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We investigate the production of primordial black holes and their contribution to the presently observed
dark matter in a dilaton two-field extension of Starobinsky’s quadratic fðRÞ model of inflation. The model
features a multi-field amplification mechanism which leads to the generation of a sharp peak in the
inflationary power spectrum at small wavelengths responsible for the production of primordial black holes.
This mechanism is significantly different from single-field models and requires a stochastic treatment
during an intermediate phase of the inflationary dynamics. We find that the model leads to a successful
phase of effective single-field Starobinsky inflation for wavelengths probed by the cosmic microwave
background radiation and explains the observed cold dark matter content in the Universe by the formation
of primordial black holes.
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I. INTRODUCTION

Primordial black holes (PBHs) could provide an explan-
ation of the origin of cold dark matter (CDM) without
assuming new particles, generate the seeds of large scale
structure, and probe very high energy physics including
quantum gravity; see, e.g., [1–5] for a review, cosmological
and astrophysical constraints on PBHs, and references
therein to original papers.
The phenomenologically most relevant PBH formation

scenario is due to large density fluctuations generated
during inflation. Aside from the relevance of PBHs in
explaining (part of) the currently observed CDM, they
offer a unique opportunity to probe the power spectrum
of perturbations at smaller wavelengths. Therefore, they

provide constraints complementary to those from the
observations of the cosmic microwave background (CMB)
at large wavelengths and have the potential to limit the
number of phenomenologically viable inflationary models.
Among the theoretically best motivated models, whose
predictions for the inflationary spectral observables are in
perfect agreement with recent PLANCK data [6], are
Starobinsky’s quadratic model of fðRÞ gravity [7] and
the model of Higgs inflation [8]; see [9] for a recent review.
A combination of the two individual models leads to the
unified scalaron-Higgs two-field model of inflation con-
sidered in [10–16]. Another multi-field extension of Higgs
inflation and Starobinsky’s Rþ R2 model is based on a
coupling to a dilaton field considered in [17,18].
The formation of PBHs in the context of multi-field

models of inflation has recently gained much attention; see,
e.g., [19–25]. In contrast to the PBH formation in single-
field models of inflation [26–32], the PBH formation in
multi-field models relies on the multidimensional potential
landscape, the curved field space geometry, and the iso-
curvature sourcing of adiabatic modes.
In this paper we investigate the formation of PBHs in a

two-field dilaton extension of Starobinsky’smodel. Although
the structure is similar to the scalaron-Higgs model [13–16],
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regarding the coupling of the dilaton field, we consider the
operators R and R2 on equal footing. The nonminimal
coupling to the linear Einstein-Hilbert term leads to
an effective dilaton-dependent Planck mass, while the
coupling to the quadratic R2-term leads to an effective
dilaton-dependent scalaron mass. The latter is a key
element in the successful realization of the multi-field
amplification mechanism that leads to an enhancement of
the power spectrum of scalar perturbations crucial for the
formation of PBHs.
Our paper is organized as follows. We formulate our

model in the Jordan frame and perform the transition to the
two-field scalar-tensor formulation in the Einstein frame
in Sec. II. We summarize the formalism required for the
covariant description of the background dynamics and the
evolution of the perturbations in Sec. III. The properties of
the Einstein frame two-field potential landscape are dis-
cussed in Sec. IV. In Sec. V, we explain how inflation
proceeds in three subsequent stages involving an inter-
mediate stochastic phase connecting two effective single-
field phases of slow-roll inflation. Section VI is devoted to
the details of the peak formation mechanism, while we
present numerical results of the inflationary dynamics and
observables in Sec. VII. In Sec. VIII, we summarize the
PBH formation mechanism and the formalism required for
the calculation of the PBH mass distribution and the total
PBH fraction of the currently observed CDM. Finally, in
Sec. IX, we present our numerical results for the PBH mass
distribution in the three mass windows which permit a
significant PBH fraction of CDM. We summarize our main
results and discuss various future applications of our model
in Sec. X. A derivation of the PBH mass distribution
function is presented in Appendix A. An approximate
analytical estimate for the power spectrum peak amplitude
required for a significant PBH production is provided in
Appendix B.

II. THE MODEL

Starobinsky’s model is defined by the action [7]

SStar½g� ¼
M2

P

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
Rþ 1

6m2
0

R2

�
: ð1Þ

The higher derivatives entering (1) via the marginal R2

operator lead to an additional scalar propagating degree of
freedom, the scalaron [7,33], which becomes manifest in
the scalar-tensor representation of (1).1 The action (1) is
characterized by two dimensional parameters: the reduced
Planck mass MP ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
8πGN

p
≈ 2.4 × 1018 GeV, with

Newton’s constant GN, and the scalaron mass m0. In the
regime of large curvatures R=m2

0 ≫ 1, the marginal R2

operator in (1) dominates and an inflationary quasi–de
Sitter phase and an almost scale invariant spectrum of
perturbations is naturally realized due to the asymptotic
scale invariance. In contrast, in the regime of small
curvatures R=m2

0 ≪ 1, the linear Einstein-Hilbert term in
(1) dominates and naturally realizes a graceful exit from
inflation. The particular degeneracy structure of fðRÞ
theories ensures that the scalaron is neither a tachyon
nor a ghost, providedM2

P and m2
0 are both positive [34,35].

Starobinsky’s geometric single-field model of inflation
(1) is in excellent agreement with recent Planck data [6].
The main inflationary predictions are the power spectra of
tensor perturbations hij and scalar curvature perturbation
R. Because of their weak logarithmic dependence on the
wave number k, they are parametrized (neglecting the
higher order k-dependent terms) by the power laws

Ph ≈ Ah

�
k
k�

�
nh
; PR ≈ AR

�
k
k�

�
nR−1

: ð2Þ

The power spectra (2) are fully characterized by the two
amplitudes Ah and AR, the two spectral indices nh and nR,
and the pivot scale k� chosen within the CMB window of
scales accessible to Planck [36],

2 × 10−4 Mpc−1 ≲ kCMB ≲ 2 Mpc−1: ð3Þ

The moment when k� first crosses the Hubble horizon is
chosen to correspond to 50 ≤ N ≤ 60 e-folds. Since no
primordial gravitational waves have been measured yet, it
is more convenient to express the amplitude Ah in terms of
the tensor-to-scalar ratio r ¼ Ah=AR. Because of the
single-field consistency condition r ¼ −8nh, the paramet-
rization of the two spectra (2) is effectively determined only
by the three parameters: AR, nR and r. Planck data [6]
constrains the values for AR and nR at k� ¼ 0.05 Mpc−1,

A�
R ¼ ð2.099� 0.014Þ × 10−9 ð68%CLÞ; ð4Þ

n�R ¼ 0.9649� 0.0042 ð68%CLÞ; ð5Þ

and for r at k� ¼ 0.002 Mpc−1,

r� < 0.064: ð6Þ

Starobinsky’s model (1) predicts a scalar amplitude

A�
R ¼ N2

24π2
m2

0

M2
P
: ð7Þ

The normalization condition (4) fixes the only free param-
eter, the scalaron mass, as

1Curved spacetime is described by a four-dimensional pseudo-
Riemannian manifold with local coordinates μ; ν;… ¼ 0, 1, 2, 3,
metric field gμνðxÞ, and metric-compatible connection ∇μ. Our
sign conventions are sigðgÞ¼ð−;þ;þ;þ;Þ, Rρ

μσν ¼ ∂σΓ
ρ
μν −

∂νΓ
ρ
μσ þ…, and Rμν ¼ Rρ

μρν.
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m0 ≈ 1.18 × 10−5MP ¼ 2.8 × 1013 GeV: ð8Þ

Since the spectral observables are independent of the model
parameter, they provide predictions of (1),

n�R ≈ 1 −
2

N
≈ 0.9667; r� ≈

12

N2
≈ 0.0033: ð9Þ

The numerical values in (8) and (9) have been obtained
for N ¼ 60.
Even though Starobinsky’s inflationary model (1) has

maximal predictive power, it does not exclude interactions
with other fields. In particular, in string theory inspired
cosmological models, as well as in modified supergravity,
the coupling of gravity to a dilaton field φ arises naturally;
see, e.g., [37–40]. A generic coupling of the action (1) to a
canonically normalized dilaton field φ with generic poten-
tial VðφÞ can be written in the form

S½g;φ� ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
fðR;φÞ − 1

2
gμν∂μφ∂νφ

�
; ð10Þ

with the function

fðR;φÞ ¼ UðφÞ
2

�
Rþ 1

6M2ðφÞR
2

�
− VðφÞ: ð11Þ

Compared to (1), the dimensional parameters in (11) have
been promoted to generic functions of φ. The nonminimal
coupling function UðφÞ replaces the constant Planck mass
MP, while the mass function MðφÞ replaces the scalaron
mass m0.
Following the general derivation in [16], the Jordan

frame action (10) can be written as a two-field model in the
classically equivalent2 Einstein frame (EF) by performing
the nonlinear field redefinitions

gμν ¼
1

2

M2
P

χ2
ĝμν; χ ¼ MPffiffiffi

2
p exp

�
χ̂ffiffiffi
6

p
MP

�
: ð12Þ

In terms of the field covariant formulation, the EF two-field
action resembles a nonlinear sigma model [16],

S½ĝ;Φ� ¼
Z

d4x
ffiffiffiffiffiffi
−ĝ

p �
M2

P

2
R̂ −

ĝμν

2
GIJΦI

;μΦJ
;ν − Ŵ

�
: ð13Þ

The scalars ΦIðxÞ are the local coordinates of the scalar
field space manifold with the target metric GIJ,

ΦI ¼
�
χ̂

φ

�
; GIJðΦÞ ¼

�
1 0

0 F−1ðχ̂Þ

�
: ð14Þ

In terms of the parametrizations

Fðχ̂Þ ≔ exp

� ffiffiffi
2

3

r
χ̂

MP

�
; ð15Þ

m2ðφÞ ≔ M2ðφÞ M2
P

UðφÞ ; ð16Þ

the scalar two-field potential ŴðΦÞ reads

Ŵðφ; χ̂Þ ¼ V
F2

þ 3

4
m2M2

P

�
1 −

U
M2

PF

�
2

: ð17Þ

In order to specify a concrete dilaton extension of
Starobinsky’s geometric model, we assume the following
explicit form of the functions UðφÞ, m2ðφÞ, and VðφÞ:

UðφÞ ¼ M2
P þ ξφ2; ð18Þ

m2ðφÞ ¼ m2
0 þ ζφ2; ð19Þ

VðφÞ ¼ λ

4
φ4: ð20Þ

The choices (18)–(20) are motivated by several consid-
erations: First, we demand that Starobinsky’s model (1) is
recovered in the limit φ → 0, justifying the presence of the
field independent constantsMP andm2

0 in (18) and (20) and
the absence of a field independent contribution (a cosmo-
logical constant Λ) to (20). Second, we assume an addi-
tional internal Z2 symmetry φ → −φ leaving only φ-even
operators. Third, we assume that the invariance under the
global scale transformations gμν → α−2gμν and φ → αφ
with constant parameter α is asymptotically realized for
large field values φ=MP ≫ 1, justifying the absence of
higher order φ monomials in (18)–(20). For (18)–(20), Ŵ
defined in (17) reduces to

Ŵðχ̂;φÞ ¼
λφ4 þ 3M2

Pðm2
0 þ ζφ2Þð1þ ξ φ2

M2
P
− FÞ2

4F2
: ð21Þ

In addition to the two mass parameters MP and m0 present
in the Starobinsky model (1), the EF two-field potential
(21) is characterized by the three dimensionless parameters
ξ, ζ, and λ. We do not include a dilaton mass term m2

Dφ
2 in

(20), which, in view of the EF potential (21), can be safely
neglected as long as m2

D ≪ ζM2
P or m2

D ≪ ξm2
0. Moreover,

since in Sec. IX we find that a significant PBH production
requires ξ ≫ 1, a dilaton mass term can be neglected as
long as m2

D ≲m2
0. It would be interesting to study the

2The equivalence of scalar-tensor theories formulated in
different frames, as well as the equivalence between fðRÞ gravity
theories and scalar-tensor theories, also hold at the one-loop
quantum level for on-shell field configurations [41,42].
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impact of a large dilaton mass m2
D ≳m2

0, which, however,
goes beyond the scope of our present work.

