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We use the 3þ 1 formalism of numerical relativity to investigate the robustness of Starobinsky and
Higgs inflation to inhomogeneous initial conditions, in the form of either a field gradient or kinetic energy
density. Sub-Hubble and Hubble-sized fluctuations generically lead to inflation after an oscillatory phase
between gradient and kinetic energies. Hubble-sized inhomogeneities also produce contracting regions that
end up forming primordial black holes, subsequently diluted by inflation. We analyze the dynamics of the
preinflation era and the generation of vector and tensor fluctuations. Our analysis further supports the
robustness of inflation to any size of inhomogeneity in the field, velocity, or equation of state. At large field
values, the preinflation dynamics only marginally depends on the field potential and it is expected that such
behavior is universal and applies to any plateau-type inflation potential, which is favored by cosmic
microwave background observations from Planck.
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I. INTRODUCTION

In the inflationary paradigm, the Universe undergoes an
early phase of nearly exponential, accelerated expansion.
Inflation naturally solves a series of problems of the
standard cosmological model, including the flatness and
horizon problems. It is usually driven by one or several
scalar fields that slowly roll along an almost flat direction of
their potential. Quantum fluctuations during inflation
provide adiabatic and nearly scale-invariant curvature
fluctuations, whose primordial power spectrum is today
well constrained by cosmic microwave background (CMB)
observations. The latest results from Planck [1,2] favor
single-field inflation with a plateau-like potential [3], such
as the Higgs/Starobinsky inflation model.
Despite these great successes, the naturalness of the

inflationary scenario has been questioned for about 30 years.
Indeed, inflation explainswhy theUniverse is homogeneous
over about 105 Hubble volumes at the time of last scattering.
But this would only push back the fine-tuning issue if the
triggering of inflation requires homogeneous initial con-
ditions over several Hubble volumes. In such a case, the
appeal and naturalness of inflation would be diminished.
The question of how homogeneous the Universe must be

prior to inflation has been addressed by several authors,
with apparently contradictory results, so that the initial

fine-tuning issue has been unclear until recently. Linear
density fluctuations certainly do not prevent the onset of
inflation [4–7], but dealing with the fully relativistic
nonlinear dynamics of large inhomogeneities, including
the backreactions on the Universe’s expansion, is a much
more complex problem. This requires going beyond the
linear theory of cosmological perturbations, for instance,
by using the gradient expansion formalism [8,9] or non-
perturbative approximations to capture some of the non-
linear backreactions [10]. In this context the methods
of numerical relativity are well suited [11–13], but their
use has been limited for a long time by computational
resources. Recently, numerical relativity in 3þ 1 dimen-
sions has been used to study early Universe cosmology in
the context of inflation [14–17] and possible alternatives
[18,19]. In particular, the problem of initial conditions for
inflation has been considered for several inflaton models
and scalar field initial configurations [14–16]. Despite this
progress, the required degree of homogeneity and the
question of whether inflationary patches can emerge from
a landscape of nonlinear scalar field fluctuations have
only been solved in some specific cases, and in general
they are still controversial. Earlier works obtained that
inflation cannot start from sub-Hubble nonlinear fluctua-
tions by using numerical relativity in spherical symmetry
[11,20,21] and using the gradient expansion formalism
[8]. An opposite result was obtained in Ref. [13] using the
first numerical relativity simulations in 3þ 1 dimensions
(see also Ref. [22]), which was confirmed more recently
in Ref. [14].
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In summary, despite recent progress the mechanisms
causing (or not) initial nonlinear inhomogeneities to inflate
and their model dependence are not yet fully understood.
This work aims to contribute to a better understanding of
the fully relativistic nonlinear preinflation dynamics, and
thereby a better view of viable and theoretically motivated
inflationary models.
In this paper, we investigate the inhomogeneous scalar

field dynamics and the possible onset of inflation with the
use of numerical relativity in 3þ 1 dimensions. For this
purpose, we rely on the GRChombo code [23], based on the
Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formalism
[24–26]. It is used to solve the full Einstein field equations
together with the Klein-Gordon equation for a scalar field.
The BSSN formalism has been proved to be stable and

efficient for a variety of problems, from the dynamics of
black hole binaries to cosmological problems such as the
gravitational collapse of cosmic strings [27], the nonlinear
collapse of matter inhomogeneities [28,29], and their
backreactions on the Universe’s expansion.
Our analysis focuses on the Higgs/Starobinsky inflation

model. This choice is well motivated for several reasons.
First, the potential has a single parameter, fixed through the
CMB power spectrum normalization. This restricts the
parameter space we explore to the initial conditions of
the field. Second, it is the most favored (and simplest)
inflation model by Planck [3]. Third, the model was
considered in Ref. [16], which allows us to compare some
of our results to the literature.
In particular, we reproduce the case of a Gaussian field

fluctuation on top of a background field value lying in the
slow-roll region. But, compared to previous work, we
extend our analysis to more exhaustively study the dynam-
ics of the preinflation era and determine where inflation can
take place and for which fluctuation sizes. We consider not
only the case of an inhomogeneous initial field, but also
cases with inhomogeneous field velocity and equation
of state, which have not been considered so far. Some
universal behaviors of the field and space-time dynamics
are identified, depending on the characteristic fluctuation
sizes. Our results further support the robustness of inflation
against various configurations of initial conditions, and
for sub-Hubble and Hubble-sized fluctuations they better
emphasize a universal behavior in the form of an oscillating
equation of state, a signature of the respectively quick or
slow wobbling between field gradient and kinetic terms that
alternatively dominate the total energy density.
For each case considered, we monitor the evolution of

all geometrical quantities, the scalar field, and its velocity.
We identify the conditions under which inflation can be
triggered in some parts of the lattice, whereas other parts
can undergo a gravitational collapse leading to black hole
formation. Finally, we clarify and explain why previous
works have led ostensibly to different conclusions, which is
related to the time at which the initial Hubble scale

is defined. We emphasize that the level of initial inhomo-
geneity is naturally restricted if the energy density is
initially dominated by field gradients. Inflation is generally
the natural outcome, except in regions where the field
Laplacian is maximal that can start contracting and collapse
into preinflation black holes.
The paper is organized as follows. In Sec. II we review

previous results on the topic of the inhomogeneous
initial conditions of inflation. The Higgs and Starobinsky
models are introduced in Sec. III. The BSSN formalism of
numerical relativity is detailed in Sec. IV, and its link to
coarse-grained cosmology and metric perturbations is
explained in Sec. V. Section VI describes the considered
initial conditions. Our results are presented in Sec. VII, and
their implications are discussed in Sec. VIII. Our con-
clusion and the perspectives this work are presented in
Sec. IX. In the Appendix, we provide more technical details
on the convergence tests to check the stability and validity
of our simulations.

