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Black hole singularity resolution via the modified Raychaudhuri equation
in loop quantum gravity
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We derive loop quantum gravity corrections to the Raychaudhuri equation in the interior of a
Schwarzschild black hole and near the classical singularity. We show that the resulting effective equation
implies defocusing of geodesics due to the appearance of repulsive terms. This prevents the formation
of conjugate points, renders the singularity theorems inapplicable, and leads to the resolution of the

singularity for this spacetime.
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I. INTRODUCTION

It is well known that General Relativity (GR) predicts
that all reasonable spacetimes are singular, and therefore its
own demise. While a similar situation in electrodynamics
was resolved in quantum electrodynamics, quantum gravity
has not been completely formulated yet. One of the primary
challenges of candidate theories such as string theory and
loop quantum gravity (LQG) is to find a way of resolving
the singularities.

Singularities in GR are defined differently compared to
other field theories. While curvature scalars (such as the
Kretschmann scalar) approaching infinity (similar to the
electric field diverging at the seat of a charge) is a strong
indication of singularities, it is neither a necessary nor a
sufficient condition for singularities in GR. The necessary
and sufficient condition for a singular spacetime is the
existence of a set of geodesics which begin and/or end at a
finite proper time. Such geodesics are deemed incomplete.
Furthermore, the celebrated Hawking-Penrose singularity
theorems prove beyond doubt that under normal assump-
tions, all spacetime solutions of GR will have incomplete
geodesics, and will therefore be singular [1-3].

It may be mentioned that the proof of the singularity
theorems crucially depend on the fact that there exists
congruence or a collection of nearby geodesics, such that
they focus to the conjugate points in the past as well as in the
future at finite proper times. This implies that the geodesics
are no longer maximal curves in a pseudo-Riemannian
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manifold, contrary to their very definition as solutions of
the geodesic equation. The only resolution of this apparent
contradiction is to conclude that such geodesics are incom-
plete. The existence of conjugate points is a straightforward
prediction of the Raychaudhuri equation [3].

In view of the above, in this article, we examine the
issue of singularity resolution via the LQG modified
Raychaudhuri equation, and in particular for the
Schwarzschild solution in GR. Since the classical singu-
larity is at the origin of the above black hole metric, r = 0,
we focus on the region inside the classical horizon at
r = 2GM, where M is the mass of the black hole and G is
Newton’s constant (we work in ¢ =1 =% units). By
choosing the appropriate regularized tetrads and holono-
mies, which are the conjugate variables in LQG, computing
the corresponding expansion of geodesics and substituting
in the Raychaudhuri equation, we show that they include
effective repulsive terms, which prevents the formation of
conjugate points. This implies that the classical singularity
theorems are rendered invalid and the singularity is
resolved, at least for the spacetime under consideration.
While our results strictly pertain to the static Schwarzschild
spacetime, the robustness of our results indicate that the
resolution will continue to hold for more complicated
spacetimes, including those with little or no symmetries,
and when quantum corrections from other sources are taken
into account (e.g., in Refs. [4-6]).

As is well known, LQG [7] is one of the main non-
perturbative approaches to the quantization of gravity.
Within LQG, there have been numerous studies of both
the interior and the full spacetime of black holes in four and
lower dimensions [8—54]. These attempts were originally
inspired by loop quantum cosmology (LQC), more pre-
cisely a certain quantization of the isotropic Friedmann-
Lemaitre-Robertson-Walker (FLRW) model [55,56] which
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uses a certain type of quantization of the phase space called
polymer quantization [57-61]. This quantiztion introdu-
ces a parameter into the theory called the polymer scale
that sets the minimal scale of the model. Close to this scale
quantum effects become important. The approach in
which such a parameter is taken to be constant is called

the po scheme (which in this paper we refer to as the ;t
scheme), while approaches where it depends on the phase
space variables are denoted by iz schemes. These various
approaches were introduced to deal with some important
issues resulting from quantization, namely, to have the
correct classical limit (particularly in LQC), to avoid large
quantum corrections near the horizon, and to have final
physical results that are independent of auxiliary or fiducial
parameters. Other approaches to this model in LQG such as
Refs. [62—-64] provide a derivation of a Schwarzschild
black hole modified dynamics for the interior and the
exterior regions, not relying on minisuperspace models.
Starting from the full LQG theory, this model performs the
symmetry reduction at the quantum level. This has led to
several differences in the effective dynamics with respect to
previous polymer quantization-inspired models, one of
which is the absence of the formation of a white hole in the
extended spacetime region replacing the classical singu-
larity. All of these past studies in LQG and some other
approaches (see, e.g., Refs. [65-67]) point to the resolution
of the singularity at the effective level.

In this paper, we consider the interior of the
Schwarzschild black hole expressed in terms of connection
variables and follow the same polymer quantization as
previous works based on minisuperspace models but study
the behavior of modified effective geodesics in the interior
of the black hole using the modified Raychaudhuri equa-

tion. We will consider both the ;4 scheme and two of the
most common cases in i schemes.