III. COVARIANT MULTI-FIELD FORMALISM
AND INFLATIONARY OBSERVABLES

Following the general treatment in [16], we use the
covariant multi-field formalism3 to formulate the infla-
tionary dynamics of the background and perturbations.

A. Background dynamics

The homogeneous and isotropic background dynamics
of the metric is determined by the flat Friedmann-Lemaître-
Robertson-Walker (FLRW) line element

ds2 ¼ −dt2 þ a2δijdxidxj: ð22Þ

Here, t is the cosmic Friedmann time; aðtÞ is the scale
factor; i; j;… ¼ 1, 2, 3 are spatial indices; and δij ¼
diagð1; 1; 1Þ is the spatial metric. The Friedmann equations
and the Klein-Gordon equations for the homogeneous
scalar fields ΦIðtÞ read

H2 ¼ M−2
P

3

�
1

2
GIJ

_ΦI _ΦJ þ ŴðΦÞ
�
; ð23Þ

_H ¼ −
M−2

P

2
GIJ

_ΦI _ΦJ; ð24Þ

Dt
_ΦI ¼ −3H _ΦI −GIJŴ;J : ð25Þ

Here the dots denote the derivatives with respect to the
cosmic time t. The Hubble parameter HðtÞ and the
covariant time derivative Dt are defined as

HðtÞ ≔ _aðtÞ
aðtÞ ; DtVI ≔ _VI þ _ΦJΓI

JKðΦÞVK: ð26Þ

The Christoffel connection ΓI
JK is defined with respect to

the field space metric (14). The unit vector tangential to the
inflationary trajectory reads

σ̂I ≔
_ΦI

_σ
; GIJσ̂

I σ̂J ¼ 1; _σ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GIJ

_ΦI _ΦJ
q

: ð27Þ

The two-field background dynamics is decomposed into a
direction along σ̂I and a direction along the unit vector ŝI

orthogonal to σ̂I ,

GIJŝIŝJ ¼ 1; GIJŝI σ̂J ¼ 0: ð28Þ

The unit vector ŝI is proportional to the acceleration vector
ωI which defines the turn rate ω,

ωI ¼ Dtσ̂
I; ŝI ≔

ωI

ω
; ω ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GIJω

IωJ
q

: ð29Þ

Projecting (23)–(25) along σ̂I and ŝI leads to the set of
background equations

H2 ¼ M−2
P

3

�
1

2
_σ2 þ Ŵ

�
; _H ¼ −

M−2
P

2
_σ2; ð30Þ

σ̈ ¼ −3H _σ − Ŵ;σ; ω ¼ −
Ŵ;s
_σ

: ð31Þ

The derivatives of Ŵ along σ̂I and ŝI are defined by

Ŵ;σ ≔
∂Ŵ
∂ΦI σ̂

I; Ŵ;s ≔
∂Ŵ
∂ΦI ŝ

I: ð32Þ

B. Perturbations

The perturbed FLRW line element reads

ds2 ¼ −ð1þ 2AÞdt2 þ 2aB;idxidt

þ a2ðδij þ 2EijÞdxidxj: ð33Þ

Here Eij ≔ ψδij þ E;ij and the scalar metric perturbations
Aðt;xÞ, Bðt;xÞ, ψðt;xÞ, and Eðt;xÞ combine with the
perturbation of the scalar fields δΦIðt;xÞ. Instead of
δΦIðt;xÞ, we work with the gauge-invariant multi-field
Mukhanov-Sasaki variables [46–48],

δΦI
g ≔ δΦI þ

_ΦI

H
ψ : ð34Þ

The equation for the Fourier modes of the perturbation
δΦI

gðt;kÞ is found to be [48–50],

D2
t δΦI

g þ 3HDtδΦI
g þ

�
k2

a2
δIJ þ ΩI

J

�
δΦJ

g ¼ 0: ð35Þ

Following the conventions introduced in [16], ΩI
J and the

effective mass tensor MI
J are defined by

ΩI
J ≔ MI

J −M−2
P a−3Dt

�
a3

H
_ΦI _ΦJ

�
; ð36Þ

MIJ ≔ ∇I∇JŴ þ RIKJL
_ΦK _ΦL: ð37Þ

The effective mass tensor MIJ includes the Riemannian
curvature tensor RIJKL associated with the curved scalar
field space manifold, as well as the curvature of the multi-
field potential Ŵ. The tensor modes hðt;kÞ (suppressing
tensor indices) satisfy the simple mode equation,

3A completely covariant treatment of all field variables,
including the metric field, was proposed in [43] in the general
field theoretical context and in [41,44,45] in the context of
cosmological scalar-tensor theories.
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ḧþ 3H _hþ k2

a2
h ¼ 0: ð38Þ

Projecting (34) along σ̂I and ŝI defines the adiabatic and
isocurvature perturbations

Qσ ¼ σ̂JGIJδΦI
g; Qs ¼ ŝJGIJδΦI

g: ð39Þ

Inserting δΦI
g ¼ Qσσ̂

I þQsŝI into (35), the dynamical
equations for the Fourier modes Qσðt;kÞ, Qsðt;kÞ and
hðt;kÞ in the large wavelength limit k ≪ aH read

Q̈σ þ 3H _Qσ þΩσσQσ ¼ fðd=dtÞðωQsÞ; ð40Þ

Q̈s þ 3H _Qs þm2
sQs ¼ 0; ð41Þ

ḧþ 3H _h ¼ 0: ð42Þ

The projections of (36) and (37) include the additional
effective contributions of the turn rate,

Ωσσ ¼ σ̂I σ̂JΩIJ − ω2; m2
s ¼ ŝI ŝJMIJ þ 3ω2: ð43Þ

The operator fðd=dtÞ in (40), acting on the product ωQs, is
defined as [16]

fðd=dtÞ ¼ 2

�
d
dt

−
�
W;σ
_σ

þ
_H
H

��
: ð44Þ

Equation (40) shows that the adiabatic mode Qσ is sourced
by the product ωQs. The turn rate ω is determined by the
background dynamics (31), while the isocurvature modeQs
is obtained by solving the homogeneous equation (41).
Only if the combination of ω and Qs is sufficiently large, is
Qσ sourced by the isocurvature mode, leading to the
amplification of the adiabatic power spectrum. This “iso-
curvature pumping” amplification mechanism of Qσ was
already described in [16] and, as we describe in detail in
Sec. VI, is crucial for the production of PBHs and the
numerical results obtained in Sec. IX.
As in single-field models of inflation, the deviation from

de Sitter space _H ≠ 0 is quantified by the Hubble slow-roll
parameters

εH ¼ −
1

H
d lnH
dt

; ηH ¼ 1

H
d ln εH
dt

: ð45Þ

The power spectra of the scalar perturbations

Rðt;kÞ ¼ H
_σ
Qσðt;kÞ; Sðt;kÞ ¼ H

_σ
Qsðt;kÞ; ð46Þ

and the tensor perturbation hðt;kÞ read

PR ¼ k3

2π2

�
H
_σ

�
2

jQσj2 ¼
k3

4π2M2
PεH

jQσj2; ð47Þ

PS ¼ k3

2π2

�
H
_σ

�
2

jQsj2 ¼
k3

4π2M2
PεH

jQsj2; ð48Þ

Ph ¼ 8
k3

2π2
jhj2: ð49Þ

Note that a simple power law ansatz for the power spectra
(47)–(49), as in (2), is no longer adequate when the power
spectra feature peaks at small wavelengths.

IV. TWO-FIELD POTENTIAL LANDSCAPE

As is shown in Fig. 1, the landscape of the two-field
potential (21) is dominated by three valleys separated by
two hills symmetrically located around φ ¼ 0. The action
(10) with the potential (21) can also be viewed as an
extension of the scalaron-Higgs potential having one
additional parameter ζ.
The location of the three valleys and the two hills of the

potential (21) are determined by the five roots of the valley
equation

Ŵ;φ ¼ 0: ð50Þ
The condition (50) follows from the background dynamics
of φ and χ̂,

χ̂00 þ ðεH − 3Þ
�
χ̂0 −M2

P

Ŵ;χ̂

Ŵ

�
þ 1

2
F;χ̂

�
φ0

F

�
2

¼ 0; ð51Þ

φ00 þ ðεH − 3ÞF
�
φ0

F
−M2

P

Ŵ;φ

Ŵ

�
− F;χ̂ χ̂

0 φ
0

F
¼ 0: ð52Þ

The equations (51) and (52) in turn follow from (25) with χ̂
and φ being functions of the number of e-folds N defined

FIG. 1. The landscape of the two-field potential (21) (left
column) and the vicinity of χ̂c (right column) in scenario I (top
row) and scenario II (bottom row), respectively.
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by dN ¼ −Hdt, i.e., we count N backwards with N ¼ 0 at
the end of inflation. Primes denote derivatives with respect
toN. For fixed χ̂, a necessary condition to reach a stationary
point in phase space ðφ;φ0Þ is Ŵ;φ jχ̂ ¼ 0. As χ̂ takes
different values during the background evolution, the
classical trajectory is obtained by solving (50) for φðχ̂Þ.
Equation (50) has five solutions

φ0ðχ̂Þ ¼ 0; φ�
v ðχ̂Þ; φ�

h ðχ̂Þ: ð53Þ

The solutions (53) correspond to the central valley at φ0,
the two outer valleys at φ�

v , and the two hills at φ�
h .

At the onset of the inflationary dynamics, the initial
value χ̂i must be sufficiently large χ̂i=MP ≫ 1, in order to
guarantee that inflation lasts at least N ≈ 60 e-folds.
Inflation ends in one of the outer valleys φ�

v close to the
global minimum at ðχ̂;φÞ ¼ ð0; 0Þ when εHðφ�

v ; χ̂fÞ ¼ 1.
For inflationary background trajectories, which run

along the φ0 valley, there is a field value χ̂c at which the
local φ0 minimum turns into an unstable maximum. The
critical point χ̂c is determined by the condition

Ŵ;φφðχ̂;φÞjφ¼0
¼ 0: ð54Þ

The solution of (54) only depends on m0=MP and ξ=ζ,

χ̂c ¼ Mp

ffiffiffi
3

2

r
ln

�
1þ 2

ξ

ζ

�
m0

MP

�
2
�
: ð55Þ

For a fixed m2
0 and a suitable ratio ξ=ζ, the value of χ̂c can

be made sufficiently small, such that all CMB modes (3)
cross the horizon before the inflationary trajectory crosses
the critical point (55).
Depending on the parameters of the model, two quali-

tatively different scenarios are possible. They are shown in
the top and bottom rows of Fig. 1, respectively. In scenario
I, the two outer φ�

v valleys merge with the central φ0 valley
before the critical point is reached χ̂ > χ̂c and the resulting
landscape is that of a single global attractor at φ ¼ 0 (top
left plot in Fig. 1). At χ̂ ¼ χ̂c, when the second derivative
W;φφ turns negative, the local minimum along the φ
direction turns into an unstable local maximum and the
two valleys symmetrically located around φ0 emerge again
(top right plot in Fig. 1).
In scenario II, the two φ�

v valleys always run parallel
to the central φ0 valley and at no stage merge with it into
a single global φ0 attractor. Nevertheless, for initial con-
ditions φi=MP ≪ 1, at χ̂i ≫ χ̂c, the local minimum at
φ ¼ 0 keeps the inflationary trajectory trapped along the
φ0 solution until χ̂ reaches χ̂c. As in scenario I, after the
stable local minimum in the φ direction turns into an
unstable local maximum, the trajectory falls into one of the
two lower-lying adjacent φ�

v valleys.