II. SUMMARY OF PREVIOUS WORK

There exist only a few references having investigated the
initial inhomogeneity problem of inflation. In this section,
we give a brief and general overview of previous work on
this topic. The question of how generic or fine-tuned the
homogeneous initial conditions leading to inflation are is
another related (and controversial) issue, and we will make
some connections to this problem—in particular, to the
slow-roll attractor solution and the dynamics of the prein-
flation phase in the presence of a large kinetic term—for
plateau inflation. We refer the interested reader to, e.g.,
Refs. [30–33].
The first attempts to study the problem of inhomo-

geneous initial conditions using numerical relativity were
made by Goldwirth and Piran in 1989 and 1990 [11,21,34].
The numerical method was introduced in Ref. [11] and
their results were presented in Refs. [21,34] for five scalar
field potentials: large-field inflation with quadratic and
quartic potentials, and small-field inflation with a quartic
or Coleman Weinberg (CW) potential.1 They focused on
spherically symmetric cosmologies and found that only
sufficiently large inhomogeneities, at least the size of the
Hubble radius, can lead to large-field inflation. They gave an
estimate of the fluctuation size in units ofH−1 that prevents
the onset of inflation. For all of these models, the onset of
inflation required homogeneity over several horizon sizes,
with the notable exception of the CW potential. However,
for small-field inflation the onset of inflation requires tiny
values of the mean scalar field and its fluctuations. Thus,
inflation seems to be less natural in small-field inflation than
in large-field inflation. Sub-Hubble fluctuations typically

1In Refs. [21,34], large-field and small-field inflation were
referred to using the older terms chaotic and new inflation,
respectively.
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did not lead to inflation, because the slow-roll regime cannot
be reached before themean-field value reaches the bottomof
the potential. They nevertheless pointed out that for sub-
Hubble fluctuations, inflation could nevertheless be trig-
gered if scalar field oscillations are damped down to a
sufficiently large homogeneous field value. But, due to
obvious computational limitations, they were not able to
cover the full ranges of fluctuation sizes and amplitudes.
They also did not cover the interesting parameter range for
the considered models since CMB observations were not
available at the time. Furthermore, spherical symmetry does
not capture all of the possible general-relativistic effects, and
so the application of their results to more general fluctua-
tions can be questioned. Finally, they did not consider cases
where the initial density is strongly dominated by kinetic or
gradient terms. As a consequence, the analytical approxi-
mation proposed by Goldwirth in Ref. [20], stating that the
comoving size of inhomogeneities Δ needs to be such that

aΔ >

ffiffiffiffiffiffi
8π

3

r
δφ

Hinfmpl
; ð1Þ

where a is the initial scale factor, assumes that the
energy density is dominated by the potential and the field
gradients are suppressed. If this is true at the onset of
inflation, this assumption can be violated in the preinflation
era, with Hinf ≪ Hini ≲mPl.
An impressive study of the problem using 3þ 1 numeri-

cal relativity was done in 1993 by Kurki-Suonio et al. [13].
As in previous works, they used York’s procedure [35,36]
to solve the initial condition problem for a large-field
quartic potential. For inhomogeneous runs, they correctly
related the Hubble horizon size to the total density,
including the field gradients and velocities. For their initial
conditions, the density is actually dominated by kinetic
terms, and H ∼mpl initially. They ran a few three-
dimensional simulations, both for super-Hubble and
slightly sub-Hubble fluctuations. In the latter case they
first observed field oscillations, and when the fluctuations
become super-Hubble expansion occurs in a homogeneous
way and inflation can take place before the field reaches the
bottom of the potential. They concluded that inflation can
arise from nonlinear field fluctuations of the order of the
Hubble horizon and beyond. However, they restricted
their analysis to a potential shape and set of parameters
that is now strongly disfavored by CMB observations and
only considered initial conditions with subdominant field
gradients compared to the kinetic and potential terms.
Nevertheless, their analysis certainly remains very impres-
sive given that it was performed in three dimensions,
with limited computational resources compared those
currently available.
As an alternative to full numerical relativity methods, in

1995 Deruelle and Goldwirth used a long-wavelength
iteration scheme [8], also referred to as the gradient

expansion formalism, in order to determine how large
the initial homogeneities of a massive scalar field can be
without preventing inflation from setting in. They found
that homogeneity over patches of the order of or larger than
the local Hubble radius is a general condition needed for
inflation, but such a method does not allow to study the
evolution of strong initial inhomogeneities. It nevertheless
provides an understanding of the factors controlling the
system’s behavior, without assuming any spatial symmetry.
After a gap of about 20 years, the problem of inhomo-

geneous initial conditions for inflation has seen a renewed
interest in the recent literature [32,37–39]. In parallel,
inhomogeneous initial field values in multifield inflation
models were considered in Ref. [40], but without including
gravitational backreactions. Their analysis particularly
focused on hybrid models of inflation, extending the work
of Refs. [41,42].
In the fall of 2015, East et al. released a new analysis of

the initial homogeneity problem [14] based on numerical
relativity. They considered three scalar field potentials: a
constant, a smooth step, and a notch potential, with the
latter describing a family of cosmological attractors. They
studied initial conditions dominated by the field gradient
energy and used 3þ 1 lattice simulations in full general
relativity, thus extending the initial work of Kurki-Suonio
et al. They found that field fluctuations initially smaller
than the Hubble radius but contained in a flat region of the
potential can lead to inflation, after the gradient and kinetic
field energy is diluted by expansion. They also found that,
at the same time that underdense regions lead to inflation,
overdense regions can collapse and form preinflation black
holes (PIBHs).
In Ref. [15], Clough et al. also used numerical relativity

in 3þ 1 dimensions to study the robustness of initial
conditions leading to inflation, for different inflationary
models. In particular, they compared large-field to small-
field scenarios. Their results suggest that it is much less
natural to get inflation in small-field models even when the
gradient energy is initially subdominant. This result is
nevertheless mitigated by the fact that initial field values
outside the slow-roll regions of the potential can lead to
inflation. For large-field models with relatively flat initial
hypersurfaces, they also confirmed that PIBH formation
does not prevent the onset of inflation in other regions. In a
following paper [43], the authors considered inhomogene-
ities in the metric sector with tensor modes, while keeping
the scalar field rather homogeneous. They noticed a
reduction in the duration of inflation for small-field models,
however suppressed for large tensor modes due to a large
Hubble fiction. Large-field models are not strongly affected
by the tensor perturbations. Gravitational collapse due to
tensor modes was also reported.
Most recently, the effect of the potential shape on initial

scalar-field gradients was further explored in Ref. [16].
Convex potentials were found to be more robust than
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concave ones for sub-Planckian characteristic scales, for
which the field can be dragged down to the bottom of the
potential with a significant loss of e-folds. Super-Planckian
scales can more generally lead to long enough inflation,
also for concave potentials. They suggest that the onset (or
not) of sufficient inflation can be inferred from an analytical
criterion consisting in finding the critical scalar field
amplitude for which the dragging down of the potential
overcomes the pull-back effect of the gradient pressure.
Some of these considerations were summarized in

early 2016 by Brandenberger in a short and general review
on the issue of the initial conditions for inflation [22],
where they reported on the possible solutions to an initial
fine-tuning problem and emphasized that slow roll appears
to be a local attractor for large-field models, in contrast to
small-field models.
In summary, the current status of the paradigm is that in

large-field and plateau potentials, nonlinear initial field
Hubble-sized fluctuations do not prevent the onset of
inflation. The preinflation dynamics of sub-Hubble and
Hubble-sized fluctuations is nevertheless not yet fully
understood, in particular in the case of PIBH formation.
It is also uncertain whether these conclusions still apply
for an initially inhomogeneous field velocity or any other
type of initial conditions. The dynamics of the Higgs/
Starobinsky model that is the simplest and one of the best
favored model nowadays, were not explored in detail
until now.