This paper is organized as follows. In Sec. II, we
review the classical interior of the Schwarzschild black
hole. In Sec. III, we remind the reader of the classical
dynamics of the interior, derive the corresponding
Raychaudhuri equation, and show that this leads to the
expected presence of a singularity at the center of
the black hole. In Sec. IV, we present the effective
dynamics of the interior after polymer quantization in
a general setting. We then go on to derive the effective

Raychaudhuri equation of the  scheme and two of the
most common j schemes in Secs. IVA, IV B, and IV C,
respectively, showing how the modified behavior of
geodesics shows the resolution of singularity in each
of these cases.

II. INTERIOR OF THE SCHWARZSCHILD
BLACK HOLE

The celebrated metric of the exterior of a Schwarzschild
black hole of mass M is given by

2GM 2GMN\ 1
dsz——(l—G—)dt2+ (I—G—> dr?
r r

+ r2(d6? + sin’0dg?), (2.1)
where and r € (0, o0) is the radial coordinate distance and
the radius of the 2-spheres in Schwarzschild coordinates
(t,7,0,¢). It is well known that for such a black hole, the
timelike and spacelike curves switch their causal nature
upon crossing the event horizon located at R, = 2GM.
Thus, the interior metric can be written as

2GM -1 2GM
dsz——(GT—l) dtz+<GT—1>dr2

+ £2(d6? + sin® 0d¢?). (2.2)
Here and throughout the paper, ¢ is the Schwarzschild time
with the range ¢ € (0,2GM). This metric is a special case
of a Kantowski-Sachs cosmological spacetime that is given
by the metric [68]

dsks = =N(T)*dT? + g (T)dx* + goo(T)d6*
+ gy (T)dp?

= _de + gxx<7)dx2 + gQQ<T>dQZ' (23)
Note that x here is not necessarily the radius r of the
2-spheres with area A = 4zr%, where N(T) is the lapse
function corresponding to a generic time 7. It is seen that
the metric (2.2) and (2.3) are related by a transformation,

26GM \!
47 = N(T)2dT? = (GT - 1> 2. (2.4)

The metric (2.3) represents a spacetime with spatial
homogeneous but anisotropic foliations. A quick way to
see this is that g, (7) and goq(7) can be considered as two
distinct scale factors that affect the radial and angular parts
of the metric separately. As is evident from (2.3), such a
system is a minisuperspace model due to incorporating a
finite number of configuration variables. Furthermore, it
can be seen that the spatial hypersurfaces have topology
R x S?, and the spatial symmetry group is the Kantowski-
Sachs isometry group R x SO(3). Due to this topology
with a noncompact direction, x € R in space, the sym-
plectic form [, > d*xdg A dp diverges. Therefore, one
needs to choose a finite fiducial volume over which this
integral is calculated [9]. This is a common practice in the
study of homogeneous minisuperspace models. Here, one
introduces an auxiliary length L, to restrict the noncompact
direction to an interval x € Z = [0, Ly]. The volume of the
fiducial cylindrical cell in this case is V, = agL, where q
is the area of the 2-sphere S? in 7 x S?.

In order to obtain the Hamiltonian of this system
in connection variables, one first considers the full
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Hamiltonian of gravity written in terms of (the curvature)
of the su(2) Ashtekar-Barbero connection A} and its
conjugate momentum, the densitized triad E’. Using
the Kantowski-Sachs symmetry, these variables can be
written as [9]

Al z.dx® = Lir3dx 1 bt,d — bz, sin0dg + 15 cos 0dep,
0

(2.5)
E?T,’au = P73 sin Hax + &Tz sin 939 — &1184), (26)
Lo Ly

where b, ¢, p;,, and p, are functions that only depend on
time and 7; = —io;/2 are a su(2) basis satisfying [z;,7;] =
e,-jkrk, with o; being the Pauli matrices. Substituting these
into the full Hamiltonian of gravity written in Ashtekar
connection variables, one obtains the symmetry reduced

Hamiltonian constraint adapted to this model as [9]

N Db
H=-—-12b b+ —=|, (27
2672 |Poevpet ) (2)

while the diffeomorphism constraint vanishes identically
due to the homogenous nature of the model. Here, y is the
Barbero-Immirzi parameter [7], and p,. > 0. y is the term
whose inverse couples the first order Palatini action to a
topological Nieh-Yan term, yielding the Holst action.
Hence, it does not affect the equations of motion and
classically has no effect on the system. However, after
quantization, this parameter sets the size of the quantum of
area in Planck units.