The parameter combination,which distinguishes between
the two scenarios, is obtained by observing that in scenario I
the φ�

v valleys merge with φ�
h for χ̂ > χ̂c and reemerge for

χ̂ < χ̂c. In scenario II, the valleys φ0 and φ�
v run parallel to

each other for the entire inflationary dynamics.
As is shown in Fig. 2, mathematically this observation is

reflected by the fact that in scenario I, during a certain
period before reaching χ̂c, the valley solutions φ�

v and φ�
h

become complex. In contrast, in scenario II, the solutions
φ�
v are real for all values of χ̂. Only the two maxima φ�

h ,
which earlier separated the φ0 valley from the φ�

v valleys,
disappear (or become complex) for χ̂ < χ̂c. Demanding that
the φ�

v valley solutions are real for all values of χ̂ leads to
the constraint λ ≤ 6ξ2m2

0=M
2
P. Hence, scenario I and

scenario II are obtained for the parameter combinations

λ > 6ξ2
m2

0

M2
P

Scenario I; ð56Þ

λ ≤ 6ξ2
m2

0

M2
P

Scenario II: ð57Þ

As shown in the top right plot in Fig. 1, the merger of the
φ�
v valleys with the φ�

h hills in scenario I implies that the
potential landscape reduces to a broad global attractor
around φ0 for some χ̂ > χ̂c. In general this would make the
predictions of this scenario independent of the initial field
values φi.

4 In contrast, in scenario II the background
trajectory always remains in one of the two φ�

v valleys
over the course of the entire inflationary dynamics for
initial values φi ¼ φ�

v ðχ̂iÞ.
In both scenarios, the dynamics in the vicinity of χ̂c is

important due to a rapid growth of isocurvature modes

FIG. 2. Analytic solutions (53) in scenario I for λ ¼ 10−5,
ξ ¼ 50, ζ ¼ 2.6 × 10−10 (left). The φ�

v solutions are depicted in
red, φ�

h in green, and φ0 in blue. Analytic solutions (53) in
scenario II for λ ¼ 10−5, ξ ¼ 200, ζ ¼ 6 × 10−10 with the same
color coding (right).

4Strictly speaking, for the predictions to be independent
of φi, the valleys must merge well before the CMB modes
cross the horizon. Otherwise, for φi ¼ φ�

v ðχ̂iÞ, one could
have CMB predictions which are different from those of
Starobinsky inflation. However, the merger typically happens
well before the largest scales of interest cross the horizon and
thus makes the whole inflationary dynamics independent of the
initial conditions.
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which, in combination with a nonzero turn rate, leads to a
strong amplification of the adiabatic modes. This amplifi-
cation mechanism is described in more detail in Sec. VI. As
explained in Sec. V B, it requires a careful stochastic
treatment including diffusive quantum effects.
Finally, let us compare the potential landscape (21) to

that in the model of scalaron-Higgs inflation [16], which
is recovered from (21) in the limit ζ → 0. In this limit,
instead of the central valley, the potential features a central
hill at φ ¼ 0, where quantum diffusive effects almost
immediately push any background trajectory running along
the φ ¼ 0 line into one of the outer valleys at the very
onset of inflation. This prevents multi-field effects from
having any observable consequences; see [16] for a detailed
discussion.

V. THREE STAGES OF THE INFLATIONARY
BACKGROUND DYNAMICS

The dynamics is naturally divided into three stages:
Stage 1: Effective single-field slow-roll Starobinsky
inflation and CMB observables at large wavelengths.

Stage 2: Stochastic transition regime with dominant
quantum diffusion and tachyonic isocurvature mass.

Stage 3: PBH peak formation at small wavelengths and
effective singe-field slow-roll dynamics in a φ�

v valley.

A. Stage 1: Starobinsky inflation and CMB

During the first stage χ̂i ≥ χ̂ > χ̂c, the inflationary dynam-
ics effectively reduces to a single-field slow-roll phase along
the φ0 valley. For χ̂ > χ̂c, due to the large and positive value
of the isocurvature mass (directly related to the curvature of
the potential in the φ direction), any deviation of the
background trajectory from φ ¼ 0 and any growth of the
δφ perturbation will be immediately suppressed.
Along the φ0 valley, the two-field potential (21) reduces

to the EF potential of the Starobinsky model (1),

ŴStarðχ̂Þ ≔ Ŵðφ; χ̂Þjφ¼0 ¼
3

4
m2

0M
2
Pð1 − F−1Þ2: ð58Þ

Thus, the inflationary predictions are identical to those of
the Starobinsky model (1) for wavelengths that can be
probed by CMBmeasurements, provided the scalaron mass
is fixed to the value in (8), and the ratio ξ=ζ in (55) is
chosen such that χ̂c is sufficiently small to ensure that all
CMB modes (3) cross the horizon during stage 1. In
particular, m0 is no longer a free parameter but is fixed at
this stage, in order to ensure consistency with CMB
measurements.

B. Stage 2: Stochastic dynamics and tachyonic
isocurvature mass

The formalism of linear perturbation theory, in which
the field φðN; xÞ is decomposed into a homogeneous

background field φ̄ðNÞ and a perturbation δφðN; xÞ, can
be safely applied to situations in which δφ ≪ φ̄.
Any linear perturbation δφ around the classical solution

φ0 is strongly suppressed by a large and positive curvature
of the potential Ŵ;φφ. Along φ0 the unit vector tangential
to the inflationary trajectory σ̂I points in χ̂ direction.
Consequently, in view of (39), along φ0 the perturbation
δφ is directly related to the isocurvature perturbation Qs

and Ŵ;φφ to the effective isocurvature mass m2
s defined

in (43).
While the inflationary trajectory along φ̄ ¼ φ0 ¼ 0 is

classically stable for χ̂ ≫ χ̂c, in the vicinity of the critical
point χ̂c, the restoring classical force, which keeps the
trajectory focused to the φ0 attractor, is no longer
sufficiently strong to counteract the diffusive force that
originates from the unavoidable quantum zero-point
fluctuations the trajectory experiences in the φ direction.
For χ̂ < χ̂c, the isocurvature mass turns negative and the
solution φ0 becomes unstable. At the same time, the
perturbation δφ starts to grow and even dominates over
the classical solution φ0.
In situations where the quantum diffusive force domi-

nates the classical background drift, the formalism, in
which the background dynamics of the scalar fields is
considered to be independent of the time evolution of the
quantum fluctuations, breaks down. Instead, the application
of the stochastic formalism introduced in [51], which
properly takes into account the backreaction of quantum
fluctuations on the coarse-grained classical background
dynamics, is required. In the stochastic formalism, the
dynamics of φ during the transition stage around χ̂c is
determined by a probability density function (PDF)
Pðφ; NÞ that specifies the probability of the field having
the value φ at a time N.
The time evolution of Pðφ; NÞ is described by the

Fokker-Planck equation; see, e.g., [52],

∂P
∂N ¼ −

∂
∂φ ½DP� þ 1

2

∂2

∂φ2
½FP�: ð59Þ

The right-hand side of the Fokker-Planck equation (59) is
characterized by two terms: a classical drift term with the
coefficient Dðφ; NÞ and a quantum diffusion, or “fluc-
tuation,” term with the coefficient F ðφ; NÞ.
In the context of the inflationary dynamics in the vicinity

of χ̂c, the drift coefficient D in (59) corresponds to the rate
of change of the classical (averaged) field, while the
fluctuation coefficient F corresponds to the rate of change
of the variance. For the decomposition φðN;xÞ ¼ φ̄ðNÞ þ
δφðN;xÞ into a homogeneous background φ̄ðNÞ and a
Gaussian random fluctuation δφðN;xÞ with hδφi ¼ 0, the
coefficients are obtained as

D ¼ dhφi
dN

; F ¼ dhδφ2i
dN

: ð60Þ
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In the following we omit the bar over a background
quantity. Assuming slow roll in the χ̂ and φ directions,5

the equation of motion (52) reduces to the single-field
dynamics of φ depending only parametrically on χ̂ðNÞ,

φ0 ≈
FŴ;φ
3H2

: ð61Þ

Since we are interested in the dynamics around φ ¼ 0, the
Taylor expansion of Ŵ;φ yields the linearized equation
which determines the drift coefficient

Dðφ; NÞ ¼ φ0 ≈
m2

φ

3H2
φ; ð62Þ

with the effective N-dependent mass

m2
φðNÞ ≔ FŴ;φφ jφ¼0: ð63Þ

The variance hδφ2i after coarse graining over the horizon
scale is given in terms of the power spectrum PφðkÞ≡
k3jδφkj2=ð2π2Þ of the scalar perturbation δφ,

hδφ2i ¼
Z

k≲aH
0

PφðkÞd ln k: ð64Þ

The modes k crossing the Hubble horizon in the time
interval −ΔN contribute to the increment of the integral
(64) by increasing its upper bound and satisfy k ¼ aH ¼
a�eðN−N�ÞH at their respective moments of horizon
crossing. Here a� is the value of the scale factor at
some earlier time, N > N�. Treating H as a constant, we
obtain d ln k ≈ −dN, which results in the diffusive random
“quantum kicks” the coarse-grained field experiences
from the Fourier modes δφk continuously crossing the
Hubble horizon,

F ðNÞ ¼ −PφðkÞjk≲aH ≈ −
�
H
2π

�
2

: ð65Þ

Inserting (62) and (65) into (59), Pðφ; NÞ satisfies the
Fokker-Planck equation

∂P
∂N ¼ −

m2
φ

3H2

∂ðφPÞ
∂φ −

H2

8π2
∂2P
∂φ2

: ð66Þ

The Fokker Planck equation (66) is solved by a Gaussian
ansatz with a time dependent variance SðNÞ ¼ hφ2iðNÞ,

Pðφ; NÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πSðNÞp exp

�
−

φ2

2SðNÞ
�
: ð67Þ

Inserting (67) into (66) yields an equation for S,

dS
dN

¼ 2

3

m2
φ

H2
S −

H2

4π2
: ð68Þ

Hence, we may interpret the equation (68) for the variance
S as determining the time evolution of effective amplitude
of the scalar field by identifying [53]

φðNÞ≡ ffiffiffiffiffiffiffiffiffiffi
SðNÞ

p
: ð69Þ

We apply the stochastic formalism for a period in which the
quantum diffusive term H2=4π2 dominates the classical
term 2m2

φS=ð3H2Þ. The stochastic stage starts at some point
χ̂ > χ̂c at whichm2

φ falls from large positive values towards
zero, and ends when it takes negative values for some
χ̂ < χ̂c. The onset of the stochastic stage can be determined
by the condition 2m2

φ=3H2 < 1. This ensures that for any
inevitable initial increment of SðNÞ ∼H2=4π2 the diffusive
term dominates the classical one. Similarly, the end of
stochastic phase can be roughly estimated by the condition
2m2

φ=3H2 ≈ −1.6 If the isocurvature mass becomes more
negative, the classical dynamics will dominate again and
we resort back to the original equation (52). Thus, the
duration ΔN of stage 2 can be estimated by calculating
the time it takes 2m2

φ=3H2 to change from 1 to −1. For the
potential (21), the ratio 2m2

φ=3H2 is given by

2m2
φ

3H2
¼ 4ζF

M2
P

m2
0

− 8ξ
F

F − 1
ð70Þ

that, in turn, provides the estimate

ΔFðχ̂Þ ≈ 1

ζ

m2
0

M2
P
: ð71Þ

Along φ0, the difference ΔF can be estimated from
Starobinsky inflation ΔF ≈ ΔN, leading to

ΔN ≈
1

ζ

m2
0

M2
P
: ð72Þ

C. Stage 3: Peak formation and slow roll

After the isocurvature mass first crosses zero and
becomes tachyonic at χ̂c, it grows again (but negatively)
while the trajectory still follows the φ0 solution (which is
now a hill). Eventually its magnitude becomes again
comparable with the magnitude of the quantum diffusive
kicks (65) and the classical dynamics takes over again. At
this point stage 3 starts, the trajectory turns/falls into one of
the φ�

v valleys and the growing isocurvature modes source

5In fact, slow roll is automatically realized by the phase of
Starobinsky inflation in stage 1 which sets the initial conditions
for the subsequent evolution in stage 2. Within the slow-roll
approximation φ00 ≈ 0, εH ≪ 3 and the term proportional to
F;χ̂ χ̂

0φ0=F can be neglected in (52). 6A more precise discussion is presented in Sec. VII.
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the adiabatic modes, ultimately leading to a peak in the
adiabatic power spectrum.
The wave number kp, at which the power spectrum

features a peak, crosses the horizon shortly after the
trajectory passes χ̂c. Therefore, a peak at a fixed kp requires
that χ̂c ≠ 0. In addition, a narrowpeak in the power spectrum
centered at kp requires that stage 2 lasts for less than 1e-fold
ΔN ≤ 1, which according to (72) implies ζ ≥ m2

0=M
2
P.

