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We show that the H, tension can be resolved by making recombination occur earlier, keeping the fit to
cosmic microwave background (CMB) data almost intact. We provide a suite of general necessary
conditions to give a good fit to CMB data while realizing a high value of H, suggested by local
measurements. As a concrete example for a successful scenario with early recombination, we demonstrate
that a model with a time-varying m, can indeed satisfy all of the conditions. We further show that such a
model can also be well fitted to low-z distance measurements of baryon acoustic oscillations (BAO) and
type Ia supernovae (SNela) with a simple extension of the model. A time-varying m, in the framework of
Q,ACDM is found to be a sufficient and excellent example of a solution to the H tension, yielding
Hy = 72.3f22“g km/ sec /Mpc from the combination of CMB, BAO, and SNela data even without
incorporating any direct local H, measurements. Employing the Bayesian posterior predictive distribution,
we find that this model can reduce the H,, tension in the reference ACDM model from 4.8¢ down to 2.2¢.
Apart from the H, tension, this model is also favored from the viewpoint of the CMB lensing anomaly.
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I. INTRODUCTION

The Hubble constant H( is one of the most relevant
cosmological parameters characterizing the Universe. It has
long been studied by the distance ladder, which now
utilizes Cepheids and type Ia supernovae (SNela) as
standard candles [1]. Meanwhile, many other means have
been devised. For instance, gravitational lens time delay
measurements now rival the distance ladder in local (almost
direct) measurements of H, [2]. Moreover, the cosmic
microwave background (CMB) and baryon acoustic oscil-
lations (BAO) allow us to measure cosmic distances to very
different redshifts (z ~ 10% and z < 2) based on the scales of
the sound horizon of the photon-baryon fluid r; at
recombination (z = z,) and the drag epoch (z = Zgrg)s
respectively. Consistency in the cosmic expansion history
over such a huge range of redshifts enables us to infer H,.

However, as measurements of H, become more precise,
disagreements become apparent between local direct mea-
surements and other indirect ones such as CMB. The value of
H, from local measurements, Hy = (73.8 4 1.0) km/ sec /
Mpc [3], is about 10% larger than that from CMB, H, =
(67.36 + 0.54) km/ sec /Mpc [4], assuming the canonical
flat ACDM (ACDM hereafter) model. The significance of
the H, tension is now more than 5¢. Interestingly, different
and independent measurements appear consistent within
either local or indirect measurements (For a recent review,
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see Ref. [3]). This indicates that a single systematic error
alone cannot remove the tension.

A number of cosmological solutions have been proposed
already. However, it seems extremely difficult to solve the
tension when one combines various observations such as
CMB, BAO, and SNela. The reason for the difficulty has
been clarified in Refs. [5-9]. SNela and distance ladder
jointly measure luminosity distance seamlessly at z < 2.
This gives the transverse distance D,(z) at the redshifts of
BAO measurements, where Dy, (z) is given by

sin [v/=QcHox (2)]
/—QH,
x(2)

\/é;Ho

for Q;, < 0 (closed),

Dy(z) = for Q; = 0 (flat), (1)

for Q; > 0 (open),

with y(z) = [§ % being the comoving distance to z. This
enables a model-independent estimation of 7(Zdrag)-
Enhancing H, by 10% requires decreasing r(z,)
7s(Zarag) by the same rate," which is very difficult while
keeping a reasonable fit to CMB. This also explains why
models modifying only late-time expansion can increase
H, only marginally.

'Given the baryon drag at z,, R(z.) = 3p, (z.)/4p,(z.), which
is very precisely determined by CMB power spectra, specifying
either r(z,) or r(Zarg) Virtually determines the other.
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The considerations above lead to the following four
necessary conditions which successful cosmological sol-
utions to the H|, tension should satisfy:

(1) In order not to spoil the successful fit achieved by
ACDM, CMB power spectra should be left almost
intact except at low ¢, where cosmic variance is large.

