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We derive the solutions of gravitational waves in the future (F) expanding and past (P) shrinking Kasner
spacetimes, as well as in the left (L) and right (R) Rindler wedges in the Regge-Wheeler gauge. The
solutions for all metric components are obtained in an analytic form in each region. We identify the master
variables, which are equivalent to massless scalar fields, to describe the gravitational degrees of freedom for
the odd-parity and even-parity modes under the transformation in the two-dimensional plane-symmetric
space. Then, the master variables are quantized, and we develop the quantum field theory of the
gravitational waves in the F, P, L, and R regions. We demonstrate that the mode functions of the quantized
gravitational waves in the left and right Rindler wedges are obtained by an analytic continuation of the left-
moving and right-moving wave modes in Kasner spacetime. On the basis of these analyses, we discuss the
Unruh effect of the quantized gravitational waves for an observer in a uniformly accelerated motion in
Minkowski spacetime in an explicit manner for the first time.
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I. INTRODUCTION

Gravitational waves (GWs), predicted in general rela-
tivity, were directly detected byAdvanced LIGO in 2015 for
the first time. The first event, GW150914, is thought to come
from amerger of binary black holes [1]. Gravitational waves
are useful not only for testing general relativity itself, but
also for exploring black hole physics. The detection of
gravitational waves from a coalescence of a neutron star
binary has enhanced their importance as astrophysical tools.
Electromagnetic counterparts of gravitational-wave events
such as neutron star merger events have been explored at
various wavelengths, i.e., optical waves, infrared waves, x
rays, and γ rays (see, e.g., Ref. [2]). The role of gravitational
waves in cosmology is also important for exploring the
primordial Universe. Primordial gravitational waves can be
generated in an inflationary era from vacuum fluctuations,
which might be detected in polarization anisotropies in the
cosmic microwave background as a smoking gun of infla-
tion, although they have not been detected [3].

The standard model of inflation yields a homogeneous
and isotropic Universe satisfying the cosmological princi-
ple. Observations show that the Universe on very large
scales appears to be consistent with the cosmological
principle. However, some authors claim that the cosmic
microwave background radiation shows anomalous fea-
tures on large scales, such as hemispherical power asym-
metry and dipole modulation [4,5].
Models of inflation that may explain the large-scale

anomalies have been proposed. For example, in Refs. [6,7]
the authors proposed anisotropic inflation during which a
Uð1Þ gauge field plays an important role in producing
anisotropic expansion. They also investigated the cosmo-
logical perturbations in the anisotropic inflation models.
Various anisotropic inflation models have been proposed so
far, and cosmological perturbations have been found to be
useful for characterizing the features of each anisotropic
inflation model in terms of, e.g., the matter power spectrum
and non-Gaussian features (see Refs. [8,9]).
Many authors have investigated the behavior of gravi-

tational waves in a universe that breaks spatial homogeneity
or spatial isotropy [10–13]. Cho and Speliotopoulos inves-
tigated the propagation of gravitational waves in a Bianchi
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type-I (B-I) universe [14]. The authors of Refs. [15,16]
investigated the primordial gravitational waves from a
preinflationary era in a B-I universe. Gravitational waves
in a universe that breaks the cosmological principle are not
trivial. For example, scalar, vector, and tensor modes do not
decouple. The evolution of metric perturbations is not easy
to solve in an analytic manner, and therefore numerical
approaches or an approximation of small anisotropy are
often taken.
In order to explore gravitational waves in an anisotropic

universe or noninertial space, we focus on gravitational
waves in the future expanding and past shrinking Kasner
spacetimes as well as those in the left and right Rindler
wedges. Kasner spacetime is a special case of a B-I
universe, which is one of the simplest models of an
anisotropic universe [17]. The Rindler metric is a patch
of Minkowski spacetime described by the coordinates of
uniformly accelerating observers. Minkowski spacetime is
covered by the future (F) expanding and past (P) shrinking
Kasner spacetimes and the left (L) and right (R) Rindler
wedges (see Fig. 1). One of the aims of the present paper is
to investigate the quantum aspects of gravitational waves in
Kasner spacetimes and Rindler wedges including the
Unruh effect.
Hawking radiation is a well-known prediction of quan-

tum field theory in a black hole spacetime [18]. The Unruh
effect predicts that a uniformly accelerating observer in
Minkowski spacetime sees the vacuum state for an inertial
observer as a thermally excited state with temperature
a=2π, where a is the acceleration [19]. The Unruh effect is
an analogy of Hawking radiation through the equivalence

principle, which is described on the basis of quantum field
theory in Rindler wedges. The Unruh effect is explained by
the fact that the Minkowski vacuum state is expressed as an
entangled state between the left and right Rindler wedges
when it is constructed on the Rindler vacuum. This is
well known for the case of a scalar field and a Dirac field
[20–22]. In the present paper, we investigate the vacuum
structure of gravitational waves in Minkowski spacetime
by finding the explicit expression of the solution of the
tensor modes in the F, P, R, and L regions, which is a
generalization of the works on a scalar field and a Dirac
field to gravitational waves. Our result presents a formu-
lation of the Unruh effect of gravitational waves in an
explicit manner for the first time, as far as we know. This is
achieved by extensively using the Regge-Wheeler gauge
which is often used in a spherically symmetric spacetime
[23] for a plane-symmetric spacetime.
The present paper is organized as follows. In Sec. II, we

first derive the action for the master variables of the
gravitational waves in the F, P, R, and L regions using the
Regge-Wheeler gauge for the odd modes and even modes,
respectively [23]. The resultant action for the master
variables is found to be equivalent to that of a massless
scalar field, which is quantized in Sec. III. Then, we discuss
the Bogoliubov transformation for two different sets of the
solutions, and we show that the solutions in Kasner space-
times (F and P regions) are analytically continued to the left
and right Rindler wedges (L and R regions). In Sec. IV, we
demonstrate the analytic continuations of the metric com-
ponents of the F and P regions to those of the L and R
regions. Then, we demonstrate that the Minkowski vacuum
state is described as an entangled state between the two
modes described in the whole region of the Minkowski
spacetime,which leads to a description of theUnruh effect of
the gravitational waves. In Sec. V, we demonstrate the
calculation of the expectationvalues of the energy density of
the vacuum fluctuations of the gravitational waves associ-
ated with the Rindler vacuum state. Section VI is devoted to
summary and conclusions. In Appendix A, we briefly
review the positive-mode frequency function of the
Minkowski vacuum state in the F region. In Appendix B,
we summarize the results of Sec. IV, i.e., the analytic
continuation property of the metric perturbation of the
gravitational waves in the F, P, R, and L regions in the
Regge-Wheeler gauge. In Appendix C, we present some
details of the calculation in Sec. V. Throughout the present
paper, we use the natural units c ¼ ℏ ¼ kB ¼ 1.

II. CLASSICAL SOLUTIONS OF GWs
IN RINDLER AND KASNER SPACETIME

A. GWs in future expanding Kasner spacetime
(F region)

We start with deriving the solution of GWs in the future
expanding Kasner spacetime (the F region) by using the

FIG. 1. Four regions of Minkowski spacetime and correspond-
ing coordinates.
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Regge-Wheeler gauge. The line element of the F region is
given by

ds2 ¼ e2aηð−dη2 þ dζ2Þ þ dy2 þ dz2 ≡ ḡFμνdxμdxν; ð1Þ

where −∞ < η < ∞, −∞ < ζ < ∞, and a is a constant.
The Kasner coordinates of the F region are related to the
global coordinates of Minkowski spacetime as

t ¼ 1

a
eaη cosh aζ; x ¼ 1

a
eaη sinh aζ; ð2Þ

as shown in Fig. 1. The metric perturbations hFμν are
defined by

gFμν ¼ ḡFμν þ hFμν: ð3Þ

Following Ref. [23], we write

hF0a ¼ ∂ahF0 þ ϵab∂bχF; ð4Þ

hF1a ¼ ∂ahF1 þ ϵab∂bψF; ð5Þ

hFab ¼ hFδab þ ∂a∂bhF3 þ ϵcða∂bÞ∂cγF; ð6Þ

where a, b, and c stand for 2 or 3, and ϵab is the completely
antisymmetric tensor: ϵ22 ¼ ϵ33 ¼ 0, ϵ23 ¼ 1 ¼ −ϵ32.
Therefore, the metric perturbations are written using the
ten functions ðhF00; hF01; hF11; hF0 ; hF1 ; χF;ψF; hF; hF3 ; γ

FÞ.
With respect to the parity transformation in the y-z plane,
these metric perturbations can be classified into the odd
modes described by ðχF;ψF; γFÞ and the even modes
described by ðhF00; hF01; hF11; hF0 ; hF1 ; hF; hF3 Þ.
Let us consider the gauge transformation generated by

the infinitesimal transformation generator

Kμ ¼ Kodd
μ þ Keven

μ ; ð7Þ

with

Kodd
μ ≡

0
B@

0

0

ϵab∂bλ

1
CA; Keven

μ ≡
0
B@

δη

δζ

∂aδx

1
CA; ð8Þ

where Kodd
μ and Keven

μ are the generators of the gauge
transformation for the odd and even modes, respectively.
Using this gauge freedom, we take the Regge-Wheeler
gauge in which hF0 ¼ hF1 ¼ hF3 ¼ γF ¼ 0. The metric
perturbations are then described by the six functions
ðhF00; hF01; hF11; hF; χF;ψFÞ:

hFμν ¼

0
BBBBB@

hF00 hF01 ∂zχ
F −∂yχ

F

hF01 hF11 ∂zψ
F −∂yψ

F

∂zχ
F ∂zψ

F hF 0

−∂yχ
F −∂yψ

F 0 hF

1
CCCCCA
: ð9Þ

Let us now derive the quadratic Lagrangians for the
master variables for odd- and even-parity perturbations.
Although we focus on the F region, the derivation can be
extended straightforwardly to the P, R, and L regions.