Using symmetry of the model, the full symplectic form

1
~ 8aGy

/ dxdAL(x) A dEY(y)  (2.8)
IxS?

reduces to [9]

Q:z—Gy(dc/\dpc—i—Zdb/\dph), (2.9)
and consequently the Poisson brackets
{AL(x),E}(y)} = 82Gysi8b8* (x —y)  (2.10)
reduce to
{e.pct =26y, A{b.pp} =Gy.  (2.11)

Furthermore, by substituting (2.5) and (2.6), and the
components of the inverse of the metric (2.3), into the
relation between the inverse triad and the spatial metric ¢,

qq*" = 8EE?, (2.12)

one obtains for the generic metric (2.3) adapted to (2.5)
and (2.6)

2
gxx(T> = Lp(z)l;)(;)T) ) (213)
gaa(T) = gf;pz((g = QQQ(T) = Pc(T)~ (2-14)

Note that the lapse N(T) is not determined and can be
chosen as suited for a specific situation. Hence, the adapted
metric using (2.13) and (2.14) becomes

2

ds? = —N(T)2dT? + L’%dxz + po(d6? + sin® 0dg?).
Opc

(2.15)

Comparing this metric written in Schwarzschild coordi-
nates and lapse N(#) with the standard Schwarzschild
interior metric but with rescaled r — [x,

2GM -1 2GM
dsz——(GT—l) dtz—l-lz(GT—1>dx2

+ 2(d6* + sin*d¢?), (2.16)
we see that
(1) = <2GTM— 1)7 (2.17)
_ py(1)? _ p(26M
Gux(1) (0 ! ( ; 1>, (2.18)
owol1) = 2400 — oalT) = pl) =, (219

Hereafter, we use [ = 1. This shows that

py =0, p. = 4G*M?, on the horizont = 2GM,
(2.20)
Py = 0, pe — 0, atthe singularity t — 0. (2.21)

Also, note that in the fiducial volume, we can consider
three surfaces S, 4, Sy 4, and Sy 4, respectively, bounded
by Z and a great circle along a longitude of V,, Z and
the equator of V), and the equator and a longitude with
areas [9]

Ax,t‘) = Ax.¢ = 277:[‘0 V 9xx900 = 27pr, (222)
A9.¢ = Tgoo = TP (2-23)
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with the volume of the fiducial region Z x S? given by [9]

V= /d3x\/ |detE| = 4'7TL\/ Jxxdoa = 4”pb\/E’
(2.24)

where +/det |E| = /g with g being the determinant of the
spatial metric.

III. CLASSICAL DYNAMICS

A. Classical Hamiltonian and equations of motion

We are interested in the classical dynamics of the interior
of the Schwarzschild black hole in Ashtekar-Barbero
connection formulation. As usual in gravity, the classical
Hamiltonian is the sum of constraints that generate space-
time diffeomorphisms and internal or Gauss [in our case
su(2)] symmetry. The full version of the classical
Hamiltonian constraint in this formulation is [7]

1 N o
Hen=—— | & 7{64’?’ Baf?
full 87ZG/ X det|E| i Tab™ ik

21+ yZ)K[ul‘Kg]E?EJb.},

(3.1)
where K is the extrinsic curvature of foliations and ; K 18
the totally antisymmetric Levi-Civita symbol. Also,
F=dA+AANA is the curvature of the Ashtekar-
Barbero connection. The symmetry reduced Hamiltonian
corresponding to the above full Hamiltonian is derived by
substituting (2.5) and (2.6) in (3.1). In this way, one obtains
[9,11,13,29,52]

—_ )L obeypl|. (B2

Given the homogeneous nature of the model, the diffeo-
morphism constraint is trivially satisfied, and after impos-
ing the Gauss constraint, one is left only with the classical
Hamiltonian constraint (3.2). In order to facilitate the
derivation of the solutions to the equations of motion,
we choose a gauge where the lapse function is

¥V pe(T)
N(T) = , 3.3
(r) =" (33)
for which the Hamiltonian constraint becomes
1 Pp
H=——|(b*+y)22+2 ) 34
2Gy |07 )T+ 2epe (3.4)

The advantage of this lapse function is that the equations of
motion of ¢, p. decouple from those of b, p,,

db 1 y?
o= (b.H) —§<b+3), (3.5)
@:{bH} Po(y_7_ (3.6)
dT ' 2 b))’

d

CT; — {c,H} = —2c, (3.7)

dp.

o7 = WP} =2p.. (3.8)

These equations are also to be supplemented with the on-
shell condition of the vanishing of the Hamiltonian con-
straint (3.4) on the constraint surface

(b2 + 1) P2t 2¢p, 0,

. (3.9)

where = stands for weak equality, i.e., on the constraint
surface.

Itis clear from (2.19) that p.. is the square of the radius of
the infalling 2-spheres. In order to better understand the
role of b, ¢, we use the relation of the proper time 7z and a
generic time 7 for the metric (2.3),

de®> = —N(T)?dT?, (3.10)

and the form of the lapse function (3.3), to rewrite
Egs. (3.8) as

y d
=—"—— /Ay,
Jaa Vrdr 09

1 d d
L P, < (3.11)
dr

h="1 —
2.,/p. dt

where the last two terms on the right-hand side were
derived using (2.23). Hence, classically, b is proportional to
the rate of change of the square root of the physical area
of $2.

To interpret the role of ¢, we use the same method
for (3.8), and by using (3.9) to replace y % = - b—;’b — % in

the resultant expression and then using (2.22) and (2.23),
we find out

d Pb d
p— —_— = —_— L . .12
c=r (\/p_) }’dT( 0v/Gxx) (3.12)

Hence, classically, c is proportional to the rate of change of
the physical length of 7.