Hence, according to (55), a nonzero χ̂c implies ξ ≫ 1. As
wewill see in Sec. VII, the numerical results confirm that the
parameter combinations, which lead to a suitable peak in the
power spectrum, respect these expectations.
Although stage 2 lasts for less than 1e-fold, the stochas-

tic treatment is essential as it provides the initial conditions
for the dynamics in stage 3 during which the power
spectrum is amplified. The remaining inflationary dynam-
ics until the end of inflation takes place inside the φ�

v valley
and is again that of an effective single-field model with a
slow-roll potential.

VI. PEAK FORMATION MECHANISM

The peak formation mechanism during stage 3 is
based on the “isocurvature pumping” effect described in
[54] and explained in detail in the context of scalaron-Higgs
inflation in [16]. Qualitatively, this mechanism can be easily
understood from the dynamical equations for the scalar
perturbations (40) and (41). Although the exact dynamics of
the isocurvature modes (41) is more complicated in general,
let us assume for purely illustrative purposes that Q̈s ≈ 0. In
this case the solution to (41) would read

Qs ≈ exp

�
−
Z

N2

N1

dN
m2

s ðNÞ
3H2ðNÞ

�
: ð73Þ

For a positive isocurvature mass m2
s > 0, the amplitude

of the isocurvature modes Qs is exponentially damped.
Conversely, for a tachyonic isocurvature mass m2

s < 0, the
amplitude of the isocurvature modes Qs is exponentially
amplified. The total amplification depends on the amplifi-
cation factor m2

s=ð3H2Þ and the duration ΔN ¼ N2 − N1.
Next, let us look at the equation for the adiabatic modes

(40). They are sourced by the product of the turn rate ω and
the isocurvature modes Qs. Hence, only if ω ≠ 0 and the
amplitude of Qs is sufficiently large, the source term will
have a sizeable impact on the adiabatic modes.7 Thus, in
order for this multi-field amplification mechanism to be
realized in a concrete model, several factors have to work

together in a synchronized way. First, a sufficiently long
inflationary phase with a tachyonic effective isocurvature
mass is required for the isocurvature modes to grow. Next,
this amplification must be transmitted to the adiabatic
modes, which requires that the inflationary trajectory
follows a curved path in the field space to yield a nonzero
turn rate. To avoid an overamplification, the sourcing must
terminate at some point, either via the vanishing turn rate or
via the exponential suppression of the isocurvature modes
which requires the effective isocurvature mass to turn
positive again.
The two-field potential (21) satisfies all these require-

ments. During the transition from stage 1 to stage 2, the
effective isocurvature mass turns tachyonic and the iso-
curvature modes start growing. At the same time, the stable
φ0 valley turns into an unstable hill, such that the trajectory
eventually turns/falls into one of the φ�

v valleys, and
thereby permits a sourcing of adiabatic modes and ulti-
mately leads to the formation of a peak in the adiabatic
power spectrum. During the fall the effective isocurvature
mass turns positive again and leads to an exponential
suppression of isocurvature modes during the subsequent
slow-roll phase of inflation in φ�

v . This growth and
subsequent damping of the isocurvature modes for scenario
I are shown in Fig. 3. It is obtained for the same parameter
values as for those in Figs. 4 and 5 obtained in Sec. VII, so
that its relation to the temporary tachyonic nature of the
effective isocurvature mass and the peak in the power
spectrum can be directly compared.
The efficiency and magnitude of the amplification is

highly sensitive to the time the trajectory spends on the hill
during its unstable dynamics in the vicinity of the critical
point χ̂c. Around χ̂c, the inflationary trajectory is no longer
protected by the strong restoring classical force in the φ
direction and, therefore, is exposed to the diffusive quan-
tum kicks driving it away from φ0 ¼ 0. Although this phase
of unstable motion along the φ0 direction is very short, the
magnitude of the quantum kicks it gives to the background
trajectory is crucial for determining the time for which the
isocurvature pumping lasts. Hence, the stochastic treatment

FIG. 3. Time evolution of the isocurvature power spectrum PS

for the mode kp ¼ 2.06 × 1012 Mpc−1 at which the power
spectrum in Fig. 5 peaks. Comparing it with the bottom left
plot in Fig. 4 shows that the isocurvature perturbation Qs starts
growing when the isocurvature mass turns negative.

7The case in which the effective isocurvature mass in (43) is
dominated by the (positive) contribution of the turn rate [assum-
ing a Gaussian profile function for η⊥ðNÞ ¼ ωðNÞ=HðNÞ]
arising from the curvature of the scalar field space manifold
was studied in [22]. Even if under such assumption the analysis
can be carried out in a model-independent way, it does not seem
to be applicable to most realistic models in which the model-
dependent potential dominates the effective isocurvature mass
and is responsible for its tachyonic instability.
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is crucial for the quantitative treatment of the amplification
mechanism, and is described in detail in Sec. V B. Note that
this peak formation mechanism is very different from that
in single-field models of inflation; see, e.g., [26,28,55] for
models in which the amplification is based on an inter-
mediate ultra slow-roll phase resulting from a potential
featuring an inflection point.

VII. NUMERICAL TREATMENT

As described in Secs. V and VI, the individual stages of
the background dynamics can be easily understood quali-
tatively. However, a precise calculation including the
dynamics of the perturbations has to be carried out numeri-
cally. The entire background dynamics is obtained by
patching the numerical solutions of the equations in the
individual stages in such a way that the preceding stages
provide the initial conditions for the subsequent stages.

During stage 1 and stage 3, we numerically solve the
exact equations of motion (52) and (51) for both scalar
fields. In stage 2, in which the stochastic formalism is used
to describe the φ dynamics, we numerically solve the
equations of motion

dS
dN

¼ 2

3

m2
φ

H2
S −

H2

4π2
; ð74Þ

d2χ̂
dN2

¼ ð3 − εHÞ
�
dχ̂
dN

−
Ŵ;χ̂
Ŵ

M2
P

�
: ð75Þ

Since the actual fall into the valley occurs during stage 3,
during stage 2 both scalar fields χ̂ and φ can be safely
considered as slowly rolling with the inflaton unit vector σ̂
still pointing in the χ̂ direction. Consequently, we neglect
the φ02-term in (51) during stage 2. This can also be seen
from Fig. 4 where the spike in the slow roll parameter
induced by the fall into the φþ

v valley occurs well to the
right of the red vertical dashed lines, marking the beginning
and end of stage 2.
In order to patch the numerical solutions obtained in the

different stages, we have to find the transition moments
between them. During the first phase along φ0, the steep
positive curvature of the potential along the φ direction
provides a strong restoring force which immediately erases
the effect of the continuous quantum kicks trying to drive φ
away from φ ¼ 0. The moment N1 of the transition
between stage 1 and stage 2 can, therefore, be inferred
from the moment at which for the first time the effect of a
quantum kick H=ð2πÞ on φ ¼ ffiffiffi

S
p

will not be erased, i.e.,
when the drift term in (74) becomes comparable to the
diffusive term for SðN1Þ ¼ H2ðN1Þ=ð4π2Þ. The resulting
condition is solved numerically for N1 as

m2
φðN1Þ ¼

3

2
H2ðN1Þ: ð76Þ

Since S ¼ φ2 is effectively zero beforeN1, the complete set
of initial conditions which result from patching stage 1 and
stage 2 read

SðN1Þ ¼ 0; ð77Þ

χ̂js2N1
¼ χ̂js1N1

;
dχ̂
dN

				s2
N1

¼ dχ̂
dN

				s1
N1

: ð78Þ

Stage 2 lasts until the curvature of the potential becomes
dominant again (but this time with a negative sign). The
time N2, at which stage 2 ends, is determined numerically
from the condition

−
2

3

m2
φðN2Þ

H2ðN2Þ
SðN2Þ ¼

H2ðN2Þ
4π2

: ð79Þ

FIG. 4. Top left: the two-field potential (21) in the vicinity of
the critical point (55) superimposed by the background trajectory
(red) and the φþ

v solution (blue). Top right: the parametric plot
showing φðχ̂Þ. Bottom left: the effective isocurvature mass as a
function of N. Bottom right: the slow roll parameter εH as a
function of N. The vertical red dashed lines in the bottom row
mark the beginning and end of stage 2 which lasts for less than
1e-fold. The actual fall into the valley leading to the spike in the
slow-roll parameter and the isocurvature mass occurs well inside
stage 3.

FIG. 5. The log-log plots of the power spectra PR (left) and Ph
(right) evaluated at the end of inflation N ¼ 0 as a function of the
wave number k.

GUNDHI, KETOV, and STEINWACHS PHYS. REV. D 103, 083518 (2021)

083518-10



The initial conditions for stage 3 are

φjs3N2
¼ S1=2ðN2Þ;

dφ
dN

				s3
N2

¼ 1

2
ffiffiffi
S

p dS
dN

				
N2

; ð80Þ

χ̂js3N2
¼ χ̂js2N2

;
dχ̂
dN

				s3
N2

¼ dχ̂
dN

				s2
N2

: ð81Þ

The numerical analysis confirms the analytic estimate (72)
that the second stage typically lasts for less than 1 e-fold
and that the values acquired by φ at the beginning of stage 3
are very small. This a posteriori justifies the assumptions of
slow roll along φ in (61), the Taylor expansion of the
potential in (62), and the Gaussian solution (67) to the
Fokker-Planck equation (66).
The numerical solutions for φðNÞ, χ̂ðNÞ, and aðNÞ are

then used in the equations for the perturbations (35), which
are solved numerically with Bunch-Davis initial conditions
imposed in the deep subhorizon regime. Finally, the power
spectra (47)–(49) are computed numerically for the pivot
scale k� ¼ 0.002 Mpc−1 crossing the horizon at N ¼ 60.
We discuss the numerical results separately for scenario I
and scenario II.