1. Odd-parity perturbations

Around the future expanding Kasner metric we expand
the Einstein-Hilbert Lagrangian,

ffiffiffiffiffiffi−gp
R=2, to second order

in metric perturbations. Performing integration by parts, we
obtain

8πGLodd ¼ 1

4
e−2aη½ð∂⊥∂ηψ

FÞ2−2ð∂⊥∂ζχ
FÞð∂⊥∂ηψ

FÞ

þð∂⊥∂ζχ
FÞ2�−1

4
ð∂2⊥ψFÞ2þ1

4
ð∂2⊥χFÞ2: ð10Þ

By introducing the auxiliary field ϕF, the above Lagrangian
can be written equivalently as

8πGLodd ¼ 1

4
½−e2aηð∂⊥ϕFÞ2þ2∂⊥ϕFð∂⊥∂ηψ

F−∂⊥∂ζχ
FÞ�

−
1

4
ð∂2⊥ψFÞ2þ1

4
ð∂2⊥χFÞ2: ð11Þ

Indeed, from the Euler-Lagrange equation for ϕF one has

ϕ ¼ e−2aηð∂ηψ
F − ∂ζχ

FÞ; ð12Þ

using which one can remove ϕF from Eq. (11) to reproduce
the original Lagrangian (10).
Now, the Euler-Lagrange equations for ψF and χF

derived from Eq. (11) read, respectively,

∂2⊥ψF ¼ ∂ηϕ
F; ∂2⊥χF ¼ ∂ζϕ

F: ð13Þ

Substituting these constraint equations back into Eq. (11),
we arrive at the quadratic Lagrangian for the dynamical
variable ϕF,

8πGLodd ¼ 1

4
½ð∂ηϕ

FÞ2 − ð∂ζϕ
FÞ2 − e2aηð∂⊥ϕFÞ2�; ð14Þ

where we defined ð∂⊥ϕFÞ2 ¼ ð∂yϕ
FÞ2 þ ð∂zϕ

FÞ2 [and
similarly for ð∂⊥hFÞ2 below]. Thus, the odd-parity sector
is found to be governed by the single master variable ϕF.
The metric perturbations in the Regge-Wheeler gauge,
ψF and χF, are determined in terms of ϕF through the
constraint equations (13).
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2. Even-parity perturbations

We also expand the Einstein-Hilbert Lagrangian to second order in even-parity perturbations to get

8πGLeven ¼ −
1

4
ð∂ηhFÞ2 þ

1

2
e−2aηhF11∂2

ηhF þ ae−2aηhF01∂ζhF − e−2aηhF01∂η∂ζhF þ 1

4
e−2aηð∂⊥hF01Þ2

þ 1

4
∂⊥hF11∂⊥hF þ 1

4
ð∂ζhFÞ2 −

a
2
e−2aηhF11∂ηhF

þ hF00

�
1

4
e−2aη∂2⊥hF11 þ

1

4
∂2⊥hF þ 1

2
e−2aη∂2

ζh
F −

a
2
e−2aη∂ηhF

�
; ð15Þ

where we performed integration by parts and omitted total
derivatives. From the Euler-Lagrange equations for hF00,
hF01, and hF11, we obtain the following constraint equations:

∂2⊥hF11 ¼ −e2aη∂2⊥hF þ 2a∂ηhF − 2∂2
ζh

F; ð16Þ

∂2⊥hF01 ¼ −2ð∂η∂ζhF − a∂ζhFÞ; ð17Þ

∂2⊥hF00 ¼ e2aη∂2⊥hF þ 2a∂ηhF − 2∂2
ηhF: ð18Þ

These equations can be used to eliminate hF11, h
F
01, and hF11

from the Lagrangian. After integration by parts, we end
up with the quadratic Lagrangian for the single master
variable hF,

8πGLeven ¼ 1

4
½ð∂ηhFÞ2 − ð∂ζhFÞ2 − e2aηð∂⊥hFÞ2�; ð19Þ

which has essentially the same form as Eq. (14). The other
components of the even-parity metric perturbations are
determined through the constraint equations (16)–(18).
Thus, the quadratic action for the gravitational waves is

obtained from the Einstein-Hilbert action and can be
written in terms of the two decoupled master variables
as Sð2Þ ¼ SFgðoÞ þ SFgðeÞ,

SFgðoÞ ¼
1

32πG

Z
dηdζdydz

× ½ð∂ηϕ
FÞ2 − ð∂ζϕ

FÞ2 − e2aηð∂⊥ϕFÞ2�; ð20Þ

SFgðeÞ ¼
1

32πG

Z
dηdζdydz

× ½ð∂ηhFÞ2 − ð∂ζhFÞ2 − e2aηð∂⊥hFÞ2�; ð21Þ

where SFgðoÞ and SFgðeÞ are the actions for the odd and even

modes, respectively. Here ϕF itself is not a metric pertur-
bation variable, but rather is related to ψF and χF in a
nontrivial way. One may notice that ϕF and hF are subject
to the same action as that of a massless scalar field living in
the Kasner spacetime (1). Once the solutions for ϕF and hF

are obtained, all of the other variables are determined in
terms of these two master variables through the constraint

equations, as demonstrated below. This is as it should be,
because we have only two dynamical degrees of freedom in
general relativity.
Let us then proceed to solving the equations of motion.

We obtain the following equation of motion for the odd
mode:

½−∂2
η þ ∂2

ζ þ e2aη∂2⊥�ϕF ¼ 0; ð22Þ

where ∂2⊥ ¼ ∂2
y þ ∂2

z . The odd-mode metric perturbations,
ψF and χF, are given in terms of ϕF through the constraint
equations (13). When ϕF is written in the mode-expanded
form

ϕF ¼ φF;oðηÞeiðkxζþk⊥·x⊥Þ; ð23Þ

the coefficient φF;oðηÞ obeys

½∂2
η þ k2ðηÞ�φF;oðηÞ ¼ 0; ð24Þ

where we defined k2ðηÞ ¼ k2x þ e2aηκ2 with κ2 ¼ jk⊥j2.
Then, using Eq. (13), we have

ψF ¼ −
∂ηφ

F;o

κ2
eiðkxζþk⊥·x⊥Þ; ð25Þ

χF ¼ −
ikxφF;o

κ2
eiðkxζþk⊥·x⊥Þ: ð26Þ

For the even mode, hF, we have the same equation of
motion as Eq. (22). The other even-mode metric perturba-
tions are given in terms of hF through

∂2⊥hF00 ¼ e2aη∂2⊥hF þ 2a∂ηhF − 2∂2
ηhF; ð27Þ

∂2⊥hF01 ¼ −2∂ζð∂ηhF − ahFÞ; ð28Þ

∂2⊥hF11 ¼ −e2aη∂2⊥hF þ 2a∂ηhF − 2∂2
ζh

F: ð29Þ

Then, we write hF in the mode-expanded form

hF ¼ φF;eðηÞeiðkxζþk⊥·x⊥Þ; ð30Þ
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and φF;eðηÞ obeys the same equation as Eq. (24),

½∂2
η þ k2ðηÞ�φF;eðηÞ ¼ 0: ð31Þ

From Eqs. (27), (28), and (29), we have

hF00 ¼
�
e2aηφF;e −

2a
κ2

∂ηφ
F;e þ 2

κ2
∂2
ηφ

F;e

�
eiðkxζþk⊥·x⊥Þ;

ð32Þ

hF01 ¼
2ikx
κ2

ð∂ηφ
F;e − aφF;eÞeiðkxζþk⊥·x⊥Þ; ð33Þ

hF11 ¼
�
−
k2ðηÞ
κ2

φF;e −
k2x
κ2

φF;e −
2a
κ2

∂ηφ
F;e

�
eiðkxζþk⊥·x⊥Þ:

ð34Þ

Finally, summarizing the above results, the metric
perturbations in the F region in the Regge-Wheeler gauge
are given by

hFμν ¼ ðh̃F;oμν þ h̃F;eμν Þeiðkxζþk⊥·x⊥Þ; ð35Þ

with

h̃F;oμν ¼

0
BBBBB@

0 0
kxkz
κ2

φF;o − kxky
κ2

φF;o

� 0 − ikz
κ2
∂ηφ

F;o iky
κ2
∂ηφ

F;o

� � 0 0

� � � 0

1
CCCCCA
; ð36Þ

h̃F;eμν ¼

0
BBBBB@

e2aηφF;e − 2a
κ2
∂ηφ

F;e þ 2
κ2
∂2
ηφ

F;e 2ikx
κ2

ð∂ηφ
F;e − aφF;eÞ 0 0

� − k2ðηÞ
κ2

φF;e − k2x
κ2
φF;e − 2a

κ2
∂ηφ

F;e 0 0

� � φF;e 0

� � � φF;e

1
CCCCCA
: ð37Þ

We can thus determine all of the metric components simply
by solving a massless Klein-Gordon equation in the Kasner
spacetime.

B. GWs in past shrinking Kasner
spacetime (P region)

Let us then derive the solution of GWs in the past
shrinking Kasner spacetime (the P region) in the Regge-
Wheeler gauge. The analysis presented in this and sub-
sequent subsections follows closely (and hence has some
overlap with) the one in the previous subsection. The line
element of the P region is written as

ds2¼ e−2aη̃ð−dη̃2þdζ̃2Þþdy2þdz2≡ ḡPμνdxμdxν; ð38Þ

where the coordinates in the P region are related to those in
the global Minkowski coordinates as

t ¼ −
1

a
e−aη̃ cosh aζ̃; x ¼ 1

a
e−aη̃ sinh aζ̃; ð39Þ

as shown in Fig. 1. The coordinates in the P region are
obtained by the analytic continuation of the coordinates in
the F region as ζ ¼ −ζ̃ and η ¼ −η̃ − πi=a (Table I). We
can write the metric perturbations in the P region in the
Regge-Wheeler gauge as gPμν ¼ ḡPμν þ hPμν, with

hPμν ¼

0
BBBBB@

hP00 hP01 ∂zχ
P −∂yχ

P

hP01 hP11 ∂zψ
P −∂yψ

P

∂zχ
P ∂zψ

P hP 0

−∂yχ
P −∂yψ

P 0 hP

1
CCCCCA
: ð40Þ

The master variable for the odd modes, ϕP, can be found
in a similar way to those in the F region, giving the action
and equation of motion

SPgðoÞ ¼
1

32πG

Z
dη̃dζ̃dydz

× ½ð∂ η̃ϕ
PÞ2 − ð∂ ζ̃ϕ

PÞ2 − e−2aη̃ð∂⊥ϕPÞ2�; ð41Þ

½−∂2
η̃ þ ∂2

ζ̃
þ e−2aη̃∂2⊥�ϕP ¼ 0: ð42Þ

TABLE I. Analytic continuations and the relations among the
coordinates in the F, P, R, and L regions. A more detailed
discussion is given in Sec. IV.

F → R τ ¼ ζ − π
2a i, ξ ¼ ηþ π

2a i
F → L τ̃ ¼ −ζ − π

2a i, ξ̃ ¼ ηþ π
2a i

P → R τ ¼ −ζ̃ − π
2a i, ξ ¼ −η̃ − π

2a i
P → L τ̃ ¼ ζ̃ − π

2a i, ξ̃ ¼ −η̃ − π
2a i
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The master variable of the even mode, hP, has the same
action and hence obeys the same equation of motion as
Eqs. (41) and (42). The metric perturbations are given by
solving

∂2⊥ψP ¼ ∂ η̃ϕ
P; ∂2⊥χP ¼ ∂ ζ̃ϕ

P; ð43Þ

and

∂2⊥hP00 ¼ e−2aη̃∂2⊥hP − 2a∂ η̃hP − 2∂2
η̃h

P; ð44Þ

∂2⊥hP01 ¼ −2∂ ζ̃ð∂ η̃hP þ ahPÞ; ð45Þ

∂2⊥hP11 ¼ −e−2aη̃∂2⊥hP − 2a∂ηhP − 2∂2
ζ̃
hP: ð46Þ

When ϕP and hP are written in the forms

ϕP¼φP;oðη̃Þeiðkx ζ̃þk⊥·x⊥Þ; hP¼φP;eðη̃Þeiðkx ζ̃þk⊥·x⊥Þ; ð47Þ

we have the metric perturbations in the P region in the
Regge-Wheeler gauge,

hPμν ¼ ðh̃P;oμν þ h̃P;eμν Þeiðkx ζ̃þk⊥·x⊥Þ; ð48Þ

with

h̃P;oμν ¼

0
BBBBB@

0 0
kxkz
κ2

φP;o − kxky
κ2

φP;o

� 0 − ikz
κ2
∂ η̃φ

P;o iky
κ2
∂ η̃φ

P;o

� � 0 0

� � � 0

1
CCCCCA
; ð49Þ

h̃P;eμν ¼

0
BBBBB@

e−2aη̃φP;e þ 2a
κ2
∂ η̃φ

P;e þ 2
κ2
∂2
η̃φ

P;e 2ikx
κ2

ð∂ η̃φ
P;e þ aφP;eÞ 0 0

� − k̃2ðη̃Þ
κ2

φP;e − k2x
κ2
φP;e þ 2a

κ2
∂ η̃φ

P;e 0 0

� � φP;e 0

� � � φP;e

1
CCCCCA
; ð50Þ

where k̃2ðη̃Þ ¼ ðk2x þ κ2e−2aη̃Þ.