III. HIGGS/STAROBINSKY INFLATION

The Higgs inflation model [44] identifies the inflaton as
the Standard Model Brout-Englert-Higgs field, but it is
nonminimally coupled to gravity in order to provide a
sufficiently flat potential to realize inflation. It is the
simplest inflationary model that relates to the Standard
Model of particle physics. The Lagrangian includes an
extra term ξH†HR, where H is the Higgs field, R is the
Ricci scalar, and ξ is the only parameter of the model. This
term is generated automatically by quantum corrections in
curved space-time. In the Einstein frame, the action is that
of a minimally coupled scalar field with the following
potential:

VðφÞ ¼ Λ4ð1 − e−
ffiffiffiffiffiffi
2=3

p
φ=MplÞ2; ð2Þ

where Mpl is the reduced Planck mass and Λ4 ≡
M4

plλ=ð4ξ2Þ becomes the unique potential parameter, with
λ being a constant characterizing the model. CMB obser-
vations allow to fix Λ ≃ 3.1 × 10−3Mpl [3]. At large field
values the potential has a plateau, allowing for slow-roll
inflation. Slow-roll conditions are violated, and inflation
ends at φend ≈ 0.94Mpl. At about ΔN� ≃ 62 e-folds before
the end of inflation, observable scales leave the Hubble
radius at a field value φ� ≈ 5.48Mpl.

The Starobinsky model of inflation is a scalar-tensor
theory with fðRÞ ¼ Rþ ϵR2=M2

pl, which in the Einstein
frame has the same linear dynamics and effective field
potential as Higgs inflation. Therefore, even if the nonlinear
dynamics of the scalar field and BSSN variables during the
preinflation era can differ between the Jordan and Einstein
frames for the Starobinsky model, showing that inflation is
reached in the Einstein frame is a sufficient condition to
guarantee that inflation is also reached in the Jordan frame.
Although these models have different reheating mecha-
nisms and (eventually) distinguishable observable predic-
tions, we are not interested in this issue in this paper.
Finally, let us point out that the Higgs/Starobinsky model is
the most favored slow-roll inflation model by Planck [3].

IV. BSSN FORMALISM OF NUMERICAL
RELATIVITY

In this work, we solve the BSSN formulation of the
Einstein equations using GRChombo [23], a multipurpose
numerical relativity code. In the context of the 3þ 1
decomposition of general relativity, the line element can
be written as

ds2 ¼ −α2dt2 þ γijðdxi þ βidtÞðdxj þ βjdtÞ; ð3Þ

where γij is the metric of the three-dimensional hypersur-
face, and the lapse and shift gauge parameters are given by
αðtÞ and βiðtÞ, respectively. A further conformal decom-
position of the 3-metric is

γij ¼
1

χ
γ̃ij ¼ ψ4γ̃ij with detðγ̃ijÞ ¼ 1; ð4Þ

where χ and ψ are two different parametrizations of the
metric conformal factor. While the former is used during
the temporal integration, the latter is preferred when
constructing the initial conditions. The extrinsic curvature
is thus split into Ãij and K, respectively, the conformal
traceless part and its trace,

Kij ¼
1

χ

�
Ãij þ

1

3
γ̃ijK

�
: ð5Þ

In addition, the first spatial derivatives of the metric are
considered as dynamical variables,

Γ̃i ≡ γ̃jkΓ̃i
jk ¼ −∂jγ̃ij; ð6Þ

where Γ̃i
jk are the Christoffel symbols associated with the

conformal metric γ̃ij.

A. Evolution equations

The evolution equations for the BSSN variables are then
given by
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∂tχ ¼ 2

3
αχK −

2

3
χ∂kβ

k þ βk∂kχ; ð7Þ

∂tγ̃ij ¼ −2αÃij þ γ̃ik∂jβ
k þ γ̃jk∂iβ

k −
2

3
γ̃ij∂kβ

k þ βk∂kγ̃ij;

ð8Þ

∂tK ¼ −γijDiDjαþ α

�
ÃijÃ

ij þ 1

3
K2

�

þ βi∂iK þ 4παðρþ SÞ; ð9Þ

∂tÃij¼ ½−χDiDjαþχαðRij−8πSijÞ�TFþαðKÃij−2ÃilÃ
l
jÞ

þ Ãik∂jβ
kþ Ãjk∂iβ

k−
2

3
Ãij∂kβ

kþβk∂kÃij; ð10Þ

∂tΓ̃i ¼ 2α

�
Γ̃i
jkÃ

jk −
2

3
γ̃ij∂jK −

3

2
Ãij ∂jχ

χ

�

− 2Ãij∂jαþ βk∂kΓ̃i þ γ̃jk∂j∂kβ
i þ 1

3
γ̃ij∂j∂kβ

k

þ 2

3
Γ̃i∂kβ

k − Γ̃k∂kβ
i − 16παγ̃ijSj; ð11Þ

where the superscript TF denotes the trace-free parts of
tensors. The 3þ1 decomposition of the energy-momentum
tensor Tμν gives

ρ ¼ nμnνTμν; ð12Þ

Si ¼ −γiμnνTμν; ð13Þ

Sij ¼ γiμγjνTμν; ð14Þ

S ¼ γijSij; ð15Þ

where nμ ¼ ð−α; 0⃗Þ is the unit normal vector to the three-
dimensional slices.
The Hamiltonian and momentum constraints

H ¼ Rþ K2 − KijKij − 16πρ ¼ 0; ð16Þ

Mi ¼ DjðKij − γijKÞ − 8πSi ¼ 0 ð17Þ

are only solved explicitly when constructing initial data.
They are also monitored during the time evolution in order
to ensure that there are no significant deviations from
general relativity.

B. Scalar field equations

For a single scalar field φ, the energy-momentum tensor
is given by

Tμν ¼ ∂μφ∂νφ −
1

2
gμν∂λφ∂λφ − gμνVðφÞ; ð18Þ

where VðφÞ is the scalar field potential. The scalar field
dynamics is governed by the Klein-Gordon equation,
split into two first-order equations for the field and its
momentum ΠM,

∂tφ ¼ αΠM þ βi∂iφ; ð19Þ

∂tΠM ¼ βi∂iΠM þ α∂i∂iφþ ∂iφ∂iα ð20Þ

þαðKΠM − γijΓk
ij∂kφ − V 0ðφÞÞ; ð21Þ

where the superscript 0 denotes the derivative with respect
to the field.

C. Gauge choice and singularity avoidance

The gauge parameters are initially set to α ¼ 1 and
βi ¼ 0 and then evolved in accordance with the
moving puncture gauge [45,46], for which the evolution
equations are

∂tα ¼ −ηααK þ βi∂iα; ð22Þ

∂tβ
i ¼ Bi; ð23Þ

∂tBi ¼ 3

4
∂tΓ̃i − ηBBi; ð24Þ

where the constants ηα and ηB are conveniently chosen
to improve numerical stability. In this way, α and βi are
boosted in the problematic regions with strongly growing
extrinsic curvature and spatial derivatives of the 3-metric
γ̃ij. The goal of this gauge is to prevent the code from
resolving the central singularity of any black hole that may
eventually form.

