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This paper investigates the feasibility of simulating fuzzy dark matter (FDM) with a reduced number of
spatial dimensions. Our aim is to set up a realistic, yet numerically inexpensive, toy model in (1þ 1)-
dimensional space time, that—under well controlled system conditions—is capable of realizing important
aspects of the full-fledged (3þ 1)-FDM phenomenology by means of one-dimensional analogues. Based
on the coupled, nonlinear and nonlocal (3þ 1)-Schrödinger-Poisson equation under periodic boundary
conditions, we derive two distinct one-dimensional models that differ in their transversal matter distribution
and consequently in their nonlocal interaction along the single dimension of interest. We show that these
discrepancies change the relaxation process of initial states as well as the asymptotic, i.e., thermalized and
virialized, equilibrium state. Our investigation includes the dynamical evolution of artificial initial
conditions for nonexpanding space, as well as cosmological initial conditions in expanding space. The
findings of this work are relevant for the interpretation of numerical simulation data modeling
nonrelativistic fuzzy cold dark matter in reduced dimensions, in the quest for testing such models and
for possible laboratory implementations of them.
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I. INTRODUCTION

Nonlinear Schrödinger equations are ubiquitous in phys-
ics. Let us just think of interacting many-body problems in
nonrelativistic condensed-matter theory that are reduced to
a mean-field approximation that usually ends up in a
nonlinear effective Schrödinger equation; see e.g., [1–4].
A specific form of a such a nonlinear equation is the
Schrödinger-Poisson, also known as Schrödinger-Newton
equation, describing a scalar massive quantum particle in
its own gravitational field. It finds many applications, e.g.,
in nonlinear optics [5–8], decoherence theory [9], and, of
course, in cosmology [10], whenever a nonrelativistic
description of the particle suffices. Reference [11] presents
a recent review on the subject.
Here, we are interested in the Schrödinger-Poisson (SP)

equation as an alternative dark matter model to the
established cold dark matter (CDM) paradigm. Hu et al.
[12] dubbed the matter so described fuzzy cold dark matter,
or simply fuzzy dark matter (FDM), a notion that we will
follow throughout the paper.

The most compelling feature of FDM obeying SP in four-
dimensional (3þ 1) space-time is its distinct behavior on
large and small spatial scales: Assuming a dark matter
particle mass of m ≈ 10−22 eV—canonical for FDM—cos-
mic structure growth under FDM is in accordancewith CDM
onsupergalactic scales, e.g., identicalmatter power evolution
or halo densities [13], subgalactic scales are influenced by
quantum mechanical effects. In particular, one expects the
existence of a solitonic state, with a flat, high-density core
region, that is roughly speaking obtained from a balance of
quantumpressure and gravity [12]. Structure smaller than the
solitonic core is suppressed, or smoothed out, by the
uncertainty principle. Thus, FDM may provide a natural
solution to the small scale crisis of CDM [14], and in
particular its cusp-core problem, [15–17], without the need
of adding sophisticated baryonic feedback processes. From a
fundamental physics point of view, SP simulations could
predict the mass scales of the bosonic particles possibly
constituting dark matter, of course in comparison with and
constrained by experimental observation data [18–21]. We
note in passing that SP simulationsmay also be interpreted as
an alternative sampling approach of the CDM phase space
evolution that may be controlled by the phase space
resolution ℏ=m; see e.g., [22–26].
Numerical considerations of the (3þ 1)-SP equation, see

e.g., [13,17,27–29], identify the soliton state as a dynamical
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attractor in the time evolution of FDM. More precisely,
overdense regions collapse under their self-gravity and
during this process radiate away excess matter. The result
of this process, sometimes dubbed gravitational cooling,
[30], is a relaxed quantum matter distribution in which a
solitonic core is immersed in a “sea of fluctuations.” The
latter follows a power-law decay, with a radial profile,
known as Navarro–Frenk–White (NFW) profile, predicted
in corresponding many-body simulations of CDM [31] to
scale as ρ ∝ r−3 at large radii.
This paper addresses the question whether the time-