C. GWs in right Rindler wedge (R region)

Next, we derive the solution of GWs in the right Rindler
wedge (the R region). The line element in the R region is
given by

ds2 ¼ e2aξð−dτ2 þ dξ2Þ þ dy2 þ dz2 ≡ ḡRμνdxμdxν; ð51Þ

where a is a constant which is interpreted as a uniform
acceleration. The coordinates in the R region are related to
the coordinates of Minkowski spacetime as

t ¼ 1

a
eaξ sinh aτ; x ¼ 1

a
eaξ cosh aτ; ð52Þ

as shown in Fig. 1. The metric perturbations in the R region
can be written as

gRμν ¼ ḡRμν þ hRμν; ð53Þ

with

hRμν ¼

0
BBBBB@

hR00 hR01 ∂zχ
R −∂yχ

R

hR01 hR11 ∂zψ
R −∂yψ

R

∂zχ
R ∂zψ

R hR 0

−∂yχ
R −∂yψ

R 0 hR

1
CCCCCA
: ð54Þ

The action for the odd-parity master variable in the R
region is given by

SRgðoÞ ¼
1

32πG

Z
dτdξdydz

× ½ð∂τϕ
RÞ2 − ð∂ξϕ

RÞ2 − e2aξð∂⊥ϕRÞ2�; ð55Þ

which leads to the equation of motion

½−∂2
τ þ ∂2

ξ þ e2aξ∂2⊥�ϕR ¼ 0: ð56Þ

The metric perturbations ψR and χR are related to ϕR as

∂2⊥ψR ¼ ∂τϕ
R; ∂2⊥χR ¼ ∂ξϕ

R: ð57Þ

Writing ϕR in the form

ϕR ¼ φR;oðξÞe−iωτþik⊥·x⊥ ; ð58Þ

one sees that φR;o obeys

SUGIYAMA, YAMAMOTO, and KOBAYASHI PHYS. REV. D 103, 083503 (2021)

083503-6



½∂2
ξ þK2ðξÞ�φR;o ¼ 0; ð59Þ

with K2ðξÞ ¼ ω2 − κ2e2aξ. Thus, also in the right Rindler
wedge the problem reduces to analyzing the system of a
massless scalar field.
For the even mode, we obtain the same action as that of

the odd mode,

SRgðeÞ ¼
1

32πG

Z
dτdξdydz

× ½ð∂τhRÞ2 − ð∂ξhRÞ2 − e2aξð∂⊥hRÞ2�; ð60Þ

and hence the equation of motion is also the same as that of
ϕR. Using hR, one can write the other metric functions as

∂2⊥hR00 ¼ e2aξ∂2⊥hR þ 2a∂ξhR − 2∂2
τhR; ð61Þ

∂2⊥hR01 ¼ −2∂τð∂ξhR − ahRÞ; ð62Þ

∂2⊥hR11 ¼ −e2aξ∂2⊥hR þ 2a∂ξhR − 2∂2
ξh

R: ð63Þ

Writing hR in the form

hR ¼ φR;eðξÞe−iωτþik⊥·x⊥ ; ð64Þ

the coefficient φR;e obeys

½∂2
ξ þK2ðξÞ�φR;e ¼ 0; ð65Þ

where K was already defined above. The solutions of
Eqs. (61), (62), and (63) are obtained as

hR00 ¼
�
e2aξφR;e −

2a
κ2

∂ξφ
R;e − 2

ω2

κ2
φR;e

�
e−iωτþik⊥·x⊥ ;

ð66Þ

hR01 ¼ −
2iω
κ2

ð∂ξφ
R;e − aφR;eÞe−iωτþik⊥·x⊥ ; ð67Þ

hR11 ¼
�
−e2aξφR;e −

2a
κ2

∂ξφ
R;e þ 2

κ2
∂2
ξφ

R;e

�
e−iωτþik⊥·x⊥ :

ð68Þ

We finally have the metric perturbations in the R region in
the Regge-Wheeler gauge,

hRμν ¼ ðh̃R;oμν þ h̃R;eμν Þe−iωτþik⊥·x⊥ ; ð69Þ

with

h̃R;oμν ¼

0
BBBBB@

0 0 − ikz
κ2
∂ξφ

R;o iky
κ2
∂ξφ

R;o

� 0 − ωkz
κ2

φR;o ωky
κ2

φR;o

� � 0 0

� � � 0

1
CCCCCA
; ð70Þ

h̃R;eμν ¼

0
BBBBB@

− K2ðξÞ
κ2

φR;e − 1
κ2
ðω2φR;e þ 2a∂ξφ

R;eÞ − 2iω
κ2

ð∂ξφ
R;e − aφR;eÞ 0 0

� −e2aξφR;e − 2
κ2
ða∂ξφ

R;e − ∂2
ξφ

R;eÞ 0 0

� � φR;e 0

� � � φR;e

1
CCCCCA
: ð71Þ

D. GWs in left Rindler wedge (L region)

Similarly, we can obtain the action for the L region. The
line element in the L region is given by

ds2 ¼ e2aξ̃ð−dτ̃2 þ dξ̃2Þ þ dy2 þ dz2 ≡ ḡLμνdxμdxν; ð72Þ

which is related to the Minkowski coordinates through the
relation

t ¼ 1

a
eaξ̃ sinh aτ̃; x ¼ −

1

a
eaξ̃ cosh aτ̃; ð73Þ

as shown in Fig. 1. In a similar way to the case for the
R region, the metric perturbation is defined by gLμν ¼
ḡLμν þ hLμν, with

hLμν ¼

0
BBBBB@

hL00 hL01 ∂zχ
L −∂yχ

L

hL01 hL11 ∂zψ
L −∂yψ

L

∂zχ
L ∂zψ

L hL 0

−∂yχ
L −∂yψ

L 0 hL

1
CCCCCA
: ð74Þ

We obtain the action for the master variable for the odd
modes as

SLgðoÞ ¼
1

32πG

Z
dτ̃dξ̃dydz

× ½ð∂ τ̃ϕ
LÞ2 − ð∂ ξ̃ϕ

LÞ2 − e2aξ̃ð∂⊥ϕLÞ2�; ð75Þ

which leads to the equation of motion
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½−∂2
τ̃ þ ∂2

ξ̃
þ e2aξ̃∂2⊥�ϕL ¼ 0: ð76Þ

The action and equation of motion for the even-mode
master variable hL are the same as Eqs. (75) and (76),
respectively. The metric components in the L region are
related to hL by

∂2⊥ψL ¼ ∂ η̃ϕ
L; ∂2⊥χL ¼ ∂ ξ̃ϕ

L; ð77Þ

and

∂2⊥hL00 ¼ e2aξ̃∂2⊥hL þ 2a∂ ξ̃h
L − 2∂2

τ̃h
L; ð78Þ

∂2⊥hL01 ¼ −2∂ τ̃ð∂ ξ̃h
L − ahLÞ; ð79Þ

∂2⊥hL11 ¼ −e2aξ̃∂2⊥hL þ 2a∂ ξ̃h
L − 2∂2

ξ̃
hL: ð80Þ

Similarly, when ϕL and hL are written in the forms

ϕL¼φL;oðξ̃Þe−iωτ̃−ik⊥·x⊥ ; hL¼φL;eðξ̃Þe−iωτ̃−ik⊥·x⊥ ; ð81Þ

respectively, we have the metric perturbations in the L
region in the Regge-Wheeler gauge,

hLμν ¼ ðh̃L;oμν þ h̃L;eμν Þe−iωτ̃−ik⊥·x⊥ ; ð82Þ

with

h̃L;oμν ¼

0
BBBBB@

0 0 − ikz
κ2
∂ ξ̃φ

L;o iky
κ2
∂ ξ̃φ

L;o

� 0 − ωkz
κ2

φL;o ωky
κ2

φL;o

� � 0 0

� � � 0

1
CCCCCA
; ð83Þ

h̃L;eμν ¼

0
BBBBB@

− K̃2ðξ̃Þ
κ2

φL;e − 1
κ2
ðω2φL;e þ 2a∂ ξ̃φ

L;eÞ − 2iω
κ2

ð∂ ξ̃φ
L;e − aφL;eÞ 0 0

� −e2aξ̃φL;e − 2
κ2
ða∂ ξ̃φ

L;e − ∂2
ξ̃
φL;eÞ 0 0

� � φL;e 0

� � � φL;e

1
CCCCCA
; ð84Þ

where K̃2ðξ̃Þ ¼ ðω2 − κ2e2aξ̃Þ.

III. QUANTIZATION OF THE
GRAVITATIONAL WAVES

Having thus obtained the classical solution for all of the
components of the metric perturbations, let us move to
consider the quantization of the gravitational waves.
As we have shown in the previous section, the master
variables are essentially regarded as two decoupled mass-
less scalar fields. Therefore, we closely follow the quan-
tization procedure of massless scalar fields living on the
Kasner/Rindler metric [21], and the consequences of the
quantization of the master variables are very similar to
those in the case of a massless scalar field. The results of
this section are a review of Ref. [21], but it is necessary to
explain the new results in Sec. IV.

A. Quantization in Kasner spacetimes (F and P regions)

We perform the quantization of the gravitational waves
described by the actions in the previous section. Here
we consider the odd and even modes in the F region
[Eqs. (20) and (21)]. For later convenience, we introduce
the canonically normalized variables φF

ðoÞ ¼ ϕF=
ffiffiffiffiffiffiffiffiffiffiffi
16πG

p
and φF

ðeÞ ¼ hF=
ffiffiffiffiffiffiffiffiffiffiffi
16πG

p
, so that the corresponding actions

reduce to

SFgðλÞ ¼
1

2

Z
dηdζdydz

× ½ð∂ηφ
F
ðλÞÞ2 − ð∂ζφ

F
ðλÞÞ2 − e2aηð∂⊥φF

ðλÞÞ2�; ð85Þ

where λ ¼ o; e. The canonical momenta are defined as

ΠF
ðλÞðη; ζ; y; zÞ≡

δSFgðλÞ
δ∂ηφ

F
ðλÞ

¼ ∂ηφ
F
ðλÞðη; ζ; y; zÞ; ð86Þ

with which the commutation relations are imposed as

½φ̂F
ðλÞðη; ζ; y; zÞ; Π̂F

ðλÞðη; ζ0; y0; z0Þ� ¼ iδðζ − ζ0Þδðx⊥ − x0⊥Þ;
others ¼ 0; ð87Þ

where x⊥ ¼ ðy; zÞ.
The field operator satisfies the Heisenberg equation of

motion

½−∂2
η þ ∂2

ζ þ e2aη∂2⊥�φ̂F
ðλÞ ¼ 0; ð88Þ

whose solution can be written as
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φ̂F
ðλÞðη;ζ; y; zÞ