V. LINK TO COARSE-GRAINED COSMOLOGY

One can map the BSSN variables into more typical
cosmological variables (scale factor a, Hubble rate H, and
equation of state w) in the separate universe assumption,
corresponding to homogeneity or the super-Hubble limit of
field and metric fluctuations. If one assumes βi ¼ 0 but
keeps α as an arbitrary gauge choice, the scale factor can be
defined as a2 ¼ χ−1 and, using Eq. (7), the inhomogeneous
analogue of the first Friedmann equation reads

H ≡ _a
a
¼ −

1

3
αK; ð25Þ

where a dot denotes the derivative with respect to cosmic
time. By taking its time derivative and using Eq. (9), one
gets the equation for the acceleration of the expansion of
the Universe,
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ä
a
¼ −

α

3

�
_α

α
K −DiDiαþ αðℵþ 4πTÞ

�
; ð26Þ

ℵ≡ ÃijÃ
ij; ð27Þ

T ≡ ρþ S ¼ 3ρ

�
1

3
þ ωφ

�
: ð28Þ

The first two terms are gauge-related terms that vanish in
the synchronous gauge where α ¼ 1, ℵ is a new geomet-
rical term that vanishes in the homogeneous and isotropic
case, and T is the trace of the energy-momentum tensor.
The latter can be written in terms of the scalar field equation
of state ωφðtÞ, whose value depends on the dominant term
in the scalar field’s energy density,

ρ≡ 1

2
Π2

M þ 1

2
∂iφ∂iφþ VðφÞ ð29Þ

¼ ρkin þ ρgrad þ ρV; ð30Þ

corresponding to the kinetic, gradient, and potential energy
density, respectively. Thus, one can identify three limiting
cases:

ωφðtÞ ≃

8><
>:

1 → ρ ≃ ρkin;

−1=3 → ρ ≃ ρgrad;

−1 → ρ ≃ ρV:

ð31Þ

By interpreting Eq. (26) and neglecting the gauge effects
(i.e., _α ¼ 0 and assuming DiDiα ≈ 0), we can infer that the
conditions for allowing a positive accelerated expansion of
the Universe (ä > 0) are

ωφ < −
1

3
; ð32Þ

ℵ <

����12πρ
�
1

3
þ ωφ

�����: ð33Þ

As a result, one finds that the expansion rate of the
Universe is governed by the interplay of the energy density
ρ, the equation of state ωφ, and a geometrical parameter ℵ.
We remark that, even in scenarios where ρ > ℵ > 0, the ℵ
term will become dominant when ωφ ≈ − 1

3
.

We can interpret ℵ as an energy density associated with
perturbations in the spatial metric. One sees that Eq. (8)
reduces to

∂tγ̃ij ¼ −2αÃij; ð34Þ

and therefore

ℵ ∝ _̃γij _̃γ
ij; ð35Þ

which is constituted by vector and tensor modes. The _̃γij is
not related to scalar perturbations because Ãij is traceless
by definition. Within a flat background, one would interpret
them as a cosmic shear and gravitational waves. In the
absence of source terms in the evolution equation of Ãij

[i.e., RTF
ij , S

TF
ij ≈ 0 in Eq. (10)], they quickly decay as the

Universe expands, where the cosmic shear goes like
ℵshear ∝ a−6 and gravitational waves like ℵGW ∝ a−4.
However, such definitions are ill defined in highly non-
linear systems as the source terms of ℵ are no longer
negligible and ultimately ℵ cannot be defined as a gauge-
invariant quantity. So we already point out that the
importance and evolution of ℵ can only be revealed in
fully relativistic 3þ 1 simulations.
Because ℵ is strictly defined by the (traceless) extrinsic

curvature, in this paper we also refer to its sub-Hubble
modes as extrinsic curvature modes (ECMs).

VI. INITIAL CONDITIONS

We perform our simulations of the preinflationary era for
various sets of initial conditions (ICs). In all cases, we follow
most previous works and assume initial conformal flatness,
i.e., γ̃ijðt0Þ ¼ δij and Γ̃iðt0Þ ¼ 0. Under this assumption, and
by setting Ãijðt0Þ ¼ 0, the constraint equations (16)–(17) are
greatly simplified and can be rewritten as

H� ¼ −∇2ψ þ ψ5

�
2

3
K2 − 16πρ

�
; ð36Þ

M̃�
i ¼

2

3
∂iK þ 8πSi;

with Si ¼ −ΠM∂iφ: ð37Þ

Defining the perturbed energy density as δρ≡ ρ − ρV ,
where initially δρ ≫ ρV, we then consider the following
types of ICs:
(1) When the energy density is dominated by field

gradients, i.e., δρðt0Þ ¼ ρgrad.
(2) When the energy density is dominated by inhomo-

geneous field velocities, i.e., δρðt0Þ ¼ ρkin,
(a) with a subdominant mean value hΠMi ∼ 0, or
(b) with a dominant mean value jhΠMij ≃ ΠM.

With these choices, the momentum density initially van-
ishes, Si ¼ 0, and therefore the momentum constraint is
trivially satisfied if one considers a homogeneous K. Here,
we have used the h…i brackets to represent the mean value
of a given function (i.e., θ) averaged across the physical
volume V represented by the whole lattice. For instance,

hθi≡ 1

V

Z
θdV; ð38Þ

which takes into account the inhomogeneous physical
volume of lattice cells that depends on the local value of
the conformal factor at a given time.
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We make use of periodic boundary conditions. The
lattice can then either represent an initially flat, topologi-
cally closed and compact Universe, or a small region of a
much larger classical patch.
In any case, we consider an initial configuration of the

Universe constituted of an inhomogeneous scalar energy
density hρi ≫ hρVi, compensated in the Einstein equations
by the scalar curvature of the metric. The initial energy
density of vector and tensor modes of the metric is chosen
to be zero [i.e., ℵðx⃗Þ ¼ 0].
Below, we detail the methods used to initially solve the

Hamiltonian constraint and the chosen sets of ICs.

A. Gradient-dominated initial conditions

We consider different configurations for the initial
inhomogeneities of the scalar field φ. The Hamiltonian
constraint (36) is solved with an iterative method to obtain
the corresponding initial distribution of the conformal
factor ψ on the lattice. Like in previous works [14–16],
the homogeneous value of the extrinsic curvature is chosen
such that K ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24πhρip

. Note that when calculating the
average, the physical volume is dependent on the con-
formal factor ψ. The negative sign in K reflects an initially
expanding Universe. The field velocity initially vanishes
everywhere, and thus the momentum constraint (37) is
trivially satisfied.
The initial scalar field configuration is chosen as follows:

φðt0; x⃗Þ ¼ φ̄0 þ Δφ
e exp

�
−ðx⃗ − μ⃗Þ2

σ2

�

þ Δφ
cos

3

�
cos

2πx
L

þ cos
2πy
L

þ cos
2πz
L

�
: ð39Þ

Such a pattern can represent a Gaussian field fluctuation of
amplitude Δφ

exp at the center of the lattice, on top of an
inhomogeneous field value Δφ

cos. Here, μ⃗ and σ denote the
mean and variance of the Gaussian mode. Unless otherwise
specified, we choose μ⃗ ¼ ðL=2; L=2; L=2Þ, σ ¼ L=6, with
L being the physical size of the lattice.

B. Kinetic-dominated initial conditions

For this set of initial conditions, we fix a homogeneous
scalar field by imposing φðx⃗Þ ¼ φ0. The other ICs can be
solved in three different ways:
(1) Analogously to what is done for gradient initial

conditions, one can choose an initial inhomogeneous
configuration for ΠM and solve Eq. (36) to obtain ψ
by allowing a homogeneousK. This method is prone
to fail to converge due to the existence of nonunique
solutions.

(2) By solvingΠM from an arbitrary configuration in the
energy density, at a given homogeneous field value
φ ¼ φ0,

ΠM ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðρ − ρVÞ

p
; ð40Þ

ρV ¼ Vðφ0Þ ¼ const: ð41Þ

This method will often lead to initial conditions with
only either positive or negative ΠM regions.