A. Scenario I

For the parameter values (56), for which scenario I is
realized, the effective single-field stage with the
Starobinsky potential (58) along φ0 will be inevitably
attained, independently of the initial value φi.
A successful phase of Starobinsky inflation during stage

1 requires m2
0=M

2
P ¼ 1.18 × 10−5 to satisfy the COBE

normalization (4). The parameters are further constrained
by demanding that PBHs are produced within a given PBH
mass window (constraining the peak location in the power
spectrum) and that these PBHs lead to a significant amount
of CDM as observed today (constraining the amplitude of
the peak). For instance, as explained in the context of the
peak formation mechanism in Sec. VI, demanding that
the power spectrum peaks on specific scales constrains
the ratio ξ=ζ that, in turn, determines χ̂c and, hence, also the
e-folding number around which the sourcing takes place.
Altogether, these constraints fix three out of the four
parameters m0, ζ, ξ, and λ.
The numerical results in Figs. 4 and 5 are based

on the parameter combination m0=MP¼1.18×10−5,
ζ¼2.6×10−10, ξ ¼ 50, and λ ¼ 10−5.
The inlay in the top left plot of Fig. 4 shows φ as a

function of N for both trajectories and illustrates that the
inflationary trajectory (red) does not immediately turn/fall
into the φþ

v valley (blue) which reemerges at χ̂c. Because
of its inertia, it stays on the unstable hill along φ0

for a short period. The exact moment, at which the
trajectory (red) turns/falls before it catches up with the
valley (blue), depends on the diffusive quantum kicks it

experiences and requires the stochastic formalism dis-
cussed in Sec. V B.
The top right plot in Fig. 4 shows φ as a function of χ̂. It

illustrates how the inflationary trajectory runs along φ0,
performs a sharp turn/fall and, after several mild oscilla-
tions, tracks the valley solution φþ

v .
The bottom left plot in Fig. 4 shows the ratio of the

effective isocurvature mass (43) and the squared Hubble
parameter as a function of N. It becomes tachyonic when it
first crosses zero at χ̂c, corresponding to the moment at
which the curvature of the potential in φ direction m2

s ∝
Ŵ;φφ changes sign. It turns positive again as the trajectory
is pushed away from φ0 and approaches the φþ

v valley
where m2

s turns positive again. The oscillations in m2
s

disappear after the trajectory settles down completely in the
φþ
v valley.
The bottom right plot in Fig. 4 shows the slow-roll

parameter εH as a function of N. It remains well within the
slow-roll regime εH ≪ 1 during all three stages of the
inflationary background evolution and at no point enters a
regime of ultra slow-roll (in particular not during the turn/
fall). This illustrates again that the multi-field amplification
mechanism described in Sec. VI is essentially different
from that based on an intermediate phase of ultra slow-roll
in single-field models of inflation. After mild oscillations,
εH settles down to a higher value in φþ

v compared to its
value along φ0. This implies that the inflationary dynamics
in stage 3 is slightly faster than that in stage 1 due to the
steeper slope of Ŵðχ̂;φþ

v ðχ̂ÞÞ in the χ̂ direction compared
to Ŵðχ̂;φ0Þ.
The formation of a peak in PR and the absence of any

feature in Ph is shown in Fig. 5.
The left plot of Fig. 5 shows the weak logarithmic k

dependence of the power spectrum PR for large wave-
lengths (small k) during the first slow-roll phase along φ0 in
stage 1 with the amplitude PR ≈ 10−9 required for the
consistency with CMB measurements. At smaller wave-
lengths (larger k), PR experiences a strong amplification
leading to a peak centered around kp=k� ≈ 1015 with
amplitude PR ≈ 10−2. This peak corresponds to the modes
which cross the horizon during the turn/fall of the infla-
tionary trajectory. For modes that cross the horizon during
the slow-roll phase in stage 3, the amplitude of PR ≈ 10−10

is slightly smaller than that for the modes that cross the
horizon during stage 1.
The amplification in PR is entirely due to the sourcing of

scalar perturbations. This can be seen from the right plot of
Fig. 5, which shows that the tensor power spectrum Ph
remains constant for lower k in stage 1, and drops as H
decreases when the inflationary trajectory settles in the φþ

v
valley. No amplification or any other feature is visible,
which is again explained by the fact that the isocurvature
amplification mechanism only affects the scalar power
spectrum PR, cf. (40).
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B. Scenario II

While the Starobinsky phase along φ0 during stage 1 in
scenario I is similar to that in scenario II, the transition to
stage 3 is more violent in scenario II, as the inflationary
background trajectory falls much deeper from the central
φ0 valley into one of the φ�

v valleys. All plots in this section
are obtained for m0=MP ¼ 1.18 × 10−5, ζ ¼ 6 × 10−10,
λ ¼ 10−5 and ξ ¼ 200.
The top left plot of Fig. 6 shows the two-field potential

superimposed by the numerically calculated exact infla-
tionary trajectory (red) and the analytic valley equation φþ

v
(blue). The inlay plot shows that the trajectory sharply
bends and falls into the φþ

v valley.
The top right plot of Fig. 6 shows the parametric

dependence of φ on χ̂ and the oscillations in the φ direction
before settling in the φþ

v valley.
The effective isocurvature mass m2

s=H2 shown in
the bottom left plot of Fig. 6 remains positive
during the slow-roll phase in stage 1, crosses zero at
the critical point χ̂c (shown by the lower inlay plot), grows
negative while the trajectory is still on the unstable hill φ0,
crosses zero again, peaks during the steep fall into the φþ

v
valley, undergoes heavy subsequent oscillations until the
trajectory settles in the φþ

v valley, and acquires a large
positive value in the second slow-roll phase along φþ

v well
inside stage 3. The upper inlay plot shows the peak
amplitude of the oscillations in the effective isocurva-
ture mass.
The bottom right plot of Fig. 6 shows the slow-roll

parameter εHðNÞ, that remains almost constant during stage
1, grows rapidly during the fall, and performs subsequent

oscillations until the trajectory has settled in the φþ
v valley.

During stage 3, it remains constant but is larger than in
stage 1 due to the steeper slope of Ŵðχ̂;φþ

v ðχ̂ÞÞ. While
overall εHðNÞ is well within the slow-roll regime, in
contrast to scenario I, the slow-roll condition is tempo-
rarily violated during stage 3 when the trajectory falls into
the valley, as shown by the inlay plot. This again
emphasizes the difference between the isocurvature
pumping mechanism and the ultra slow-roll mechanism
for peak formation.
The log-log plot of PR in Fig. 7 shows the weak

logarithmic k dependence for large wavelengths in stage 1
with amplitude PR ≈ 10−9 consistent with CMB measure-
ments. The strong amplification leads to a peak centered
around kp=k� ≈ 1015 with amplitude PR ≈ 10−2. Well
inside stage 3, the trajectory settles into the φþ

v valley in
which the value of the potential is considerably smaller than
during stage 1 and the overall power PR ≈ 10−11 along φþ

v
is about 2 orders of magnitude lower compared to that in
stage 1.
The log-log plot of Ph in Fig. 7 shows that Ph remains

constant for large wavelengths during stage 1 and sharply
drops when the inflationary trajectory falls into the φþ

v
valley. It shortly oscillates while the trajectory settles in the
φþ
v valley and continuously decreases as the trajectory

approaches the end of inflation along φþ
v .

VIII. PBH DARK MATTER FROM INFLATION

The formation of PBHs in the early Universe was
proposed more than 50 years ago [56,57]. Since PBHs
do not form by the gravitational collapse of a star or the
merger of two neutron stars, PBH masses have a much
wider mass spectrum than permitted by the Chandrasekhar
mass bound.
Black holes emit Hawking radiation with the temper-

ature TðMÞ ∝ 1=M, and have a lifetime τðMÞ ∝ M3 [58].
Therefore, lighter black holes decay earlier. Since lighter
black holes with Schwarzschild radius rSðMÞ ¼ 2GNM are
smaller, they have a higher density ρ ¼ M=V ∝ 1=M2,
where we have used the volume VðMÞ ¼ 4πr3SðMÞ=3 of a
Schwarzschild black hole with massM. Since high-density
black holes could be formed naturally in the early stages of

FIG. 6. Top left: The two-field potential (21) in the vicinity of
the critical point (55) superimposed by the background trajectory
(red) and the φþ

v valley solution (blue). Top right: Parametric plot
φðχ̂Þ. Bottom left: The effective isocurvature mass as a function
of N. Bottom right: the slow roll parameter εH as a function of N.
As in Fig. 4 the spikes in the slow-roll parameter and the
isocurvature mass occur well inside stage 3 (due to the inlay plots
we refrain from displaying the vertical dashed lines indicating the
beginning and end of stage 2).

FIG. 7. The log-log plots of the adiabatic power spectrum PR
(left) and the tensorial power spectrum Ph as a function of the
wave number k.
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the radiation dominated universe, they are referred to
as PBHs.8

Despite the wide range of theoretically permitted PBH
masses, there are strong observational constraints on the
PBH mass spectrum which is probed by many different
sources on a huge range of scales. The absence of any strong
gamma ray burst that would have been emitted by the black
hole evaporation [59] provides a direct lower bound on the
allowed PBHmass. Tighter constraints come fromHawking
radiation of decaying PBHs that would have heated the
Universe and thereby delayed the formation of chemical
elements during the big bang nucleosynthesis. In addition,
decaying PBHsmight leave relics of Planckmass.9 Since the
total energy density of such hypothetical relics cannot
exceed the present CDM density, this also leads to con-
straints on the PBH mass spectrum. Further constraints
unrelated to PBH evaporation come from gravitational
lensing experiments, pulsar timing experiments, as well
as CMB and large scale structure measurements. A recent
overview of observational constraints can be found in [4].

A. PBH formation

There are various formation mechanisms for PBHs, such
as a sudden pressure reduction during phase transitions
[61], cosmic strings [62], and bubble collisions [63]. The
most relevant formation mechanism, however, is provided
by the collapse of large density perturbations. The prob-
ability of such perturbations with a large amplitude can be
enhanced by peaks in the inflationary power spectrum of
curvature perturbation [64–67]. Since CMB measurements
only cover large wavelengths (3), PBHs offer a unique
opportunity to probe inflationary models on smaller wave-
lengths [36]. A PBH forms whenever the overdensity

δðt;xÞ ≔ ρðt;xÞ − ρ̄ðtÞ
ρ̄ðtÞ ð82Þ

exceeds a critical value δc in a given (spherical) Hubble
volume VHðtÞ ≔ 4πr3HðtÞ=3. The Hubble radius is defined
as rHðtÞ ≔ 1=HðtÞ and the background density in a flat
FLRW universe is given by ρ̄ðtÞ ¼ 3H2ðtÞ=ð8πGNÞ. In the
simplest picture, a PBH with rS ¼ rH immediately forms
once a perturbation δ > δc with wavelength λδ enters the
Hubble horizon λδ ¼ rH.

10 In addition, the PBHmassMPBH
is assumed to be directly proportional to the horizon mass
MH at the time of formation tf ,

MPBHðtfÞ ¼ KMHðtfÞ; ð83Þ

MHðtfÞ ¼ VHðtfÞρ̄ðtfÞ ¼
rHðtfÞ
2GN

: ð84Þ

The critical density δc is determined by the Jeans-length
criterion applied in an expanding FLRW universe. The
critical density δc, as well as the proportionality factor
K, depend only on the FLRW background dynamics.
For an equation of state p ¼ ωρ, with constant ω deter-
mined by the dominant energy density fraction at the
time of formation, δc ≈ ω and K ≈ ω3=2 [57]. In the
radiation dominated phase ω ¼ 1=3 this leads to δc ≈ 0.33
and K ≈ 0.19.
In this simplified picture, the PBH mass only depends

on the horizon mass and, hence, on the time of formation
but not on the amplitude δ. However, numerical collapse
simulations show that the PBH mass satisfies a more
complicated critical scaling relation and depends both on
the time of formation tf as well as on the amplitude of the
overdensity δ [73,74],

MPBHðδ; tfÞ ¼ K MHðtfÞðδ − δcÞγ: ð85Þ

The parameters K, δc, and γ in (85) are determined
numerically [75–79]. An analytic approach to determine
the threshold δc was proposed recently in [80].
All our numerical results are obtained by taking full

account of the critical scaling relation (85). Following the
arguments of [81] we fix the parameters at K ¼ 10,
δc ¼ 0.25, and γ ¼ 0.36 entering (85), which is consistent
with the choice of the window function as described in the
subsequent section.

B. PBH abundance

In order to calculate the PBH abundance, it is useful to
define the fraction of the mass in the Universe, which
collapsed into PBHs at the time of formation,

βðtfÞ ≔
ρPBHðtfÞ
ρ̄ðtfÞ

: ð86Þ

In the Press-Schechter formalism11 β is calculated
as [86]

βðtfÞ ¼ 2

Z
∞

δc

dδ
MPBHðδ; tfÞ
MHðtfÞ

Pðδ; tfÞ: ð87Þ

Here Pðδ; tfÞ is the PDF of generating an overdensity with
amplitude δ at the moment of formation tf . Assuming that
the perturbations δ are independent random variables, they

8Even though PBHs could have also formed during inflation,
their number density would have been strongly diluted due to the
rapid expansion of the Universe.

9A consistent description of the final stage of black hole
evaporation may require a more fundamental quantum theory
of gravity; see, e.g., [60] for a review about various covariant
approaches to quantum gravity.

10A more detailed study of the formation time and its impact on
the PBH abundance can be found in [68–72].