¼
Z

∞

−∞
dkx

Z
∞

−∞
dk⊥½vF;λkxk⊥ðη;ζ; y; zÞâ

F;λ
kxk⊥ þH:c:�; ð89Þ

where k⊥ ¼ ðky; kzÞ, âF;λkxk⊥ðâ
F;λ†
kxk⊥Þ is the annihilation

(creation) operators satisfying ½âF;λkxk⊥ ; â
F;λ†
k0kk

0⊥
� ¼ δðkx −

k0xÞδðk⊥ − k0⊥Þ and vF;λkx;k⊥ðη; ζ; y; zÞ is a function written

in the form vF;λkx;k⊥ ¼ fðηÞeikxζeik⊥·x⊥ , with mode functions f
satisfying the equation of motion

∂2
ηfðηÞ þ k2xfðηÞ þ e2aηjk⊥j2fðηÞ ¼ 0 ð90Þ

and the normalization condition ð∂ηfÞf� − fð∂ηf�Þ ¼
i=ð2πÞ3.
Let us write a solution of the equation of motion (90)

using the Bessel function of the first kind as [20]

vF;λkxk⊥ðη; ζ; y; zÞ

¼ −i
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a sinhðπjkxj=aÞ

p J−ijkxj=a

�
κeaη

a

�
eikxζeik⊥·x⊥

≡ φF;λeikxζeik⊥·x⊥ ; ð91Þ

with κ ¼ jk⊥j. This function behaves as vF;λkxk⊥ðη; ζ; y; zÞ ∝
e−ijkxjηeikxζeik⊥·x⊥ in the η → −∞ limit. In Eq. (91), the
latter equality defines the function φF;λ for use in the next
section. This means that this function is a positive-
frequency mode function near the horizon. Furthermore,
we note that the mode functions vF;λkxk⊥ðη; ζ; y; zÞ with
positive kx represent right-moving wave modes in the ζ
direction, whereas the modes with negative kx represent
left-moving wave modes. One can see this from the
behavior of the mode functions near the future horizon [21].
One can choose a different solution of Eq. (90) written in

terms of the Hankel function, with which the solution is
written as

uF;λkxk⊥ðη;ζ;y;zÞ¼
−i

4π
ffiffiffiffiffiffi
2a

p eπjkxj=2aHð2Þ
ijkxj=a

�
κeaη

a

�
eikxζeik⊥·x⊥ :

ð92Þ

With this choice, the field operator can be expressed as

φ̂F
ðλÞðη;ζ; y; zÞ

¼
Z

∞

−∞
dkx

Z
∞

−∞
dk⊥½uF;λkxk⊥ðη; ζ; y; zÞb̂

F;λ
kxk⊥ þH:c:�; ð93Þ

where b̂F;λkxk⊥ðb̂
F;λ†
kxk⊥Þ is the annihilation (creation) operators

satisfying ½b̂F;λkxk⊥ ; b̂
F;λ†
k0xk0⊥

� ¼ δðkx − k0xÞδðk⊥ − k0⊥Þ. The

mode functions uF;λkxk⊥ðη; ζ; y; zÞ behave as u
F;λ
kxk⊥ðη; ζ; y; zÞ ∝

e−iκe
aη=aeikxζeik⊥·x⊥ in the η → ∞ limit, and therefore this is

the natural choice as the positive-frequency mode at late
times. As we will show in this section as well as in
AppendixA,uF;λkxk⊥ðη; ζ; y; zÞ is themode function associated
with the Minkowski vacuum state.
Similarly, we can write the same quantized field in the P

region (see Fig. 1) in two different ways:

φ̂P
ðλÞðη̃; ζ̃; y; zÞ

¼
Z

∞

−∞
dkx

Z
∞

−∞
dk⊥½uP;λkxk⊥ðη̃; ζ̃; y; zÞb̂

P;λ
kxk⊥ þ H:c:�; ð94Þ

φ̂P
ðλÞðη̃; ζ̃; y; zÞ

¼
Z

∞

−∞
dkx

Z
∞

−∞
dk⊥½vP;λkxk⊥ðη̃; ζ̃; y; zÞâ

P;λ
kxk⊥ þH:c:�; ð95Þ

where âP;λkxk⊥ðâ
P;λ†
kxk⊥Þ and b̂P;λkxk⊥ðb̂

P;λ†
kxk⊥Þ are the annihilation

(creation) operators, and the mode functions are

uP;λkxk⊥ðη̃; ζ̃; y; zÞ

¼ i

4π
ffiffiffiffiffiffi
2a

p e−πjkxj=2aHð1Þ
ijkxj=a

�
κe−aη̃

a

�
eikx ζ̃eik⊥·x⊥ ; ð96Þ

vP;λkxk⊥ðη̃; ζ̃; y; zÞ

¼ i

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a sinhðπjkxj=aÞ

p Jijkxj=a

�
κe−aη̃

a

�
eikx ζ̃eik⊥·x⊥

≡ φP;λeikx ζ̃eik⊥·x⊥ : ð97Þ

The modes vP;λkxk⊥ðη; ζ; y; zÞ with positive kx represent right-
moving wave modes and those with negative kx represent
left-moving wave modes, as discussed in Ref. [21]. In
Eq. (97), the latter equality defines the function φP;λ for
convenience in the next section.
As mentioned above, the mode function uFðPÞ;λkxk⊥ ðη; ζ; y; zÞ

that is written in terms of the Hankel function in the F(P)
region corresponds to the positive-frequency mode function
for the Minkowski vacuum (see Appendix A). This leads us
to define the Minkowski vacuum with the annihilation
operator b̂λkxk⊥ by

b̂FðKÞ;λkxk⊥ j0iM ¼ 0 ð98Þ

for any ðkx; k⊥Þ and λ. On the other hand, vFðPÞ;λkxk⊥ ðη; ζ; y; zÞ
is the Kasner mode function, with which we can define the
Kasner vacuum state by

âFðPÞ;λkxk⊥ j0iK ¼ 0 ð99Þ

for any ðkx; k⊥Þ and λ.
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The Bogoliubov transformation between the two sets

of the mode functions uðF;PÞλkxk⊥ and vðF;PÞλkxk⊥ can be found
straightforwardly as follows. Using some mathematical
formula for the Hankel and Bessel functions, we arrive at

vF;λkx;k⊥ðη; ζ; y; zÞ

¼ −i
4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a sinhðπjkxj=aÞ

p
�
eπjkxj=aeikxζHð2Þ

ijkxj=a

�
κeaη

a

�

þ
�
e−ikxζHð2Þ

ijkxj=a

�
κeaη

a

����
eik⊥·x⊥ ; ð100Þ

vP;λkx;k⊥ðη̃; ζ̃; y; zÞ

¼ i

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a sinhðπjkxj=aÞ

p
�
eikx ζ̃Hð1Þ

ijkxj=a

�
κe−aη̃

a

�

þ e−πjkxj=a
�
e−ikx ζ̃Hð1Þ

ijkxj=a

�
κe−aη̃

a

����
eik⊥·x⊥ : ð101Þ

From these equations we can read off the Bogoliubov
coefficients as

vFðPÞ;λkx;k⊥ ðη;ζ;y;zÞ
¼ αkxu

FðPÞ;λ
kx;k⊥ ðη;ζ;y;zÞþβ−kx ½uFðPÞ;λ−kx;−k⊥ðη;ζ;y;zÞ�

�; ð102Þ

with

αkx ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−e−2πjkxj=a
p ; β−kx ¼−

e−πjkxj=affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−e−2πjkxj=a

p : ð103Þ

It then follows that the annihilation and creation operators
associated with the Minkowski and Kasner modes are
related as

b̂FðPÞ;λkx;k⊥ ¼ ð1 − e−2πjkxj=aÞ−1=2ðâFðPÞ;λkx;k⊥ − e−πjkxj=aâFðPÞ;λ†−kx;−k⊥Þ:
ð104Þ

Note that kx is momentum in the direction of ζ (ζ̃) in
the F region (P region), which takes both positive and
negative values. The Minkowski vacuum state can be
described using the states associated with the Kasner
vacuum as

j0iM∝exp

�
1

2

Z
∞

−∞
dkx

Z
∞

−∞
dk⊥e−πjkxj=aa

FðPÞ;λ†
kx;k⊥ aFðPÞ;λ†−kx;−k⊥

�
j0iK;

ð105Þ

where the Kasner vacuum is defined by Eq. (99) for any
ðkx; k⊥Þ and λ. The above expression can be rewritten as

j0iM ¼
Y∞
kx¼0

Y∞
k⊥¼−∞

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−2πkx=a

p

×
X∞
n¼0

e−πkxn=ajn; λ; kx; k⊥iK ⊗ jn; λ;−kx;−k⊥iK;

ð106Þ

where jn; λ; kx; k⊥iK ¼ ðn!Þ−1=2ðaFðPÞ;λ†kx;k⊥ Þnj0iK is the nth
excited state from the Kasner vacuum state j0iK charac-
terized by kx, k⊥, and λ. This expression shows that the
Minkowski vacuum is expressed as an entangled state
between the positive- and negative-momentum modes.
The expectation value of the number operator con-

structed from âFðPÞ;λkx;k⊥ and âFðPÞ;λ†kx;k⊥ is given by a thermal
distribution with the temperature T ¼ a=2π,

Nkx ≡ Mh0jâFðPÞ;λ†kx;k⊥ âFðPÞ;λkx;k⊥ j0iM
¼ 1

e2πjkxj=a − 1
δð3Þð0Þ; ð107Þ

which is responsible for the entanglement of the
Minkowski vacuum state (106), where the divergent factor
δð3Þð0Þ accounts for an infinite spatial volume.

B. Quantization in Rindler spacetime
(R and L regions)

The quantization of the gravitational waves in the right
and left Rindler wedges described by the actions (55)
and (60) can be done in a similar way. We expand the
canonically normalized master variables as

φ̂R
ðλÞðτ;ξ;y;zÞ

¼
Z

∞

0

dω
Z

∞

−∞
dk⊥½vR;λω;k⊥ðτ;ξ;y;zÞâ

R;λ
ω;k⊥ þH:c:�; ð108Þ

φ̂L
ðλÞðτ̃; ξ̃;y;zÞ

¼
Z

∞

0

dω
Z

∞

−∞
dk⊥½vL;λω;k⊥ðτ̃; ξ̃;y;zÞâ

L;λ
ω;k⊥ þH:c:�; ð109Þ

where we introduced the creation and annihilation oper-
ators satisfying ½âR;λωk⊥ ; â

R;λ†
ω0k0⊥

� ¼ δðω − ω0Þδðk⊥ − k0⊥Þ and
the mode functions are given by

vR;λω;k⊥ðτ; ξ; y; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πω=a

4π4a

r
e−iωτKiω=a

�
κeaξ

a

�
eik⊥·x⊥

≡ φR;λe−iωτeik⊥·x⊥ ; ð110Þ

vL;λω;k⊥ðτ̃; ξ̃; y; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πω=a

4π4a

r
e−iωτ̃Kiω=a

�
κeaξ̃

a

�
e−ik⊥·x⊥

≡ φL;λe−iωτ̃e−ik⊥·x⊥ : ð111Þ
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Here the latter equality defines the functions φR;λ and φL;λ

for use in the next section. The right (left) Rindler vacuum
state is defined by

âRðLÞ;λω;k⊥ j0iRðLÞ ¼ 0 ð112Þ

for any λ, ω, and k⊥.