asymptotic behavior just described, or at least a similar
scenario thereof, were recovered if only 1 spatial degree of
freedom is available. In other words, can we derive a one-
dimensional, yet sufficiently realistic, toy model that
realizes one-dimensional analogues of the (3þ 1)-FDM
structure formation, and in particular the mentioned soli-
tonic core and its role as dynamical attractors? This
includes, both the evolution to and the possible reaching
of the asymptotic state, hence the relaxation process itself
as well as its final product. Are the relaxation mechanisms
in one-dimensional FDM the same as for 3D FDM; i.e., is
there a one-dimensional analogue of gravitational cooling?
What are suitable astrophysical, quantum mechanical or
statistical measures to judge if the asymptotic state has been
reached? These questions have several motivations. Firstly, it
is a priori not clear whether a model with reduced dimension
will lead to the same evolution as the full-fledged three-
dimensional one, simply because assumptions on the matter
configuration in the transversal dimensions must be made
and, in higher dimensions, interdimensional coupling and
redistribution of mass is, in principle, possible due to the
nonseparable nonlinearity [32]. Secondly, it is needless to say
that models with reduced dimensions lend themselves to
much more detailed investigations even on relatively long
spatial and temporal scales. Reliable high-precision numeri-
cal simulations are simplymore efficient in one than in higher
dimensions. Consequently, larger patches of the system’s
parameter space can be covered with manageable resources.
The reduced numerical complexity also allows us to generate
large ensembles of simulations once a, in some sense
optimal, parameter set was identified, thereby reducing
statistical uncertainties without the need to invoke assump-
tions like ergodicity. Obviously, both aspects, i.e., parameter
space coverage and statistical reliability, are vital for com-
parison with observational data.
The way of the reduction of dimensionality will certainly

be important. Anticipating our results, we will see that the
relaxation process in the evolution as well as in the finally
reached states do depend strongly on how matter is
organized in the transversal dimensions. The usual
approach of assuming a uniform matter distribution in
the transverse dimension, and hence in practice just
forgetting about the other degrees of freedom, does not

yield a correspondence with the (3þ 1)-FDM predictions.
This motivated our second approach in which we confine
the transverse degrees of freedom. Then, most of these
predictions are actually seen in the reduced one-dimen-
sional model as well. Our findings are based on a relative
simple but highly flexible, efficient and precise numerical
method to integrate both dimensionality-reduced SP equa-
tions. This allows us access to long temporal evolutions in a
constant as well as in an expanding universe.
The paper is organized as follows: the next section

reviews the theory of FDM based on the SP equation. We
discuss therein the importance of the reduction to (1þ 1)
(spaceþ time) dimensions, and we compare, in particular,
the two ways of doing this: first, we assume a uniform
extension in the transverse directions, then secondly a
cigar-shaped transversal confinement. Section III gives
details on our numerical methods and its properties and
quality. Section IV reports our central results and compares
the outcome of different numerical simulations of the two
versions of reduction to (1þ 1). The last section, Sec. V,
concludes the paper with a short outlook on open questions
and future work.

II. THEORETICAL BACKGROUND

Point of departure for our discussion is the dynamics of
fuzzy dark matter (FDM) in (3þ 1) dimensions. To this
end, we introduce its governing equation, comment on its
origin and mention different interpretations of the FDM
model. After a quick review of the hydrodynamic formal-
ism in the linear evolution regime, the remainder of this
section is devoted to the problem of dimensional reduction.
More precisely, two competing one-dimensional FDM
representations are derived, and their physical discrepan-
cies and similarities are highlighted. This includes an in-
depth discussion on the preparation and properties of the
(1þ 1)-FDM ground state. We close this theory section by
commenting on possible relaxation mechanisms and intro-
duce suitable metrics for (1þ 1)-FDM to quantify if an
equilibrated system state is reached.

A. Fuzzy dark matter in (3 + 1) dimensions

1. Governing equations

For the sake of simplicity, envision a universe with
negligible contribution of baryonic matter and radiation
towards the cosmic energy budget. Furthermore, let dark
energy be given by means of a time independent energy
density ρΛc2. Under these assumptions only dark matter
dynamics plays a nontrivial role.
Starting from a massive, minimally coupled, scalar field,

one derives, e.g., [33], the (3þ 1)-Schrödinger-Poisson
(SP) equation as governing equation of (3þ 1)-FDM
applicable in the nonrelativistic limit c → ∞,
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iℏ∂tΨ ¼
�
−

ℏ2

2ma2
△þmΦ

�
Ψ;

△Φ ¼ 4πG
a

ðjΨj2 − ρmÞ; x ∈ Ω; ð1Þ

with Ω ¼ Ω1 ×Ω2 ×Ω3 ⊂ R3 and Ωi ¼ ½0; LiÞ. Here, Ψ
denotes the nonrelativistic FDM field coupled to its own
gravitational potential Φ. Fields are evaluated at comoving
position x ¼ ðx1; x2; x3Þ⊺ and cosmic time t. Densities are
measured with respect to a comoving volume, so that ρm
coincides with the present day total matter density. m
denotes the FDM particle mass. In accordance with our
initial assumptions on the composition of the cosmic
energy budget, the scale factor aðtÞ obeys the flat space,
radiation free Friedmann equation,�

_a
a

�
2

¼ 8πG
3

ðρma−3 þ ρΛÞ:

G is Newton’s constant.
Analyzing the asymptotic behavior of the energy

momentum tensor associated with Ψ suggests the identi-
fication,

jΨðx; tÞj2 ¼! ρmðx; tÞ≡ ρm þ δρðx; tÞ; ð2Þ

i.e., the scalar field encapsulated both the time-independent
background density ρm and deviations from it, δρðx; tÞ.
Since density deviations vanish upon averaging over Ω,
Eq. (2) translates directly into a normalization condition
on Ψ,

ρm ¼ 1

L1L2L3

Z
Ω
d3xjΨðx; tÞj2 ¼ const: ð3Þ

We emphasize Eq. (3) is a physically relevant constraint as
Eq. (1) is nonlinear. Therefore changing the normalization
of Ψ will lead to a different time evolution.
Equation (1) still requires suitable boundary conditions.

The natural choice for modeling an infinite system is to
impose the following periodic boundary conditions:

∂m
xiΨð0; xjÞ ¼ ∂m

xiΨðLi; xjÞ; m ∈ f0; 1g;
∂m
xiΦð0; xjÞ ¼ ∂m

xiΦðLi; xjÞ; i ∈ f1; 2; 3g;
j ∈ f1; 2; 3gnfig: ð4Þ

2. Interpretations of (3+ 1)-Schrödinger-Poisson

It is instructive to shed some light onto the physical
character of the nonrelativistic scalar Ψ. Although Eq. (1)
has the mathematical structure of Schrödinger’s equation,
there is a priori nothing quantum mechanical about the
problem. Hence, the least arcane way to interpret Eq. (1) is
in a literal sense, i.e., as the Euler-Lagrange equation of a

classical Lagrangian and ℏ as a constant with dimensions of
an action but with a numerical value not constrained to
Planck’s constant.
That said, there is significant value in finding (formal)

correspondences between (3þ 1)-SP and other, potentially
noncosmological, theories as it enlarges the number of
available tools with which FDM can be analyzed.

Cosmic Bose-Einstein condensate.—In fact, Eq. (1) can
also be identified with the evolution equation of a self-
gravitating Bose-Einstein condensate with negligible local
self-interaction andΨ as the condensate wave function. The
authors of [34] substantiates this claim by comparing the
critical temperature of an ultralight boson gas undergoing
pair production with the cosmic microwave background
temperature.
A quantum mechanical derivation for Eq. (1) could then

depart from a second quantized many-body Hamiltonian
which is subsequently reduced to an effective Hamiltonian
for the order parameter, i.e., the condensate wave function
Ψ, [4]. The result would be again Eq. (1) with ℏ as Planck’s
constant.
We return to this quantum mechanical interpretation in

Sec. III when the time integration is formulated as approxi-
mation to time evolution operator or in Sec. II C 1 when the
quantumvirial theorem is used to analyze the long termFDM
dynamics.

Smoothed CDM dynamics.—On the other hand, if we
accept Eq. (1) as an abstract evolutionary problem and
forget momentarily about its interpretation as alternative
dark matter model, the dynamics of Ψ can be associated
with a smoothed version of the Vlasov-Poisson equation
(VP)—the phase space description of CDM [22–24].
More precisely, if fVðx; pÞ denotes the solution to VP

and fWðx; pÞ the Wigner phase space distribution, con-
structed from Ψ via

fWðx; pÞ ¼
Z

d3x0Ψ
�
x −

x0

2

�
Ψ�

�
xþ x0

2

�
e

i
ℏ p·x

0
;

then the evolution of the smoothed, or convolved, distri-
butions,

f̄V=Wðx; pÞ ¼ exp

�
−

x2

2σ2x
−
2σ2x
ℏ2

p2
�
� fV=W; ð5Þ

obeys [23]

∂tðf̄W − f̄VÞ ¼
ℏ2

24
∂xi∂xj∇xV̄∂pi

∂pj
∇pf̄W þOðℏ4;ℏ2σ2xÞ:

Here, ℏ is not Planck’s constant and ℏ=m acts as a model
parameter that sets the maximum phase space resolution.
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Then, σx is a artificial smoothing scale in comoving
position space.
In that sense, Eq. (1) can be understood as an alternative

sampling of the CDM distribution compared to the N-body
approach: Instead of following the evolution of N test
particles sampling fV , we coarse grain the phase space
distribution directly and use Ψ as a dynamical proxy for its
evolution. See Sec. II C 2 for an application of this
interpretation.

