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We study the cosmology of the dark sector consisting of (ultra)light scalars. Since the scalar mass is
radiatively unstable, a special explanation is required to make the mass much smaller than the UV scale.
There are two well-known mechanisms for the origin of scalar mass. The scalar can be identified as a
pseudo-Goldstone boson, whose shift symmetry is explicitly broken by nonperturbative corrections, like
the axion. Alternatively, it can be identified as a composite particle like the glueball, whose mass is limited
by the confinement scale of the theory because no scalar degree of freedom exists at high scales. In both
cases, the scalar can be naturally light, but interaction behavior is quite different. The lighter the axion
(glueball), the weaker (stronger) its interaction. As the simplest nontrivial example, we consider the dark
axion whose shift symmetry is anomalously broken by the hidden non-Abelian gauge symmetry. After the
confinement of the gauge group, the dark axion and the dark glueball get masses and both form
multicomponent dark matter. We carefully consider the effects of energy flow from the dark gluons to the
dark axions and derive the full equations of motion for the background and the perturbed variables. The
effect of the dark axion—dark gluon coupling on the evolution of the entropy and the isocurvature
perturbations is also clarified. Finally, we discuss the gravothermal collapse of the glueball subcomponent
dark matter after the halos form, in order to explore the potential to contribute to the formation of seeds for
the supermassive black holes observed at high redshifts. With the simplified assumptions, the glueball
subcomponent dark matter with the mass of 0.01-0.1 MeV and the axion main dark matter component with
the decay constant f,, = O(10'3-10®) GeV and the mass of O(10714-107!8) eV can provide a hint on the

origin of the supermassive black holes at high redshifts.
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I. INTRODUCTION

The discovery of the Higgs boson completed the
Standard Model, which explains most of the phenomena
in the Universe including nuclei, atoms, and their inter-
actions. However, various studies based on precise mea-
surements of the cosmic microwave background (CMB),
velocity distributions of stars and galaxies, and large-scale
structures (LSS) show that only 4% of the Universe is
understood by our knowledge of the Standard Model, and
96% must be filled with dark matter and dark energy, for
which we do not know their origin [1].

Among dark matter candidates, particles -classified
as “weakly interacting massive particles” (WIMP) were
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considered as the best candidate. This is because their
freeze-out relic abundance can naturally explain the present
amount of dark matter, and they can be tested by different
ongoing searches. Their mass scale can also be related to
new physics that explains why the electroweak scale is
stable against various quantum corrections.

However, there is no conclusive evidence of WIMP dark
matter so far, and the alternative candidates got more
attention in recent years. The masses of these candidates
are not limited to a narrow range, and various ideas have
been proposed, particularly focusing on the detection
possibility [2]. For such a broad range of dark matter
mass, there is no clear guiding principle to specify its
natural range. Especially, it is extremely unnatural to
consider a light scalar compared to the probing scales
unless there is a special reason for it.

It is quite interesting to notice that an ultralight scalar
dark matter is allowed by cosmological and astrophysical
observations, because the scalar can act as an oscillating
classical field whose averaged equation of state is the same
as that of cold dark matter (CDM). Further interesting
phenomena can arise from its field nature at small scales.
The fuzzy dark matter [3] and the QCD axion [4-7] are
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good examples. Both candidates, the axion or axionlike
particle, can be naturally light by their approximate shift
symmetry, which is explicitly broken by the controllable
nonperturbative corrections. The consequence of the global
symmetry is that the lighter the axion becomes, the weaker
its interaction is. Therefore, a large occupation number of
the (ultra)light axion is allowed, and it can be described by
the evolution of scalar condensate.

On the one hand, there is another natural way to obtain a
light scalar dark matter. When the asymptotically free
gauge group has confinement at low energy, the gauge
fields are confined into scalar particles—glueballs—whose
mass is limited by the confining scale. Unlike in the case of
the axion, the lighter the glueballs, the stronger the
scattering cross section among glueballs. The number-
changing interactions are active, so the occupation
number is always limited by its temperature during its
cosmological evolution. In this case, the relic density is
determined by the freeze-out mechanism. Because of this
property, the light dark glueball becomes a good candidate
for self-interacting dark matter (SIDM) [8,9], which is one
of the ways to make the cored density profile around the
centers of galaxies [10]. As a subcomponent hot dark
matter, it can also play the role to suppress small-scale
perturbations [11].

These two mechanisms to obtain a light scalar dark
matter provide a completely different microscopic nature of
dark matter and yield different predictions for small-scale
evolution.

In this paper, we study the cosmology of light scalar dark
matter, focusing on the origin of its mass and the conse-
quences associated with it. We cover two mechanisms
discussed above at the same time in a minimal setup: the
dark sector, consisting of the axion, and the confining
hidden gauge symmetry without light fermions. In this
setup, the axion’s shift symmetry is nonperturbatively
broken by a Chern-Simons-type coupling between the
axion and the dark gauge field—i.e., gluon. After the
confinement of the gauge group, the axion and the glueball
get masses and become a part of multicomponent dark
matter. The idea that the mass of the ultralight scalar dark
matter originates from a confining hidden gauge symmetry
was studied in Refs. [12,13], but comprehensive study on
its cosmological evolution is still lacking.

We derive a complete set of the equations of motion for
the background and the perturbed variables of the dark
axion and the dark gluon/glueball densities. Since the
axion-gluon coupling provides energy transfer from
the dark gluon to the dark axion, we clarify its effect on
the thermodynamics of the dark gluon fluid and entropy
evolution. We also quantify the transfer of the isocurvature
perturbation through the same coupling.

The multicomponent dark matter which simultaneously
contains feebly interacting and strongly interacting par-
ticles has an interesting cosmological consequence. When

the glueball dark matter becomes a subcomponent, the
stronger self-interaction between the glueballs is allowed
and opens the possibility to form a black hole in the early
Universe [14,15]. This may provide a possible answer to
the question about the origin of observed supermassive
black holes at high redshifts [16-19]. We discuss the
parameter space to provide the solution and possible
caveats.

The paper is organized as follows: In Sec. II, we establish
basic formalism from the Lagrangian to the dynamical
equations of the background and perturbation variables of
the coupled axion-gluon fluid. In Sec. III, we focus on the
background evolution of the glueball and the axion dark
matter. The parametric dependence of the relic abundance
of the glueball and the axion is also presented. Section IV is
devoted to the evolution of the perturbed variables. For the
initial conditions, we have three modes: adiabatic pertur-
bation, isocurvature perturbation induced by the initial
misalignment of the axion, and the temperature fluctuation
of the dark gluon fluid. In Sec. V, we discuss the
implication of the glueball subcomponent dark matter for
the early formation of the supermassive black holes.
Section VI presents conclusions.

II. AXION DARK MATTER AND CONFINING
DARK SECTOR

A. General description of the model

Our starting Lagrangian of the dark sector is composed
of the ultralight axion ¢, whose field range is 2z f,, and the
dark gauge symmetry with the confinement scale A
(A < f,). The coupling between the axion and the dark
gauge bosons is given as

_ L

2
gh¢ G¢ Ga/u/7
V)

R2f, "

(O, + 3 (G + 2.1

| =

where Gf, is the dark gluon field strength and g;, denotes
the dark (hidden) gauge coupling. For illustration, SU(N)
is taken as our dark gauge group. Although we will not
consider an extremely large value of N and only take
N? = O(10) in concrete examples, we keep N-dependence
explicitly in our discussion in order to organize the results
using the large-N expansion.

Below the confinement scale, the dynamics of the gauge
fields can be described by the composite bosons, the
glueballs. The most relevant glueball for dark matter
physics is the lightest glueball, ¢,. Considering the
large-N limit (dominated by planar diagrams) and the 4z
factor from the naive dimensional analysis (with the cutoff
of the order of A), the effective Lagrangian of ¢, can be
expanded in (47/N)(¢p,/m,) as [20-24]
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where the lightest glueball’s mass is denoted by m,= O(A),
and the coefficients a; are expected to be O(1).

The axion also gets a scalar potential from the gluody-
namics, which can be written as a power series in (¢p/Nf,)?
around its CP-conserving minimum [25,26]:

o (G )
s TS
In this expansion, the axion mass is given by
= gy [ (s 6uGutn) .60
10 /ey (M[;V>4 (1015f:}eV>2’ (2.4)

where the integral is evaluated for Euclidean continuation
of Eq. (2.1). The 1/N? factor for the quartic term of the
axion potential leads to the suppression of anharmonic
effects as long as the initial misalignment of the axion field
18 ¢; < fa-

The glueball is not the lightest particle in our dark sector,
and the symmetry allows the decay of the glueball to two
axions as @, — ¢¢. We can infer the glueball lifetime from
the lattice calculation. The leading axion-glueball inter-
action can be obtained from the axion-dependent glueball
mass term:

¢’ ¢*
mg—mg(¢_0)(1+gzN2—f2+O<N4—f4>>, (2,5)

where g, ~ —0.5 (—=0.6) for N = 3 (4) [27,28]. Because the
coefficient g, is not suppressed in the large-N limit [27], its
value is expected to remain as O(1) for all N > 3. Through
the interaction term ¢?¢; from Eq. (2.5) and the cubic term
(pz in Eq. (2.2), the one-loop diagram of the glueball
provides the following effective Lagrangian, which is
relevant for the glueball decay:

A'Ceff
V™9 one-loop

gaas m;
4zN3f2

— o, 2O oy, (26)

Here c, is the O(1) coefficient whose explicit value is not
available at this moment. From Eq. (2.6), the lifetime of the
glueball is estimated as

N\¢/ f 4/GeV\$
~ 1018 w a
o0 () (o) (2 e

In the parameter space we will focus on, the glueball is
cosmologically stable, so that both the axion and glueball
are dark matter of the Universe.