IV. ANALYTIC CONTINUATION FOR METRIC
PERTURBATION COMPONENTS

In this section, we demonstrate that the analytic contin-
uations of the modes from the F and P regions to the R and
L regions reproduce the solutions in the latter regions from
those in the former (and vice versa). The analytic contin-
uations yield identities between the mode functions and
the metric perturbations in the different regions. The
Bogoliubov transformation and the description of the
Minkowski vacuum in the F and P regions are generalized
to the entire spacetime including the R and L regions,
leading to the description of the Unruh effect of metric

perturbations. Although it has been shown that the analytic
continuation works in the case of a massless scalar field,
we should emphasize before proceeding that, in the case of
gravitational waves, it is not so evident whether or not all of
the metric components in the different regions can be
connected by means of the analytic continuation.

A. Analytic continuation of mode functions
from Kasner to Rindler

We first consider the analytic continuation of the
master variables [20,21]. The right and left Rindler wedges
are described by the line elements (51) and (72), respec-
tively, and their coordinates are related to those of the
Minkowski spacetime by Eqs. (52) and (73) (see Fig. 1).
The coordinates of the four regions, i.e., the F, P, R, and
L regions, are related to each other by the analytic
continuations, as summarized in Table I. By inspecting
the explicit form of the mode functions (100), (101),
(110), and (111), we find that they are analytically
continued as

vF;λ−ω;k⊥ðη; ζ; y; zÞ ¼
�
vR;λω;k⊥ðτ; ξ; y; zÞ ðR regionÞ
0 ðL regionÞ

ðfor ω ¼ −kx > 0Þ; ð113Þ

vF;λω;−k⊥ðη; ζ; y; zÞ ¼
�
0 ðR regionÞ
vL;λω;k⊥ðτ̃; ξ̃; y; zÞ ðL regionÞ ðfor ω ¼ kx > 0Þ; ð114Þ

vP;λω;k⊥ðη̃; ζ̃; y; zÞ ¼
�
vR;λω;k⊥ðτ; ξ; y; zÞ ðR regionÞ
0 ðR regionÞ

ðfor ω ¼ kx > 0Þ; ð115Þ

vP;λ−ω;−k⊥ðη̃; ζ̃; y; zÞ ¼
�
0 ðR regionÞ
vL;λω;k⊥ðτ̃; ξ̃; y; zÞ ðL regionÞ ðfor ω ¼ −kx > 0Þ; ð116Þ

where we used the formulas K−νðzÞ ¼ KνðzÞ, KνðzÞ ¼
−ðπi=2Þe−νπi=2Hð2Þ

ν ðe−πi=2zÞ, and KνðzÞ ¼ ðπi=2Þeνπi=2 ×
Hð1Þ

ν ðeπi=2zÞ. See Ref. [21] for a more detailed derivation.
Thus, it can be seen that the left-moving (right-moving)
modes in the F (P) region are equivalent to the Rindler
modes in the R region, whereas the right-moving (left-
moving) modes in the F (P) region are equivalent to the
Rindler modes in the L region.
We can then identify the creation and annihilation

operators in the different regions as

âI;λω;k⊥ ≡ âF;λ−ω;k⊥ ¼ âP;λω;k⊥ ¼ âR;λω;k⊥ ; ð117Þ

âII;λω;k⊥ ≡ âF;λω;−k⊥ ¼ âP;λ−ω;−k⊥ ¼ âL;λω;k⊥ ; ð118Þ

which satisfy ½âIðIIÞ;λω;k⊥ ; âIðIIÞ;λ0†ω0;k0⊥
� ¼ δλ;λ0δðω − ω0Þδðk⊥ − k0⊥Þ

and ½âIðIIÞ;λω;k⊥ ; âIðIIÞ;λ0ω0;k0⊥
� ¼ ½âIðIIÞ;λ†ω;k⊥ ; âIðIIÞ;λ0†ω0;k0⊥

� ¼ 0.

B. Analytic continuation of metric perturbations
from F region to R and L regions

Next, we prove that the metric tensors in the
Rindler wedges are obtained by means of the analytic
continuation. A brief summary of the results of this section
is presented in Appendix B for the convenience of the
readers.
The analytic continuation of the metric tensor consists of

the analytic continuation of the mode functions, demon-
strated in the previous subsection, and the transformation of
the metric tensor under the coordinate transformation. This
latter step is unique to the case of gravitational waves. For
example, under the transformation of the coordinates from
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the F region to the R region, the perturbations of the metric
tensor transform as

hFμνðx0Þ ¼
∂xρ
∂x0μ

∂xσ
∂x0ν h

R
ρσðxÞ; ð119Þ

where x ¼ fτ; ξ; y; zg and x0 ¼ fη; ζ; y; zg.
The odd-parity metric perturbations in the F region can

be written as

h̃F;oμν ðη; kx; k⊥Þ ¼
1

κ2
OF

μνðη; kx; k⊥ÞφF;o; ð120Þ

where

OF
μνðη; kx; k⊥Þ≡

0
BBBBB@

0 0 kxkz −kxky
� 0 −ikz∂η iky∂η

� � 0 0

� � � 0

1
CCCCCA
; ð121Þ

and φF;o is defined equivalently by Eq. (91) or Eq. (B2).
Similarly, the even-parity metric perturbations in the F
region can be written as

h̃F;eμν ðη; kx; k⊥Þ ¼
1

κ2
EF
μνðη; kx; k⊥ÞφF;e; ð122Þ

where

EF
μνðη; kx; k⊥Þ≡

0
BBBBB@

κ2e2aη − 2a∂η þ 2∂2
η −2ikxaþ 2ikx∂η 0 0

� −ðk2ðηÞ þ k2xÞ − 2a∂η 0 0

� � κ2 0

� � � κ2

1
CCCCCA
; ð123Þ

and φF;e is defined equivalently by Eq. (91) or Eq. (B2).
The metric perturbations in the R region may be expressed in a similar way as

h̃R;oμν ðω; ξ; k⊥Þ ¼
1

κ2
OR

μνðω; ξ; k⊥ÞφR;o; ð124Þ

with

OR
μνðω; ξ; k⊥Þ≡

0
BBB@

0 0 −ikz∂ξ iky∂ξ

� 0 −ωkz ωky
� � 0 0

� � � 0

1
CCCA ð125Þ

for the odd modes, and

h̃R;eμν ðω; ξ; k⊥Þ ¼
1

κ2
ER
μνðω; ξ; k⊥ÞφR;e; ð126Þ

with

ER
μνðω; ξ; k⊥Þ≡

0
BBBBB@

−ðK2ðξÞ þ ω2Þ − 2a∂ξ 2iωa − 2iω∂ξ 0 0

� −κ2e2aξ − 2a∂ξ þ 2∂2
ξ 0 0

� � κ2 0

� � � κ2

1
CCCCCA

ð127Þ

for the even modes, where φR;o and φR;e are defined by
Eq. (110) or Eq. (B6).
Now, let us show that OF

μν and EF
μν are related,

respectively, to OR
μν and ER

μν in the way inferred from a
coordinate transformation. The coordinate transformation

we consider here is given by the analytic continuation from
the F region to the R region (Table I),

τ ¼ ζ −
iπ
2a

; ξ ¼ ηþ iπ
2a

:
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One can directly check that

OF
μνðη;−ω; k⊥Þ ¼

∂xρ
∂x0μ

∂xσ
∂x0ν O

R
ρσðω; ξ; k⊥Þ;

EF
μνðη;−ω; k⊥Þ ¼

∂xρ
∂x0μ

∂xσ
∂x0ν E

R
ρσðω; ξ; k⊥Þ: ð128Þ

Using this and Eq. (113), we see, for positive ω, that

h̃F;oμν ðη;−ω; k⊥Þe−iωζeþik⊥·x⊥

¼ 1

κ2
OF

μνðη;−ω; k⊥ÞvF;o−ωk⊥

¼ 1

κ2
∂xρ
∂x0μ

∂xσ
∂x0ν O

R
ρσðω; ξ; k⊥ÞvR;oωk⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

R;o
ρσ ðω; ξ; k⊥Þe−iωτeþik⊥·x⊥ ; ð129Þ

h̃F;eμν ðη;−ω; k⊥Þe−iωζeþik⊥·x⊥

¼ 1

κ2
EF
μνðη;−ω; k⊥ÞvF;e−ωk⊥

¼ 1

κ2
∂xρ
∂x0μ

∂xσ
∂x0ν E

R
ρσðω; ξ; k⊥ÞvR;eωk⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

R;e
ρσ ðω; ξ; k⊥Þe−iωτeþik⊥·x⊥ : ð130Þ

This result shows that, by the analytic continuation and the
transformation law of the metric under the coordinate
transformation, all of the metric components in the F
region can be reproduced from the R region, and vice
versa.
In a similar way, we obtain the metric tensor in the L

region by using analytic continuation from the F region. To
this end, we write the odd-parity metric perturbations in the
L region as

h̃L;oμν ðω; ξ̃; k⊥Þ ¼
1

κ2
OL

μνðω; ξ̃; k⊥ÞφL;o; ð131Þ

where we defined

OL
μνðω; ξ̃; k⊥Þ≡

0
BBB@

0 0 −ikz∂ ξ̃ iky∂ ξ̃

� 0 −ωkz ωky
� � 0 0

� � � 0

1
CCCA; ð132Þ

and φL;o is defined by Eq. (111) or Eq. (B8). Similarly, we
write the even-parity metric perturbations in the L region as

h̃L;eμν ðω; ξ̃; k⊥Þ ¼
1

κ2
EL
μνðω; ξ̃; k⊥ÞφL;e; ð133Þ

where we defined

EL
μνðω; ξ̃; k⊥Þ≡

0
BBBBB@

−ðK̃2ðξ̃Þ þ ω2Þ − 2a∂ ξ̃ 2iωa − 2iω∂ ξ̃ 0 0

� −κ2e2aξ̃ − 2a∂ ξ̃ þ 2∂2
ξ̃

0 0

� � κ2 0

� � � κ2

1
CCCCCA
; ð134Þ

and φL;e is defined by Eq. (111) or Eq. (B8). The analytic
continuation from the F region to the L region reads (see
Table I)

τ̃ ¼ −ζ −
iπ
2a

; ξ̃ ¼ ηþ iπ
2a

;

using which we can show that the following relations hold:

OF
μνðη;ω;−k⊥Þ ¼

∂xρ
∂x0μ

∂xσ
∂x0ν O

L
ρσðω; ξ̃; k⊥Þ;

EF
μνðη;ω;−k⊥Þ ¼

∂xρ
∂x0μ

∂xσ
∂x0ν E

L
ρσðω; ξ̃; k⊥Þ: ð135Þ

Therefore, by combining the above result and the relation
between the mode functions (114) we obtain, for positiveω,

h̃F;oμν ðη;ω;−k⊥Þeiωζe−ik⊥·x⊥

¼ 1

κ2
OF

μνðη;ω;−k⊥ÞvF;oω−k⊥

¼ 1

κ2
∂xρ
∂x0μ

∂xσ
∂x0νO

L
ρσðω; ξ̃; k⊥ÞvL;oωk⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

L;o
ρσ ðω; ξ̃; k⊥Þe−iωτ̃e−ik⊥·x⊥ ; ð136Þ

h̃F;eμν ðη;ω;−k⊥Þeiωζe−ik⊥·x⊥

¼ 1

κ2
EF
μνðη;ω;−k⊥ÞvF;eω−k⊥

¼ 1

κ2
∂xρ
∂x0μ

∂xσ
∂x0ν E

L
ρσðω; ξ̃; k⊥ÞvL;eωk⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

L;e
ρσ ðω; ξ̃; k⊥Þe−iωτ̃e−ik⊥·x⊥ ; ð137Þ

showing that all of the metric components in the L region
can be reproduced from the F region by the analytic
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continuation and the transformation law of the metric under
the coordinate transformation.

