €aT7 S, 1f'

1
+8,40,Tf" - 2 el f = —4nGerT Y, (6)
where an arbitrary (at least twice differentiable) function f
of the Weitzenbock invariant T appears. The equations are
derived from the action

16 G/f Ed X + Inageers (7)

which reduces to Einstein’s general relativity (in its tele-
parallel equivalent form), when f(7) = T.1In (6), 7 ,* is the
energy momentum tensor coming from the matter action
I hatier» and primes denote differentiation with respect to 7.
Note that the equations of motion are of second order in
derivatives of the tetrad; this is a consequence of the fact
that T is constructed upon first derivatives of the tetrad.
Then, a proper set of initial data is § = {e?, d,e’}, and
different solutions should be matched at junctions surfaces
J in such a way that the tetrad and its first derivatives are
well defined on them. The differentiability conditions on J
automatically assure the existence of the torsion and the
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Weitzenbock invariant on J. This is slightly different from
GR, where the scalar curvature R does not need to be
continuous on J because of the fact that it contains second
derivatives of the metric.

III. HEURISTICS

In this section, we shall illustrate the nature of the
problem by a simple example which, nonetheless, captures
the essence of the matching procedure in the presence of
absolute parallelism. Let us consider Minkowski spacetime
M described in standard pseudo-Euclidean coordinates
(1, x) as the union of the submanifolds M =U; M, where

M, ={(t,x) e M|t > 1},
M, ={(t,x) e M|-1<1t<1},
M; = {(t,x) € M|t < —1}. (3)

Here the Cauchy hypersurfaces r = 41 will play the role of
junction surfaces J,. The spacetime metric is simply 7,
everywhere, regardless of the region considered. However,
the f(7T) equations of motion are solved by infinitely many
1-form fields representing the infinite ways of parallelizing
M. Let us suppose that in solving the equations, we find
the fields

e’ =84dx?, in M; and Ms. (9)
As mentioned in the previous section, the remnant group of
M includes 6 one-dimensional groups of boosts and
rotations. Suppose that in solving the equations in M.,
the following x-boosted tetrad is found:

e = cosh[0(t, x)]dt + sinh[0(z, x)]dx
e! = sinh[0(t, x)]dt + cosh[0(¢, x)]dx
e’ =dy ’

e = dz.

in M,. (10)

Despite the manifestly artificial character of the splitting
given in (8), the frames (9) and (10) are genuine solutions
(in the corresponding regions) of the vacuum f(7") motion
equations leading to the metric 7,;,; they are connected by a
time-dependent boost in the t—x plane, which is a trans-
formation belonging to the remnant group of M. As a
matter of fact, the Weitzenbdck invariant coming from (9)
and (10) is identically null, even though the frame in M,
generates several non-null components of the torsion
tensor, namely,

T = 9,0,
T =00, i:y,z,
TY = 0,0, i:x,y,z. (11)

However, the fields (9) and (10) do not conform a
parallelization of the whole space M in general, because
of the discontinuity produced in the junction surfaces J .
Plainly the tetrads are not C'-matched there.

In this trivial example, things can be solved easily. Using
the freedom to choose the tetrad provided by the remnant
group, we can sort things out on the junction surface. For
instance, taking 6(z, x) = 0 on M,, a global parallelization
of M is obtained at once, leading to the canonical,
Euclidean frame e® = 5,’jdxb everywhere. Of course, this
is the simplest and more diaphanous solution concerning
the parallelization of M from the outset, but infinitely
many other, perhaps more interesting choices can be made;
among them, we have 6(z,x) = (1 + cos(xt))/2, which
offers a C' matching of the tetrads on the surfaces J,
ensuring thus the continuity of the torsion tensor on them.

The simple setting involved in this example teaches us
three valuable lessons which are as follows:

1. What is obvious at the level of the metric (in this
case #,5,), i1s not in the underlying world of the
tetrad e.

2. The continuity of the Weitzenbock invariant 7" on the
junction surface is just a necessary condition in
order to have a well-defined parallelization on M. A
sufficient condition is given by the continuity of the
first derivatives of e on the junction surface or,
equivalently, of the components of the torsion 7¢ on
it. These facts are in agreement with the analysis
performed in [11].

3. The importance of a thorough characterization of the
remnant group of the space-time under consider-
ation; this will enable one to select local Lorentz
rotations and boosts near the junction surface in
order to C'-match the corresponding tetrads.