The solution to the classical equations of motion
(3.5)—(3.8) are be found to be

b(T) = £41/e*C1e™T -y, (3.13)

py(T) = Crery/ et —y2e,

(3.14)
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c(T) = Cze™ T, (3.15)

pe(T) = Cye?". (3.16)
Since we know from (2.19) that in Schwarzschild coor-
dinates p.(t) = >, and considering the fourth equation
above, we see that a transformation 7' = In(#) can lead to
such a solution for p.. Under such a transformation, the
above equations become

22C
22C)
py(t) = Cat P 2, (3.18)
(&
dn:f, (3.19)
pe(t) = Cyt>. (3.20)
Considering (2.19), we see that
C,=1. (3.21)
Also, from (2.20), we can deduce
22C1 )
0= 2GM) =2GMC -y, 3.22
Pi( ) 2\'26Mm 14 ( )
which yields
1 2
Next, from (2.18), we see
2GM
pp(t)? =1 <T - 1>L3z2, (3.24)

which if compared with (3.18) and using (3.23) yields

IL
C, =—2. (3.25)
4
Finally, using (3.9), we get

Hence, the equations of motion in Schwarzschild written

in ¢t become
2GM

(3.27)

LGM
p],(t) = lL()l T - 1, (328)
GMIL
c(t) = F 7t—2° (3.29)
po(t) = 2, (3.30)

The behavior of these solutions as a function of 7 is depicted
in Fig. 1. From these equations or the plot, one can see that
p. — 0 as r — 0. This means that at the classical singu-
larity, the Riemann invariants such as the Kretschmann
scalar

1
K= RabcdRath & 3
Pe

(3.31)
all diverge, signaling the presence of a physical singularity
there as expected.

We can also see from Fig. 1 that b, the rate of change of
the square root of the physical area of S?, as well as ¢, the
rate of change of the physical length of Z, diverge at the
classical singularity.

B. Classical Raychaudhuri equation

The celebrated Raychaudhuri equation [3]

% = —%92 = 6,450" + W — R, UUY  (3.32)
describes the behavior of geodesics in spacetime purely
geometrically and independent of the theory of gravity
under consideration. Here, 0 is the expansion term describ-
ing how geodesics focus or defocus; o,,06% is the shear
which describes how, e.g., a circular configuration of

3

t(GM)

FIG. 1. The behavior of canonical variables as a function of
Schwarzschild time ¢. We have chosen the positive sign for » and
negative sign for c. The figure is plotted using y = 0.5, M =1,
G=1,and Ly =1.
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geodesics changes shape into, say, an ellipse; @,,»“ is the
vorticity term; R, is the Ricci tensor; and U is the tangent
vector to the geodesics. Note that, due the sign of the
expansion, shear, and the Ricci term, they all contribute to
focusing, while the vorticity terms leads to defocusing.
In our case, since we consider the model in vacuum,
R,, = 0. Also, in general in Kantowski-Scahs models, the
vorticity term is only nonvanishing if one considers metric
perturbations [68]. Hence, ,,®“® = 0 in our model, too.
This reduces the Raychaudhuri equation for our analysis to

do 1
E = —592 - O'abdab. (333)

One can show that the above implies the convergence of
geodesics to conjugate points at a finite proper time
79 < 3/|6y|, where 6, is the starting expansion [3]. This
is due to the fact that the right-hand side of the above is
negative, which in turn is a direct consequence of the
universal and attractive nature of gravity. This also reiter-
ates the “inevitability” of geodesics focusing and the
consequent singularity theorems.

In order to adapt the Raychaudhuri equation to the
current LQG formalism, we write the quantities 8 and
6% = 6,,0%” appearing on the right-hand side of (3.33) in
terms of the canonical variables as [13]

_pb+pc

= , 3.34
Np, 2Np. (3:34)

2 P | Pe\?
2= (-2 L) 3.35
’ 3( pr+NPc> (3.33)

Replacing these in (3.33) and using the equations of motion

(3.5)—(3.8), one obtains
gg-—-_ ! 1 +_2éi_%_Z3_
dr  2p, 2% 2b%)°

As expected, the right-hand side is negative (since p,. > 0)
and diverges at the singularity given the behavior of
canonical variables in Fig. 1. This can also be seen from
the expression (3.36) written in terms of #, by using the
solutions (3.27)—(3.30) and the lapse (2.17) in (3.36) to get

(3.36)

do —212 + 8GMt — 9G*M?
dr B(2GM — 1) '

(3.37)

The behavior of % from (3.37) is presented in Fig. (2). This
figure confirms that % diverges at the classical singularity,
pointing to an infinite focusing of geodesics at that region.
All of these observations are well known. In what follows,
we show that the quantum effects modify this behavior
particularly close to the classical singularity.

40

201

a8
drt

—40}

-60 L L L
0.0 0.5 1.0 1.5 2.0

t(GM)

FIG. 2. The right-hand side of the Raychaudhuri equation as a
function of Schwarzschild time z. At both the classical singularity
t — 0 and at the horizon t = 2GM, d—f diverges. The former is due
to a physical singularity, while the latter happens because of the
choice of coordinate system. To draw this plot, we have set
M=1G=1.