(2) 7y(z.) & 1y(2drag) is reduced by ~10%.

(3) Dy(z,) is reduced, so that 8,(z,) = r,(z,)/Dy(z,)
is kept constant (this is somewhat redundant with
condition 1).

(4) BAO, SNela, and other low-z distance measure-
ments should also be fitted well.

With the first condition being met, the second condition
is quite difficult to be satisfied. Many attempts have been
made to increase the expansion rate by, e.g., adding extra
energy components (see Ref. [9] for review). However,
these modifications have some limitations since the relative
scale between the sound horizon and the Silk scale, or the
photon diffusion length, also varies, which inevitably
violates the first condition [9]. This is the reason why
those attempts can only partially mitigate the H|, tension.

In this paper we pursue a cosmological solution to the H|,
tension, in particular focusing on modified recombination
(see the earlier studies in Refs. [10,11] for general discussion
but without concrete models). We first argue how one can
modify the recombination epoch while keeping CMB power
spectra almost unchanged. Then, as a working example we
discuss a model with a time-varying electron mass m, (for
possible models of time-varying m,, see, e.g., Refs. [12,13]
and the recent review Ref. [14]),2 which can sizably shift z,
and zg,, from the baseline model without affecting CMB
power spectra much.’

In the following, we often refer to the Planck 2018 best-fit
ACDM model [4] as the baseline. The reduced Hubble
constant and density parameters are given by h =
H,[100 km/ sec /Mpc] and, e.g., w; = Q;h? for component
i, respectively. Let A, denote the fractional variation
in a quantity x from the baseline value [e.g., A, =

log(me/me,baseline)]‘

II. EFFECTS OF EARLY RECOMBINATION
ON CMB

Let us discuss the effects of early recombination on the
CMB and how to cancel those effects by varying cosmo-
logical parameters. In the analytical argument below, we
utilize the scale factor at recombination a = a,, which is
useful since it can well capture effects of modified
recombination on the CMB.

“In the following discussion, we assume a different value of m,
for the present time and the recombination epoch. In this sense,
m, is time-varying; however, we make a simplified assumption
where m, is constant until some time after recombination, and
then at some epoch m, takes the present value.

The possible role of a varying m, in the H, tension was
pointed out in Ref. [15].

CMB observations tightly constrain the following two
quantities at the recombination a = a,:

R(x) = 0% (2)
(@@H]() = 1 Vaax T o, 3)

where x = a/a, is the scale factor normalized to unity at
recombinationand L = (H,/h)~" ~ 2998 Mpc is a constant
length. The former gives the baryon drag, which is measured
by the relative heights of even and odd acoustic peaks. The
latter determines the early integrated Sachs-Wolfe (ISW)
effect, which is measured by the heights of acoustic peaks
relative to the SW plateau. From Egs. (2) and (3), we can
leave both R and a” H unaffected as functions of x by varying
w;, and w,, inversely proportionally to a,:

A —A,. (4)

w, T Amm -

Now we consider the sound horizon at the recombination
epoch,

a, [1 1 dx
"= ) T RG @HE

from which we can immediately see that r,(z,) « a, when
we vary @, and w,, in accord with Eq. (4) (i.e., R and a’H
remain unchanged as functions of x). In order to not change
CMB power spectra, the relative scale of the Silk scale
1/kp, to rg, should be kept unchanged, where

(5)

1 a3/1R2+§(1+R) 1 dx/x
0

- (1+R)? a’n,or[a*H]

kD(Z*)2 a Z <6)

This requires

1/kp(z,) x a,. (7)

Finally, the viewing angle of the sound horizon,
rs(z,)/Dy(z,), should be kept constant, which means that
Dy (z,) should vary proportionally to a,. Within the
ACDM background, we find that

Ay~ =323, (8)

approximately realizes Dy (z.) « a,, where the numerical
coefficient is evaluated around the baseline.