(3) By setting an inhomogeneous conformal factor ψ
and then solving ΠM with

Π2
M ¼ −

ψ−5

π
∇2ψðxÞ þ 1

24
K2ðxÞ − ρV; ð42Þ

where K here is given by

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24ðΨþ ρVÞ

p
; ð43Þ

Ψ ¼ max

�
ψ−5

π
∇2ψðxÞ

�
: ð44Þ

In particular, we choose ψ of the form

ψ ¼ exp ðζ=2Þ;

ζ ¼ exp ð−x⃗2=σ2ζÞ; σζ ≈
L
10

; ð45Þ

which generates a spherical ΠM ¼ 0 contour centred
on the simulation grid, allowing positive and neg-
ative values of ΠM.

FIG. 1. Representation of the considered initial conditions in
terms of the maximal physical mode (delimited by the lattice size
L) and the characteristic mean value of the inhomogeneous
energy density. Black and red dots represent one simulation with
gradient- or kinetic-dominated initial conditions, respectively.
The size of the Hubble scale at the origin is represented by the
continuous blue line, while the horizontal dotted line indicates
the Hubble length at the onset of inflation at field values on the
potential plateau. The green shaded area indicates the sub-Hubble
region where dominant extrinsic curvature modes are produced at
later simulated times. The orange shaded region indicates the
inflationary domain. The black shaded areas delimit the super-
Planckian energy scales, which are excluded in our simulations.
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VII. RESULTS

In this section we present the main results of our
simulations. The paradigm that we consider is a universe
dominated by a single scalar field, initially conformally flat,
and in the absence of ECMs. Nonetheless, ECMs will
develop during the time evolution and affect the dynamics
of the system. Such modes are then self-generated by the
inhomogeneities present during the evolution. We also
emphasize that in models with a plateau potential like
Starobinsky or Higgs inflation, the effect of the potential
on the highly inhomogeneous dynamics of preinflation is
marginal and only provides the reference energy scaleHInf at
which inflation begins. Because we chose a mean scalar field
value on the slow-roll plateau, one has HInf ≈ 10−6Mpl.
It is important to notice that H−1

Inf is not related to the size
of the Hubble horizon prior to the onset of inflation. During

preinflation, this depends on the total energy content in
given volumes, and for our choice for the initial conditions
the initial Hubble scale is Hini ≈ hρi1=2, as illustrated
in Fig. 1.
By considering fluctuations of size similar to the

lattice size L, one can distinguish between super-Hubble
(L > H−1

ini ) and sub-Hubble (L≲H−1
ini ) initial conditions.

Only the Planck scale limits the initial energy density and
thus the amplitude of field fluctuations. In our simulations,
we only consider energy densities up to 2 orders of
magnitudes from it.

A. Homogenization phase

The scalar field gradients in principle decay like ρgrad ∝
a−2, while its kinetic energy scales like ρkin ∝ a−6.
However, these two contributions are observed to

FIG. 2. Illustrative examples of the dynamics of the equation of state for sub-Hubble and gradient and kinetic initial conditions (top,
center top), and super-Hubble with gradient and kinetic initial conditions (center bottom, bottom). On the left, the distributions on the
physical grid are represented over Hubble times. Vertical purple and green lines within indicate selected times for which the distribution
is represented in the right panels. Vertical dotted lines indicate the ωφ ¼ −1=3 threshold.
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alternatively dominate the total energy content, and shortly
after the onset of the simulations the effective scaling
goes like

hρgrad þ ρkini ∝ a−4: ð46Þ

This mixing behavior, to some extent, is generic for both
gradient- and kinetic-dominated initial conditions, but this
takes place at a slower rate in the case of a large and
dominant background field velocity. Illustrative examples
of this evolution are provided in Fig. 2.
In the gravity sector, the breaking of the initial “staticity”

(allowing Si ≠ 0) triggers perturbations in the extrinsic
curvature. This is manifested by a growing variance of its
components, i.e., with hΔKi2 ¼ hðK − hKiÞ2i > 0, and
similarly hΔℵi > 0. After a short period of time, a new
inhomogeneous equilibrium is reached and a “rehomoge-
nization” phase begins, leading approximately to the
following scaling relations during preinflation:

hKi ∝
ffiffiffiffiffiffiffi
hρi

p
; hΔKi ∝ a−2;

hℵi ∝ a−2; hΔℵi ∝ a−2: ð47Þ
The dynamics vary depending on the particular example.

Such complexity is due to the combination of source terms
and the Hubble friction present in Eq. (10). At early times,
the contribution from the RTF

ij term is dominant, which
initially corresponds to the spatial variation in the scalar
curvature.

B. Oscillatory equation of state

As we discussed in Sec. V, the onset of inflation, in the
sense of accelerated expansion, is conditioned on the
equation of state being hωφi < −1=3. In the following,
we show that the evolution of the equation of state, for all of
the different sets of initial conditions, generically leads to
inflating regions.
For sub-Hubble modes, the top panel of Fig. 2 displays

the time evolution of the distribution over the physical
lattice of ωφ for an illustrative case initially dominated
by the gradient energy density due to a single sinusoidal
mode for the scalar field. It shows the oscillatory behavior
of ωφ. During this phase, the effective equation of state
corresponds to a radiation-dominated universe with
hωφieff ≈ 1=3, which transits to potential domination and
almost de Sitter expansion after roughly ΔN ≈ 2 e-folds,
where hωφieff ≈ −1. In this case, short-lasting contracting
regions appear, whose integrated Arnowitt-Deser-Misner
mass is above the Planck mass, but no black hole has been
found by using an apparent-horizon finder code.
Conversely, for the super-Hubble gradient scenario

shown in the third panel, the overall region tends to smoothly
transition into the inflation, where most of the energy is
found to be dissipated in a few Hubble times. However, part
of the initial gradient energy is feeding a relativity small but

strongly contracting region, undergoing kination, and form-
ing a black hole (of mass MBH ≈ 105Mpl).
Figure 2 also shows examples of kinetic-dominated

initial conditions. In the second panel, we consider (large)
sub-Hubble fluctuations in the initial field velocity on top
of a nonvanishing value. It shows a strongly varying
equation of state. Long-lasting contracting regions appear
after four Hubble times, but still no black hole is found. The
latter panel corresponds to a similar case but now with the

FIG. 3. Mean equation of estate (solid line) and standard
distribution (showed region) over mean e-fold of expansion.
Black and blue lines represent cases with sub-Hubble kinetic
initial conditions, while the red line corresponds to sub-Hubble
initial conditions in the form of gradients. The dotted horizontal
line marks the threshold ωφ ¼ −1=3.

FIG. 4. Same cases as in Fig. 3, but for means of the metric
(solid line) and scalar field (dashed line) energy density. Green
and pink lines correspond to linear fits of the scaling relations of
the scalar field and metric energy densities, respectively. In all
plots the y axes have been normalized over the inflationary scale
HINF, marked in the plot with a horizontal dotted line.
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initial kination at super-Hubble scales. The kinetic energy
density is dissipated entirely with almost no mixing into
gradients. This particular case smoothly transitions into
inflation without forming black holes.
Additional cases are displayed in Fig. 3, which shows the

mean evolution of the equation of state with sub-Hubble
inhomogeneities. The first two examples correspond to
kination with and without a dominant background, respec-
tively, and the third one corresponds to a configuration with
gradients. Remarkably, the dynamics of mean averages of
inhomogeneous kination are in very good agreement with
the semianalytical solution of the homogeneous case (e.g.,
see Sec. II C in Ref. [32]). Figure 3 can be complemented
with Fig. 4, where the mean metric and scalar field energy
densities are displayed for the same examples (see
color code).