IV. EFFECTIVE DYNAMICS AND
RAYCHAUDHURI EQUATION

The effective behavior of the interior of the
Schwarzschild black hole can be deduced from its effective
Hamiltonian (constraint). There are various ways to obtain
such an effective Hamiltonian from the classical one.
Usually, one first obtains the quantum Hamiltonian con-
straint. This is done by first writing the full Hamiltonian
(3.1), particularly the curvature term(s), in terms of hol-
onomies h,, hy, h; along edges in the radial and angular
direction, and fluxes, instead of a connection and triad
[9,13,29,69]. The main reason to do so is that in loop
quantum gravity, the connection is not a well-defined
operator on the Hilbert space of the theory [7].

One then represents the holonomies and fluxes, and thus
the Hamiltonian constraint as an operator on a suitable
Hilbert space [7]. Note that, due to the nonexistence of
connection on the Hilbert space, such a representation is
unitarily inequivalent to the usual Schrodinger representa-
tion [7]. As a consequence, one obtains distinct physical
results compared to the Schrodinger representation.
Another property of LQG representation is that there exist
no infinitesimal diffeomorphisms, and one only has access
to finite diffeomorphisms. This leads to the discretization of
space. For finite dimensional systems, such a representation
is isomorphic to the polymer representation. This is a
representation in which some of the operators are not
weakly continuous in their parameters [S8—61]. In this case,
the unitary inequivalence to the Schrodiner representation
follows directly from the Stone-von Neumann theorem
[70]. Due to the existence of only finite transformations
generated by some operators, minimal scales appear in the
theory, which then leads to the discretization of some
elements of the theory depending on what operators exhibit
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only finite transformations. Usually, these minimal scales
are denoted by p as we will see below.

After obtaining the quantum Hamiltonian as mentioned
above, one finds an effective Hamiltonian by either using a
path integral approach, or by acting the quantum
Hamiltonian on states peaked around some classical
solutions [52,57-61,71]. These methods will lead to an
effective Hamiltonian that can also be heuristically
obtained by replacing

p S sb) (4.1)
Hp

¢ — T HC) (kec) (4.2)
He

in the classical Hamiltonian.

The free parameters u;, p. are the minimum scales
associated with the radial and angular directions [9,13,
29,69]. In LQG, there exist two general schemes regarding
these u parameters. In one, called the pu, scheme, pu
parameters are considered to be constant [9,42,48,72].
Applying such a scheme to isotropic and Bianchi-I cos-
mological models, however, has shown to lead to incorrect
semiclassical limit. To remedy this and other issues
regarding the appearance of large quantum effects at the
horizon or dependence of physical quantities on fiducial
variables, new schemes referred to as the i scheme or
“improved dynamics” have been proposed in which
parameters depend on canonical variables [11,29,69,73].
This scheme is itself divided into various different ways of
expressing the dependence of u parameters on canonical
variables. In addition, new p, schemes have also been put
forward (e.g., Refs. [13,44]) with the intent of resolving the
aforementioned issues.

In case of the Schwarzschild interior due to lack of matter
content, it is not clear which scheme does not lead to the
correct semiclassical limit. Hence, for completeness,
in this paper, we will study the modifications to the
Raychaudhuri equation in the constant y scheme, which here

we call the ,Lot scheme, as well as in two of the most common
improved schemes, which we denote by z and i’ schemes.

Applying any of the methods of deriving an effective
Hamiltonian or simply replacing (4.1) and (4.2) into the
classical Hamiltonian (3.2), one obtains an effective
Hamiltonian constraint,

w N [(sin*(upb) L\ py
off = 2 2 +7r

2Gy Hy VPe

+2sin(ubb)sin(u66) fp}

cl-
Hp He

(4.3)

In order to be able to find the deviations from the classical
behavior, we need to use the same lapse as we did in the
classical part. Under (4.1), this lapse (3.3) becomes

N — W"b\/ Pe

= . 4.4
i (1) 4
Using this in (4.3) yields
1 sin (upb) Mo
Hy = ——— 2
ot G [ b{ Hp o sin (uyb)
sin (p,.
+2p, L‘”)] : (4.5)

Note that both (4.3) and (4.5) reduce to their classical
counterparts (3.2) and (3.4), respectively, as is expected.

A. u scheme
As mentioned before, in this scheme, one assumes that

the polymer or minimal scales ,&b, /36 are constants. Hence,
the equations of motion corresponding to (4.5) become

db 1 [sin (p,b )
a7 {b,Hy} = ) [Sm Eﬂb ) + 7 — ﬂf } (4.6)
Hp sin (ﬂbb)
dp,, 1 . i
P (py Her} =5 by[1-p—F |,
a7 {ps i} 2Pb cos (upb) { Y sinz(ﬁbb)
(4.7)
dc sin (p,.c)
——={c,Hygt} = 22—, (4.8)
dT [,
dp,. o
= {Per Heit} = 2p. cos (p.c). (4.9)