For cosmology, we consider the case that the dark sector
and the visible sector are thermally decoupled at the
beginning. In such a case, dark gluons/glueballs are
thermalized by their own interactions at a temperature
T, that could be different from the SM photon temperature
T,. Starting from the gluon fluid (T, > A), as the Universe
expands, T'; drops and crosses the dark critical temperature
T,.= O(A), and the confining phase transition occurs.
Below T, all gluons are confined into the glueballs, and
the evolution is described by the massive glueball fluids.

The dark gluon temperature also affects the evolution of
the dark axions. The leading term of the axion potential
induced by the gluothermodynamics is

1
V(T ) = S m3(T, ) 28)
The axion mass m,(T,) is well described by the dilute
instanton gas approximation in the deconfining phase,

my(T,) =~ m, (TTL> "t T,2T,. (29)

g
with 57, = 1IN/6 —2. For N =3 (4), n, = 3.5 (5.3) [29].
After the confinement (T, <7,.), the axion mass is
saturated to its zero-temperature value, m,(7T,) ~ m, [30].

Actually, the temperature dependence of the axion
potential implies the existence of the energy flow from
the gluon fluid to the axions as the temperature decreases.
Then, a natural question is whether or not the entropy of the
dark gluon also evolves during the energy transfer. In order
to make it clearer, let us discuss the gluothermodynamics in
more detail. The free energy density of the gluon/glueball
fluid can be evaluated from the gluon partition function for
a given temperature T,. If the topological ¢ term

¢

0=— 2.10

7 (2.10)
is vanishing, the free energy density f, is only the function
of the temperature as f,(7,) = —p, where p, is the

pressure of the gluon/glueball fluid. The energy (p,) and
entropy (s,) densities are obtained by the thermodynamic
relations, s, = —df,/dT, and p,=T,s,— p,. On the
other hand, the situation is a little bit different for the
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nonvanishing @ term. Because the gluon partition function
also depends on @, the free energy density (the negative of
the pressure for the gluon fluid with the 6 term) is evaluated
as [27]

foro(Ty) = =py+V(Ty. ), (2.11)

where p, = —f,(T,). The second term of the rhs represents
the contribution of the vacuum energy density generated
by the nonperturbative gluothermodynamics. The energy
density of the gluon fluid with the 8 term also can be
decomposed into the sum of the vacuum energy density and
the pure gluonic contribution as p,..o(T,) = p, + V(T,. §).
Then, the thermodynamics relations provide

dngrG(Tg) _ % _ 8V<Tgv ¢)

Sgro = — dT, drt, T,
_ Pgro(Ty) = foro(Ty) _ Pyt Py s (2.12)
T r T

g g

The relation s,y = s, implies that the entropy of the dark
sector is mostly given by the gluonic excitations, not by the
axionic excitations. This is the natural consequence,
because the axion is homogeneously distributed in space,
and its time evolution is negligible compared to the thermal
process of the gluon plasma. On the other hand, the entropy
and the energy density of the gluon fluid depend not only
on its temperature but also on the axion field value as
Eq. (2.12) and

dp, T 8V(Tg, ®)

var,” PTG,

p, =T (2.13)

From the continuity equation of the dark sector, we can
explicitly show that the entropy of the dark sector in a
comoving volume s,a’ is conserved for whatever value of
¢ during adiabatic evolution.

Based on this observation, before discussing the explicit
evolution of each component, we address general equations
of motion for axion and gluon as the fluids including their
homogenous and perturbation parts.

B. Dynamics of the axion-gluon/glueball fluids

The axion dark matter is described by the evolution of
the classical field, ¢(x). The dark gluon/glueball densities
and their perturbations can be parametrized by its temper-
ature evolution 7', (x) and ¢(x), as discussed in the previous
section. In this context, {¢(x), T,(x)} are good variables to
derive full equations of motion of the dark sector, including
their perturbations. Considering the fluid description, the
evolution of energy densities and pressures are deduced
from the evolution of ¢ and T, with the help of the Einstein
equations, gluothermodynamics, and the lattice calculation.

We introduce the conformal Newtonian gauge for the
inhomogeneous part of the metric tensor:

ds> = a(7)?(=(1 +2¥)d7* + (1 +2®)dx?), (2.14)

where the conformal time 7z and the conformal Hubble rate

‘H are related with the proper time ¢ and the Hubble
expansion rate H = a/a as

= [ =, =—— —_—qgH 2.15
‘ adr “ ( )
Here, we use the notation
d d
/I=—, =_— 2.16
dr dt ( )

for the time derivatives. For most of the discussion in
Secs. II and IV, we take the conformal time 7 as the
argument of the time-dependent variables, whereas the
proper time ¢ is mainly used in Sec. V when discussing
the evolution after dark matter halos form.

Expanding ¢ and T, near the homogeneous solutions

d(1,%) = ¢p(7) + 6¢p(z. X), (2.17a)

Ty(7.%) = Ty(7) + 6T (7. %), (2.17b)
the equation of motion of the background axion field is
given by

ovV(T,.¢)

" +2HY +a® “op 0. (2.18)

The corresponding background energy density and pres-
sure are

¢/2

T 24

¢/2

+ V(Tgv ¢)1 Pa 2a2

Pa - V(Tgv ¢) (219)

From Egs. (2.18) and (2.19), the continuity equation for the
background axion is obtained:

oV
/ 1 -7
Pa+ IH(1 +w,)p, ot 10

(2.20)
W, = p./p. 1s the equation of state for the axion. Since
the axion-gluon fluid is isolated from the visible sector, the
total energy and pressure of dark sector should satisfy the
continuity equation without source terms:

p;“r_(] + 3H(pa+g + pa+g) =0. (2.21)

This leads to the evolution of the gluon/glueball fluid as
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v,

P+ 3H(1L +w,)p, = T, (2.22)

where w, = p,/p,. Together with Egs. (2.12) and (2.13),

we can derive the conservation of the dark entropy as we
claimed:
sy + 3Hs, = 0. (2.23)

The evolution of the Fourier-transformed perturbed
axion field variable d¢p for a given wave number k is
described by

5" + 2HSP + (k2 +a 8_) 5p+ ¢/ (- +30)

Og?
, 0V %
2 —‘I" T,=0. 2.24
+a8¢ +a8¢8Tg(Sg 0 (2.24)

From this, the evolution of the fluid perturbation variables
OpPas OP4s v, and m,,

'S¢ + ¢Pd OV 8V
Opy = % Y ——0¢ + Tg, (2.25a)
% oV
6Py = Opg =27 6¢ — 25T, 2.25b
Pa=0%a=25, ¢ or, ( )
(Pa + Pa)Va = a2kp'Sp,  pom,=0.  (2.25¢)

can also be calculated. We follow the definition and
convention of the variables in Refs. [31-33].

On the one hand, from Eq. (2.13), the gluon/glueball
fluid perturbations 5p, and 6p,, can be related with 6T, and
o¢ as

d’p oV 6T v
spo= (125Ls Y V% IV sy
Py < 94T 8(lnTg)2> T, <6¢8lnTg> ?
d
5p, = d’; Lo, (2.26)

Similarly, from Eqgs. (2.24) and (2.25), we derive the
equations of motion for the fluid perturbations:

8y = —kuy — 3(1 + w, )@
1 0InV T\ (p,
- <3H 20IT,T ) <5pa _W“>5“
1 OV 6T
S(1—w,) & ] 2.2
=g, <8ln T, Tg> (2.27a)
) 5Pa
uy, = —H(1 =3w,)u, + k(1 +w,)¥ + k 1)
1 dlnV 5T,
—-(1- Oy =kl 2.27b
X m)amg( " Tg) (2.270)

5
8, = —ku, — 3(1 + w,)@ —3H<6pg—w >5g

Py

1 OlnV T, o
+= /)a n Ly pa_l 5g+(1—Wa)5g
2pg OInT,T, [ \op,

d (O0InV 6T
—(1=w,)— 4 2.27
( Wa)dr <8lnTg Tg)]’ (2.27¢)
ug = —=H(1 =3wy)u, + (1 +wy)k¥ + k 5
5pg
1 JOlnV T’g oT,
+§(1_Wa)81nTg <T_gug_kT_g . (227(1)

where 8, = 8p,/pa, uq = (1 +w,)v,, and we use the same
definitions for & , u

Although Eq. (2.27) is not a closed form, it is straight-
forward to express {dp,.6p, 6T, 6¢} in terms of
{64+64,u,}. One can also take the perturbed variables as
{6¢,6T,, u,} using Eqgs. (2.25) and (2.26) for solving
Eq. (2.27). The nontrivial ingredients in our differential
equations are the terms proportional to 9V/JT,, which
originate from the nonperturbative interactions between the
gluon and the axion. The effect of these terms becomes
larger as T, approaches T, . and suddenly disappears after
the confinement.

As the initial conditions for cosmological evolution, the
amount of dark gluons can be parametrized by the ratio
between the entropies of the dark sector and the visible
sector, s,/ssy. Even though dealing with the entropy ratio
between two sectors would make it easier to trace the
evolution of the densities, in order to get a more intuitive
picture about how cold the gluons are compared to the
visible sector, we will use the ratio parameter between the
temperatures. Taking a period around the phase transition,
the photon temperature when T, arrives at 7' . is denoted
by T, .. Then, we define the ratlo parameter r as

_ g*S(Ty,c) Sg 1/3,\/&
\2(N? = 1) ssm T,

v.C

(2.28)

where s, (sg\) is the entropy density of the gluon fluid (the
SM sector), and g,y is the effective number of degrees of
freedom in entropy for the SM sector.