C. Analytic continuation of metric perturbations
from P region to R region and L region

Next let us consider the analytic continuation from the P
region to the R region and the L region. In the P region, we
introduce the following decomposition:

h̃P;oμν ðη̃; kx; k⊥Þ ¼
1

κ2
OP

μνðη; kx; k⊥ÞφP;o; ð138Þ

with

OP
μνðη̃; kx; k⊥Þ≡

0
BBB@

0 0 kxkz −kxky
� 0 −ikz∂ η̃ iky∂ η̃

� � 0 0

� � � 0

1
CCCA ð139Þ

and φP;o defined by Eq. (97) or (B4) for the odd modes, and

h̃P;eμν ðη̃; kx; k⊥Þ ¼
1

κ2
EP
μνðη̃; kx; k⊥ÞφF;e; ð140Þ

with

EP
μνðη̃; kx; k⊥Þ≡

0
BBB@

κ2e−2aη̃ þ 2a∂ η̃ þ 2∂2
η̃ 2ikxaþ 2ikx∂ η̃ 0 0

� −ðk̃2ðη̃Þ þ k2xÞ þ 2a∂ η̃ 0 0

� � κ2 0

� � � κ2

1
CCCA ð141Þ

and φP;e defined by Eq. (97) or Eq. (B4) for the even
modes. In a similar way to the case of the F region,
using the analytic continuation from the P region to the R
region,

τ ¼ −ζ̃ −
iπ
2a

; ξ ¼ −η̃ −
iπ
2a

;

we obtain the following relations:

OP
μνðη̃;ω; k⊥Þ ¼

∂xρ
∂x0μ

∂xσ
∂x0νO

R
ρσðω; ξ; k⊥Þ;

EP
μνðη̃;ω; k⊥Þ ¼

∂xρ
∂x0μ

∂xσ
∂x0ν E

R
ρσðω; ξ; k⊥Þ: ð142Þ

From this and Eq. (115), we obtain, for positive ω,

h̃P;oμν ðη̃;ω; k⊥Þeiωζ̃eik⊥·x⊥

¼ 1

κ2
OP

μνðη̃;ω; k⊥ÞvP;oωk⊥

¼ 1

κ2
∂xρ
∂x0μ

∂xσ
∂x0ν O

R
ρσðω; ξ̃; k⊥ÞvR;oωk⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

R;o
ρσ ðω; ξ̃; k⊥Þe−iωτeþik⊥·x⊥ ; ð143Þ

h̃P;eμν ðη̃;ω; k⊥Þeiωζ̃eik⊥·x⊥

¼ 1

κ2
EP
μνðη̃;ω; k⊥ÞvP;eωk⊥

¼ 1

κ2
∂xρ
∂x0μ

∂xσ
∂x0ν E

R
ρσðω; ξ; k⊥ÞvR;eωk⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

R;e
ρσ ðω; ξ̃; k⊥Þe−iωτeþik⊥·x⊥ : ð144Þ

In a similar way, we see that the following relations hold
with the help of the analytic continuation from the P region
to the L region:

OP
μνðη̃;−ω;−k⊥Þ ¼

∂xρ
∂x0μ

∂xσ
∂x0ν O

L
ρσðω; ξ̃; k⊥Þ;

EP
μνðη̃;−ω;−k⊥Þ ¼

∂xρ
∂x0μ

∂xσ
∂x0ν E

L
ρσðω; ξ̃; k⊥Þ; ð145Þ

where the analytic continuation here is given by

τ̃ ¼ ζ̃ −
iπ
2a

; ξ̃ ¼ −η̃ −
iπ
2a

:

Then, from the above result and Eq. (116) we obtain, for
positive ω,

h̃P;oμν ðη̃;−ω;−k⊥Þe−iωζ̃e−ik⊥·x⊥

¼ 1

κ2
OP

μνðη̃;−ω;−k⊥ÞvP;o−ω−k⊥

¼ 1

κ2
∂xρ
∂x0μ

∂xσ
∂x0νO

L
ρσðω; ξ̃; k⊥ÞvL;oωk⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

L;o
ρσ ðω; ξ̃; k⊥Þe−iωτ̃e−ik⊥·x⊥ ; ð146Þ

h̃P;eμν ðη̃;−ω;−k⊥Þe−iωζ̃e−ik⊥·x⊥

¼ 1

κ2
EP
μνðη̃;−ω;−k⊥ÞvP;e−ω−k⊥

¼ 1

κ2
∂xρ
∂x0μ

∂xσ
∂x0ν E

L
ρσðω; ξ̃; k⊥ÞvL;eωk⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

L;e
ρσ ðω; ξ̃; k⊥Þe−iωτ̃e−ik⊥·x⊥ : ð147Þ
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Thus, we have shown that the mode functions of the
metric perturbations in the R region and the L region are
given by the analytic continuations from the F (P) region.
The results are summarized as follows:

h̃F;λμν ðη;−ω; k⊥Þe−iωζeþik⊥·x⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

R;λ
ρσ ðω; ξ; k⊥Þe−iωτeþik⊥·x⊥

¼ h̃P;λμν ðη̃;ω; k⊥Þeþiωζ̃eþik⊥·x⊥ ; ð148Þ

h̃F;λμν ðη;ω;−k⊥Þeþiωζe−ik⊥·x⊥

¼ ∂xρ
∂x0μ

∂xσ
∂x0ν h̃

L;λ
ρσ ðω; ξ̃; k⊥Þe−iωτ̃e−ik⊥·x⊥

¼ h̃P;λμν ðη̃;−ω;−k⊥Þe−iωζ̃e−ik⊥·x⊥ : ð149Þ

These results clearly demonstrate the relation between the
modes of gravitational waves in each region: the left-
moving (right-moving) wave modes in the F (P) region are
equivalent to the Rindler modes in the R region, whereas
the right-moving (left-moving) wave modes in the F (P)
region are equivalent to the Rindler modes in the L region.

D. Description of the Minkowski vacuum state
and the Unruh effect

As a result of the analytic continuations from the F (P)
region to the R and L regions [Eqs. (148) and (149)], and
the equivalence of the operators [Eqs. (117) and (118)], the
Minkowski vacuum is described as an entanglement state
between the states defined in the left and right Rindler
wedges and the F and P regions in a unified way,

j0iM ¼
Y∞
ω¼0

Y∞
k⊥¼−∞

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−2πω=a

p X∞
n¼0

e−πωn=ajn; λ;ω; k⊥iI

⊗ jn; λ;ω; k⊥iII; ð150Þ

wherewe defined jn;λ;ω;k⊥iIðIIÞ ¼ðn!Þ−1=2ðaIðIIÞ;λ†ω;k⊥ Þnj0iIðIIÞ,
and the Rindler vacuum state is defined in each region by

aIðIIÞ;λω;k⊥ j0iIðIIÞ ¼ 0 ð151Þ

for any ðω; k⊥Þ. The expectation value of the number
operator in the Rindler wedges reads

NIðIIÞ ≡ Mh0jâIðIIÞ;λ†ω;k⊥ âIðIIÞ;λω;k⊥ j0iM ¼ 1

e2πω=a − 1
δð3Þð0Þ; ð152Þ

which shows the thermal distribution with the temperature
determined by the acceleration, T ¼ a=2π. This can be
understood as the Unruh effect of the gravitational waves.

V. ENERGY-MOMENTUM TENSOR IN R REGION

In this section, we evaluate the energy density of
gravitational waves to discuss the difference between the
Minkowski vacuum and the Rindler vacuum. We calculate
the following effective energy-momentum tensor:

TGW
μν ðxÞ ¼ −

1

8πG
hð2ÞGμνi; ð153Þ

where hð2ÞGμνi is the second-order part of the Einstein
tensor and h� � �i stands for the temporal and spatial average.
Using Eq. (108) in the Rindler wedge, we obtain

Mh0jT̂GW
ττ j0iM ¼ e−2aξ

4π2

Z
∞

−∞
dω

ω3

e2πω=a − 1
; ð154Þ

Rh0jT̂GW
ττ j0iR ¼ e−2aξ

4π2

Z
∞

0

dωω3: ð155Þ

The details of the calculation are presented in Appendix C.
Equation (154) shows that the energy density associated
with the Minkowski vacuum state obeys the Planck dis-
tribution with the temperature T ¼ a=2π. The regularized
energy-momentum tensor is obtained by subtracting the
expectation values associated with the Minkowski vacuum.
Then, h0MjT̂GW

ττ j0Mi reduces to zero after regularization,
while ðRÞh0jT̂GW

ττ j0iðRÞ reads

Rh0jT̂GW
ττ j0iregularizedR ¼ Rh0jT̂GW

ττ j0iR − Mh0jT̂GW
ττ j0iM

¼ −
e−2aξ

2π2

Z
∞

0

dω
ω3

e2πω=a − 1

¼ −
e−2aξ

2π2
a4

240
: ð156Þ

In the Schwarzschild spacetime with a mass M, whose
metric is given by

ds2 ¼ −ð1 − 2GM=rÞdt2 þ dr2

ð1 − 2GM=rÞ
þ r2ðdθ2 þ sin2 θdϕ2Þ; ð157Þ

the expectation value of the energy-momentum tensor for a
massless scalar field with respect to the Boulware vacuum
state jBi is given in the r → 2GM limit by [24]

hBjT̂ν
μjBiren∼−

1

2π2ð1−2GM=rÞ2
Z

∞

0

dω
ω3

expð2πω=κÞ−1

×diag
�
−1;

1

3
;
1

3
;
1

3

�
; ð158Þ

where κ ¼ 1=4GM. This yields an expression for the
energy density similar to Eq. (156),
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hBjT̂00jBiren ∼−
1

2π2ð1− 2GM=rÞ
Z

∞

0

dω
ω3

exp ð2πω=κÞ− 1

¼ −
1

2π2ð1− 2GM=rÞ
κ4

240
: ð159Þ

One can see a pathological behavior that the renormalized
expectation value of the energy density diverges at the
Schwarzschild horizon when the Boulware vacuum state is
adopted outside the horizon of the Schwarzschild space-
time. This is quite similar to the result of Eq. (156) that the
energy density diverges at the Rindler horizon when the
Rindler vacuum state is adopted in the Rindler wedge.
Thus, the structure of the Rindler vacuum state and the
Minkowski vacuum state on the Minkowski spacetime is
analogous to that of the Boulware vacuum state and the
Hartle-Hawking state on the Schwarzschild spacetime [24].
The expectation values of the other components of the
energy-momentum tensor are obtained in a similar way,

Rh0jT̂GW
ξξ j0iregularizedR ¼ Rh0jT̂GW

ξξ j0iR − Mh0jT̂GW
ξξ j0iM

¼ −
e−2aξ

6π2

Z
∞

0

dω
ω3 þ 4ωa2

e2πω=a − 1

¼ −
e−2aξ

6π2
41a4

240
; ð160Þ

Rh0jT̂GW
yy j0iregularizedR ¼ Rh0jT̂GW

zz j0iregularizedR

¼ Rh0jT̂GW
yy j0iR − Mh0jT̂GW

yy j0iM
¼ −

e−4aξ

6π2

Z
∞

0

dω
ω3 þ ωa2

e2πω=a − 1

¼ −
e−4aξ

6π2
11a4

240
: ð161Þ

The result does not satisfy the trace-free property,
hTμ

μi ¼ 0, which would be expected by the equation of
motion averaged within a certain region of spacetime. This
violation of the trace-free property of the energy-momen-
tum tensor could be related to the fact that the gravitational
waves violate conformal invariance and that the gravita-
tional waves become ambiguous for the modes with
wavelengths longer than the characteristic scale of the
spacetime. The characteristic scale of the Rindler space is
1=a, and the modes of the gravitational waves with
wavelengths longer than the scale 1=a contribute to the
property hTμ

μi ≠ 0. If we take the range of integration with
respect to ω in Eqs. (160) and (161) to be much larger than
a, then the trace-free property is obtained.