C. Generation of extrinsic curvature modes

The observed dynamics in the equation of state does not
go unnoticed in the gravity sector. We find that ECMs are
generated in the case of (large) sub-Hubble scalar field
inhomogeneities. This is not the case for super-Hubble
fluctuations, for which there is no oscillation between the
energy in the metric and the other energy components.
Instead the metric energy smoothly grows in contracting
regions that end up forming black holes. The rise of hℵi can
therefore be seen as a byproduct of preinflation black hole
formation, but since this happens on super-Hubble scales
they do not have a significant impact on the expansion
dynamics elsewhere.
For oscillatory sub-Hubble ECMs the situation is differ-

ent. These modes are strongly sourced at early times as a
product of the nonvanishing anisotropic stress tensor and

Ricci tensor. hℵi reaches a maximal mean value in less than
ΔN ≈ 0.5 e-folds, and then decays approximately as hℵi ∝
a−2 during the rest of preinflation (see Fig. 4). Because the
decay rate of ECMs is lower than for other energy
components, they can potentially provide, on average, a
dominant contribution to the preinflation dynamics.
Nonetheless, this scenario is restricted to very large sub-
Hubble perturbations in the matter sector. One typically
needs dominant perturbation sizes of λ=H−1 ≳ 0.1 for the
effect to be significant. Yet, this condition is weaker at
higher energy scales (hδρi ∼ 0.01Mpl) because of the
longer duration of the homogenization phase and given
that hℵi=hρi ∝ a2.
In Fig. 5 the late-time scaling is shown, once accelerated

expansion has begun. During the transition towards infla-
tion, their decaying rate gradually strengthen, reaching up
to hℵi ∝ a−4. For sub-Hubble ECMs, the oscillation
frequency also gradually decreases, until they eventually
“freeze out” at horizon exit.

D. Contracting regions and black holes

Even if the condition hKi < 0 is always satisfied,
overdensities may generate local contracting regions,
themselves embedded in expanding ones. Figure 6 shows
examples of sub-Hubble and super-Hubble initial con-
ditions, where time histograms of expanding and con-
tracting regions are plotted in the top and bottom panels,
respectively. Contracting regions may develop because of
overdensities in either the scalar field or metric energy
densities.
When they occur because of the matter sector, they

are formed inside kinetic-dominated regions driven
by strong scalar field Laplacians that overcome the
Hubble friction in Eq. (21). Once contraction is trig-
gered, the Hubble friction turns into a kind of Hubble
boost for the kinetic energy, enhancing the formation of
black holes, as illustrated in Fig. 7.
When contracting regions develop because of over-

densities in the metric sector, they originate from the
ECMs sourced by the sub-Hubble scalar field dynamics.
The formation of such contracting regions allows us to
speculate on a distinct mechanism for (low-mass) black
hole production, consisting of the gravitational collapse of
ECMs in the sub-Hubble regime. However, we have not
been able to confirm this by finding the apparent horizon
with our code. This could happen when the radius of the
forming black hole is smaller than the resolution of the grid.
Another possibility is that black hole formation is aborted if
the equation of state rapidly approaches the inflationary
attractor ωφ ≈ −1. Determining whether or not these
contracting regions develop into black holes is left for a
future study.
For scalar field overdensities on super-Hubble scales, the

above-described kination-trigger mechanism occurs, and
we confirm the results of previous works reporting on the

FIG. 5. Similar to Fig. 4 but for late-time dynamics. The top
panel corresponds to sub-Hubble kination ICs, while the middle
and bottom panels correspond to super-Hubble kination and
gradient ICs, respectively.
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formation of PIBHs [15]. An apparent horizon is found and
so the black hole mass can be inferred. In our simulations,
the mass range of such black holes varies from 10 to
105Mp. Like in Ref. [15], the PIBH mass saturates at a
given perturbation threshold, and decreases for very high
amplitudes of the perturbations. It is also interesting to
simulate the black hole formation with slightly more rigid
gauge drivers, in order to have an alternative picture of the
collapsing region. In Fig. 8 we provide such an example
where, starting from super-Hubble gradient-dominated
initial conditions, we find that a bifurcation in the energy

density between the expanding and collapsing regions
occurs after N ∼ 0.6 e-folds. Interestingly, we notice that
homogenization is enhanced in the neighborhood of the
collapsing region due to the gravitational pull of the yet-
to-form black hole. This suggests that super-Hubble
scalar field fluctuations, while forming PIBHs, may also
facilitate the onset of inflation due to a higher level of
homogenization around the black hole (see Fig. 7), which
also “traps” most of the generated metric energy.

VIII. DISCUSSION ON PREINFLATION

The results of our lattice simulations have a series of
implications (discussed below) about the naturalness of
(chaotic) inflation, the emergence of classical condi-
tions from a suspected quantum-gravity regime, the
dynamics and duration of the preinflation era, and the
formation of preinflationary black holes.

A. On the universal dynamics

Our analysis extends previous works by considering large
inhomogeneities in not only field gradients but also the field
velocity. In both cases, the simulations for sub-Hubble
fluctuations have produced similar dynamics for the prein-
flation era, with oscillations between kinetic and gradient
terms in the density. This result reinforces the robustness of
inflation to its initial conditions also in the case of nonlinear
sub-Hubble inhomogeneities. Even if our initial conditions
still assume a homogeneous expansion rate and conformal
flatness, this configuration quickly evolves toward more
general inhomogeneous configurations for all BSSN vari-
ables, including tensor and vector modes in the metric.
Therefore, our simulations also suggest that such behavior is
universal and insensitive to the exact configuration of the
initial conditions.

FIG. 7. Equation of state in the black hole equatorial slice,
corresponding to the example shown in Fig. 6 (right) at N ≃ 1.
The central red disk corresponds to the kination region and
coincides with the region where the black hole forms. The
surrounding darker shell is a region where the equation of state
is close to ωφ ¼ −1, and thus to the inflationary attractor. This
suggests that the PIBH formation acts as a catalyst for inflation.

FIG. 6. Distribution (logarithmic scales) of jKj on the physical grid over the mean number of e-folds, divided into contracting (top)
and expanding regions (bottom). The red solid line indicates the mean of K. The plots correspond to the simulations with sub-Hubble
gradient initial conditions (left) and super-Hubble gradients (right) shown in Fig. 2. For the super-Hubble case, the formation of a black
hole with massMBH ≈ 2.6 × 104Mp is confirmed. After N ≈ 2, the black hole falls down from the resolution grid of our simulation and
we lose track of it.
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Nevertheless, we have also identified a regime named
kinaton, in which the inhomogeneities in the field velocity
are on top of a background velocity. In such a case, the
density is dominated by the kinetic term and the effective
equation of state remains close to ωφ ¼ 1. One can there-
fore wonder if drastic inhomogeneous configurations for
the extrinsic curvature, together with gradients and kinetics
in the scalar field, could also lead to radically different
regimes. This problem is left for future work, because
numerically solving the Hamiltonian and momentum con-
straints in such a case is still a challenge [47].