So far, we have ignored the effect of dissipation for the
axion’s motion induced by the background dark gluon
plasma. It is not crucial in our discussion, but let us clarify
how small its effect is. Including the friction term (yy)
induced by gluon plasma, the equation of motion of the
background axion is written as [34]

¢+ GH +ri)p +m2(T)p=0. (229
In the deconfining phase, y = [y (T,)/2f2T ;. where the

sphaleron rate is estimated by [35]
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2

2
r. T) = 4 gh ~ gh 7
(1) = [ d x< 9GO 5G6(0) )

= 0(0.1-1) <%>5 (NZN_ 1) T

for g7 /47 < 0.1. Note that this is not a Euclidean correlator
like Eq. (2.4), but evaluated in real spacetime. Around the
critical temperature 7'y ~ T'y ., the gauge coupling can be as
large as 2N /4x = O(1). In this regime, the sphaleron rate
is expected as 'y (7y.) ~ T;. from the argument of
dimensional analysis and the calculation using the
AdS/CFT correspondence [36]. After the confining phase
transition, no reliable calculation has been done so far. A
crude estimation based on the dimensional analysis is that
the dissipation rate is at most proportional to the entropy
density (or number density) of the glueballs as yg ~ s,/ f 2,
Because the time dependence of the Hubble rate and the
dissipation rate are given as H «x a> (a~>/?) in the
radiation-dominated era (matter-dominated era) and
¥ & a3, the gluon-induced friction term is important
only when the temperature of the visible sector becomes
greater than

10° GeV)\ /10" GeV\2 /¢g2N\ >
Ty>(’)(1)< N )( 7 )(Z—”) . (2.31)

Comparing this with the temperature when the axion starts
to oscillate in our scenario (T, < TeV), it is always
irrelevant.

9

(2.30)

III. EVOLUTION HISTORY

A. Evolution of the background gluon and glueballs

In Eqgs. (2.20)—(2.27), we establish the continuity equa-
tions for the background and perturbative variables based
on the equations of motion of the axion field and gluo-
thermodynamics. In this section, some features of the
background evolution of gluon and glueball fluids are
discussed in more detail.

The evolution of p, and p, is particularly easy for
Ty>»T, . andT, < T, .. Inthe limitof T, > T, ., gluons
are a relativistic fluid, and the contribution of the axion to
the evolution of p,, p, is negligible, because from
Eq. 2.13) and T, ~ A,

T,0V(T,d) ¢ (A)”N/3<<l. (3.1)

p, OT NfZ\T,

g

Therefore, the usual scaling relations hold as

7.[2

2
T
Py~ 15 (N2 = 1)T} =3p,. (3.2)

As the gluon temperature approaches 7', ., Eq. (3.2) does
not hold anymore, because the strong interactions among
gluons become significant [37] and the axion contribution
in Eq. (2.13) is also increasing. The true evolution can only
be figured out by the lattice calculation. We adopt the lattice
data for 6 = 0 to evaluate p,(7,) [38—40] and deduce the
densities of the gluons for the nonzero 6 using Egs. (2.12)
and (2.13).
At T,=T,,, the dark gluons are combined into dark
glueballs, whose masses are multiples of the confining
scale A [41-44]. Here, A should be defined with a certain
regularization scheme. Taking the MS scheme [45] shows
the relation A/+/c = 0.5 + 0.34/N? for N > 3, where ¢ is
the string tension. The relation between the critical temper-
ature and the string tension is evaluated as T,./\/0 =

0.59 + 0.46/N? based on the study for 2 < N < 8 [46]. As
a result, we get

Tye _ 0.1
A 1.2+ N (3.3)
The phase transition is first-order if N > 2. In order to
understand how long the phase transition happens, we can
compare the energy density in the deconfined phase with
that in the confined phase at T .. The former is the energy
density of the gluon plasma of O(0.1NTj,.), while the
latter is the sum of the glueball tower of O(0.177} ). Thus,
as N increases, larger latent heat is released and the
transition period becomes longer.
Let us shortly discuss how we evaluate the energy
density of the glueballs. Since the lightest glueball mass
is calculated as

12
Mo 572 (3.4)
T, N

where we use the relation mg/ Vo =3.64 for N = 3 [42],
and m,/\/c =3.37 + 1.93/N? based on the results for
2 <N <5 [47], all glueballs are nonrelativistic at 7.
Using the spectral density p(m), the energy density of
glueballs at T, < T, . can be written as

ng

1) = [ amptmm(52) e (33)

For 0 = 0 (the effect of the axion-induced € term will be
discussed later), the glueballs are well described by the
eigenstates of the spin (J), the parity (P), and the charge
conjugation (C): JPC. The lightest glueball corresponds to
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0" [48]. p(m) contains information about the tower of the
glueballs. It turns out that the spectral density can be
successfully approximated by the sum of the discrete low-
lying resonances with a mass mjrc (<my) and the
continuum spectrum of the Hagedorn tower [49-51],

plm) = > (2] + 1)5(m — mec)

m<mgy,
ny (27T \3
+ ZN <3—’nH) em/TH®(m - mm), (36)

where n, = 1, nys3 = 2. In the large-N limit, the Hagedorn
temperature 7'y is related with 7, . as [50-52]

T”:1.16—(])V;§.

(3.7)

g.¢

We use the closed Nambu-Goto string model for glueballs
to provide the relation between 7y and the string tension,
Ty = +/30/2x [50]. The threshold mass my, is not a
physical quantity. It is shown that taking mg, = 2m,, ~
10Ty is good enough to reproduce the lattice results [51].
Actually, from the closed string description of the glueball
spectrum, the continuum approximation works well for
Ty < m.

Note that even if N increases, the number of glueball
degrees of freedom does not increase. Therefore, the
contribution from the Hagedorn glueballs to p, near
the confinement is insensitive to N and becomes
0(0.01-0.1)T} .. The low-lying glueball contributions with
myrc < 2m, are O(10-50)% of it. For this estimation, the
glueball spectrum of Refs. [42,43] is used in the case of
N = 3. For the larger value of N, we adopt the spectrum
0++(), 2++ of Refs. [53,54]. In fact, the glueball spectrum
calculated using the lattice has a large uncertainty except for
a few low-lying modes in the case of N > 3. However, we
can reasonably assume that there is no significant change in
the spectrum even for higher values of N [55].

Now, we turn our attention to the effect of the axion
on the glueball spectrum. First of all, the nonzero axion
field value can change the glueball mass as ém/m =
O(¢*/N?£2) from Eq. (2.5). Its contribution is smaller
than 10% for N > 3, so it is ignorable. Secondly, for the
nonzero axion value, the parity is no longer a good quantum
number. This leads to mixing between the glueballs with
different P eigenvalues. For instance, Ref. [56] shows that
the mixing between 0™ and 0~ is not suppressed even in
the large-N limit as ¢, = 07+ = ¢, = 07+ + O(0)0~ . It
is also noticed that this mixing only shifts the lightest state,
while the heavier state ¢_, = 0~ remains intact. Through
the cubic interaction of 0™ as in Eq. (2.2), the interaction
between ¢, and ¢_,

(3.8)

is induced, and it may allow the decay of ¢_, to two ¢,’s
when the axion has the nonzero expectation value. However,
m, =~ 1.5m, < 2m, for N = 3 [42,43], and this inequality
is expected to hold for N > 3 from the argument of the large-
N expansion. Therefore, the axion-induced decay to the
lightest glueballs seems to be kinematically forbidden
for N > 3. On the one hand, the existence of the mixing
between 0™t and O™ in the presence of a 6 term can
also imply the direct decay of ¢_ . to the lightest glueball and
the axion from an interaction like (m2/f,)p0T0"".
If this term is not canceled in the mass eigenbasis, the
corresponding lifetime of ¢_, is estimated as 7,,_ _, 4 ~
20 Myr(f,/10'5 GeV)*(MeV/m,)*, which can be shorter
than the age of the Universe.

Although there are large uncertainties in estimating the
effect of the axion on the dynamics of heavier glueballs, we
expect that (i) its effect on the glueball masses is small,
(ii) the heavier glueballs become less stable, and (iii) they
interact more with other glueballs. This means that the
approach using the spectral density Eq. (3.5) works well
near the critical temperature, Ty~T,. even if the axion
degree of freedom is included.

The lower limit of the actual transition period is given by
the period obtained assuming the quasiequilibrium tran-
sition. This is the case when the pressures of the deconfin-
ing/confining phases are equal and the latent heat is
released adiabatically as the Universe expands. In this
situation, the temperatures of the confining and deconfining
phases are the same and maintain at around 7', . during the
transition, and the entropy is conserved. The duration of the
phase transition is estimated by the conservation of dark
entropy:

g.c>

Sgluon(Tg,c) )1/3 2/3
op = g (B ocl )T g N2 (3.9)
“f “ (Sglueball(Tg.c) “

where a.f (a,;) is the scale factor when the phase transition
ends (starts), while Sgyon(7yc) [Saieban(7yc)] denotes the
entropy density of the dark gluon (glueball) at T, =T, .
The N dependence of the duration is obtained from
sgluon(Tg,c) = O'lNzTg,c = stglueball(Tg,c)'

The phase transition becomes stronger in first order as N
increases. Thus, the additional entropy is generated during
the transition and makes the glueballs hotter than the
previous estimation. However, this effect is negligible
unless N 2 4z, because the nucleation temperature is just
around 7., and the strong interactions of the gluon
and glueball fluids provide a large friction coefficient
for the bubble wall propagation. For N =3, a., ~2a,;
is obtained numerically, which is well matched with our

parametric estimation N?/3. The assumption of dark
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entropy conservation will be kept in the following
discussion.