VI. CONCLUSION

In the present paper, we have derived the solutions of
gravitational waves in the future expanding Kasner space-
time (the F region) and the past shrinking Kasner spacetime

(the P region) as well as the left (L) and right (R) Rindler
wedges in an analytic form. In the derivation, we have
performed the metric tensor decomposition in spacetime
endowed with two-dimensional plane symmetry and used
(an analog of) the Regge-Wheeler gauge. In this formu-
lation, the odd-parity and even-parity modes defined with
respect to the parity transformation in the two-dimensional
plane are decoupled. We have introduced the two master
variables associated with the gravitational-wave degrees of
freedom and derived the quadratic actions for them, each of
which is equivalent to the action of a massless scalar field in
the corresponding background. The master variables were
quantized in each region. The mode functions correspond-
ing to the Minkowski vacuum state in the F (P) region were
identified and the Bogoliubov transformation between the
mode functions of the Minkowski vacuum state and those
of the Kasner vacuum state were presented. From the
relation it can be seen that the Minkowski vacuum state for
the quantized gravitational waves is described as an
entangled state constructed on the basis of left-moving
and right-moving wave modes associated with the Kasner
vacuum state. We have also demonstrated that the metric
components of the quantized gravitational waves associ-
ated with the Kasner vacuum state in the F and P regions are
analytically continued to those in the left and right Rindler
wedges. This analytic continuation from the F (P) region to
the R (L) region allowed us to see that the Minkowski
vacuum state is described as an entangled state between the
left and right Rindler states. Our result gives a description
of the Unruh effect for gravitational waves in the Rindler
wedges. We stress that such an explicit formulation has
been done for the first time, and was achieved by
extensively using the Regge-Wheeler gauge for a plane-
symmetric spacetime.
The description will be useful for investigating the

Unruh effect on the vacuum fluctuations of gravitational
waves in a frame of uniform acceleration or equivalently in
a frame of uniform gravitation by the equivalence principle.
A thorough investigation is left for a future study.
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APPENDIX A: POSITIVE-FREQUENCY MODE
FUNCTION IN THE F REGION

Here we briefly review the positive-frequency mode
function associated with the Minkowski vacuum state in the
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F region [25]. The relation between the coordinates in the
future expanding Kasner spacetime ðT; χÞ and Minkowski
spacetime ðt; xÞ is given by

t ¼ T cosh χ; x ¼ T sinh χ: ðA1Þ

Here, T and χ are related to the coordinates used in the main
text, ðη; ζÞ, as T ¼ eaη=a and χ ¼ aζ. The integral repre-
sentation for the Hankel function is given by

e−ir coshKþis sinhK

¼ 1

2i

Z
∞

−∞
dpe−iKp

�
rþ s
r − s

�
ip=2

eπp=2Hð2Þ
ip ððr2 − s2Þ1=2Þ;

ðA2Þ

where Imðr� sÞ < 0. By transforming the variables as
s ¼ κx, r ¼ κt, K ¼ sinh−1ðq=κÞ, we obtain

e−iωktþiqx

¼ 1

2i

Z
∞

−∞
dpe−iKp

�
tþ x
t − x

�
ip=2

eπp=2Hð2Þ
ip ðκðt2 − x2Þ1=2Þ;

ðA3Þ

where ωκ ¼ κ coshK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ κ2

p
. In terms of the coor-

dinates ðT; χÞ, the right-hand side is written as

e−iωκtþiqx ¼ 1

2i

Z
∞

−∞
dpe−iKpeipχeπp=2Hð2Þ

ip ðκTÞ: ðA4Þ

This equation shows that Hð2Þ
ip ðκTÞ is indeed the positive-

frequency mode function associated with the Minkowski
vacuum state. It is easy to see that the complex conjugate
gives the negative-frequency mode function via the relation

½eπp=2Hð2Þ
ip ðκTÞ�� ¼ e−πp=2Hð1Þ

ip ðκTÞ: ðA5Þ

APPENDIX B: QUANTIZED GWs:
SUMMARY OF RESULTS

We present a summary of the results of the quantized
gravitational waves in the F, P, R, and L regions. The
quantized metric perturbation in the F region can be written
by introducing ω ¼ jkxj as

ĥFμνðη; ζ; y; zÞ

¼
ffiffiffiffiffiffiffiffiffiffiffi
16πG

p X
λ¼o;e

Z
∞

−∞
dkx

Z
∞

−∞
d2k⊥½h̃F;λμν ðη; kx; k⊥Þeikxζþik⊥·x⊥ âF;λkx;k⊥ þ H:c:�

¼
ffiffiffiffiffiffiffiffiffiffiffi
16πG

p X
λ¼o;e

Z
∞

0

dω
Z

∞

−∞
d2k⊥½h̃F;λμν ðη;−ω; k⊥Þe−iωζþik⊥·x⊥ âI;λω;k⊥ þ h̃F;λμν ðη;ω;−k⊥Þeiωζ−ik⊥·x⊥ âII;λω;k⊥ þ H:c:�; ðB1Þ

where the Fourier components h̃F;oμν and h̃F;eμν are given by Eqs. (36) and (37) with

φF;λ ¼ −i
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a sinhðπjkxj=aÞ

p J−ijkxj=a

�
κeaη

a

�
: ðB2Þ

We have a similar expression in the P region,

ĥPμνðη̃; ζ̃; y; zÞ

¼
ffiffiffiffiffiffiffiffiffiffiffi
16πG

p X
λ¼o;e

Z
∞

−∞
dkx

Z
∞

−∞
d2k⊥½h̃P;λμν ðη̃; kx; k⊥Þeikx ζ̃þik⊥·x⊥aP;λkx;k⊥ þ H:c:�

¼
ffiffiffiffiffiffiffiffiffiffiffi
16πG

p X
λ¼o;e

Z
∞

0

dω
Z

∞

−∞
d2k⊥½h̃P;λμν ðη̃;ω; k⊥Þeiωζ̃þik⊥·x⊥ âI;λω;k⊥ þ h̃P;λμν ðη̃;−ω;−k⊥Þe−iωζ̃−ik⊥·x⊥ âII;λω;k⊥ þ H:c:�: ðB3Þ

Here the metric perturbations h̃P;oμν and h̃P;eμν are given by Eqs. (49) and (50), respectively, with

φP;λ ¼ i

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a sinhðπjkxj=aÞ

p Jijkxj=a

�
κe−aη̃

a

�
: ðB4Þ
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The quantized tensor mode in the right Rindler wedge is obtained as

ĥRμνðτ; ξ; y; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
16πG

p X
λ¼o;e

Z
∞

0

dω
Z

∞

−∞
d2k⊥½h̃R;λμν ðω; ξ; k⊥Þe−iωτþik⊥·x⊥ âI;λω;k⊥ þ H:c:�; ðB5Þ

where the metric perturbations h̃R;oμν and h̃R;eμν are given by Eqs. (70) and (71), respectively, with

φR;λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πω=a

4π4a

r
e−iωτKiω=a

�
κeaξ

a

�
: ðB6Þ

The quantized tensor mode in the left Rindler wedge is obtained as

ĥLμνðτ̃; ξ̃; y; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
16πG

p X
λ¼o;e

Z
∞

0

dω
Z

∞

−∞
d2k⊥½h̃L;λμν ðω; ξ̃; k⊥Þe−iωτ̃−ik⊥·x⊥ âII;λω;k⊥ þ H:c:�; ðB7Þ

where the metric perturbations h̃L;oμν and h̃L;eμν are given by
Eqs. (83) and (84), respectively, with

φL;λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πω=a

4π4a

r
e−iωτ̃Kiω=a

�
κeaξ̃

a

�
: ðB8Þ

APPENDIX C: ENERGY DENSITY OF GWs

In this appendix, we derive the vacuum expectation value
of the energy density of GWs [Eqs. (154) and (155)]. The
energy-momentum tensor of GWs is given by the second-
order part of the Einstein tensor as

TGW
μν ¼ −

1

8πG
hð2ÞGμνi; ðC1Þ

where h� � �i denotes the spatial and temporal average. For
example, the time-time component of this energy-momen-
tum tensor gives the energy density of GWs. Let us now
focus on the odd modes in the R region. From a direct
computation using the linear equation of motion (56), we
find

ð2ÞGττ ¼ −
1

2
ð∂τϕ

RÞ2 þ ðtotal derivativeÞ; ðC2Þ

where the total derivative will be omitted upon averaging.
We obtain similar results for other components. Thus, it can
be seen that the energy density can be expressed simply in
terms of the master variable. It then follows immediately
that

TGW
ττ ¼ 1

16πG
hð∂τϕ

RÞ2i ¼ hð∂τφ
R
ðoÞÞ2i; ðC3Þ

where one should recall that ϕR ¼ ffiffiffiffiffiffiffiffiffiffiffi
16πG

p
φR
ðoÞ.