Conditions (4) and (8) can be easily satisfied by varying
standard cosmological parameters. In contrast, Eq. (7) is non-
trivial. As we will show below, varying m, models can satisfy
this nontrivial condition as well as other ones.

III. VARYING m, AND CMB POWER SPECTRA

As a working example, here we consider a model with a
time-varying m,. The electron mass m, affects the physics
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FIG. 1. CMB power spectra with A, = 0, £0.05 in the ACDM background along the parameter directions (4), (8), and (9).

of CMB at recombination in the following ways (see
Refs. [16,17] for a detailed discussion).

(1) Energy levels of hydrogen: E « m,.

(2) Thomson scattering cross section: or o m;>.

(3) Others (two-photon decay rate, photoionization

cross section, recombination coefficients, etc.).

If recombination proceeds in thermal equilibrium, the third
set of effects can be omitted. Although nonequilibrium
processes are evident in observed CMB power spectra, their
impact is indeed relatively minor as long as m, alone is
varied [16]. Neglecting the third set of effects to simplify
our discussion, a, is inversely proportional to m, through
the first effect:

Ame = AT,(z*) = _Aa*' (9)
To see how 1/k; in Eq. (6) is modified in response to
m,, let us consider the following factor:

1-Y

2 o p Perit or) 1
axn,or = X, my h2 (a)ba*> <a_£> x_3, (10)

% are the ionization
fraction, mass fraction of “He, hydrogen mass, and critical
density, respectively. When we vary w;, according to
Eq. (4), Eq. (10) does not change as a function of xt
Thus, the integral in Eq. (6) is kept constant, which means
that 1/kp(a,) « a, and Eq. (7) is satisfied.

Figure 1 demonstrates the parameter degeneracy in CMB
power spectra, which are computed using CAMB [18] with
the recombination code HyRec [19], with effects of varying
m, being incorporated in full. Here we vary m, by £5%
with w,,, @,,, and h being varied simultaneously according
to Egs. (4) and (8). Except for low-# in CL7, where the late-
ISW effect is significant, CMB power spectra remain
remarkably unchanged. One can also find that the param-
eter degeneracy in Eqgs. (4) and (8) is apparent in parameter

where x,, Y,, my, and p.q =

*If we neglect the nonequilibrium nature of recombination, x,
does not change as a function of x. We have also omitted the
marginal dependence of Y, on w,, in the big bang nucleosynthesis
prediction.

estimation based on CMB alone in previous works [15-17].
These show that varying m, satisfies the first three con-
ditions we raised in the Introduction.

IV. LOW-z DISTANCES

While CMB spectra are almost conserved, the parameter
modifications (4) and (8) in general also modify late-time
expansion and geometric distances, which are severely
constrained by BAO and SNela data. To see this, we plot
the late-time distance and the expansion history in Fig. 2.
Here we have introduced two quantities,

QT(Z) _ r‘v(zdrag)

= DM(Z) , GL(Z) = rs(zdrag)H(Z), (11)

which are nothing but the scales of BAO measured along
the transverse and line-of-sight directions, 1respectively.5 In
addition, BAO measurements from the 6dF Galaxy Survey
[20] at the effective redshift z.; = 0.106, the SDSS DR7
main Galaxy samples [21] zo = 0.15, and the SDSS DR12
galaxy samples [22] z.;; = 0.38, 0.51, 0.61 as well as SNela
data [23] are overlaid in the same figure for reference.’

When the ACDM background is assumed (left panel of
Fig. 2), the model effectively becomes a one-parameter
model according to Egs. (4) and (8). One can see that the
late-time geometry changes as m, varies from the baseline.
Therefore, low-z distance measurements such as BAO or
SNela in combination with CMB can tightly constrain m,
since the parameter degeneracy is lifted.

In the ACDM background, there are no more degrees of
freedom to tune the late-time geometry while A, is kept
nonzero, and hence it is impossible to solve the H|, tension
with just a varying m,. However, it easily becomes possible
when the background model is extended appropriately. In the
right panel of Fig. 2, the background cosmology is extended

5Precisely speaking, 6; (z) is the separation of the BAO scale
along the line of sight in z.