After the phase transition, the evolution of the glueball
temperature is calculated using the conservation of the
dark entropy. The Hagedorn spectrum can slow down the
decreasing rate of 7, but numerically its contribution
becomes gradually suppressed and negligible in compari-
son with that of the lightest glueball when a2 10a,,
(T' £0.55T,.). The detailed freeze-out process of the
low-lying stable glueballs other than the lightest one is
provided in Ref. [57] for N = 3 with & = 0. Their abun-
dance is also quite suppressed after the glueball temper-
ature becomes smaller than 0.57,.. As we already
discussed, the mass spectrum of the heavier glueballs for
N > 3 is not much affected by the evolution of the axion.
Furthermore, the role of the axion is generically to make the
heavier glueballs unstable, so that the corresponding
abundance could be further suppressed compared to the
case with € = 0. Therefore, from now on, we will just focus
on the evolution of the lightest glueball.

The relevant scattering processes to maintain the thermal
equilibrium of ¢, are two-to-two (2 — 2) and three-to-two
(3 — 2) scatterings, whose rates are estimated as

1Jf(471'/N)4
327rm§ ’

6

2 (4”/N)
030"~ ———=—=,
(4n)’m;

(3.10)

Oy, ~

where v is the relative velocity of the final particles from
the scattering.

As the Universe expands, the 3 — 2 process freezes out
when most of the 2 — 2 processes are still active. This is
because the interaction rate of the 3 — 2 process is
proportional to the square of the number density of the
glueballs, while that of the 2 — 2 processes is linearly
proportional to the number density of the glueballs. Before
the freeze-out of 3 — 2 interactions, the glueball density
and pressure are the function of its temperature as

m,T, _ 27T, T2
T, = T1+=24+0(-2)),
i) =m(72) (1452 o())

m,T,\3/2 '"_g 15 T2
Pa@):Tﬂ( zgﬂg) (”m—“@(m ))
g9 g9

(3.11)

A distinguishing property of the chemical equilibrium
maintained by the number-changing self-interaction is that
its temperature drops much slower than the photon temper-
ature due to the entropy-damping effect. From entropy
conservation s, o 1 /a’, the temperature scales as T,~
1/Ina [8]. As a consequence, the energy density drops
faster than that of a cold dark matter,

pg=Tys, (3.12)

alna’

since the 3 — 2 self-interaction converts the mass energy to
kinetic energy. This behavior ends when the process freezes
out at T, =T, s, with

)

3m,Tyr,)(H
BmyTyso) Hlr,1,,) (.13)

<¢73—>2712>

pg(Tg.fz) =

After that, the glueballs still maintain kinetic equilibrium
by the 2 — 2 interactions, but they act as free-streaming
particles for their background evolution. Using Eq. (3.13)
and the dark entropy conservation, the freeze-out temper-
ature is evaluated as

m, 5 m, 3 m 3 7. N
2] 2 2282 4 2 In—— — ~In>
2T, 1 Mev +3G 51313

(3.14)

when it happens during the radiation-dominated era. As a
specific example, for N = 3, r = 0.01, and m;, = 1 MeV,
we get

~ 0.04m, ~ 0.2T,.. (3.15)

g fo
The relation T, 4, = O(0.2)T . is not much sensitive to the
values of r and m,, that we are interested in.

Meanwhile, we can argue that the impact of the axion
dynamics on the evolution of the lightest glueballs is
negligible. The main reason is that after the confining
phase transition, the axion potential becomes independent
of the glueball temperature—ie., 07 V(T,,¢)=0.
According to Egs. (2.12) and (2.13), the gluothermody—
namic quantities (p,, s,, p,) are decoupled from the axion
dynamics as long as the relaxation time for the number-
changing process I'5!,, ~ m;'(a/a.;)® is shorter than the
axion oscillation period m;' ~my"'(f,/m,). If the axion
starts oscillating before the glueball freeze-out, it is also
plausible that the glueball energy density is modulated by
the axion-induced 6(7) term after '3, > m;"'. However, its
maximum contribution, as in Eq. (2.5) for ¢ ~ f,, is less
than 10% from the beginning, and the oscillating amplitude
is redshifted such as ém,/m, ~ 0(1)*/N* x cos(m,t)/a’.
As its oscillation period becomes shorter than the relax-
ation time of the glueball’s chemical process, its effect is
also averaged out to be zero. Hence, the impact of the
axion is negligible over time and does not change our
main results.

During the evolution of the glueballs, the photon temper-
ature also evolves. When the dark glueballs freeze out, the
photon temperature becomes
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N\ 12 70.01\3/2/ m 5/4
T, ~3keV|—= - g : 1
() () ) o

One can also easily evaluate the case that the freeze-out of
the dark glueball happens after the matter-radiation equality
for m, < keV.

So far, we have specified all the history of the gluons
and glueballs in order to identify the time dependence of
the glueball temperature T,(z), which is relevant to the
evolution of the perturbative variables [Eq. (2.27)].
However, for the final relic density of the glueballs, it
can be evaluated in a much simpler way from the
conservation of the entropy of dark sector as

N? -1 r\3 /T 3.94
Q> ~0.014 o0
w0 (7557) oon) (i) (o)
2 _ 4 T
cooia(V Y[ » 3.94
10 )\0.01) \5MeV) \g.5(T,,)
corn (VI (N (m 3.94
o 10 ) \0.003) \100MeV ) \g.5(T,.))"

(3.17)

B. Evolution of the background axion

The dilute instanton gas approximation works well for
the axion potential before the confining transition occurs.
However, it is no longer valid to describe the axion
potential in the confining phase. The lattice studies can
provide a part of the information for the axion potential—
i.e., the coefficient of each term in the perturbative
expansion [Eq. (2.3)] as [58]

¢, =03+ iz, cq = —277cy. (3.18)

N
For the evolution of the axion field, further information is
necessary. An interesting feature of the axion potential
induced by the confinement without light fermions is that it
is not a single branch, but is composed of multiple (N)
branches, where for each branch the period of the scalar
potential is 2zNf, [59]. The general expression of the
scalar potential for a kth branch is

¢ 2x(k-1)
N, TN

V= N2A4h( > (3.19)

where k =1, ..., N, and h(y) is the 2z-periodic function.
The full shape of the axion potential is not available.
However, the analytic form of () in a certain range of the
axion was studied in the large-N limit using the holo-
graphic description of the pure SU(N) gauge theory
[60,61]. The shape of the potential highly relies on the
size of the ’t Hooft coupling 1, = g%lN at the KK scale. By
comparing the axion potential in the dual gravity theory and

that of the lattice calculation given by Eq. (3.18), we find
that 4, = 10-20 gives a reasonable matching.

At high temperatures for the gluons, the instanton
approximation for the axion potential is valid, and there
is a single branch. During the phase transition, branches
will emerge, and the axion can be located in a different
branch in a different patch of the Universe. If each branch
provides a stable axion trajectory, we have to consider the
effect of them seriously.

Following the approach of the holographic description
[60], we can estimate the tunneling rate per volume
between the kth and (k — 1)th branches as

1—‘tunneling ~ AteSumion ) (320)
where the Euclidean action is
N/k)?
S(k—»k—l) = 0(10_11>N ( / ) (321)

(1 +20E)

This can be significantly large only when N > 10°.
Therefore, in our consideration with N? = O(10), all
branches with higher energy densities are quite unstable,
and the transition to the lowest energy state will occur
almost immediately. As a result, the effective potential of
the axion is well described by
V() = minV,(4). (3.2)
and one can think of the evolution of the axion within the
range 2zf,.
Without worrying about the effect of other branches,
Eq. (2.18) gives
" +2HY + a*mi(T,)p =0 (3.23)
for ¢ < f,. If the second term of the lhs is much larger than
the third term, the axion field is approximately constant
because of the large Hubble friction. This is the slow-roll
limit. In the opposite case, the axion field oscillates with the
oscillation frequency m,(T,). Such evolution can be
well approximated by the simple transition at a = a,
where a, is the scale factor to give 3H = am,(T,)
[3H = m,(T,)]. For each epoch,

() =i = fobi(a < agy)
~ A(7) cos < / ' d%a(%)ma(Tg(%))> .

(a > aOSC)

(3.24)

Here, 6; is the initial misalignment angle of the axion
field, and A(z) is a slowly varying function with
A'/A < am,(T,). The axion acts like dark energy during
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a < Ay, While for a > a,., the axion plays the role of cold
dark matter because (w,)~0 by averaging out the fast
oscillation. The initial axion value ¢; is not deterministic.
Since both 6; < 1, and |0; — 7| < 1 need some tuning or
special model building, here we take

(3.25)

Since the axion’s mass depends on the history of the dark
gluons [Eq. (2.9)], there are two characteristic scales which
determine the evolution history of the axion: a (onset of
the axion oscillation) and a,; (onset of the confining phase
transition). As the scale factor approaches a.;, the con-
tribution of the gluons to the axion’s potential becomes
substantial, and the axion mass is saturated. The evolution
of the axion mass is smooth compared to the gluon
thermodynamic relaxation timescale—i.e., #,/m, ~
NH < T, unless N is very large.

Using Eq. (2.9) and the definition of a,., we find that the
quantity

r \2/6x 103 GeV
0.01 1.

determines whether or not the axion starts to oscillate
before the confining transition. If R(r, f,) > 1, the axion
starts to oscillate in the deconfining phase. The correspond-
ing photon temperature is

R(r. f,) = ( ) (3.26)

_1
Ty osc 2 R(r, fo)7uT, . (3.27)
Otherwise [R(r, f,) < 1], the axion oscillation occurs after
the phase transition. It happens when the photon temper-
ature becomes
T}/.osc =~ R(rv fa)%Ty,C' (328)
The initial energy density of the axion at T\, = T, o is
approximated as

1
Pa=75 mg(Tg,osc)f%Giz'

: (3.29)

After that, the axion field oscillates with the time-
dependent frequency. We notice that for the combination

a’p,
N, = , 3.30
ma (1) 330
Eq. (2.20) gives
my (T (f)))
N+ (3H + L )w,N, = 0. 3.31
( maT,0))" (331

For NH < am,(T ), the mass of the axion changes much
more slowly compared to the oscillation timescale. Such a

fast oscillation implies a vanishing averaged equation of
state (w,) =0 during the cosmological evolution.
Therefore, N, is nearly conserved and p,/m,(T,) « 1/a’.