B. On the characteristic scale of the inflaton

The Hubble scale is an important part of understanding
gravitational interactions on large scales, because modes
freeze at super-Hubble distances. However, in inhomo-
geneous scalar field cosmologies the Hubble scale depends,
in part, on the contributions of gradient and kinetic energies
to the total energy density. Therefore, assuming a universe
dominated by gradients, the largest sub-Hubble modes
(i.e., those within the realm of classical gravitation) are
bounded. Indeed, by roughly identifying the gravitational
energy with

ρgrad ≈
1

2

�
δφ

λ

�
2

; ð48Þ

where δφ≡ φmax − φmin is the allowed scalar field varia-
tion and λ is the mode wavelength of size λ ¼ H−1

ini , and by
means of the usual Friedman equation, one finds that

δφ≲
ffiffiffiffiffiffi
3

4π

r
≈
1

2
mp: ð49Þ

For plateau-like models where the field difference between
the slow-roll region and the bottom of the potential is super-
Planckian, the potential gradient is in general small. The
average value of the field follows the Klein-Gordon equation
with a strong friction term Hini and almost negligible driver
V 0ðφÞ everywhere. Thus, during preinflation the trajectory of
the mean scalar field down the potential is strongly sup-
pressed, ensuring a large number of e-folds after inflation
begins. This is not the case for small-field potentials along the
sub-Planckian slow region [16,23]. This is the same reason
why large-fieldmodels are in generalmore robust to the initial
conditions than the small-field ones.
Similar reasoning can be used when the field has

inhomogeneous kinetic initial conditions, when kinetic
and gradient terms mix and mimic a radiation-dominated
era. In the case of a dominant background (super-Hubble)
field velocity, the system is analogous to the homo-
geneous kination phase discussed in Ref. [32], and in
agreement with our simulations it shows that Starobinsky

FIG. 8. The top and bottom left panels are similar to Fig. 2, but for a critical simulation with super-Hubble gradient initial conditions
evolved shortly after a black hole is formed in the ωφ ≈ 1 region. The bottom right plot indicates trajectories in terms of the means of
kinetic and gradient energies, both normalized over the potential. The solid black line corresponds to the whole grid averaging, while the
dotted red line only averages on expanding regions.
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inflation produces a sufficient number of e-folds during
inflation when starting at super-Planckian field values,
i.e., hφiini ≳mp.

C. On preinflationary black hole formation

The transition from gradient- to kinetic-dominated ener-
gies can give rise to contracting regions, typically where the
scalar field Laplacian is the largest. When this happens, the
equation of state is ωφ ≈ 1, one has locally

−K < 0; ∂tð−KÞ < 0; ð50Þ
and there is simply no possibility for this region to expand
again. Therefore, this situation generically leads to the
formation of PIBHs and the use of the puncture gauge
guarantees that the lattice only probes the region sur-
rounding those black holes. For sub-Hubble fluctuations
there are many oscillations, and we observe the formation
of a contracting region at similar locations. If these
regions form smaller PIBHs, those oscillations can thus
either feed previously formed black holes, which would
then grow in mass until inflation takes place, or produce
new PIBHs. Their mass is of the order of the Planck mass
for sub-Hubble fluctuations, so they would evaporate
relatively quickly and produce a particle bath that is
not taken into account in simulations, as well as eventual
Planck relics. In any case, the subsequent phase of
inflation dilutes them such that the density of these relics
in our Hubble volume would be extremely small or vanish.

D. On the duration of the preinflation era

A common picture of the very early Universe is that of a
classical phase, described by general relativity, emerging
from an unknown regime of quantum gravity at the Planck
scale. During this phase, there is no reason supporting
homogeneity on scales larger than the initial Hubble radius.
For a while, this was considered a potential difficulty for
inflation. But simulations in full numerical relativity, like
the ones presented in this work, show that nonlinear
Hubble-sized and sub-Hubble inhomogeneities do not
prevent the onset of inflation after the density is damped
by expansion at the level of the potential energy of the
scalar field. Several regimes have been identified for the
preinflation era, characterized by different effective equa-
tions of state. We have emphasized the importance of the ℵ
term in the dynamics of the expansion.
This allows to set a limit on the maximal duration of the

preinflation phase, expressed in terms of an averaged
number of e-folds of expansion ΔNpre−inf . If the energy
stored in field gradients, damped like ρgrad ∝ expð−2NÞ,
were dominant throughout preinflation, one would get
ΔNpre−inf ≈ − lnðρVÞ=2. However, because of the wobbling
between kinetic and gradient contributions, the density is
effectively damped like ρ ∝ expð−4NÞ on average, and

thus ΔNpre−inf ≈ logðρVÞ=4 ≃ 7 for Higgs or Starobinsky
inflation.
If one now allows the energy to be stored in the form of

ECMs, preinflation can last up to ΔNpre−inf ≈ 14. These
numbers increase if inflation takes place at lower energy,
and inversely. It can also be reduced if the energy scale of
quantum gravity is lower than the Planck scale.

E. On possible observable signatures and the
minimum size of the Universe

In the case where the time of Hubble exit of cosmological
scales occurs only a few e-folds (denotedNi�) after the onset
of inflation, preinflation should leave observable signatures
in the CMB temperature anisotropies and polarization.
Indeed, in such a case the gradient and kinetic energies
are not damped well below the scalar field potential energy
and still slightly impact the expansion rate during inflation.
The ℵ term can also have a similar effect. This modifies the
evolution of the Hubble-flow parameters as

ϵ1 ≡ −
d lnH
dN

; ϵ2 ≡ d ln ϵ1
dN

; ð51Þ

and in turn modifies the predicted scalar spectral index ns
and tensor-to-scalar ratio r,

ns ¼ 1 − 2ϵ1 − ϵ2; r ¼ 16ϵ1; ð52Þ
at first order in slow-roll parameters. This certainly requires
a significant amount of tuning for these effects to be
observable, allowing for just enough inflation, without
totally spoiling the (almost) scale invariance of the primor-
dial scalar power spectrum.
Indeed, the dynamics of the expansion rate is not

only driven by the potential and the kinetic energy of the
field, but is also somehow impacted by gradient and
metric terms. One has to consider an effective energy
density ρeff ¼ ρV þ δρþ ℵ=16π, and take δρþ ℵ=16π ≈
ρV expð−ηNi�Þ after the onset of inflation, with the effective
value of η depending on which preinflation regime the ICs
belong to. If the dynamics of ϵ1 is dominated by these terms
coming from the preinflation era, onegets ϵ1 ≈ η expð−ηNi�Þ
and ϵ2 ¼ −η2. An important fine-tuning of the initial con-
ditions of the scalar field is therefore required to get a value
of Ni� that can explain the observed scalar spectral index.
Furthermore, this would unavoidably generate a tensor-to-
scalar ratio r ≃ 16ϵ1 larger than unity, which is excluded.
If one assumes that the dynamics of ϵ1 is governed by the

potential, which gives ϵ1 ≃ 2 × 10−4 for Higgs/Starobinsky
inflation, gradient or metric terms may still govern the
dynamics of ϵ2. One then gets ϵ2 ≈ −η2 expð−ηNi�Þ=ϵ1. As
a consequence, the preinflation era could have an observ-
able effect on the primordial power spectrum in a just-
enough inflation scenario and could even give the correct
value of the scalar spectral index, at the price of a
significant fine-tuning of the initial scalar field. If the
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effects on the second Hubble-flow parameter (which is
determined at the 20% level) are not detectable, one gets
from the current limits on the tensor-to-scalar ratio a lower
bound Ni� ≳ 3. An interesting corollary is that, in the
above-mentioned scenario, the nondetection of the imprints
of preinflation implies that the Universe is at least
exp½3ðNpre−inf þ Ni�Þ� ≳ 1013 times larger than our current
Hubble volume.