%The BAO data at ze;; = 1.06 and 1.5 originally given in terms
of 0y (z) = [z07(2)?0.(2)]"/? are interpreted as constraints on
0r(z), since Oy ~ Or at z < 1. We have normalized the SNela
luminosity distances to give a Dy (z) consistent with BAO at
z~0.5.
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FIG.2. Left: transverse 6,(z) (upper) and longitudinal 6; (z) (lower) BAO separations in varying m, with the ACDM background. The
color bar indicates the value of A, € {-0.05,-0.03,-0.01,0.01,0.03,0.05} that each line has. The other cosmological parameters
(wp, @, h) are varied with m, in accordance with Egs. (4), (8), and (9). CMB, BAO, and (normalized) SNela data are also plotted. Right:
same as in the left panel but with the Q,ACDM background, with Eq. (8) being replaced by Eq. (12).

to allow a nonflat Universe (€2, ACDM hereafter) and we plot
the late-time geometry along a parameter direction

A, =154, , o, = —0.1254,, (12)
instead of Eq. (8). This realizes a good fit to the low-z
distance observations even with A,, ~as large as 5%. The
curvature of the Universe plays an essential role here. As can
be read from Eq. (1), deviations from flatness grow as
x(2)\/|@i|/L increases. Therefore, the curvature selectively
affects only the angular diameter distance to CMB and offers
the freedom for low-z and CMB distances to be fitted well
simultaneously even with large A,, . Therefore, all four
conditions in the Introduction are satisfied in the Q; ACDM
background with a varying m,.

V. MCMC PARAMETER ESTIMATION

We perform a Markov chain Monte Carlo (MCMC)
analysis using CosmoMC [24] modified to incorporate a
varying m,. We adopt the Planck 2018 reference CMB
likelihood TT, TE, EE + lowE [25] in combination with the
BAO [20-22] and SNela data [23]. To verify our results, we
have checked the consistency with Ref. [15], where
CosmoRec [26] was used for the recombination calculation,
in a ACDM background by adopting the same CMB and
BAO data.

Figure 3 shows the posterior distribution of H in models
with a varying m, in different backgrounds, including
ACDM, Q,ACDM, and wCDM, where the dark energy
(DE) equation of state (EoS) w is assumed to be constant,
and ww,CDM models, where the DE EoS is parametrized
as in Refs. [27,28]. For reference, the ACDM model
without a varying m, (“reference” model hereafter) is also
plotted. We also compare those posterior distributions with
the direct measurement H, = 74.1 &+ 1.3 km/ sec /Mpc

—— ACDM+m,

— QNCDM+m,
------ w/ Hq prior
—— wCDM+m,

—— ww;CDM+m,
NCDM (reference)

65 70 75 80
Ho

FIG. 3. Posterior distributions of H(, for varying m, with
different background models and the reference model. The gray
band shows the direct H, measurement H,=74.1=+
1.3 km/ sec /Mpc without SNela [3]. Solid and dashed lines
are obtained from the combination CMB + BAO + SNela. For
ease of demonstration, we also depict the posterior distribution
from CMB + BAO + SNela + HO only for a varying-m, model
with the ; ACDM background (orange dotted line).

(hereafter HO) [3],” which is not incorporated in the default
parameter estimation.

From the figure, one can immediately see that the varying
m, in the Q; ACDM model gives a posterior distribution that
matches well with the direct measurements. As expected

"This constraint is derived from direct measurements of H,,
including lens time decays [2], distances to water-maser galaxies
from Ref. [29], and distance ladder measurements [30]. To
minimize the influence of systematic errors associated with
SNela, here we adopt results of distance ladder measurements
without SNela.
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TABLE I. Summary of parameter estimations of m, and H,, and measures of the HO tension, A;(gff, and log R.