In summary, if R(r, f,) > 1, the axion starts to oscillate
before the confining phase transition (7, o > T, ), and
the present relic density of the axion dark matter becomes

4 T 3tna
QR ~08x 107362 re_\p e
‘ ) ’(0.01) (5 Mev> (r:fa)

(3.32)

If R(r,f,) <1, the axion oscillates after the confining
phase transition (7', o < T, ). The corresponding axion
dark matter density is estimated as

4T
Qh~08x 107362 ——) (== \R(r. f,)
“ x '(0.01 sMev ) KU o)

T f 32
~0.0562  — r.e a
(o01) Guisy) (o 5ev)

m 12 f 2
~0.15 . 4 .
(10‘22 eV) (1017 GeV)

As shown in Egs. (3.32) and (3.17), the glueballs
dominate the dark matter density if the axion oscillates
earlier than the confining phase transition. The reason is
simply that the initial axion energy density is bounded by
the confining scale A* ~ T4 .. On the one hand, when r*/f,
is small enough, so that the axion starts to oscillate after the
phase transition, the axion becomes a dominant component
of dark matter.

The left and right panels of Fig. 1 show the evolution of
energy densities for axion- and glueball-dominated dark
matter scenarios, respectively. Figure 2 shows the para-
metric dependence of the dark matter which gives the
correct relic density. The axes are represented by 7', ., the
photon temperature when the confining phase transition of
the dark gauge sector starts, and m,, the zero-temperature
axion mass, defined in Eq. (2.4) with Eq. (3.18), respec-
tively. As we discussed, the dark matter today is dominated
by the axion in the region T, oo < T, ., and by the glueball
in the opposite region T, . < T o

The initial amount of the dark gluon plasma is limited by
the constraint on the effective extrarelativistic degrees of
freedom AN as [62]

Py 2(NP-1)
)BBN _(

(3.33)

y.co

ANeff: <p: 7/4)(4/1])4/3

N2 —1 r\4
_ ) <
(V1) (1) <0

There are various astrophysical observations to
constrain the mass of the glueball and axion dark matter.
We shortly summarize the relevant bounds. When the

(3.34)
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FIG. 1. The examples of dark matter density evolutions. Here we take N = 3. The left panel corresponds to the axion-dominated

scenario, while the right panel is for the glueball-dominated case. The parameters in the right panel are taken for illustration only,
because the corresponding values are ruled out by the self-interacting and warm dark matter constraints.

glueball dominates dark matter, its self-interaction gives
observable effects if the scattering rate is large enough to
reach the isothermal profile around the center of the halo.
The self-interaction can also be detectable from the merger
of dark matter halos, because the glueballs will be slowed

r=0.01
Mg]o(ﬂg/ﬂa)
i 30
20
% 10—12 ;
= f £,=105GeV 10
£ 10—16 [ ///’/ 0
i i £=101°Ge ~10
102 /" -20
[ -30
102 7/
(| L | | [ 1 n
102 10* 105 108 100 10'2

Ty [eV]

FIG. 2. Parametric dependence of the relic abundances of the
glueball and the axion for Qpy A% = 0.11. Here we take N = 3.
my, is the zero-temperature axion mass, and T, . ~T,./r is the
photon temperature when the confining phase transition of the
dark sector starts. The parameters {r (real lines), f, (dashed
lines)} are evaluated to give Qpyi% = 0.11 for each point in the
plot. In the region above the line R(r, f,) = 1, the oscillation of
the axion starts earlier than the confinement phase transition and
the glueball dominates the dark matter abundance with the mass
m, =~ 6rT, .. Below R(r,f,) =1, the axion starts to oscillate
after the transition and becomes the dominant component of dark
matter. Here, we did not impose the constraints from the current
bound, which are discussed in text.

down during the collision if their scattering cross section is
large enough. This leads to the offset between the dark
matter and the collisionless components like stars. From
these observations, the cross section of the glueball like
self-interacting dark matter is bounded as (see Ref. [63] and
references therein)

(1) 4\4 1 4\4 /60 MeV 3 b
=) S| < —— cm“/g
mg N) my N mg

< 0(0.5-5) cm?/g.

(3.35)

In terms of the glueball mass, it should be greater than
O(50) MeV if it is the dominant component of dark matter.
The phenomenology of heavier glueball dark matter was
studied in Ref. [64].

If the axion is the dominant component of dark matter,
there is a lower bound on the axion mass due to its
fuzziness. The de Broglie wavelength reaches the astro-
physical scale (~kpc) if m, is around 1072? eV, and it
suppresses the structure formation. The ultralight axion can
act like wave dark matter, with axions that are bound to or
interact with each other by gravity inside the halo, which
leads to the formation of solitonic cores and macroscopic
quasiparticles moving around the center. These structures
can have a great influence on the motion of stars. All these
considerations give a strong constraint on the axion mass in
the range m, <10722-1072° eV (see Refs. [65,66] and
references therein). There is another constraint on the mass
of the axion from the observation of highly spinning black
holes. This is because, if the axion mass is close to the
inverse of the size of the spinning black hole, a super-
radiance phenomenon occurs, and parts of black hole’s
mass and spin are removed by the superradiant axion cloud.
Current observations of the spinning supermassive black
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holes with masses of 10°~107 M provide interesting
constraints for the axion mass range 1072°-10716 eV
(see Ref. [67] and references therein). Since the efficiency
of the black hole superradiance depends on the axion self-
interaction and the surrounding environment, the constraint
is rather model dependent.

When the dark matter is mostly composed of the axions
(Q,h? ~0.11), the fraction of the dark glueball subcom-
ponent dark matter becomes

o Q) os N2 =1\ [ r \3[10" GeV\3/?
I Qpy T\ 1067 /) \0.01 fa

0.00 N> —1 r\? m,
7 10 0.01) \0.05MeV)"

One can think that there is no strong constraint on the
self-interactions of the glueball dark matter if f, <O0.1.
However, as discussed in Sec. V, the evolution of the
glueball dark matter after structures form may alter the
cosmological history of the Universe from z = 7-15.

(3.36)

IV. PERTURBATIONS

We now study the evolution of the cosmological per-
turbations for the axion and glueball dark matter.
Generically, both have nontrivial features compared to
the CDM. For example, the late-time transition of the
axion from dark energy to dark matter modifies the early
ISW effect [68]. The perturbation at scales smaller than the
effective de Broglie wavelength of the axion is suppressed
by its wave nature [3,69,70]. For glueballs, the number-
changing self-interaction also disturbs the growth of the
density perturbation at scales which enter the horizon well
before the freeze-out [11,71].

On the one hand, in our setup, the dark sector is
decoupled from the visible sector and the origin of their
abundance can be totally different from that of the SM
particles. Let us provide a simple example.

As the origin of Eq. (2.1), the axion field can be the
phase of a complex scalar field X. The corresponding
matter Lagrangian at high scales is

2
= X + 0ir'D, 0+t <|X|2 fa )

+yX0P,Q +Hec. (4.1)

Here Q is the vector-like fermion charged under the dark
gauge group. The anomalous global symmetry
U(l)pg:X — ey,

Q- e (4.2)

is spontaneously broken by the nonzero vacuum expect-

ation value of X, f,/+/2. Around the potential minimum, X
can be decomposed as

fa ( ) _l¢( )/fn'

X(x) = s

(4.3)

The axion ¢ is identified as the Goldstone boson, so it is
massless at perturbative level. The radial scalar s gets a
mass as m, = \//T/—i +» and the dark fermion mass is given
by My =yf./ V2. Assuming the hierarchy m, < My,
integrating out the heavy fermion yields the following
effective Lagrangian:

Ly 1 Loy G5\ (Ga
_2(8s) —|—2ms—|— l—l— f (G4,)?

1 gh¢ a GGauv.
+= < fa) (0,9)* + 2027, GWG H (4.4)

The interaction between s (¢) and dark gluons is coming
from the one-loop diagram mediated by Q. Finally, we
obtain Eq. (2.1) at scales well below the mass of the radial
scalar mg, which is much larger than the confining scale of
the dark gauge symmetry.

If the inflation Hubble rate H is givenas m; SH; <M,
U(1)pq is not restored during inflation. In the case that the
dominant scalar density is coming from the misalignment
mechanism, the oscillation of the radial field happens after
inflation around the potential minimum when H ~ m
These scalars will eventually decay to axions with the
decay rate I'y ~ m} /8zf2 and gluons with the branching
fraction Br(s — gg) ~ (Ng/8xz*)%. The gluons are quickly
thermalized and form a thermal bath with temperature 7'y,
while the produced axions are just redshifted. These
relativistic axions form dark radiation, whose abundance
is negligible when r is small enough.

Although this is just one of the production mechanisms
of the dark sector, it gives a good motivation to study the
isocurvature perturbation of dark matter from the initial
fluctuation of dark gluon temperature 67 ;. In this exam-
ple, in addition to the adiabatic perturbation, there are two
sources of the isocurvature perturbation. One is the fluc-
tuation of the axion field during inflation 6¢);, and the other
is the fluctuation of the gluon temperature 67’ ; induced by
the initial perturbation of the decaying scalar s. Because of
the condition m, < Hj, the superhorizon modes of both the
radial scalar and the axion fields get independent fluctua-
tions as &s;(k) ~ H;/2z and 6¢;(k) ~ H;/2x during infla-
tion. Therefore, 8s;/s; ~ (6p,/Py)iso ~ (6T 4.i/ T y.i)iso-

Because the dark axions and the dark gluons are coupled
with each other by the term V/JT , as in Eq. (2.27), both
perturbations could be important for the final isocurvature
perturbation of dark matter. Based on the evolution of the
background dark axion and dark gluon/glueball, we solve
the equations for the density perturbations focusing on the
effect of isocurvature perturbation transfer and obtain the
approximated solutions for the superhorizon modes (k = 0)
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in order to understand the parametric dependence more
clearly.