In general junction problems, the role of the M; above
could be played by spaces of very different geometrical and
topological structure, and it is easy to foresee that things
will rapidly go out of control, for in addition to the usual
complications arising as a consequence of gluing the spaces
at the level of the metric field, the remnant symmetries to be
used for matching the tetrads will manifest in a very
dissimilar tetrad structure on either side of the junction
surface. However, the continuity of 7 on the junction
surface will serve as a guiding principle; once assured, a
further knowledge of the remnant group of the intervening
spaces will hopefully enable us to perform the C!-matching
at the end. We illustrate the procedure in the next section by
using a simple, though physically relevant, model of a star.

IV. MATCHING TETRADS

Let us consider the very well-known textbook,
Schwarzschild interior and exterior metrics [16,17],

> _ [Bh(ro) = h(r)] dr®
5= = 4 h(r)?

2
drr — —-r2dQ*,  0<r<r,,

(12)
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where h(r) = (1 —r?/R*)'/2, R* = 3/(870g,), and

2

ds2 = (1—2M/r)di? ——
st =( A =507

— r2d?, r> .

(13)

Metric (12) represents a simple model of a static spherically
symmetric star of radius r(, consisting of a perfect fluid
with constant energy density ¢, and pressure

_( h(r) = h(ro)
p(r) _QO<311(T—11(0r))' (14)

Both metrics trivially match on the surface r = ry with the
sole condition of fixing the mass M of the exterior solution
to M = 4mg,ry/3. However, the underlying, proper tetrad
fields representing the corresponding solutions within the
context of f(T) gravity are quite intricate.

Let us briefly revisit the proper frames leading to the
exterior Schwarzschild metric first; full details can be found
in [18]. In what follows, isotropic coordinates with radial
marker p will be used, and the isotropic radius of the star
will be p, (not to be confused with g, the constant energy
density of the star). The analysis starts by considering the
asymptotic frame

el =A_dt, e’ = B, dx', (15)
being A, =A,(p), B, =B.(p). This tetrad leads to
the Schwarzschild metric in isotropic coordinates ds3 =
A% dr*—B% (dp*+p*dQ?), where p*=(x)2+(x2)2+(x)?,
and

2p—M M\?2
A, = , B, . =(14+—). 16
= LIS (5 P

The tetrad (15) is not a consistent solution of the f(7')
equations of motion; however, we can radially boost it in
order to achieve a null Weitzenbock invariant 7. The so
obtained tetrad automatically will solve the equations of
motion for any ultraviolet f(7T) deformation, i.e., for any
function verifying f(0) = 0 and f’(0) = 1 [see Eq. (6)]).
After the p-dependent boost e, =A%, (p)e’, the
Schwarzschild frame e,“ corresponding to the exterior
solution results in

B, I'(y,)dp,
e ! =—A,T(y,)sin@cos ¢pdt + By, sinfcos pdp
+ pB_ [cos O cos pdB — sin O sin pd¢p],

e, =A,y, dt—

e, =—A,TI(y,)sin@sinpdt + By, sinfsin ¢pdp
+ pB_ [cos O sin ¢pdO + sin 6 cos pd ],
e.?=—A,T(y,)cosfdt + B, [y, cosOdp — psindd)].

(17)

Here we have defined I'(y,) = \/y2 — 1, where y, =
(p) = 1/4/1 = B.(p)* and B, (p) is the nondimensional

boost speed. It was demonstrated in [18] that the
Weitzenbock invariant is null provided the boost is tuned
according to

M? +4p* + k.p

, 18
4p2 - M? ( )

r+(p) =

where k, > 0 is a free constant with units of length [19].
The condition k, > 0 is necessary in order to have y, > 1,
hence I'(y, ) > 0. Note that the speed 3, (p) goes to one
when p — M /2, which corresponds to the event horizon in
the isotropic chart (¢,p,0,¢), which is related to the
standard Schwarzschild coordinates (¢, r, 8, ¢) by the radial
scaling 2p = r[\/1 —=2M/r + 1] — M. This is actually a
deficiency of the isotropic chart, and it has no physical
consequences because the junction surface corresponding
to the (isotropic) radius of the star p, will always be greater
than M /2. Moreover, f, (p) goes to zero when p — oo,
justifying the name adopted for the tetrad (15).