Notice that the sz, — 0 and g, — 0 limit of these equations
corresponds to the classical equations of motion (3.5)—
(3.8). The solutions to these equations in terms of the
Schwarzschild time 7 [after a transformation 7 = In(#)] and
choosing suitable initial conditions are given by

cos™! {\/ 1 + 7247 tanh (\/ 1+ 7245 1n [iﬂ—ﬁ] )]
b
b(t) = o ’
Hp

(4.10)
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pinLoM (Y 1 2) \/ L= (14 724 tanh? (m In [ﬁ})

1)

. 2
t)=—— 20 (4.12)
e
2L2M2
pe(t) = WTnttz. (4.13)

The behavior of these solutions is plotted in Fig. 3. It is
seen that both p, and p,. exhibit a bounce in this effective
regime. Particularly, there is a minimum radius at the bounce
due to the existence of a minimum value for p.. This leads to
the resolution of the classical singularity which can, e.g., be
seen from the fact that the Riemann invariants, which are
proportional to — n with n > 0, do not diverge anywhere in-
side the black hole

Replacing the effective solutions (4.7) and (4.9) into
(3.34) and (3.35) and using them in the expression of the
Raychaudhuri equation (3.33), one obtains

do 1 sin®(u,b o .
40 LU oy Giyb) cos (ice)
e v’p.
(b .
_cos™(upb) _ 3COSZ(MCC)]
4
. cos (iyb) [cos (fbb) _ cos (ji.c)
Pe

2 o2
- 7/ZCOS (/ibb) ﬂiﬁ):| . (414)

sin? (b

Before considering the full nonperturbative expression
above, let us look at its expansion up to the second order

in 1, and g,

o 1 Y A
AP 1 S I
dr 2pc< top o) Ty, (213

+ o Cz 1 + sz
“2p, )
One can see that the first term on the right-hand side is the
classical expression (3.36), which is always negative and

leads to the divergence of classical expansion rate at the
singularity, i.e., infinite focusing. However, Eq. (4.15) now

(4.15)

. . . . 02
involves two additional effective terms proportional to xj,

and ,uf both of which are positive. Hence, the quantum
corrections up to the second order in polymer parameters

2y/* ”liM + 1(7 Hp— (1 +y ﬂh)tanhz(\/ 1+ 4y In [zyﬁﬂ) + 1)

(4.11)

I
contribute to defocusing, which becomes particularly large
close to the singularity.

This is in fact confirmed by considering the full non-
perturbative expression (4.14) written in terms of the
Schwarzschild time ¢ using the solutions (4.10)—(4.13).
We do not present this expression here since it is very
lengthy. However, we have plotted this expression in Fig. 4.
This plot includes the classical versus the effective behavior
of % for two different masses. First, we can see that, while

% diverges at the classical singularity, signaling an infinite

t(GM)

FIG. 3. The behavior of canonical variables as a function of
Schwarzschild time ¢. We have chosen the positive sign for b and
negative sign for c¢. The figure is plotted using y = 0.5, M = 1,
G=1,Ly=1,and /ib =05= /ic. Notice the bounce in py, p.,
and also in c.

10

a8
drt

—-30+

-40 '
0.0 05

FIG. 4. Plotof jg as a function of the Schwarzschild time ¢, for
two different masses in classical vs effective regimes. The figure

is plotted using y = 0.5, G =1, Ly = 1, and i, = 0.08 = 4,..
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focusing of geodesics there for both masses, the quantum
effects actually reverse this situation for the effective case.
Consequently, % bounces back from a finite negative value
and goes to zero when we approach the classical singularity
region. This leads to the resolution of the singularity in the
effective theory. Second, note that this happens earlier for a
larger black hole.

Looking back at the Raychaudhuri equation (3.33), we
see that both terms in that equation carry a negative sign, so,
classically, they both contribute to focusing of geodesics,
and this focusing becomes larger and larger with no other
term being present to counter it. However, the nonpertur-
bative effective correction terms resulting from loop quan-
tization contribute to terms that have a positive sign and
only become significant when one gets close to the
singularity where quantum gravity effects should be sig-
nificant. These effective terms then take over and revert the
focusing property of the classical terms, so much so that
they return the value of % to zero at the region that used to
be the classical singularity.

\
0.0

To get more insight, we also have plotted % against the
(square of the) radius of 2-spheres, p.(t), in Fig. 6. From
this figure, one can see that both p. and % bounce back.
However, % starts bouncing back much earlier than p,. and
“knows” about the “repulsive” quantum gravity effects
much more earlier than p, does. By the time p,. starts
bouncing back, % is already bouncing toward zero value.

Finally, in Fig. 5, we have plotted % as a function of both
t and the Barbero-Immirzi parameter y. It is seen that with
given y, and ., a decrease in value of y deepens the

minimum of % but in ﬁ scheme there always will be a
bounce anyway while y > 0.

B. i scheme

In this scheme, ji;, ji. are assumed to depend on the triad
components as

(4.16)

FIG.5. Left: plot of % as a function of both 7 and y. Right: The same plot with the full interval of % in picture. The values used here are

G=1,Ly=1, and p, = 0.08 = 4.