Let us move to the calculation of the vacuum expectation
value of the energy density with respect to the Minkowski
vacuum,

Mh0jT̂GW
ττ j0iM ¼ Mh0jð∂τφ̂

R
ðoÞÞ2j0iM: ðC4Þ

Substituting Eq. (108) into Eq. (C4), we obtain

Mh0jT̂GW
ττ j0iM ¼ lim

x0→x

Z
∞

0

dω
Z

dk⊥
�∂τv

R;o
ω;k⊥ðxÞ∂τ0v

R;o�
ω;k⊥ðx0Þ

1 − e−2πω=a
þ ∂τv

R;o�
ω;k⊥ðxÞ∂τ0v

R;o
ω;k⊥ðx0Þ

e2πω=a − 1

�

¼ lim
x0→x

Z
∞

0

dωω2

Z
dk⊥

�
vR;oω;k⊥ðxÞv

R;o�
ω;k⊥ðx0Þ

1 − e−2πω=a
þ vR;o�ω;k⊥ðxÞv

R;o
ω;k⊥ðx0Þ

e2πω=a − 1

�
; ðC5Þ

where we used the following formulas:

Mh0jâR;oω;k⊥ â
R;o†
ω0;k0⊥

j0iM ¼ 1

1 − e−2πω=a
δðω − ω0Þδðk⊥ − k0⊥Þ; ðC6Þ

Mh0jâR;o†ω;k⊥ â
R;o
ω0;k0⊥

j0iM ¼ e−2πω=a

1 − e−2πω=a
δðω − ω0Þδðk⊥ − k0⊥Þ: ðC7Þ
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Note here that for a technical reason we first consider two separate spacetime points and then take the coincident limit. The
k⊥ integration can be done following Ref. [21]. First, we have

Z
dk⊥vR;oω;k⊥ðxÞv

R;o�
ω;k⊥ðx0Þ ¼

sinhðπω=aÞ
2π3a

e−iωðτ−τ0Þ
Z

∞

0

dκκKiω=aðακÞKiω=aðβκÞJ0ðγκÞ; ðC8Þ

where α ¼ eaξ=a, β ¼ eaξ
0
=a, γ ¼ jx⊥ − x0⊥j, and we usedK−νðzÞ ¼ KνðzÞ and

R
2π
0 dφeiκγ cosφ ¼ 2πJ0ðκγÞ. The integral on

the right-hand side can be performed by using the formula [25,26]

Z
∞

0

dκκνþ1KμðακÞKμðβκÞJνðγκÞ ¼
1

2

ffiffiffi
π

2

r
γν

ðαβÞνþ1
Γðνþ μþ 1ÞΓðν − μþ 1ÞðΘ2 − 1Þ−ν=2−1=4B−ν−1=2

μ−1=2 ðΘÞ; ðC9Þ

where Θ ¼ ðα2 þ β2 þ γ2Þ=2αβ and B−ν−1=2
μ−1=2 ðζÞ [Reðμ� νÞ > −1, ReðνÞ > −1] is the associated Legendre function,

B−1=2
iω=a−1=2ðζÞ ¼

1ffiffiffiffiffiffi
2π

p 1

iω=a
1

ðζ2 − 1Þ1=4
h	

ζ þ
ffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 − 1

p 

iω=a

−
	
ζ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 − 1

p 

−iω=a

i
: ðC10Þ

Explicitly, in our case we have Θ ¼ ðeaðξ−ξ0Þ þ e−aðξ−ξ0Þ þ a2e−aðξþξ0Þjx⊥ − x0⊥j2Þ=2 and

Z
∞

0

dκκKiω=a

�
κeaξ

a

�
Kiω=a

�
κeaξ

0

a

�
J0ðγκÞ

¼ πa2e−aðξþξ0Þ

4i sinhðπω=aÞ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Θ2 − 1
p

h	
Θþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Θ2 − 1

p 

iω=a

−
	
Θþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Θ2 − 1

p 

−iω=a

i
: ðC11Þ

In the coincidence limit, x0 → x (Θ → 1), this reduces to

lim
x→x0

Z
∞

0

dκκKiω=a

�
κeaξ

a

�
Kiω=a

�
κeaξ

0

a

�
J0ðγκÞ ¼

πaωe−2aξ

2 sinhðπω=aÞ ; ðC12Þ

where we used

lim
Θ→1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Θ2 − 1

p
h	

Θþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Θ2 − 1

p 

iω=a

−
	
Θþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Θ2 − 1

p 

−iω=a

i
¼ 2iω

a
: ðC13Þ

Therefore, we finally obtain the following result:

lim
x0→x

Z
∞

0

dωω2

Z
dk⊥

�
vR;oω;k⊥ðxÞv

R;o�
ω;k⊥ðx0Þ

1 − e−2πω=a
þ vR;o�ω;k⊥ðxÞv

R;o
ω;k⊥ðx0Þ

e2πω=a − 1

�
¼ e−2aξ

4π2

Z
∞

0

dω

�
ω3

1 − e−2πω=a
þ ω3

e2πω=a − 1

�

¼ e−2aξ

4π2

Z
∞

−∞
dω

�
ω3

e2πω=a − 1

�
; ðC14Þ

where in evaluating the first term we changed the integration variable as ω → −ω.
In the case of the Rindler vacuum state, it is easy to see that the vacuum expectation value is given by

Rh0jT̂GW
ττ j0iR ¼ lim

x0→x

Z
∞

0

dω
Z

dk⊥∂τv
R;o
ω;k⊥ðxÞ∂τ0v

R;o�
ω;k⊥ðx0Þ ¼

e−2aξ

4π2

Z
∞

0

dωω3: ðC15Þ

Then, we obtain the regularized energy density (156). Repeating similar computations, we obtain Eqs. (160) and (161),
where we use the following results:
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lim
x0→x

∂
∂ξ

∂
∂ξ0

Z
dk⊥vR;oω;k⊥ðxÞv

R;o�
ω;k⊥ðx0Þ ¼

e−2aξ

4π2
ð4a2 þ ω2Þ

3
;

lim
x0→x

∂
∂y

∂
∂y0

Z
dk⊥vR;oω;k⊥ðxÞv

R;o�
ω;k⊥ðx0Þ ¼

e−4aξ

4π2
ða2 þ ω2Þ

3
;

lim
x0→x

∂
∂z

∂
∂z0

Z
dk⊥vR;oω;k⊥ðxÞv

R;o�
ω;k⊥ðx0Þ ¼

e−4aξ

4π2
ða2 þ ω2Þ

3
;

lim
x0→x

∂
∂xμ

∂
∂xν0

Z
dk⊥vR;oω;k⊥ðxÞv

R;o�
ω;k⊥ðx0Þ ¼ 0 ðfor μ ≠ νÞ: ðC16Þ

[1] B. P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Observation of Gravitational Waves from a Binary
Black Hole Merger, Phys. Rev. Lett. 116, 061102
(2016).

[2] B. P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), GW170817: Observation of Gravitational Waves
from a Binary Neutron Star Inspiral, Phys. Rev. Lett.
119, 161101 (2017).

[3] Y. Akrami et al. (Planck Collaboration), Planck 2018
results. X. Constraints on inflation, Astron. Astrophys.
641, A10 (2020).

[4] D. J. Schwarz, C. J. Copi, D. Huterer, and G. D. Starkman,
CMB anomalies after Planck, Classical Quantum Gravity
33, 184001 (2016).

[5] P. Fosalba and E. Gaztanaga, Explaining Cosmological
Anisotropy: Evidence for Causal Horizons from CMB data,
arXiv:2011.00910.

[6] M. Watanabe, S. Kanno, and J. Soda, The nature of
primordial fluctuations from anisotropic inflation, Prog.
Theor. Phys. 123, 1041 (2010).

[7] J. Soda, Statistical anisotropy from anisotropic inflation,
Classical Quantum Gravity 29, 083001 (2012).

[8] A. Dey, E. D. Kovetz, and S. Paban, Power spectrum and
non-Gaussianities in anisotropic inflation, J. Cosmol. As-
tropart. Phys. 06 (2014) 025.

[9] A. Maleknejad, M. M. Sheikh-Jabbari, and J. Soda, Gauge
fields and inflation, Phys. Rep. 528, 161 (2013).

[10] K. Tomita and M. Den, Gauge-invariant perturbations in
anisotropic homogeneous cosmological models, Phys. Rev.
D 34, 3570 (1986).

[11] T. S. Pereira, C. Pitrou, and J.-P. Uzan, Theory of cosmo-
logical perturbations in an anisotropic universe, J. Cosmol.
Astropart. Phys. 09 (2007) 006.

[12] C. Pitrou, T. S. Pereira, and J.-P. Uzan, Predictions from an
anisotropic inflationary era, J. Cosmol. Astropart. Phys. 04
(2008) 004.

[13] A. E. Gumrukcuoglu, C. R. Contaldi, and M. Peloso, Infla-
tionary perturbations in anisotropic backgrounds and their
imprint on the CMB, J. Cosmol. Astropart. Phys. 11 (2007)
005.

[14] H. T. Cho and A. D. Speliotopoulos, Gravitational waves in
Binchi type-I universe: The classical theory, Phys. Rev. D
52, 5445 (1995).

[15] Y. Furuya, Y. Niiyama, and Y. Sendouda, Probing pre-
inflationary anisotropy with directional variations in the
gravitational wave background, J. Cosmol. Astropart. Phys.
01 (2017) 009.

[16] Y. Furuya, Y. Niiyama, and Y. Sendouda, A quantisation
procedure in the presence of an initial Kasner singularity:
Primordial gravitational waves from triaxially anisotropic
pre-inflation, Classical Quantum Gravity 36, 085007 (2019).

[17] E. Kasner, Geometrical theorems on Einstein’s cosmologi-
cal equations, Am. J. Math. 43, 217 (1921).

[18] S. W. Hawking, Particle creation by black holes, Commun.
Math. Phys. 43, 199 (1975).

[19] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev. D
14,870)1976 ).

[20] L. C. B. Crispino, A. Higuchi, and G. E. A. Matsas, The
Unruh effect and its applications, Rev. Mod. Phys. 80, 787
(2008).

[21] A. Higuchi, S. Iso, K. Ueda, and K. Yamamoto, Entangle-
ment of the vacuum between left, right, future, and past: The
origin of entanglement-induced quantum radiation, Phys.
Rev. D 96, 083531 (2017).

[22] K. Ueda, A. Higuchi, K. Yamamoto, Ar Rohim, and Y. Nan
(to be published).

[23] U. H. Gerlach and U. K. Sengupta, Gauge-invariant pertur-
bations on most general spherically symmetric space-times,
Phys. Rev. D 19, 2268 (1979).

[24] D.W. Sciama, P. Candelas, and D. Deutsch, Quantum field
theory, horizons and thermodynamics, Adv. Phys. 30, 327
(1981).

[25] W. Magnus, F. Oberhettinger, and R. P. Soni, Formulas and
Theorems for the Special Functions of Mathematical Phys-
ics (Springer, New York, 1966).

[26] I. S. Gradshteyn, I. M. Ryzhik, and A. Jeffrey, Table
of Integrals, Series, and Products, 5th ed. (Academic Press,
New York, 1994).

SUGIYAMA, YAMAMOTO, and KOBAYASHI PHYS. REV. D 103, 083503 (2021)

083503-20

https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1088/0264-9381/33/18/184001
https://doi.org/10.1088/0264-9381/33/18/184001
https://arXiv.org/abs/2011.00910
https://doi.org/10.1143/PTP.123.1041
https://doi.org/10.1143/PTP.123.1041
https://doi.org/10.1088/0264-9381/29/8/083001
https://doi.org/10.1088/1475-7516/2014/06/025
https://doi.org/10.1088/1475-7516/2014/06/025
https://doi.org/10.1016/j.physrep.2013.03.003
https://doi.org/10.1103/PhysRevD.34.3570
https://doi.org/10.1103/PhysRevD.34.3570
https://doi.org/10.1088/1475-7516/2007/09/006
https://doi.org/10.1088/1475-7516/2007/09/006
https://doi.org/10.1088/1475-7516/2008/04/004
https://doi.org/10.1088/1475-7516/2008/04/004
https://doi.org/10.1088/1475-7516/2007/11/005
https://doi.org/10.1088/1475-7516/2007/11/005
https://doi.org/10.1103/PhysRevD.52.5445
https://doi.org/10.1103/PhysRevD.52.5445
https://doi.org/10.1088/1475-7516/2017/01/009
https://doi.org/10.1088/1475-7516/2017/01/009
https://doi.org/10.1088/1361-6382/ab0ca9
https://doi.org/10.2307/2370192
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/RevModPhys.80.787
https://doi.org/10.1103/RevModPhys.80.787
https://doi.org/10.1103/PhysRevD.96.083531
https://doi.org/10.1103/PhysRevD.96.083531
https://doi.org/10.1103/PhysRevD.19.2268
https://doi.org/10.1080/00018738100101457
https://doi.org/10.1080/00018738100101457