— Constant m,
varying m,
ACDM Q,ACDM wCDM ww,CDM ACDM (reference)
H, [km/ sec /Mpc] (mean with 68% errors)
based on CMB + BAO + SNela 68.713 723731 68.71 67.51% 67.7104
based on CMB + BAO + SNela + HO 711509 73.8717 71.0170 71.6710 68.470%
m,/m, (mean with 68% errors)
based on CMB + BAO + SNela LOOGTRT  LOSYRRY 1004l 09927900
based on CMB + BAO + SNela + HO 101910005 106810016 1018700 1.026705/3
Ay? relative to the reference
based on CMB + BAO ~+ SNela + HO -12.2 =235 -12.5 -13.2 0
logR
based on CMB + BAO + SNela vs HO -1.5+04 1.9+04 -1.2+04 -12+04 -75+04
PPD
based on CMB + BAO + SNela vs HO 33c 220 33¢0 320 4.80
from the parameter degeneracy discussed above, the _ P(A,B|]M)  P(A|B,M) P(B|A,M) 13
Q;ACDM background allows substantially broader distri- B P(A|M)P(B|M) B P(A|M) P(BIM) (13)

butions compared to the reference model.

Besides, it is remarkable that the distribution peak coin-
cides with the direct H, measurements. The preference for
higher H in association with Q; < 0 is brought about by the
Planck data at £ > 30, which is known to favor a larger lens
amplitude, Ay > 1 [4]. Indeed, we found that the posterior
mean values in our analysis, which are consistent with local
H, measurements, yield CZ7 at # 2 800, similar to that from
the baseline but with Ay = 1.1. Although a closed Universe
enhances the CMB lensing effect and mitigates the lensing
anomaly [31,32], in general the fit to BAO and SNela gets
worse. However, varying m, in the Q; ACDM model can
maintain an excellent fit to BAO and SNela data.

While Hy, tension is relaxed with a varying m, in other
backgrounds too, with the posterior distribution broadened
from the reference model their peaks are still displaced from
the direct measurements. In particular, allowing the DE EoS
w # —1 hardly changes the situation, in contrast to the spatial
curvature. This is because, being tightly constrained by BAO
and SNela data, the DE EoS cannot significantly change
Dy(z.). On the other hand, spatial curvature can change
D, (z,) without greatly affecting the low-z distances.

Table I summarizes the mean values and 68% intervals of
H, from the default data set (CMB + BAO + SNela) and
an extended one (CMB+BAO+SNela+HO). For more
detailed results of parameter estimation including con-
straints on other cosmological parameters, we refer readers
to the Appendix A.

VI. HOW MUCH IS THE H, TENSION RELAXED?

To assess how much the H, tension is relaxed in models
we consider, we employ a few statistical measures: the
relative effective chi square Ay?;, the Bayes ratio R, and the
posterior predictive density (PPD). R is defined as [33,34]

where given a data set A and a predictive model M,
P(A|M) = [ dOP(A|6)P(6|M) is the Bayes evidence, with
P(A|0) and P(6|M) being the likelihood function and prior
probability distribution of model parameters @ of M, respec-
tively. R gives the relative confidence of A and B and thus
quantifies their compatibility. On the other hand, the PPD is
defined as

PPD = P(B|A, M), (14)
which assumes that A is the data, with which we infer the
posterior distribution, and B is the holdout data for validation.
The PPD can be translated into an equivalent ¢ value. We
refer readers to Appendix B for the advantages and dis-
advantages of R and the PPD.

For our purpose of quantifying the H, tension, we adopt the
combination CMB + BAO + SNela as A and HO as B.
Bayesian evidence is computed using CosmoChord [35].
Table I lists the log R and PPD for each model as well as Ay?
from the reference model (ACDM without a varying m,). The
reference model gives a large negative log R = —7.5 and a
4.80 deviation in the PPD, which manifests the severity of the
H, tension. In contrast, the varying-m, model in ; ACDM
gives a positive log R = 1.9 and only a 2.2¢ deviation in the
PPD with Ay%; = —23.5 from the reference model. These
results prove that data strongly prefers a varying m, in
Q;ACDM, which can resolve the H( tension, over the
reference model. In other varying-m, models, the tension is
significantly moderated but is not completely resolved.