11For alternative methods based on peaks theory, see
e.g., [82–85].
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follow Gaussian statistics.12 The lower integration bound in
(87) is determined by the critical collapse density δc.

13 The
probability density of having an overdensity with ampli-
tude δ is given by

Pðδ; tfÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πσ2ðtfÞ
p exp

�
−
1

2

δ2

σ2ðtfÞ
�
: ð88Þ

Hence those perturbations forming PBHs are very rare and
lie in the tail of the Gaussian PDF (88). Calculating β from
(87) requires calculating the variance σ2ðtfÞ ¼ hδ2ðtfÞi in
(88). The Fourier transform of the density contrast δðt;xÞ is
given by

δðt;xÞ ¼
Z

d3k

ð2πÞ3=2 e
ikxδkðtÞ: ð89Þ

In a homogeneous and isotropic FLRW universe,
the variance σ2ðtÞ is completely determined by the
power spectrum Pδðt; kÞ via the two-point correlation
function

σ2ðtÞ ¼
Z

∞

0

dðln kÞPδðt; kÞ; ð90Þ

hδkðtÞδ�k0 ðtÞi ¼ 2π2

k3
Pδðt; kÞδ3ðk − k0Þ: ð91Þ

Assuming that the overdensities δkðtÞ arise from the
comoving curvature perturbations RkðtÞ amplified during
inflation, we need to relate Pδðt; kÞ with the inflationary
power spectrum PRðt; kÞ that is defined by the two-point
correlation function

hRkðtÞ;R�
k0 ðtÞi ¼ 2π2

k3
PRðt; kÞδ3ðk − k0Þ: ð92Þ

The linear relation between δk in the radiation dominated
era and Rk is given by14

δkðtÞ ¼
4

9

�
k
aH

�
2

Tðt; kÞRkðtÞ: ð93Þ

The transfer function Tðt; kÞ describes the subhorizon
dynamics k > aH of δkðtÞ after horizon reentry, while

Tðt; kÞ ¼ 1 for superhorizon scales k < aH. Thus, the
variance (90) is obtained as

σ2ðtÞ ¼
Z

∞

0

dðln kÞ 16
81

�
k

aðtÞHðtÞ
�

4

T2ðt; kÞPRðt; kÞ:

ð94Þ

The integral (94) diverges at the upper integration
bound for small wavelengths λ ¼ 1=k. This is avoided by
smoothing δðt;xÞ with a unit normalized window function
Wðx − y; RÞ at a smoothing scale R,

δRðt;xÞ ¼
Z

d3yWðx − y; RÞδðt; yÞ: ð95Þ

Physically, the coarse graining induced by the smoothing
means that at every point x, the smoothed overdensity
δRðt;xÞ represents the average of δðt;xÞ over a spherical
region of radius R centered at x; i.e., the substructures in
the overdensity δðt;xÞ below the resolution scale R are
smoothed out in δRðt;xÞ by the averaging procedure. We
choose a modified Gaussian window function WG in (95).
Following the conventions in [72], the window function in
Fourier space reads15

WGðkRÞ ¼ exp

�
−
ðkRÞ2
4

�
: ð96Þ

The window function (96) strongly damps out contribu-
tions from modes much larger than the “smoothing mode”
kR ¼ 1=R. Since we assume that a PBH forms when the
modes δkðtÞ reenter the horizon at t ¼ tf , the smoothing
mode should be identified with the comoving Hubble
radius at formation

kR ≡ aðtfÞHðtfÞ: ð97Þ

With the choice of the smoothing scale (97), the subhorizon
modes k ≫ aðtfÞHðtfÞ are strongly suppressed by the
window function such that the transfer function in (94)
effectively becomes Tðt; kÞ ¼ 1 for the superhorizon
modes k ≪ aðtfÞHðtfÞ. The variance (94) at tf , smoothed
at the horizon scale, acquires the form

σ2RðtfÞ ¼
Z

∞

0

dðln kÞ 16
81

�
k
kR

�
4

W2ðk=kRÞPRðtf ; kÞ: ð98Þ

In order to have a sizeable mass fraction (87), the smoothed
variance (98) must be sufficiently large. Since σRðtfÞ is
strongly damped by the ðk=kRÞ4 factor for modes k ≪ kR
and by the window function W2ðk=kRÞ for modes k ≫ kR,

12For a discussion of non-Gaussian effects, see e.g.,
[71,87–96].

13Even though the upper integration bound may be constrained
by demanding that δ should still be within the linear regime
δ ≤ 1, it can safely be taken to infinity in view of the
exponential suppression factor arising from the Gaussian
PDF (88) for δ ≫ 1.

14For a discussion taking into account the effects of the more
general nonlinear relation between the curvature perturbations
and the density contrast see [91,96].

15Note the additional factor of 1=2 in the argument of the
exponential in (96). For a comparison of the impact of different
window functions see, e.g., [81].
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a sufficiently large σRðtfÞ can only be realized for a power
spectrum which features a strong amplification at k ≈ kR.

16

Thus, in case the inflationary power spectrum PRðtf;kÞ
features a sharp peak at kp, this peak scale should be
arranged to be close to kR by tuning the parameters of the
inflationary model. Moreover, the horizon mass MHðtfÞ at
the time of formation is related to the peak scale kp by [97]

MHðkpÞ ¼ MHðteqÞ
�
gðtfÞ
gðteqÞ

�
1=6

�
kp
keq

�
−2

¼ 3.3 × 1017 M⊙

�
kp

0.07h2Ωm Mpc−1

�
−2
: ð99Þ

Here g is the effective number of relativistic degrees of
freedom, and teq and keq are the time of matter-radiation
equality and the mode which crosses the horizon at that
time, respectively. A simple way to obtain a rough analytic
estimate of the relationship for the PBH mass as a function
of the peak scale kp is to assume that the horizon mass, (99),
is directly proportional to the PBH mass leading to

MPBHðkpÞ ≈ 6.3 × 1012 M⊙

�
kp

Mpc−1

�
−2
: ð100Þ

In the transition from (99) to the estimate (100), we
have used the explicit values MPBH ¼ 0.19MH, gðtfÞ ¼
106.75, gðteqÞ ¼ 3.36, h ¼ 0.674, and Ωm ¼ 0.315 [36].
Conversely, if we are interested in a particular PBH mass
range, the relation (100) gives an estimate for the peak
location in PRðt; kÞ. For example, if we demand that all
CDM we observe today is made of PBHs, only very small
windows for the PBH mass are observationally allowed and
determine the scale kp at which PRðtf ; kÞ must be strongly
amplified. We emphasize that all our numerical results are
based on the critical scaling relation (85) and not on the
simplified estimate (100).

C. PBHs as CDM

In the case when sufficiently large numbers of PBHs
formed in the radiation dominated era, they could make up
a large fraction of the presently observed CDM content in
the Universe [5,98–102]. Particularly interesting is the PBH
mass window accessible to gravitational wave experiments
performed by LIGO [55,103–105]. The PBH mass distri-
bution fðMPBHÞ derived in (A23) measures the fraction of
the presently observed CDM contributed by PBHs with
mass MPBH. In our numerical analyses the PBH mass
distribution is obtained by numerically integrating (A23),
by taking into account (85) with the numerical values
K ¼ 10, δc ¼ 0.25, and γ ¼ 0.36.

In case CDM is entirely made of PBHs, the total fraction
FPBH defined in (A22) equals one. In case only a fraction of
CDM is made of PBHs FPBH < 1. Thus, the trivial
constraint on the PBH abundance is given by FPBH ≤ 1
because the total PBH density cannot exceed the present
CDM density. Since the mass spectrum of PBHs is already
considerably constrained on a broad range of scales, there
are only a few PBH mass windows in which FPBH ¼ 1 can
be realized [4,5]:

10−17 M⊙ ≲MI
PBH ≲ 10−16 M⊙; ð101Þ

10−13 M⊙ ≲MII
PBH ≲ 10−9 M⊙: ð102Þ

In addition to MI
PBH and MII

PBH, the detection of binary
black hole merges at LIGO/Virgo has renewed interest in
the possibility of a primordial origin of CDM for PBHs in
the mass range

10 M⊙ ≲MIII
PBH ≲ 102 M⊙: ð103Þ

Even if the possibility of explaining all the observed CDM
by PBHs in the mass window MIII

PBH seems to be ruled out
observationally, as FPBH ≲ 10−2–10−3 [4,5,105], a peak
leading to the production of PBHs in the mass rangeMIII

PBH
would provide an inflationary explanation for the observed
merger events. While there are interesting scenarios con-
nected to a mixed contribution of PBHs and additional
CDM particles such as WIMPs (see [5] for an overview),
we primarily focus on the possibility to explain all of the
observed CDM content by PBHs with FPBH ¼ 1 in the
mass windows MI

PBH and MII
PBH. Nevertheless, in Sec. IX,

we demonstrate that there are the parameter combinations
that permit a generation of the observationally allowed
distribution fðMPBHÞ in all mass windows (101)–(103),
i.e., FPBH ≈ 10−1–1 in the mass windows MI

PBH andMII
PBH,

and FPBH ≈ 10−3–10−2 in the mass window MIII
PBH.

The mass intervals (101)–(103) directly translate into k
intervals in which the peak featured in PR, centered at kp,
must lie:

kIp ≈ 1015 Mpc−1; ð104Þ

1013 Mpc−1 ≳ kIIp ≳ 1011 Mpc−1; ð105Þ

kIIIp ≈ 106 Mpc−1: ð106Þ

Conversely, once a particular PBH mass MPBH has been
chosen, the constraint FPBH ¼ 1 directly translates into a
constraint on the amplitude Ap of the peak in PR at kp. For
a given PBH massMPBH, a rough analytical estimate of the
peak amplitude Ap leading to FPBH ¼ 1 is provided in
Appendix B.

16Note that smoothing has a negligible effect on sharp peaks in
PR; see, e.g., [91] for more details.
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IX. NUMERICAL RESULTS

We present our numerical results for the PBH
mass distribution (A23) in the three mass windows
(101)–(103). We show that for all three mass windows,
there are parameter combinations which lead to FPBH ¼ 1.
Moreover, in all cases it is also possible to find parameters
such that FPBH < 1, which is particularly relevant for the
observationally most interesting LIGO mass window (103).
Therefore, we first present our results for the LIGO mass
range, show that the log-normal function (B2) provides an
excellent fit to the peak of the numerically generated power
spectrum, and finally compare the peak amplitude Ap to the
results obtained in [81]. For the mass windows (101)–
(103), we illustrate that the numerical value for FPBH is
highly sensitive to the parameter ξ.

A. LIGO mass window MIII
PBH

If the observed LIGO black hole merger events are
of inflationary origin, the merger rates may be used to
constrain the power spectrum via the PBH mass distribu-
tion fðMPBHÞ. Observationally, in the LIGO mass window
(103), the total fraction FPBH is most likely constrained to
lie between 10−3–10−2; see, e.g., [5,106]. While recent
works [107–110] suggest that FPBH is closer to 10−3, other
works indicate that FPBH could attain much higher values
[111–114].
The left plot in Fig. 8 shows that the chosen model

parameters generate a distribution fðMPBHÞ consistent with
observational constraints. Hence, the two-field extended
Starobinsky model (10) with the potential (21) can explain
the origin of the black holes involved in the LIGO observed
merger events as PBHs formed due to the enhancement of
the inflationary power spectrum on wavelengths smaller
than the ones probed by CMB. The fit parameters, obtained
by fitting the mass distribution fðMPBHÞ in the left plot of
Fig. 8 to a log-normal distribution, are close to the values
reported in [115] for mass distributions that would give rise
to the events in the recently released GWTC-2 event
catalog of the LIGO-Virgo Collaboration [116] and can

easily be made compatible by a slight modification of the
model parameters ζ, ξ and λ.
The total fraction FPBH is highly sensitive to the model

parameters, in particular to ξ, as can be seen by comparing
the two plots in Fig. 8 where FPBH ¼ 4.1 × 10−3 for the left
plot and FPBH ¼ 0.9 for the right plot. Therefore, by fine-
tuning the model parameters any numerical value FPBH ≤ 1
can be obtained.
As illustrated in Fig. 9, the log-normal function (B2)

closely fits the peak of the exact numerically obtained
power spectrum, implying that the peak is well charac-
terized by three parameters: the peak scale kp, the peak
amplitude Ap, and the peak width Δp. In addition, by using
the log-normal fit, the subsequent numerical integrations
can be performed much more efficiently.
Finally, the log-normal fit to the peak allows a direct

comparison with [81]. In Fig. 1 of [81], fðMPBHÞ for the
LIGO mass window was also computed using the Press-
Schechter formalism with a modified Gaussian window
function and by assuming a log-normal shape for the peak
in the power spectrum. In [81] the value of the total fraction
was fixed to FPBH ¼ 2 × 10−3, which is of the same order
as FPBH ¼ 4.1 × 10−3 obtained in the left plot in Fig. 8.
Moreover, a comparison with the results tabulated in

Table I of [81] shows (first column) that Ap must lie
between 4.14 × 10−3 ≤ Ap ≤ 8.92 × 10−3 in order to have
FPBH ¼ 2 × 10−3 for 0.3 ≤ Δp ≤ 1. The values Ap ¼ 7.2 ×
10−3 and Δp ¼ 0.709 obtained in Fig. 8 leading to FPBH ¼
4.1 × 10−3 therefore provide an additional consistency
check for the numerical evaluation of fðMPBHÞ.