The tetrad (17) with the condition (18) represents the
exterior Schwarzschild geometry in any f(7') deformation
of ultraviolet character. The free constant k, appearing in
(18) will be crucial in the matching procedure to be
unfolded in a moment. It actually defines a one-parameter
subgroup of Lorentz boosts in the radial direction p, leaving
unchanged the null value of the Weitzenbock invariant 7;
then, it provides valuable information concerning the
remnant group of the Schwarzschild exterior solution.

Let us proceed now to fully derive the tetrad field
corresponding to the interior metric (12). As before, we
start from the isotropic tetrad e’ = A_dt, ¢! = B_dx', thus

ds> = A2dt* — B2 (dp?* + p*dQ?), where now we have
_Api(p, = M) + M(4p, —M)p?
(20, + M)(2p3 + Mp?)
1(2 M)3
= ,('03*#)2‘ (19)
42p, +Mp

It is straightforward to show that (16) and (19) C'-match at
the junction value p = p,. Due to the fact that we are using
isotropic coordinates, the mass M in (19) is related to the
constant energy density gy, but in a tricky way. In fact, we
have

4x M pi 8
s X = s = =
(1+x)° 2p.

y:

Note that if we demand M = 0 (i.e., x = 0), we have y = 0,
or equivalently ¢y = 0 for any p,. Under these circum-
stances, we have A_ = B_ = 1 from (19) and the metric is
just ds> = dr* — (dp® + p*dQ?), which represents the
Minkowski line element in usual spherical coordinates;
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isotropic and spherical coordinates coincide when M = 0,
so we shall take M # 0 from now on. Details concerning
the structure of the interior Schwarzschild solution in
isotropic coordinates can be found in [20].

In the hope of finding the interior solution in the f(7')
context, we radially boost the isotropic frame e_¢ =
AY b(p)eb. Of course, we obtain an expression formally
identical to (17), namely,

e_'=A_y_dt—B_I'(y_)dp,
e_! = —A_T'(y_)sin@cos ¢dt + B_y_sin 6 cos ¢dp
+ pB_[cos 6 cos ¢pdf — sin O sin pd¢p],
e_? =—A_T'(y_)sin@sin ¢dt + B_y_sinsin ¢pdp
+ pB_[cos 6 sin ¢d6 + sin O cos pdep],
e 3 =—A_T(y_)cos@dt + B_[y_ cos Odp — p sin 6d0).
(21)

However, this tetrad will be a solution of the f(T') equations
only if we can assure that the intervening Weitzenbock
invariant 7' vanishes. A lengthy but otherwise standard
calculation gives

32[F(p) + G(p)r— + H(p)r"]
P*(M +2p,)%1(p)

T(p) = . (22)

where now the prime refers to differentiation with respect to
p, and the functions F, G, H, I are

F=(Mp*=2p})

X [MPp*(M=4p,) +10Mp*pi (M +2p,) —8pS (M —p.)],
G=(Mp*+2p})

X [MPp* (M =4p,) +6Mp>pl(M+2p, ) +8p% (. —M)],
H=~p(Mp*>+2p})*[Mp*(M—4p,)+4p3 (M ~p,)],
I=Mp*(M—4p,)+4pi(M—p,). (23)

The condition T = 0 fortunately can be worked out because
of the fact that 7" contains just first derivatives of the tetrad.
This permits us to integrate (22) for y_; nonetheless, we
have to introduce further functions in order to write down
the result in a sufficiently legible form. It yields

(Mp* +2p))

r-(p) = (24)

where k_ is an integration constant (with units of inverse
length) and the two extra functions are

_ 2p(Mp* =2p})
—(Mp? +2p3)?
_3V2(M-2p,) arctan(v/Mp//2pY?)
a VMpY? '

[Mp*(M — 10p,) + 2p3(5SM = 2p, )],

K

(25)

The tetrad (21) with the so obtained y_ is the one correctly
describing the Schwarzschild interior solution for any “high
energy” f(T) theory. As in the exterior case, it depends on a
free parameter representative of the one-dimensional rem-
nant group of (restricted) boosts in the p coordinate.

Due to the fact that the functions A, (on one hand)
and B, (on the other), C'-match on the junction surface
p = p,, the C'-matching of the frames (17) and (21)
will be guaranteed if the corresponding boosts join
smoothly at p = p,. By imposing y_(p,) =7, (p,) and
v (p.) =7'.(p.), we obtain just one equation linking the
free constants k, and k_, namely,

(M +2p,)

*

ky = [k_ps + D(x)]. (26)

where the function D(x) reads

D(x) :% 3(’;‘)_(”

3x2 +2x+3
(1+x)?

arctan(/x) +

This function is positive in the domain (0,1), where x =
M/2p, is defined. D(x) ranges in the interval (0, 1/2) and
it goes to zero when x — 0 and tends to 1/2 when x — 1.
Bearing in mind that k, > 0, we notice from (26) that k_ is
strictly negative.