A. Adiabatic perturbation

For the evolution of the multicomponent fields or fluids,
the perturbations can be decomposed into the curvature
(adiabatic) perturbation and the isocurvature (entropy)
perturbations. The adiabatic perturbation is the modes
perturbed along the direction of the background evolution,
so that

19 5
Sxy = H(& - &) =0 (4.5)

x Py

for any different species X and Y [72-74]. Sxy is the relative
entropy perturbation, whose name can be easily understood
from thermodynamics. For an isolated species which satisfies
the continuity equation p +3H(px + px) =0, the perturba-
tion of the entropy density sy is given as dsy/sy =
Hépx /Py, hence Sxy = 351In(sy/sy).

The adiabatic mode can be described by the evolution of
the comoving curvature perturbation [75],

H(D — HY)

R=®- H/_H2

(4.6)

The corresponding initial condition for the adiabatic mode
is derived as

2 4
‘Pi = _q)i = ——Ri, 57/1‘ = _Riv (473)
3 i73
2 4
Sui = — ;7 Ri. 8, =3R: (4.7b)

where &, is for the photon fluid, and the index i indicates
the time at which the initial perturbation is defined. Here we
use the axion potential and mass in Eq. (2.9).

From Egs. (2.20) and (2.22), we derive the solutions for
the superhorizon modes in the radiation-dominated era:

2 4

W=-0—-IR.  6=1R, (4.82)

5, = [(1 Fw,) = (1—w,) 3zm(T(9T(:()T))J Ri  (4.8b)
_ (I=wa)pa ma(Ty(r))

0, = [(1 +wy) + ’ THm, Tg(T))}R,», (4.8¢)

where my(T (7)) = dm,(T,(z))/dz. As the scale factor
becomes larger than a,;, the terms proportional to m/, are
rapidly vanishing. One can show that from the continuity
equation for the coupled gluon-axion fluid,

A(pad, + pgég>|a:aﬁ. =0. (4.9)
The detailed evolution of m,(T,) around a = a.; does not
lead to a different final result.

Equation (4.8) states that the adiabatic perturbation
shares the same form as 6y = (1 + wy)R; after the con-
fining phase transition of the dark sector, and no history
dependence happens, because Syy = 0 holds under the
time evolution for the superhorizon modes. This is the
characteristic feature of the adiabatic perturbation.

B. Isocurvature perturbation

The isocurvature perturbation is a mode perturbed along
a direction orthogonal to the direction of background
evolution. Taking Sy as

Sy = H <5p_x ~ éptot)’

(4.10)

/ /
X Prot

we can trace the evolution of the individual component of
the isocurvature perturbation. At the linear perturbation
level, the curvature perturbation cannot generate the iso-
curvature perturbations, and it is also conserved on the
superhorizon scales [73]. Thus, for the evolution of iso-
curvature perturbations, we can safely take R; = 0, so that
O, =0, ¥; =0, and dp,; = 0 as the initial conditions at
high temperatures, and we can solve the perturbation
equations for X with the initial nonzero Jy ;.

The actual evolution of the density perturbation can be
numerically calculated based on Eq. (2.27) and compared
with the CMB and matter power spectrum. The form of the
perturbation becomes particularly simple if both the axions
and glueballs become CDM-like well before the matter-
radiation equality. In this case, the constraints on the
isocurvature perturbation can be easily provided by com-
paring the analytic formula in the superhorizon limit with
the criteria of the Planck 2018 [1]. For this reason, let us
focus on such a case.

The isocurvature perturbation of dark matter is
expressed as

A Q

Qa A A
(5DM)iso -0 (6a) + — (5y)iso’

4.11
QDM 180 QDM ( )

where the “pat’: denotes the Gelussian random variables
satisfying (5,,0,;) =0, and (J,,), are related with

0, as
|:(Sa)i50:| |:Taa Tag:| |:Sa,i:|
(Sg)iso T!Ja ng 3g.i ‘
For the superhorizon modes, the diagonal components of

the transfer matrix are 7 ,, ~7 , ~ 1. The off-diagonal
elements are calculated as follows.

a,g.i

(4.12)
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1. Induced by the initial displacement
of the axion field

The evolution of the isocurvature perturbation induced
by an initial density perturbation of the axion §,; =
20¢p;/¢; can be described by the input value of §,,; with
the condition R; = 0 and the associated solutions from

Eq. 2.27¢). For T, > T, ., 0V/0T,~0, and

‘Pl g —@l = 0’ 57‘1 = O, 5‘{]‘[ — O. (4.13)

In the axion-dominated dark matter scenario (€2, > Q,),
the dominant contribution is trivial: (Spy)is, = 0,;. In the
opposite case (Q, < ), the relevant equation for (39)
induced by the axion is

iso

8+ 3H(c; —wy)8,
L wy = 1)py ma(Ty(7)) <
oy m(Ty(r)
5= (dp,/dInT,)/(0p,/OInT,). Note that the

combination of 1 + 3Hc2Tg/ T/, is vanishing in the limit
of p, < p, because

Ty (oo \7s
T, dInT, dr

T
1+ 3He §T7> Wi (4.14)

where ¢2

~ —3Hc2. (4.15)

This implies that the transfer matrix element 7, is of
02/ Qg) It is the consequence of the entropy conserva-
tion of the dark sector. So, the dominant contribution to the
isocurvature perturbation of dark matter is just that from the
axion dark matter.

In summary,

(5DM)iso = 8a,i for Qg < Qa’

S0 5, for Q,<Q,. (4.16)

2. Induced by the initial fluctuation
of the gluon temperature

For the initial fluctuation of the gluon temperature

0y~ 40T ,;/T,;, the conditions R; = 0 and ¢p; = 0 for
the perturbative variables give the following initial values:
¥ =-0; =0, (4.17a)
0, = —(N? - 1)r45g‘,~, (4.17b)
S0 =— %“597,-. (4.17¢)

In the glueball-dominated dark matter case, the contri-
bution of the axion is suppressed by its energy density, so

(SDM)iSO ~ Sg,,-. In the opposite case (2, < Q,), the effect

of the gluon temperature fluctuation to the axion perturba-
tion can be captured by Eq. (2.24). There are three stages of
the axion evolution: (I) a slow-rolling period [H>>m, (T )],
(IT) a confining phase transition to give the saturation of the
axion mass m,(T,) = m,, and (IIl) an axion oscillating
period (H < my,). For (I), the axion mass term is negligible
and

¢”+2H5¢’+a2¢<3c o 4T, )>5g_izo. (4.18)

4 dnT,
The solution becomes

5p Ma (mZ(Tg)) 5
¢ 2021, +4)2n,+5)\ H> )
After the confining phase transition, the perturbation of the

axion in the periods (II) and (IIT) obeys the equation of
motion without a ém,, term:

(4.19)

5" + 2HSP + a*m2dp = 0. (4.20)

The general solution to Eq. (4.20) can be written as the sum
of the Bessel functions,

op = <A;H) 25(15,1]1/4 (; Zz>

a

(4.21)

with the constant coefficients 6¢. Matching Eq. (4.19)
with Eq. (4.21) at a = a,; determines ¢, and gives the
solution during the periods (IT) and (III). In the period (III),

o, 1s given by
7/](1 m(l 2
Oy —— Oyis
T, +4 <Hci) »

where H . is the Hubble rate at a = a,;. Note that the
transfer matrix element 7 ,, is suppressed by the factor of
m?/H?; whenever the axion dominates the dark matter, but
no further suppression happens. Therefore,

(4.22)

A

(5D )190 5

" Ma mg 2 Qg ?

Orng )i ——)0,; for Q <« Q,.

( DM)ISO (2]761 +4 <HC[) +QDM> g,l or g a
(4.23)

C. Bound on the isocurvature perturbation

for Q, < Q,,

Since 6¢; and 6T ; are independent random fluctuations,
the power spectrum can be decomposed as

ZPIIX k Z

where X = a, g stand for the isocurvature perturbations
induced by o, ; and §, ;, respectively. For the decomposition

P(k,z) = Prr(k,2) (4.24)

g.i>
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of the power spectrum as P(k,z) = (222 /k3)P(k)T(k, z),
we can match the primordial spectrum P(k) with the values
we obtained for the superhorizon modes in the previous
section. From the observations, the adiabatic mode is nearly
scale independent. For the isocurvature perturbations, we
can also naturally assume they are nearly scale invariant if
they originate from the fluctuations of the scalar fields
during inflation as discussed in the beginning of Sec. IV.
Then,

o\ sl &\ nx—1
PRR = AS k_ ’ PII,X = AX (k_ ’ (425)

where k, is the pivot scale of the wave number, and the
parameters {Ay, ny} are constants.

Observation of the CMB presents the upper bound on the
isocurvature perturbation [1,76-78]. The constraint is
expressed by the bound on the isocurvature fraction S,
which is defined by

_ PZI(k)
Puoll) = ) + P i)

(4.26)

where Prr and P77 are the power spectra defined in
Eq. (4.25), and related with the density perturbations as
Prr = K (R)/27%, Prz = 3 x K {(opm)iex) /27> We
focus on the large scales in order to constrain the primordial
perturbations from the CMB data. The constraint on Sy, for
the pivot scale is given by [1]
Biso (k. = 0.002 Mpc~!) < 0.035. (4.27)

This can be compared with the value calculated in our
scenario.