B. Mass windows MI
PBH and MII

PBH

Current observations suggest that FPBH ¼ 1 cannot be
realized within the entire mass window

10−17 M⊙ ≲MPBH ≲ 10−9 M⊙; ð107Þ

FIG. 8. Left: fðMPBHÞ obtained for the LIGO mass window
MPBH ≈ 10 M⊙ for parameter values λ ¼ 10−5, ξ ¼ 34, and ζ ¼
1.345 × 10−10 and m0 as in (8). Right: fðMPBHÞ in the LIGO
mass window MPBH ≈ 10 M⊙ for parameter values λ ¼ 10−5,
ξ ¼ 36.70, and ζ ¼ 1.396 × 10−10 and m0 as in (8). In both plots
fðMPBHÞ is evaluated for g ¼ 10.75.

FIG. 9. Left: The log PR vs log k plot obtained for the
parameter values λ ¼ 10−5, ξ ¼ 34, and ζ ¼ 1.345 × 10−10.
Right: The red dashed line shows the log-normal fit (B2) to
the peak of the numerically generated PR at kp ¼ 2.80 ×
106 Mpc−1 with amplitude Ap ¼ 0.0072 and width Δp ¼
0.709 for the same parameter values as in the left plot. The blue
solid line shows the Mathematica interpolating function of the
numerically obtained PR in the peak region for the same
parameters.
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but only within the smaller mass windowsMI
PBH andMII

PBH
resulting from splitting (107); see [5]. We explicitly show
that for appropriate parameter values, mass distributions
fðMPBHÞ with FPBH ¼ 1 can be realized in both mass
windows MI

PBH and MII
PBH. Note that recent data from the

NANOGrav Collaboration [117] lends further support to
the proposal that PBHs may constitute a large part (or the
whole) of CDM with the dominant contribution to the mass
function in the range 10−15 M⊙ − 10−11 M⊙ [118]. Thus,
in light of the observational ambiguity regarding the strict
upper bound on FPBH in the respective mass windows
MI

PBH and MII
PBH, our main objective is not to derive

stringent constraints on the model parameters for all the
mass windows but to demonstrate that there are parameter
values that lead to observationally viable mass distribu-
tions fðMPBHÞ.
In Fig. 10, we show an exemplary parameter combina-

tion for which PR peaks at kp ≈ 1015 Mpc−1 and generates
a significant amount of CDM in mass window MI

PBH. The
left plot in Fig. 10 shows a mass distribution fðMPBHÞ
which leads to FPBH ¼ 0.69 for ξ ¼ 38. The right plot in
Fig. 10 illustrates the sensitivity of fðMPBHÞ on ξ. For a ξ
larger by only 0.5%, the amplification mechanism is
already too strong and leads to the observationally unac-
ceptable large value of FPBH ¼ 1.4.
Similarly, Fig. 11 shows fðMPBHÞ for two parameter

combinations in the mass window MII
PBH. The left plot in

Fig. 11 shows an observationally viable scenario with
FPBH ¼ 0.5, while the right plot leads to an unacceptable
value FPBH ¼ 2.1. Summarizing, the discussion presented
in this section illustrates that the model parameters can be
adjusted such that a significant fraction of CDM (including
all CDM) is made of PBHs in all the three mass windows
(101)–(103). It is interesting to see whether the isocurvature
pumping mechanism underlying our two-field model can
be distinguished from the ultra slow-roll enhancement
mechanism in single-field models of inflation on purely
phenomenological grounds. A possible indicator which
would allow us to discriminate between these mechanisms

is the growth rate of the power spectrum at small scales. In
single-field models the growth rate was found to be
bounded by a k4 enhancement in [119] [the refined analysis
in [120] lead to a weaker bound k5ðln kÞ2]. In all our
numerical results the enhancement is well fitted by the log-
normal distribution (B2). Consequently, the growth rate can
be quantified by the (scale dependent) spectral index

nsðkÞ − 1 ¼ ∂ lnPPBH

∂ lnðkÞ : ð108Þ

At lnðkmax=kpÞ ¼ −Δp the growth rate of the power
spectrum has a maximum. This implies that nsðkmaxÞ − 1 ¼
1=Δp, and hence Δp ≤ 0.25 to overcome the single-field
bound ns ≤ 5. In all our numerical results the value of Δp

does not fall below Δp ¼ 0.592 (cf. Fig. 10). Hence,
for the scenarios considered in this work, we cannot
discriminate between the isocurvature pumping mecha-
nism in our model and the ultra slow-roll single-field
mechanism by just comparing the growth rate of the
power spectra.

X. CONCLUSIONS

The two-field dilaton extension of Starobinsky’s infla-
tionary model predicts a successful phase of inflation in
perfect agreement with recent Planck measurements. At the
same time, it is capable of predicting the presently observed
dark matter content in our Universe in the form of PBHs.
The generation of gravitational waves and CDM from
PBHs is also possible in the Starobinsky supergravity
theory with two-field double inflation [39,40].
It is interesting to compare our model to the model of

scalaron-Higgs inflation [16]. First, we identify the non-
minimally coupled scalar field extending Starobinsky’s
geometric model with a dilaton field, whereas in the
scalaron-Higgs model this scalar field is identified with
the Standard Model Higgs field. Second, we assume a
dilaton-dependent scalaron mass M2ðφÞ in (11), which
effectively introduces an additional parameter ζ.

FIG. 10. Left: fðMPBHÞ for λ ¼ 10−5, ξ ¼ 38, ζ ¼
3.30 × 10−10 leading to the log-normal power spectrum fit with
Ap ¼ 0.003835, Δp ¼ 0.592179, and kp ¼ 3.04 × 1015 Mpc−1.
Right: fðMPBHÞ for λ ¼ 10−5, ξ ¼ 38.2, ζ ¼ 3.31 × 10−10 lead-
ing to the log-normal power spectrum fit with Ap ¼ 0.00391,
Δp ¼ 0.5919, and kp ¼ 3.03 × 1015 Mpc−1. In both plots
fðMPBHÞ is evaluated for g ¼ 106.75.

FIG. 11. Left: fðMPBHÞ for λ ¼ 10−5, ξ ¼ 36, ζ ¼
2.29 × 10−10 leading to the log-normal power spectrum fit
with Ap¼0.00485, Δp ¼ 0.6360, and kp ¼ 3.69 × 1012 Mpc−1.
Right: fðMPBHÞ for λ ¼ 10−5, ξ ¼ 36.5, ζ ¼ 2.31 × 10−10 lead-
ing to the log-normal power spectrum fit with Ap ¼ 0.0051,
Δp ¼ 0.6348, and kp ¼ 3.46 × 1012 Mpc−1. In both plots
fðMPBHÞ is evaluated for g ¼ 106.75.

PRIMORDIAL BLACK HOLE DARK MATTER IN DILATON- … PHYS. REV. D 103, 083518 (2021)

083518-17



For positive values of ζ the stable inflationary dynamics
along φ0 reduces to that of an effective single-field model
with the same predictions as Starobinsky’s model at the
scales probed by the CMB. However, the inflationary
trajectory remains stable only up to the critical point χ̂c,
at which φ0 turns into an unstable hill. The trajectory
subsequently falls into one of the outer φ�

v valleys. As
explained in Sec. VI, this feature of the multi-field
dynamics leads to an amplification of the adiabatic power
spectrum at small wavelengths. In contrast, the two-field
potential in scalaron-Higgs inflation features an unstable
hill-top along φ0 for all values of χ̂ and, therefore, leads to
an immediate fall of the inflationary background trajectory
already at the very onset of inflation.
Even though the scalaron-Higgs model predicts the same

values for the inflationary observables as Starobinsky’s
model at large wavelengths, it does not support the
isocurvature sourcing mechanism for smaller wavelengths
required for significant PBH production. The detailed
conditions required for a successful realization of the
multi-field amplification mechanism include the growth
of isocurvature perturbations resulting from an intermediate
phase in which the effective isocurvature mass becomes
tachyonic and the sourcing of adiabatic modes resulting
from a curved trajectory in the scalar field space geometry.
This “isocurvature pumping” mechanism, already dis-
cussed in [16], is a genuine multi-field effect and is
essentially different from other amplification mechanisms
in the single-field models of inflation.
We emphasized the necessity of the stochastic treatment

within the short (less than 1e-fold) transition phase, where
quantum diffusive effects dominate the inflationary dynam-
ics, and set the initial conditions for the subsequent
classical dynamics in which the peak in the adiabatic
power spectrum is generated. Thus, the stochastic treatment
is crucial for the production of PBHs and for a precise
prediction of their contribution to the presently observed
CDM. The importance of the stochastic formalism in the
context of PBHs produced in multi-field models of inflation
is also discussed in [52,121,122].
All numerical results presented in Sec. IX are obtained

for the parameter values satisfying the condition (56), and,
therefore, are realized in scenario I. In scenario I, the valley
along φ0 is a global attractor, so that all its predictions are
independent of the initial conditions for the inflationary
background trajectory.
Even if the exact inflationary power spectrum is

known numerically, the calculation of the PBH mass
distribution depends on the details of the formalism used.
For generic power spectra with multiple peaks of different
amplitudes and shapes, a choice of the window functions
and the formalism (Press-Schechter [86] vs peaks theory
[82,83,85]) does, in general, also affect the result for the
PBH mass distribution [72]. The PBH collapse process
does not only depend on the time at which the PBHs form,

but also on the amplitude of the density perturbations. This
is taken into account by the critical scaling relation for the
PBHmass [75]. In the present work, we assumed that PBHs
form immediately once an overcritical density fluctuation
enters the horizon, took into account the critical scaling
relation (85) for the PBH mass, worked with the Press-
Schechter formalism (87), and used a Gaussian window
function (96). However, since the dilaton-extended
Starobinsky model predicts an almost scale invariant power
spectrum with a single sharp peak, we expect our results to
strongly depend neither on the specifics of the Press-
Schechter formalism nor on the choice of the Gaussian
window function. This expectation is further supported by
the comparison with the results of [81].
We investigated three different PBH mass windows

(101)–(103) where the observational constraints permit a
sizeable contribution of PBHs to the presently observed
CDM content of our Universe. This also includes the
possibility to explain all CDM by PBHs in the mass
windows (101) and (102), which is supported by the recent
data from the NANOGrav Collaboration [117].
Of particular interest is the mass window (103), as the

sources of the binary merger events observed by the LIGO
Collaboration [103] may be identified with PBHs and
thereby provide an additional observational window to the
inflationary dynamics. While the maximum value of the
fraction FPBH in the LIGO mass window (103) is con-
troversially discussed [107–114], the extended dilaton two-
field Starobinsky model can account for any observationally
viable FPBH by a suitable combination of parameters.
Our model allows for several future applications.