Tetrads (17) and (21) with y’s (18) and (24), along with
the relation (26), are the final solution for this particular
matching problem. In Fig. 1, we plot y(p) = y(p)_ + 7(p).
as it emerges from our analysis, having fixed p, = 1, for
several values of the mass M in agreement with the
condition p, > M/2.

1.08
S 1.04
1.00
0 1 2
0
FIG. 1. y(p) =v(p)- +7(p)..as it comes from Egs. (18), (24),

and (26). Different values of the mass M were taken, for a star
radius p, = 1 (vertical line in the figure).
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V. CLOSING REMARKS

The procedure underlying the matching of different
solutions within the context of f(7) was discussed.
Clearly, it does not involve only the matching of the metric
components, but of the entire tetrad field instead. This fact
brings additional complications at the time of obtaining
global solutions in theories possessing absolute parallelism,
where the tetrad structure is commonly quite intricate.
Throughout this work, we emphasized the need for know-
ing (at least partially) the remnant local symmetries acting
on a given solution of the f(7) equations of motion. By
examining the remnant local transformations allowed in the
intervening tetrads, we exemplified the matching of the
Schwarzschild interior and exterior spacetimes representing
a simple model of a spherically symmetric star.

Due to the high symmetry of the spaces considered,
simple radial (local) boosts acting on the isotropic, diagonal
tetrads were enough to achieve the condition 7 = 0 every-
where, assuring that the corresponding spaces are indeed
solutions of the f(7') equations of motion for any (at least
twice differentiable) f(7') function of ultraviolet character.
The freedom arising by the presence of an arbitrary
constant (let us say, k_) in (26) is probably related to
the nature of the additional degrees of freedom present in
f(T) gravity, a subtle point not fully understood at the
moment [21]. This is analog to what happened in the
example of Sec. III concerning Minkowski spacetime; there
we had an infinite number of boosts 6(z,x) able to
smoothly glue the tetrads across the surfaces t = +1.

Nonetheless, as mentioned at the end of the preceding
section, we found that k_ must be negative in order for k
to be positive. This implies, by Eq. (24), that y_ is divergent
at p = 0 due to the p~! factor present there [note that I(p) is
non-null at the origin, and both, J(p) and K (p) tend to zero
as p — 0, see Egs. (23) and (25), respectively]. Hence,
regardless of the regularity of the functions A_ and B_ at
the origin (and of the Weitzenbock scalar, which vanishes
everywhere), the tetrad field becomes singular there.
Ultimately, this is a consequence of the fact that the boost

speed becomes the speed of light at the origin. On the other
hand, this behavior is somewhat expected: the tetrad is
constituted by four 1-form (or vector) fields; hence, it
should be null or divergent at the origin of the spherical
coordinate system held at the center of the star, the former
being excluded by the constant (non-null) character of
some metric components at the origin.

It is not hard to foresee that, under more general
circumstances, the matching procedure will become rapidly
more complex and less intuitive. For instance, if we would
deal with the collapse of a dust cloud and the subsequent
black hole formation within the realm of f(7) gravity—i.e.,
the analog of the Oppenheimer-Snyder solution in GR—it
is clear that the local symmetries to be considered should be
time dependent. Additionally, due to the fact that the spaces
to be matched in this case have a different number of
isometries, it results plausible that we would need to
consider, in addition to boosts, also time-dependent rota-
tions. All the more reason, a similar complexity will arise
when deformed solutions be considered (i.e., solutions of
f(T) gravity which are not present in GR), as it is the case,
for instance, of regular cosmological models [8] and black
holes [22]. The comprehension of the dynamics of the
tetrad field in situations of this sort is certainly a good
motivation for continuing with this line of research. In
particular, it would be pertinent to investigate the appear-
ance of further constraints coming from the matching
procedure which might have an impact on the asymptotic
structure of the tetrad field, specially in the case of
asymptotically flat spacetimes, where the nature of the
additional degree/s of freedom seems to be slightly more
unmaskable [23,24].
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