If the axion dominates dark matter—i.e., Qg < Q, ~
Qpym [R(r, f,) < 1 for Eq. (3.26)]—the fraction f;, can be
expressed as

5. n m, \?2 Q, \? 55 )
L L a 4 N 4.28
'Blbﬂ RIZ - <2l7a + 4 <Hci> * QDM) Rzz ( )
where
m, Q ) 3
~3R(r, f,), — o~ (N* = 1R(r, f,)>. (4.29)
H,; Qpym

Because R(r, f,) < 1, the Q,/Qpy part is always domi-
nant in the second term of the rhs of Eq. (4.28).

In the opposite case, if the glueball is the main dark
matter component—i.e., Q, <Q,~Qpy [R(r, f,) > 1]—

we have
82 [ Q, 28,
ﬂiso = L’z + . L;
R; Qom/) R;

(4.30)

and

Q, 1
Qov (N> = )R(r. fu) e

(4.31)

Although the coupling between the axion and the gluon
is the key for the amount of axion dark matter, the
contributions of the same coupling to the isocurvature
perturbation are always subdominant. The perturbation is
just close to the sum of the independent elements, which
allows a large isocurvature perturbation of the subcompo-
nent dark matter.

For the initial isocurvature perturbation induced by the
axion misalignment, we can naturally take the form of
04~ H;/2xnf,, where H, is the inflation Hubble rate. In
the axion-dominated case, then, Eq. (4.27) provides the
constraint as

N2=1\2/ r \6/10" GeV\3/ 6,; \?
8 0.004 fa 103

H,; 2/10 GeV)?
<l1. 4.32
- <5 x 1010 GeV) < fa ~ (4.32)
In the glueball-dominated case (taking N = 3),
0.001\473 fa 236 (H, 271 4\ 2
r 1019 Gev 0.008
S 2
) <. 4.33
* (4 x 10_6> ~ (4.33)

Considering both cases, we find the upper bound on the
inflation Hubble rate as H; < 10'! GeV within the
assumption of H; < f,. In the case of H; > f,, the axion
cosmology is more UV dependent. We have to consider
the restoration of U(1)pg symmetry during inflation, the
thermalization of the axions with the dark gluons, and the
formation of dark axion strings. If the axions are thermal-
ized with the gluons, the isocurvature perturbation will be
mostly given by § ;. At the same time, the axion cosmic
strings can leave the large density fluctuation at small
scales. We relegate the study on the related cosmology to
future work.

The effect of subcomponent isocurvature perturbation
is not clear yet. Since the glueballs are strongly self-
interacting particles, it may provide nontrivial effects when
the glueball is the subcomponent dark matter with a large
isocurvature perturbation.

In the following section, we study the somewhat differ-
ent aspect of the subcomponent glueball dark matter in the
late-time Universe.
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V. SUBCOMPONENT GLUEBALL DM:
FORMATION OF SUPERMASSIVE
BLACK HOLES

The subcomponent self-interacting dark matter can
play a certain role in the formation of supermassive black
holes (SMBHs). If the self-interaction is strong enough, the
gravothermal collapse of the subcomponent dark matter can
occur at the center of the dark matter halo, leading to black
hole formation at high redshifts z = 7 [14]. From the quasar
observations, we have the list of SMBHs (zqps, Mpg)
as J1342 40928 (7.54,7.8 x 108 M), J1120 + 0641
(7.09,2.0 x 10° M), J2348—3054 (6.89,2.1 x 10° M),
and also JO100 + 2802 (6.3,1.2 x 10'° M) [16-19]. The
idea is that the formation of these SMBHs can be explained
by the evolution of the subcomponent dark matter.

In the standard mechanism on the formation and growth
of black holes, SMBHs can exponentially increase their
mass by the accretion of baryonic material. However,
because the radiation pressure slows down the absorption
of baryons, the rate is limited. The maximal growth rate is
captured by the Salpeter time based on the Eddington
limit [79,80],

Isa =

€or €
—— = | — |45 Myr, 5.1
4zGm,, (0.1) Y (5.1)
where m,, is the proton mass, o7 is the Thomson scattering
cross section, G is the gravitational constant, and ¢ is the
efficiency factor which depends on the environment of the

black hole. If the seed black hole is generated at #; with a
mass M4, the black hole mass is bounded as

—t;

MBH(I) S Mseede@- (52)
If the seed black hole is formed at z = 15, the maximal
black hole mass becomes (2-6) x 10* Mg at z="1.
If the seed is formed at z = 30, its mass becomes
(6-10) x 10° Moq. Therefore, in order to explain the
SMBHs with masses of O(10° My) at z~7, a seed
mass should be greater than (10*~10%) M. This is quite
challenging in the standard theory of black hole formation.

On the other hand, by solving the gravothermal fluid
equations [14] and performing N-body simulation [15]
with the assumption that the host halo is isolated, it is
shown that such a heavy seed black hole could be generated
from the gravothermal collapse of the subcomponent dark
matter. Given the NFW density profile

Ps
r/rs)(14r/r)?

p(r) = ( (5.3)

for the dominant DM component, the seed black hole is
formed with the mass

Mseed :ﬂlngh’ (54)
when the age of the Universe becomes
t<Zcol) - [(Z,’) + Atcol' (55)

Here, M), is the mass of the host halo, and z corresponds to
the redshift. #(z;) is the time when the virialized dark matter
halo is isolated, as we assume. At is the duration of the
gravothermal collapse of the subcomponent dark matter for
given initial conditions. ff; and Af., are both calculated
numerically. The fraction factor f; ~0.025/(In(1 + ¢) —
¢/(1+ ¢)) in Ref. [14], where c is the concentration of the
NFW profile [M,, = 4zp,r3(In(1+ ¢) — c¢/(1 + ¢))], and
F1 ~0.006 in Ref. [15]. By comparing the dark matter halo
density profiles of the two papers, we find that both results
are well matched. The formation period Atz is estimated
as the form

Atcol = ﬂZf;ptrelv

where f3, ~456(480), p = 0(2) in Ref. [14] ([15]), and the
apparent relaxation time of the subcomponent dark matter
at 1 = t(z;) is defined as

(5.6)

ny

trel =
fgo'gps Vg

2 0 3\ 3/2
:0.28Myr<locm /g) <10 Mg /kpe ) <3 kpc)

fgag/mg Ps s

(5.7)

o, is the elastic scattering cross section between two
subcomponent dark matters (dark glueballs in our case),
and v, is the virialized velocity at » = r;. Then the seed

black hole can form after the period

10 cm?
Aty =130 My /2 )
f!] O-g/mg
10° Mg /kpc*\3/2 (3 k
X( p®~/ pC) < FPC)' 33)

Note that Az, can be shorter than the age of the Universe
for a given z, 1(z) ~ 550 Myr({%)*/2. Therefore, for the
isolated halo with a mass M, = 10" M, f§+1ag/mg >
(1-10) cm?/g, and f, $0.001-0.01 can explain the
SMBH around z = 7. We illustrate the formation of the
seed black hole and its growth history in Fig. 3 for the halo
mass M, = 102 M,

In our scenario, the dark glueball dark matter provides
such a strongly interacting subcomponent dark matter.
Since 3, and p are directly estimated in N-body simulation,
we take the result of Ref. [15] (f, = 480, p = 2) as the
benchmark value. Then, the relevant combination of the
model parameters is ff}ag /myg, which is estimated as
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FIG. 3. [Illustration of the black hole growth history for the

observed high-z black hole J1120 + 0641 with the assumption of
the isolated host halo (M), = 10'2 M) as in Refs. [14,15]. All
information in red illustrates parameter space for a seed black
hole (red dot). The seed black hole can be on the Eddington curve
or on the shaded area in which the observations are explained by
slower growth of the seed black hole. The time of collapse (z.)
and the mass of the seed black hole M4 are determined by
model parameters {f,,c,/m,} or {m,, r} for a given value of N.
We take N = 3.

RO
m, WV m,
3\4 /N2 — 1\3 9
~ 40 cm2/g<N> <N = > (0‘(;05) . (5.9)

For the final expression, Eq. (3.36) is used. Because it is
very sensitive to r, the ratio parameter is nearly predicted
from the explanation of the SMBH at high z. The
corresponding allowed range of the glueball mass is also
provided as m, = 0(0.05) MeV for f, = O(0.01). As to
the parameters of the dominant component of dark matter,
the axion, its decay constant is f, = O(10'3-10'® GeV),
and the axion mass becomes m, = O(107'%-1071%) eV.
This is safe from the current fuzzy dark matter constraints.
Interestingly, this axion mass of 1073 eV is also related to
a supermassive black hole with the mass of Mgy ~ 107 M,
through superradiance, as we discussed before. The axions
can be efficiently generated from the spinning black hole by
superradiant amplification. During the amplification, the
axion also takes away a sizable amount of the black hole’s
angular momentum, which gives a contradiction to the
observation [81]. However, if the self-interaction among the
axions is sizable, they will collapse before the axion cloud
is saturated [82], and the loss of angular momentum is
limited. For m, ~ 1078 eV, the GUT-scale decay constant
provides a sizable axion self-interaction to trigger boseno-
vae. In our case, the situation is more subtle because of

some nontrivial features of the axion potential. The
perturbative quartic coupling of the axion could be sup-
pressed by increasing N, but there is a kink structure of the
potential at around ¢ ~zf,. More detailed study is
necessary to provide the correct constraints on f, from
superradiance.

Several simplifications are used in the previous discus-
sion. Let us discuss possible caveats and an alternative
history of the seed black hole formation. The host halo
mass is taken as 10'2 M. This is because the halo mass is
expected to be greater than O(10%) times the mass of its
SMBH [83,84]. In N-body simulations [85-87], the
comoving number density of the cold dark matter halos
with M;,>10'? M, is evaluated as (1075-107°) (Mpc)~3
at z = 7. Thus, the halo is also heavy enough to coincide
with the fact that observations of SMBHs around z =7
are rare.