It would be interesting to study the effect of non-
Gaussianities, both primordial ones and those arising from
the nonlinear relation between the comoving curvature
perturbation and the density perturbation. Moreover, the
formation of primordial black holes inevitably leads to the
production of gravitational waves [55,97], which may be
detected by the space-based gravitational interferometer
LISA [23,123,124] and could provide additional con-
straints on the model. Finally, it may be possible to realize
the same mechanism of PBH production with the Standard
Model Higgs field instead of the dilaton in a similar
extension of the scalaron-Higgs model [125].
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APPENDIX A: DERIVATION OF THE PBH
MASS DISTRIBUTION

To derive the mass fraction in terms of quantities
observed today, we first provide a number of basic
equations that relate the relevant quantities at different
times t and temperatures T,

ρðtÞ
ρðteqÞ

¼ gðTÞ
gðTeqÞ

�
T
Teq

�
4

; ðA1Þ

HðtÞ
HðteqÞ

¼
�
gðTÞ
gðTeqÞ

�
1=2

�
T
Teq

�
2

; ðA2Þ

aðtÞ
aðteqÞ

¼
�
gðTÞ
gðTeqÞ

�
−1=3

�
T
Teq

�
−1
; ðA3Þ

k
keq

¼ aðtÞHðtÞ
aðteqÞHðteqÞ

¼
�
gðTÞ
gðTeqÞ

�
1=6

�
T
Teq

�
: ðA4Þ

Here teq and Teq are the time and temperature at matter-
radiation equality, and gðTÞ counts the effective number of
relativistic degrees of freedom at a given temperature.17

Let ρtotðtÞ and ρPBHðtÞ be the total energy density and the
energy density of the primordial black holes at some given
time t, respectively. Then the mass fraction βðtÞ at time t is
defined by

βðtÞ ≔ ρPBHðtÞ
ρtotðtÞ

: ðA5Þ

Since we focus only on PBHs that form well within the
radiation dominated era, we have

βðtfÞ ≈
ρPBHðtfÞ
ρradðtfÞ

; ðA6Þ

with ρrad the energy density of the relativistic matter and tf
the time of PBH formation. We would like to relate βðtfÞ to
present observations. First, we relate βðtfÞ to its value at
matter-radiation equality teq. We express ρPBHðtfÞ in terms
of its value at teq via

ρPBHðtfÞ ¼ ρPBHðteqÞ
a3ðteqÞ
a3ðtfÞ

: ðA7Þ

Next, we relate ρradðtfÞ to its value at teq via (A1). Using
(A3), (A7), and (A1) in (A6) we obtain

βðtfÞ ¼
Teq

Tf

ρPBHðteqÞ
ρradðteqÞ

; ðA8Þ

with Tf and Teq denoting the temperatures at PBH
formation and matter-radiation equality, respectively.
Next, we express βðtfÞ in terms of the currently observed

values of cosmological parameters. For this purpose, note
that the nonrelativistic matter energy density ρmðtÞ satisfies
ρradðteqÞ ¼ ρmðteqÞ, while ρmðteqÞ is related to the total
energy density ρtotðt0Þ at t0 today via

ρradðteqÞ ¼ ρmðteqÞ ¼ Ωm
ρtotðt0Þ
a3ðteqÞ

; ðA9Þ

with the matter density parameter Ωm ¼ 0.315� 0.007
[36]. Furthermore, ρPBHðteqÞ is related to its current value
ρPBHðt0Þ via

ρPBHðteqÞ ¼
ρPBHðt0Þ
a3ðteqÞ

: ðA10Þ

Using (A9) and (A10), (A8) becomes

βðtfÞ ¼
Teq

Tf

ρPBHðt0Þ
Ωmρtotðt0Þ

: ðA11Þ

The total energy density today is expressed in terms of the
CDM density today ρCDMðt0Þ via the CDM density
parameter ΩCDM by the relation ρCDMðt0Þ¼ΩCDMρtotðt0Þ.
When inserted into (A11), this yields

βðtfÞ ¼
ΩCDM

Ωm

Teq

Tf

ρPBHðt0Þ
ρCDMðt0Þ

: ðA12Þ

Since the horizon mass at a given time reads MHðtÞ ¼
4πρðtÞ=H3ðtÞ, using (A1) and (A2), the ratio Tf=Teq in
(A12) can be expressed in terms of the horizon masses
MHðtfÞ and MHðteqÞ. Defining, in addition, the ratio
ρPBHðt0Þ=ρCDMðt0Þ of the PBH energy density and the
CDM density as observed today as

f ≔
ρPBHðt0Þ
ρCDMðt0Þ

; ðA13Þ

the relation (A12) can be rewritten as

βðtfÞ ¼
ΩCDM

Ωm

�
gðtfÞ
gðteqÞ

�
1=4

�
MHðtfÞ
MHðteqÞ

�
1=2

f: ðA14Þ

Inverting this relation gives f as a function of tf with
MH ≔ MHðtfÞ, gðteqÞ ≔ geq and Meq

H ≔ MHðteqÞ,

fðtfÞ ¼
Ωm

ΩCDM

�
gðtfÞ
geq

�
−1=4

�
MHðtfÞ
Meq

H

�
−1=2

βðtfÞ: ðA15Þ
17The function g only depends on the temperature because the

energy density and the entropy density are equal during the
radiation dominated era; see, e.g., [126].

PRIMORDIAL BLACK HOLE DARK MATTER IN DILATON- … PHYS. REV. D 103, 083518 (2021)

083518-19



SinceMHðtÞ grows monotonically with time t, we trade the
tf dependence forMH and obtain the PBHmass distribution
f as a function of the horizon mass MH,

fðMHÞ ¼
Ωm

ΩCDM

�
gðMHÞ
geq

�
−1=4

�
MH

Meq
H

�
−1=2

βðMHÞ: ðA16Þ

The total fraction of CDM made from PBHs is obtained by
integrating (A16) over the logarithmic mass intervals [or,
equivalently, by integrating (A15) over all epochs when
PBHs could have formed] as

FPBH ≔
Z

∞

−∞
fðMHÞd lnMH: ðA17Þ

In order to obtain the distribution (A16) as a function of the
PBH mass, we proceed as follows. The mass fraction
βðMHÞ as a function of MH is given by [73]

βðMHÞ ¼ 2

Z
∞

δc

MPBHðδ;MHÞ
MH

PðδÞdδ; ðA18Þ

with the Gaussian PDF (88) and variance σ2RðMHÞ,

PðδÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πσ2RðMHÞ

p exp

�
−

δ2

2σ2RðMHÞ
�
: ðA19Þ

The explicit dependence of MPBH on the horizon mass MH
and the amplitude of the energy density contrast δ is given
by the critical scaling (85),

MPBH ¼ KMHðδ − δcÞγ: ðA20Þ

For fixed MH, we solve (A20) for δ as a function of MPBH,

δ ¼ μ1=γ þ δc; μ ≔
MPBH

KMH
: ðA21Þ

Hence, for fixedMH, the dδ integral in (A18) can be traded
for the d lnMPBH integral with dδ ¼ ðμ1=γ=γÞd lnMPBH.
After doing that and using (A19) in (A18) and (A18) in
(A16), (A17) takes the form

FPBH ¼
Z

∞

−∞
fðMPBHÞd lnMPBH; ðA22Þ

with the PBH mass distribution fðMPBHÞ given by

fðMPBHÞ ¼ 2
Ωm

ΩCDM

Z
∞

−∞
dðlnMHÞ

MPBH

MH

�
gðMHÞ
geq

�
−1=4

×

�
MH

Meq
H

�
−1=2 μ1=γ

γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πσ2RðMHÞ

p
× exp

�
−
ðμ1=γ þ δcÞ2
2σ2RðMHÞ

�
: ðA23Þ

APPENDIX B: ANALYTIC ESTIMATES

Under various simplifying assumptions, we obtain a
simple analytic estimate of βðMHÞ. However, we empha-
size that the results obtained in this Appendix are only to
illustrate the basic relationship between the mass fraction
and the peak amplitude of the enhanced power spectrum.
First, we calculate the variance σ2R by assuming that the
inflationary power spectrum can be written as a sum of the
constant CMB part ACMB and the part PPBHðkÞ responsible
for the PBH production,18

PRðkÞ ¼ ACMB þ PPBHðkÞ: ðB1Þ
Assuming further that the PBH part of the power spectrum
has a single symmetric peak centered at the peak scale kp,
we parametrize the shape of the peak by a log-normal
distribution, i.e., by a Gaussian in lnðk=kpÞ with the
standard deviation Δp centered around kp,

PPBHðkÞ ¼
Apffiffiffiffiffiffi
2π

p
Δp

exp
�
−
½lnðk=kpÞ�2

2Δ2
p

�
: ðB2Þ

In the case where an exact numerical treatment features a
single peak, the parameters Ap, Δp, and kp are extracted by
fitting the log-normal distribution (B2) to the numerically
obtained power spectrum. Here we focus on a derivation of
the simple analytic estimate of the peak value Ap required
for fðMPBHÞ ¼ 1. We assume the simple scaling MPBH ¼
KMH [i.e., not the critical scaling (85)] and use (A15) to
related β with f. We further assume that the peak is
sufficiently sharp and can be approximated such that we
can consider the limit Δp → 0 where the peak is described
by a Dirac delta function,19

PPBHðkÞ ¼ Apδðln k − ln kpÞ: ðB3Þ

Since the generation of a significant number of PBHs
requires Ap ≫ ACMB, we can safely neglect the constant
amplitude ACMB ≈ 10−9 for the derivation of the PBH
abundance and obtain

PRðkÞ ≈ Apδðln k − ln kpÞ: ðB4Þ

Using (B4) in (98) for a peak scale kp ¼ kR,
20 we obtain a

simple relation for the variance

18The weak logarithmic scale dependence of PR at large scales
is neglected as it has a negligible effect on the peak analysis.

19See also [70,81,119,127] for related discussions as regards
the impact and comparison of different peak widths.

20As explained in Sec. VIII B, a strong amplification with a
sufficiently large σR can only be realized if the peak scales kp is
not significantly different from the smoothing scale kR. Since we
also assume that the time of formation coincides with the time the
density perturbation enters the horizon, kR is identified with the
comoving Hubble radius at the time of formation as in (97).
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σ2RðMHÞ ¼
16

81
e−

1
2Ap: ðB5Þ

Furthermore, we assume that the PBH mass is directly
proportional to the horizon mass at formation
MPBH ¼ KMH, so that the integral for βðMHÞ in the
Press-Schechter formalism can be solved analytically as

βðMHÞ ¼ Kerf

�
δcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2σ2RðMHÞ
p �

: ðB6Þ

For δc=
ffiffiffiffiffiffiffiffi
2σ2R

p
≫ 1, the error function (B6) has the asymp-

totic expansion

βðMHÞ ¼
ffiffiffiffiffiffiffiffi
2σ2R
πδ2c

s
exp

�
−

δ2c
2σ2R

�
: ðB7Þ

A quick estimate of Ap, required to obtain fðMPBHÞ ¼ 1 for
a given PBH mass MPBH, can now be obtained easily. For
example, let us take the values for the proportionality factor
and the critical density found in [57] for a radiation
dominated universe asK ¼ 0.19 and δc ¼ 0.33, and choose
a PBH mass MPBH ¼ 5 × 10−12 M⊙. Then, according to
(A15), the mass fraction should be β ¼ 1.69 × 10−14 in
order to have fðMPBHÞ ¼ 1. Using (B6) and (B5), the
corresponding peak value for the power spectrum can be
deduced to be Ap ≈ 1.7 × 10−2. Compared to the value of
Ap ≈ 5 × 10−3 required to obtain FPBH ≈ 1 in Fig. 11 [the
peak values in fðMPBHÞ almost coincide with the total
integrated fraction FPBH], the analytic estimate roughly
coincides up to an order of magnitude, with the main
difference resulting from the omission of the critical scaling
relation (85) in the analytic estimate.
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