VII. CONCLUSION

It has been very difficult to reduce the scale of the sound
horizon on the last scattering surface, which is key to solving
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the Hubble tension. In the framework of modified recombi-
nation, we have discussed general conditions that successful
models should satisfy. Moreover, we have also presented a
model with a varying m, as an excellent working example.
With a positive spatial curvature of the Universe, the varying-
m, model can fit not only CMB but also low-z distances such
as BAO and SNela simultaneously. Remarkably, once fitted
to those cosmological data, the model predicts a high H,,
perfectly consistent with direct measurements, which makes
the model quite distinct from other solutions proposed in the
literature.

The parameter degeneracy in Eq. (4) is not perfect, and a
varying m, distorts CMB power spectra through the non-
equilibrium nature of recombination. Therefore, CMB-S4 [36]
may be able to constrain/verify our examples. Substantial
deviations from the baseline at low-z distances are also
predicted. For instance, when varying m, with ,ACDM
background, A, ., =~ —0.05 and €; ~ —0.01 are required

s\ Zdrag

=

0.125

Q.h?

©
=

0.120 |-

0.115 - -

to solve the H, tension. Future distance measurements will be
able to test such deviations from the baseline [37].
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APPENDIX A: PARAMETER ESTIMATION

We summarize the one-dimensional marginalized pos-
terior mean and 68% intervals of relevant cosmological
parameters in Tables II-VI and their triangle plots in
Figs. 4-8.
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FIG. 6. Same as in Fig. 4 but in the wCDM model with a varying m,.
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FIG. 8. Same as in Fig. 4 but in the reference ACDM model with a constant m,.

TABLE II. Parameter estimation in m,ACDM.
CMB + BAO+ CMB + BAO+

SNela SNela + HO
100w, 225140018 22742500
o, 0.1207:0063, 0.1234750617
0 1.04527 90049 1.0545+9:0037
7'-reion 00543t(())(())(())g3 00537t8387721
log(10'°4,) 3.0457 001 3.0461 001
n, 0.9648709043 0.962610 504
m,/meq 1.0061 3906 1.019210:9932

H, [km/ sec /Mpc]
rx(zdrag) [MpC]

68.7113
1462112

0.87
71124087

144.12708

TABLE IIl. Parameter estimation in m,Q;ACDM.
CMB + BAO CMB + BAO+
+SNela SNela + HO
100w, 2363000 240350041
w, 0.1256200037 0.1272206%3
0 1.077+0022 1.088%001
0.00 0.0075
Trsion 0.0523* 0907 0.0523 %0007
log(10'94,) 3.0417001 3.04150018
n, 0.968 70,0048 0.9691 55046
m,/m, 1.052:0:93 1.0687 0018
Q -0.01173007 —0.0154 700046

H, [km/ sec /Mpc]
rx(zdrag) [MPC]

723737
140443

738712
137.9131
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TABLE IV. Parameter estimation in m,wCDM.

CMB + BAO+
SNela

CMB + BAO-+
SNela + HO

Wy

a)C

0

Treion
log(10'0A;)

ng

me/me,O
w

H, [km/ sec /Mpc]

s (Zdrag) [MPC]

22461402
0.1205 0501
1.04415000%
0.054325507
3.0447991
0.9647550:3
1.0045 000!
~1.013X0%6
68.7411
146.51]¢

22711092
0.123210502
1053756066
0.053550 507

3.04620017
0.96297 00042
10182790082
—1.0050:94

71017055

144.3112

TABLE V. Parameter estimation in m,ww,CDM.