However, since we consider the formation of the seed
black hole at higher redshifts (z > 7), the existence of such
an (isolated) heavy halo is questionable. If we extrapolate
the halo mass function obtained by the N-body simulation
[87], the comoving number density of the halos with
M, > 102 M becomes (1078-1077) (Mpc)~2 at z = 10,
and 10715 (Mpc)~2 at z = 15. In this context, the issue of
the formation of heavy seed black holes is just transferred
to the problem of supermassive halo formation at high
redshifts.

On the one hand, based on N-body simulations, we can
define M,,(z) at a given z in such a way that the comoving
number density of the halos with their masses greater than
M,,(z) is given by 107(Mpc)=3. Then, M ,(z) is evaluated
as 102 My at z =7, 10" My at z = 10, and 10" M, at
z = 15. It is more natural to think of the possibility that
when the seed black hole is formed at z > 7, the mass of the
host halo is smaller than 10'> M, although it is still one
of the heaviest halos at z;. These heaviest halos get bigger
and bigger by mergers with nearby smaller halos or by
accretion of the gases. The actual merger history is
quite complex, but the heaviest halo is likely to remain
the heaviest. In this sense, we consider M (z) as the
evolution of the host halo mass, and estimate the growth
rate [',(z) as

4

My i i) (5.10)
The last equality holds numerically for 7 <z < 15. The
black hole growth rate by the accretion of baryons is much
greater than the halo growth rate. However, the halo mass is
still hierarchically larger than the black hole mass during
the evolution.

Another important feature is that in terms of the halo
mass, the relaxation time defined by Eq. (5.7) depends on z,
¢, and M, as
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_ lif> . (5.11)

The concentration parameter ¢ also depends on the halo
mass and the redshift. The recent N-body simulation [88]
calculates the concentration parameter c¢(M,,z) as the
function of M, and z in a wide range of M, and z.
With reasonable extrapolation, we find ¢(10'°M,13.8) ~
(10" M,9.5)~c(10'2 M ,7) =4-5. Thus, ¢(M,(z),z)
does not have significant z dependence. Including all these
considerations, Fig. 4 shows the apparent gravothermal
collapse period At as a function of M, and z in the units
of (f30,/m,)~". The formation of the seed black hole is
more efficient for heavier halos at a given z. In order to see
whether or not the early formation of the seed is preferred
(z dependence), we have to compare Az, with the Hubble
time. Numerically, we find that the z dependence of Az,
for M), = M,,(z) approximately scales as 1/(1 + z)!* in
the range z = 7-15 like the Hubble time. Therefore, if the
seed black hole can form, the formation happens at an
earlier time with a smaller mass.

Even if At is shorter than the age of the Universe at z;,
the isolated halo assumption may not be valid if the period
of the gravothermal collapse is longer than the halo growth
timescale 1/T",. The general expectation is that the merger
process will hinder the gravothermal collapse. We consider
the conservative criterion for the formation of the seed
black hole as

10*

103

Aty (o /m)/(10 cm?/g) [Myr]

102~

10° 10" 10" 10"
My [IM]
FIG. 4. The expected duration of the gravothermal collapse of
the subcomponent dark matter Az, in the units of (f3o,/m,)™",
defined as in Eqgs. (5.6) and (5.7) with f, =480, p =2. It is
plotted for the different halo masses and redshifts based on the
NFW profile of the dominant dark matter component with the
fitted concentration parameter ¢(M,z) [88]. The end point of
each line corresponds to the halo mass M;, = M (z). The actual
collapse time of the subcomponent dark matter will depend on the
halo growth history.

Fh(Z>Atcol(Z) 5 4Atcol(z)/t(z) S 1 (512)
This condition means that the seed black hole can only
form when the collapse process is faster than the growth
rate of the halo mass. We take z; = 15 as the initial redshift
for the virialized heaviest host halo. Then, Eq. (5.12) is

satisfied if

3
f4% > 40 cm?/g.
my

(5.13)

After the seed black hole is formed around z = 15, its mass
is exponentially growing, and it becomes Mgy = 10° M
at z = 7 if the fraction of the glueball dark matter is given as
fqg=2x% 10~%. This is the case of the fastest growth, so the
lower bound of f, to explain current observations of the
SMBHs is given by
fa22x 1074 (5.14)

So far, we have ignored the effect of the number-
changing interactions of the dark glueballs during the
gravothermal collapse. If the number-changing process
becomes efficient as the density increases, the sizable
pressure of the glueballs may disturb the collapse. To
simplify our discussion, in terms of the temperature of the
glueball dark matter (7,) inside the dark matter halo
(r < ry), there are two totally different sources to increase
T,. One is the gravothermal collapse. Because the gravi-
tatlonally bound system has a negative specific heat, as heat
flows outward, the glueballs become more and more
concentrated in a smaller volume with a larger virial
velocity. This results in temperature increasing, and leads
to the collapse as the heat outflow accelerates. On the other
hand, the 3 — 2 scatterings directly produce the large
kinetic energies of the daughter glueballs as Eyj,~m,/2,
respectively. These energies will be redistributed among
glueballs within the relaxation time, so that the overall
glueball temperature will increase compared to the virial
temperature, and inhibit the collapse.

In order to figure out the condition for the gravothermal
collapse to start, we require the criterion that the rate of
glueball temperature increase be small enough to satisfy

At dT,
] < 1.
T dt 352

g
The temperature increase rate by the 3 — 2 scatterings is
estimated for the given glueball density p, and the
velocity v,

drT, m, (63,02)p>
( > =Euip (0302 02 Lo o= 4
3-2

dt T, mi(v)

(5.15)

(5.16)
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where T, = m,(v3), and . is the efficiency factor of the
energy redistribution. £, could be suppressed if the mean-
free path of the glueball is much larger than the size of the
core. In our case, most of the glueballs are trapped by the
elastic scattering, so & ~ 1. Before the gravothermal
collapse accelerates, the glueball density and the velocity
are not much changed. For p, = f p,, v, = vy,

g (dT5\ o oo (107 (3)2 (1072

T, \dt )5, fo ) \N v
keV\4

(_) (P—> (5.17)
my 10" My/kpc

Therefore, we expect that the gravothermal collapse for the
SMBH would not be triggered if m, < keV.

If m, is much larger than O(keV), the 3 — 2 interaction
is not effective before the gravothermal collapse happens.
The gravothermal collapse begins to accelerate after Az.
During the collapse, the diffusion of the dark matter mass is
inefficient, and the glueballs concentrate their mass of
O(M..q) around the center by increasing the core density
and its temperature [89,90]. Then, the number-changing
interaction becomes gradually important. It is not clear how
it affects the last stage of the gravothermal collapse (the
formation of the seed black hole). This is because the
temperature increase rate caused by gravothermal collapse
is not known yet for such a high mass density of the core.
We leave it for future work.

There is also the lower bound on the glueball mass from
the cosmological evolution. If the glueball is light enough,
it becomes a warm or hot dark matter, so that its speed
around z = 7-15 is greater than the escape velocity of the
halo. This means that the subcomponent dark matter is not
clustered, and it cannot provide a good initial condition.
After the dark glueball freeze-out, its velocity scales
as 1/a. The corresponding redshifted glueball velocity at
a given z is

1+z r \3/100 eV\i
~10-3
y(2) = 10 <16 ><0.001>( m ) (5.18)

g

if the freeze-out happens before the epoch of matter-
radiation equality, and

1+7z r \i/100 eV\*¥
~ 1073 5.1
y(2) ( 16 )(0.001) ( m ) (5.19)
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if the freeze-out happens in the dark-matter-dominated era.
In order to explain the SMBH formation, this value should
be hierarchically smaller than the virial velocity v, ~ 1073
during the period z = 7-15. In our scenario, r is nearly

fixed as 0.005; see Eq. (5.9). This implies the lower bound
on m, as 100 eV.

VI. CONCLUSIONS

We have studied the cosmological evolution of dark light
scalars, whose masses and interactions originate from the
approximate global symmetry and the nonperturbative
dynamics of the hidden gauge symmetry. One is the feebly
interacting dark axion, and the other is the strongly interact-
ing dark glueball. Both can be dark matter if they are light
enough. The equations of motion are derived and evaluated to
identify the dark matter abundance and the perturbation
evolution induced by the coupling between the axion and the
dark gluon. We also explore the possibility that the sub-
component glueball dark matter contributes to the formation
of the supermassive black hole at redshift z ~ 7.

Although we have dealt with the problems as closely as
possible, there are still many questions that have not been
covered by this paper. What would be the observable
consequences of the first-order confining phase transition?
In our discussion, we ignore gravitational wave productions
during the confining phase transition, because it is just
weakly first order unless N is very large. However, if the
phase transition happens around the recombination era, it
may leave a footprint on the CMB. What is the exact form of
the axion scalar potential and the effect of self-interactions?
The scalar potential of the axion is not a simple cosine form,
and a multibranch structure may provide the nontrivial
effects if the axion is produced around the spinning super-
massive black hole by superradiant amplification. What is the
correct period of the gravothermal collapse when the fraction
of the subcomponent dark matter is small enough? So far,
there is no intensive study on the gravothermal collapse of the
subcomponent dark matter for such a small fraction. The
empirical form of the collapse time scale Az, should be
confirmed for f, < 10% and higher scattering cross sec-
tions. What is the effect of the number-changing interactions
of the glueball dark matter for the final stage of the black hole
formation? During the gravothermal collapse, one may think
of the possibility that the defining phase transition occurs,
because of the large density of the glueball dark matter inside
the core. It would be very interesting to study the implication
of such a microscopic nature of the dark matter for the final
formation of the black hole.
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