40—
I
j
20} !
I
i
R —
0 I
i
i
-20F 40
! dt
I
-40t = Pc(f)
I
0.0 0.5 1.0 15 2.0

t(GM)

40

20

TIomad=I=t==1

—40}+

0.0

FIG. 6. Left: plot of % vs p.(t) as a function of the Schwarzschild time 7. Right: the close-up of 0 < 7 < 0.5GM portion of the left
figure. The vertical dot-dashed line shows the time 7 =~ 0.158 GM when the minimum of p!™ = 0.05 happens in this case. These are

plotted using y = 0.5, G =1, Ly = 1, and 1, = 0.1 = pi,..
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PE(f)
pE(f)

— ——

FIG. 7. The behavior of canonical variables as a function of
Schwarzschild time ¢ in the i scheme. We have chosen the
positive sign for b and negative sign for c¢. The figure is plotted
usingy =05M=1,G=1,Ly=1,and A =0.1.

o= 1| —. 4.17
o (4.17)

Using the same lapse as (4.4) but keeping in mind the above
dependence of ji;, 1., one can easily obtain the equations of
motion as

db 1 _ sin (f1,b)
C_(p p) — 3 Wb2)
o= (peos ) -3
2 M _ Hp
-y ———|1+b b)——| |
! sin<ﬂbb>{ Fheoslimb) g, (ﬁme
(4.18)
dpb 1 _ ﬁz
— == b)[1-y2—2—]|, 4.19
dT Zpb cos (/’tb )|: /4 Sin2(/_lbb) ( )
d .
ﬁ = ccos (fi.c) — 3%, (4.20)
0
—-10F
_20.
| ~
S| T
—-30F
—40F
-50 - - -
0.0 0.5 1.0 1.5
t(GM)
FIG. 8.

is the position of the bounce of p, where its minimum pMin
M=1G=1,Ly=1,and A =0.1.

dp,
dT

=2p,cos (f.c). (4.21)
These solutions are plotted in Fig. 7. To obtain them, we
have solved the system numerically and used the same initial
conditions very close to the horizon as the classical solutions.
From Fig. 7, one can see that p,. still retains a certain
minimum value and bounces after reaching this value.
Hence, again, none of the Riemann invariants will diverge.
The full Raychaudhuri equation now becomes

do 1 sin?(a,b _ ~
= B o () os 1)

(b
— % —_ 3COSz(ﬁCC):|

cos (fi,b) [COS (f,b)
+
Pe 2

— cos (fcc)

2

— L cos (g, b)

7 (4.22)

iy ]

sin® (fyb) ]
This looks similar in form to (4.14), but we should keep in
mind that the polymer parameters here depend on canonical
variables as in (4.16) and (4.17). As in the previous case, let
us consider the perturbative expansion of this expression
before considering the full nonperturbative version. Up to
first order in A (which can be considered as the second
order in j scales), we get

gg/v 1 1*.293*.15_ +“££ _l__ Eéi_F 2
d” " 2p " 22 T 2n?) T pilep \ 2 T

(4.23)

Once again, the first term on the right-hand side is the
classical expression of the Raychaudhuri equation (3.36),
which contributes to infinite focusing at the singularity.

10p

-
-

0 ~
—10}

—20+

de
dt

------ P

0.0 0.5 1.0 1.5 2.0
t(GM)

—-30F

—40f

Left: Raychaudhuri equation in the ji scheme. Right: Raychaudhuri equation vs p,.. The vertical dot-dashed line at t ~ 0.43GM
= 0.29 happens in this case. The figure is plotted using y = 0.5,
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However, all the correction terms are positive, and once
again, these terms contribute to defocusing, which becomes
significant close to the singularity.

The full nonperturbative form the modified Raychaudhuri
equation in terms of ¢ is plotted in Fig. 8. We see that,
approaching from the horizon to where the classical singu-
larity used to be, an initial bump or bounce in encountered,
followed by a more pronounced bounce closer to where
the singularity used to be. Once again, the quantum
corrections become dominant close to the singularity and
turn back the % such that at ¥ — 0 no focusing happens at all.

beff ( f)

—10}

-20r

ceff ( t)

-30

-40 : - -
0.0 05 1.0 15 2.0

H(GM)

"(t)

e

Pec
N

T

0 . . .
0.0 0.5 1.0 1.5 2.0

H(GM)

Furthermore, from the right plot in Fig. 8, we see that the first
bounce in the Raychaudhuri equation happens much earlier
than the bounce in p..

C. i’ scheme

Here, j1,, ji.. have the following dependence on the triad
components:

=)o (4.24)

0.004 0.006 0.008 0.010

H(GM)

0.002

4l

0.05

0.04r ]
oo V\/—\‘

0.02|

0.01F

0.00 . . . .