F. Is Linde’s picture right?

In all of the considered cases and regimes inflation is a
generic outcome, at least in most parts of the lattice. This
conclusion applies to all expanding (on average) initial
conditions with scalar field fluctuations of any size, as long
as there exists a Hubble patch whose mean-field value is in
the slow-roll region of the potential. On the contrary,
inflation cannot be triggered from sub-Hubble fluctuations
around the bottom of the potential, even if apparently the
energy density initially stored in field gradients or velocity is
much larger than the potential barrier to reach the slow-roll
region. The reason is that field gradients act as a damping
term in the Klein-Gordon equation for the scalar field, while
large gradients in the field potential “drag” the scalar field
down towards the bottom, as seen in Ref. [16]. One should
not interpret this as an issue, since a large background field
value may have emerged in an initially flat and compact
Universe, with a 3-torus topology, as suggested by Linde
[30,48–52], in support of chaotic inflation. The second
possibility is a much larger inhomogeneous Universe, in
which it is sufficient to have a single super-Hubble patch
with a largemean-field value superimposed by arbitrary sub-
Hubble fluctuations to naturally lead to inflation.
One could also wonder how the topology, the initial

curvature, and the shape of the Universe could influence
preinflation and even prevent inflation. Despite the fact that
we have been using periodic boundary conditions on a cubic
lattice, reflecting the topology of a 3-torus, in the presence of
large inhomogeneities theUniverse is formedby locally open
and closed regions, as explained inRef. [14]. Therefore, even
if a homogeneous closed Universe would collapse when the
energy content is dominated by curvature [48,53], in the
largely inhomogeneous case local open regions may still be
expanding and eventually lead to inflation. However, sce-
narios with globally large positive curvature have not been
tested yet. This is left for future work.

IX. CONCLUSIONS

Fully relativistic lattice simulations in 3þ 1 dimensions
provide the ideal method to study the possible nonlinear
inhomogeneous dynamics of the preinflation era. In this
work, we have extended previous analyses and considered
new realizations of the initial conditions satisfying the
Hamiltonian and momentum constraints, with an inho-
mogeneous scalar field velocity. Even if in general the
preinflation era does not leave distinguishable signatures

in observations, it is related to fundamental questions,
such as how natural or fine-tuned the initial conditions
of inflation are and how generic the transition from a
semiclassical regime emerging from some quantum grav-
ity (towards inflation) period is. In particular, the reali-
zation of inflation starting from nonlinear and sub-Hubble
field fluctuations has been a long-standing and debated
problem.
Besides confirming recent results on the robustness of

inflation to sub-Hubble inhomogeneities, our simulations
revealed a richer preinflation dynamic than expected, as
well as some universal behaviors. A new regime in which
the expansion is driven by the traceless part of the extrinsic
curvature tensor has been identified, which impacts the
equation of state and the duration of the preinflation era. We
have also found that initial conditions with highly inho-
mogeneous scalar field velocities give rise to a regime in
which the density remains dominated by the kinetic term,
denoted kination. Otherwise, sub-Hubble and Hubble-sized
inhomogeneities give rise to oscillations between gradient-
and kinetic-dominated periods. For super-Hubble sized
fluctuations, our analysis also confirms the emergence of
contracting regions, leading to the formation of preinflation
primordial black holes which are subsequently diluted by
inflation. Our findings are summarized in Fig. 1 where we
show the possible outcomes starting from different regions
of parameter space.
The chosen set of initial conditions, even if extended to

highly inhomogeneous field velocities, still corresponds to
very specific cases. Indeed, the initial extrinsic curvature
tensor is taken with a vanishing traceless part Aij and a
homogeneous negative trace K. Nevertheless, we point out
that for Hubble-sized and sub-Hubble inhomogeneities, the
extrinsic curvature tensor rapidly becomes highly inhomo-
geneous, thereby exploring various other configurations,
until it eventually drives the overall expansion dynamics.
Our initial data also correspond to a Ricci curvature that
remains small on average (but it can be very large locally),
but the issue of solving the momentum and Hamiltonian
constraints on the initial hypersurface for more general
cases remains a major computational challenge that still
limits the range of applicability of the simulations of the
preinflation era in full 3þ 1 numerical relativity. We also
did not consider the eventual impact of additional scalar or
matter fields on the preinflation dynamics, or other topo-
logical choices than periodic boundary conditions.
Finally, we have focused on the Higgs/Starobinsky infla-

tion model and the phenomenology of the preinflation era is
marginally impacted by the field potential, which only gives a
subdominant contribution to the energy density during most
of the preinflation phase. Thepotential only starts to dominate
just before the onset of inflation and, therefore, our con-
clusions should remain valid for any plateau-type scalar field
potential at super-Planckian characteristic values, which are
currently favored by CMB observations.
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In summary, our work contributes to a better and more
precise understanding of the rich phenomenology of the
preinflation era. It enlarges the diversity of initial conditions
that have been considered so far. However, future work and
the development of more advanced numerical methods will
be needed to go beyond the assumption of initial conformal
flatness, and to include inhomogeneous initial configura-
tions for the extrinsic curvature in both K and Ãij.
Looking forward, we may also consider the effect of

additional scalar or matter fields, analyze the dynamics for
small-field potentials, and study more deeply the formation
process of PIBHs. In a semiclassical description of the
preinflation era, it may also be possible to consider the
nonlinear effects of quantum scalar field fluctuations by
adding a stochastic term in the Klein-Gordon equations. It
may also be interesting to study the case where preinflation
leaves observable signatures in CMB observations, even if
this requires significant fine-tuning.
Finally, our work emphasizes that in the absence of these

signatures and assuming that classical preinflation emerged
at the Planck scale, the Universe is at least ten thousand
billion times larger than our current Hubble volume,
usually referred to as our observable Universe.
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APPENDIX: CODE VALIDATION AND
CONVERGENCE TESTS

Besides ensuring that violations of the constrain equa-
tions (36)–(37) are always small, a common validation
method is checking for numerical convergence when using
different grid resolutions Δx. Because we use a fourth-order
finite difference stencil when computing the gradients, we
expect numerical errors to be degraded like ðΔxÞ4. In our
convergence test, we run simulations with low (LR: 963),
medium (MR: 1123), and high (HR: 1283) resolutions grids.
In Fig. 9, taking an example from the sub-Hubble kinetic

ICs of Figs. 3 and 4, we show the convergence test for the
Hamiltonian constraints hρi and hℵi. We have defined

HREL ¼ H
½H� ; ðA1Þ

where

½H�≡
�
ðRÞ2þðÃijÃijÞ2þ

�
2

3
K2

�
2

þð16πρÞ2
�
1=2

ðA2Þ

denotes the relative violations of the Hamiltonian constraint
during the evolution. Convergence test plots are consistent
with fourth-order convergence.

FIG. 9. Convergence tests on the Hamiltonian constraint (left), mean scalar-field energy density (center), and mean metric energy
density (right). Top panels: evolution of the mean values for low (LR, red), medium (MR, blue) and high (HR, black) resolutions.
Bottom panels: LR-MR (green) and MR-HR (orange) comparisons.
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