CMB + BAO+
SNela

CMB + BAO+
SNela + HO

100w,

a)C

0

Treion
log(10'°A;)
nS

me/me

w

Wa

H, [km/ sec /Mpc]

rs(zdrag) [MpC]

2221082
0.1189:952¢
1.0353 70008+
0.05451 59078
3.04410013
0.9651 00042
0.99219013
-0.914750%
064553
67513
148.373!

2.28910 936
0.1243 700054
1.0595 05002
0.05350:9075

3.0461 0916
0.9627 33044

102610013
~1.0451027

0.24105°
71.67]
143.177

TABLE VI. Parameter estimation in ACDM (constant m,).

CMB + BAO+ CMB + BAO+
SNela SNela + HO
o) 224470913 225620014
, 0.11916009096 01177956666
0 104103190003, 1041195090028
Tycion 0.0564+0.0078 0.058155655

log(10'°4,)

Uun

H, [km/ sec /Mpc]

rx(zdrag) [MPC]

0.0
3.047:001¢
096735 003
67.7410%

0.23
147.247073

3.048%0016
097055 35%
68.391 047

147.47503%

APPENDIX B: BAYES RATIO AND POSTERIOR
PREDICTIVE DISTRIBUTION

Here we describe our Bayesian measures of tension
between two data sets: the Bayes ratio and posterior
predictive distribution. Provided data D and predictive
model M with model parameter 6, the Bayes theorem
gives the relation between the input and output in Bayesian
statistical inference:

P(O|D,M)P(D|M) = P(D|0,M)P(0|M), (B1)

where P(6|D, M) is the posterior probability distribution,
P(D|M) = /P(D|6’, M)P(6|M)do (B2)

is the Bayes evidence, P(D|0, M) is the likelihood func-
tion, and P(@|M) is the prior probability function.

Given two data sets A and B, one may regard A as
training data and B as the holdout data for validation. Then,
the PPD can be defined as

P(BA, M) — / P(B|0, M)P(6]A, M)d0

_ P(A.BM)

PAM) (B3)

One of the advantage of using the PPD is that, since it is a
probability distribution, it can be translated into an equiv-
alent ¢ value and easily interpreted. In addition, when A is
constraining enough, the PPD depends very weakly on the
prior distribution. On the other hand, it is not symmetric
under the exchange of A and B, and hence an arbitrariness
arises from the choice of training and holdout data sets.
On the other hand, the Bayes ratio is defined as

P(A, B|M)
P(A|M)P(B|M)
_ P(A|B,M)

- P(A|M)
_ P(BJA,M)
~ P(B|M)

R =

(B4)

From the second and third lines, one can immediately see
that the Bayes ratio gives the relative confidence of
different data sets. When posterior distributions
P(O|A,M) and P(6|B,M) in the parameter space of 6
overlap with each other, R becomes large. Oppositely,
when P(6|A, M) and P(0|B, M) are displaced, R becomes
small. Therefore, R measures the compatibility of A and B.
In general, R depends on the prior distribution, while it is
symmetric under the exchange of A and B.

In our case, A is the combination CMB + BAO + SNela
and B is HO. In Table VII we summarize the values of the
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TABLE VII. Summary of Bayes evidence.
CMB + BAO + SNela HO CMB + BAO + SNela 4+ HO
varying m,
ACDM —1952.5+0.3 -3.11 £0.07 —1957.1£0.3
Q,ACDM —1952.6 +0.3 -3.45£0.07 —1954.1+£0.3
wCDM —19553+0.3 -3.29 £0.07 —-1959.9+0.3
ww,CDM —1957.0+0.3 =3.11 £0.07 —-1961.3+0.3
const m,
ACDM (ref) —-1949.3+0.3 -3.17£0.07 —1960.0 £ 0.3

Bayes evidence R and our measures of the tension PPD. As
one can see in Table VII, the Bayes evidence P(B|M) is
almost model independent, which is because all of the

model parameters other than H, are entirely unconstrained.
Therefore, the PPD and R are accidentally almost propor-
tional to one another in our case.
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