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010
H(GM)

FIG. 9. The behavior of the modified solutions in the i’ scheme as a function of the Schwarzschild time . The top left figure shows
b(t), while top right figure shows the close-up of b() close to what used to be a singularity. The middle left figure depicts c¢(¢), and the
middle right one shows p, (). Finally, the behavior of p. and its close-up are depicted in bottom left and bottom right figures,
respectively. The figure is plotted using y =05, M =1,G=1, Ly =1, and A =0.1.
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NN
o, = YPL2 (4.25)
Po

The equations of motion in this case are

db 1, E,  1sin(@b)
dT 2° sin(@,b) 2 p,
sin (j!
_Le [M + ccos (p;.c)] . (4.26)
Pb He
dpb 1 — ﬁ’z
2 — _p,cos (@,b)|1 =y —L—1|, 427
uT Zpb (ﬂh ) 14 sinz(ﬁlbb) ( )
0 R
~20
| =
o T
_40F
_60.
0.0 05 1.0 15 2.0
t(GM)
5
0
-5
ol 10
o| T
—15f
~20
_25.
~30 ' ' ' : '
0.000 0005 0.010 0015 0020 0.025 0.030
t(GM)
2
0

10 . . . .
0.00000 0.00002 0.00004 0.00006 0.00008 0.00010
t(GM)

dc i) i
= s | g )
sin (ﬁ'bb)} by cos (h)
i, 2p,
- % — ccos (fil.c), (4.28)
‘ZPTC = 2p, cos (FLc). (4.29)

The behavior of some of these canonical variables as a
function of the Schwarzschild time ¢ is now quite different
from the previous two schemes. Figure 9 shows the behavior
of b, p.. and their close-ups near what used to be a singularity

000 005 010 015 020 025 0.30
t(GM)

do
dr

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030

t(GM)

-3

_4f

_5F .
fes} ~
‘ol ©

—6F ]

—7F

-8

0 2.x107 4.x107 6.x107 8.x107 1.x107®
HGM)

FIG. 10. Raychaudhuri equation in i’ scheme. The top left figure shows the behavior over the whole 0 < < 2GM range. Other plots
show various close-ups of that plot over smaller ranges of z. The figure is plotted usingy =05, M =1,G=1,Ly = 1,and A = 0.1.
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as well as the behavior of ¢, p;,. Particularly, one notices that
p. behaves differently while still remaining nonzero in the
interior, hence leading singularity resolution once again.
Both » and p,. show some sort of damped oscillatory
behavior close to the classical singularity which contributes
to a more volatile behavior of the Raychaudhuri equation.

The full Raychaudhuri equation in this case takes the
following form:

do 1 sin®(bi,) _ _

a = 7p. Tb [COS (fb) cos (ficc)
2 —/b

— Cosf(”b) — 3 cos? (ﬂéc)}

=/ =/
| cos (,b) {cos (2/¢bb) — cos (7.c)
Pc

2 =12
~ 7 cos (@,b) ”717] . (4.30)

4 sin? (j,b)

This again looks identical to (4.14) and (4.22), except for
the different forms of i’ scales compared to previous cases.
Before considering the full nonperturbative expression of
the above equation, we can check that up to first order in A,
one obtains

do 1 1+9b2+}/2
dt = 2p, 272 2b?

ATl 3c?
t s | Bb* ) + 2 (5B + 92|, (431)
67/ Pe pb

Although this perturbative form of the Raychaudhuri
equation is a bit different from previous cases, nevertheless
it exhibits the property that the quantum corrections are all
positive and hence once again contribute to defocusing of
the geodesics.

The full nonperturbative Raychaudhuri equation and its
close-ups in this case are plotted in Fig. 10. It is seen that in
this scheme, the Raychaudhuri equation exhibits a more
volatile behavior and has various bumps particularly when
we get closer to where the singularity used to be. Very close
to the classical singularity, its form resembles those of b
and p,, behaving like a damped oscillation.

Two particular features are worth noting in this scheme.
First, as we also saw in previous schemes, quantum

corrections kick in close to the singularity and dominate
the evolution such that the infinite focusing is remedied,
hence signaling the resolution of the singularity. Second,
this scheme exhibits a nonvanishing value for % at or very
close to the singularity. In Fig. 10 with the particular choice
of numerical values of y, M, G, Ly, and A, the value of %
for t — 0 is approximately —5.5. Hence, although a non-
vanishing focusing is not achieved in this case where the
singularity used to be, nevertheless, there exists a relatively
small focusing.

V. CONCLUSIONS

In this paper, we have shown that the LQG corrections to
the interior of Schwarzschild black hole induce additional
terms in the Raychaudhuri equation. Importantly, these
terms are repulsive (positive) near the classical singularity
of the black hole. This is in contrast to the attractive
(negative) terms on the right-hand side of the classical
Raychaudhuri equation. So, while the former implies the
convergence of geodesics, as our explicit computation and
related plots show, the quantum generated terms that we
estimated are sufficient to negate this convergence. This in
turn implies that the primary condition for the Hawking-
Penrose singularity theorems to hold true is violated, and
the theorems themselves cease to hold. Consequently,
geodesics are no longer incomplete, and the classical
singularity is resolved. We emphasize that this result is
true only for the spherically symmetric Schwarzschild
black hole, but we expect it to continue to hold for realistic
astrophysical black holes as well, with little or no sym-
metries. After all, it is the more symmetric solutions which
are more likely to demonstrate singularities. While repeat-
ing our calculations for the most general black hole
singularity may prove technically challenging, we do hope
to extend our results to other black hole spacetimes, such as
Kerr or Reissner-Nordstrom. Furthermore, our approach
should shed light on cosmological singularities as well. We
hope to report on these elsewhere.
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