3. Dynamics in the linear regime

The behavior of FDM in the linear growth regime is
well-established in the literature; see e.g., [33–35]. We are
therefore brief and only focus on aspects relevant for our
interpretation of the numerical simulations later on in
Sec. IVA.
In short, Madelung’s ansatz, [36], of decomposing the

wave function into Ψðx; tÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρðx; tÞp

exp ði Sðx;tÞℏ Þ, turns
Eq. (1) into the Euler-Poisson (EP) equation including an
additional (quantum) pressure term,

∂tρþ
1

a
∇ · ðρvÞ ¼ 0; ð6aÞ

△Φ ¼ 4πG
a

ðρ − ρmÞ; ð6bÞ

∂tvþ
1

a
ðv ·∇ÞvþHv ¼ −

1

a
∇Φþ ℏ2

2m2a3
∇
�
△

ffiffiffi
ρ

pffiffiffi
ρ

p
�
:

ð6cÞ

Note that in order to pass from SP to EP we assumed ψ ≠ 0
and identified the phase function Sðx; tÞ as potential of the
peculiar velocity v,

v≡ 1

ma
∇S ¼ ℏ

majΨj2 ImðΨ�∇ΨÞ: ð7Þ

Adding this condition to EP makes all solutions to
Eqs. (6a)–(6c) irrotational, i.e., ∇ × v ¼ 0, by construction.
It is worth pointing out that SP and EP, if considered in
isolation, support solutions with nonvanishing circulation.
These so-called vortices play an instrumental role for the
energy transport in classical, turbulent flows [37] and Bose-
Einstein condensates [38,39]. The distinctive property
of vortices governed by SP is their quantized circulation.
This physical constraint is missing in the classical,
hydrodynamical equations and needs to be added by hand
to EP in order to establish a formal SP–EP equivalence; see
Ref. [40].
Linearizing Eqs. (6a)–(6c) up to first order in v and

ρðx; tÞ ¼ ρmð1þ δðx; tÞÞ yields a damped oscillator equa-
tion for the density contrast δ in the reciprocal domain,

0 ¼ ∂2
t δ̂þ 2HðtÞ∂tδ̂ −

4πGρm
a3

�
1 −

�
k

kJðaÞ
�

4
�
δ̂ ð8Þ

with kJðaÞ ¼
�
16πGρmm2a

ℏ2

�1
4

; ð9Þ

and δ̂ ¼ δ̂ðk; tÞ. As for CDM, no mode coupling occurs and
all perturbations evolve independently under FDM evolu-
tion. However, in contrast to CDM, large and small scale
modes behave differently. Most notably, Eq. (9) defines a
time-dependent critical length scale, λJðaÞ ¼ 2π=kJðaÞ,—
the Jeans scale—below which the quantum pressure
counteracts gravity so that density perturbations do not
collapse under their self-gravity.
The linear Jeans scale can also be understood as a

consequence of Heisenberg’s uncertainty principle, [12],
mσrσv ≃ ℏ. In hydrodynamic terms σv may be interpreted
as a velocity dispersion and a simple way to estimate it in
the linear regime is to follow a particle trapped inside a
gravitational well of a matter distribution with density ρm,

σv ≈
r
tdyn

≈ ax
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gρma−3

q
;

with tdyn as dynamical time scale estimate. Thus,

σx ≃
ℏ

mx
ffiffiffiffiffiffiffiffiffiffiffiffi
Gρma

p :

Setting x ¼ σx yields Eq. (9) up to a numerical constant
of Oð1Þ.
The interpretation then is that the source of the quantum

pressure is Heisenbergs uncertainty principle which indu-
ces an increasing velocity dispersion in the FDM con-
densate once particles are confined to a space region that is
comparable to σx.
Although, the Jeans length of Eq. (9) is a purely linear

concept, the uncertainty principle is not. One should
therefore expect a distinct signature in the matter power
spectrum, even deeply in the nonlinear regime. We return to
this in Sec. IVA 3.
Once a perturbation mode δ̂ðk; tÞ leaves the linear

regime, Eq. (8) is not applicable anymore. One then expects
mode coupling to take place and thus a redistribution of
power across all scales that participate in the nonlinear
evolution. The implications of this effect will be analyzed
in Sec. IVA 4.

B. Fuzzy dark matter in (1 + 1) dimensions

Let us now turn the attention to one-dimensional
approximations to (3þ 1)-SP and how such models may
be deduced from Eq. (1). A convenient starting point for the
dimension reduction procedure is to subsume Eqs. (3)–(4)
into a single dimensionless, nonlinear Schrödinger
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equation (NLSE). This simplifies the discussion and is
achieved by (i) absorbing the solution of Poisson’s equation
by means of a convolution integral and (ii) adopting
dimensionless quantities. One arrives at

iℏ∂tΨ ¼
�
−
1

2
△þ aðtÞðGppp

△3
� jΨj2Þ

�
Ψ x ∈ Ω; ð10Þ

where we defined

x0 ≡
�
m
ℏ

�1
2

�
3

2
H2

0Ωm

�1
4

x; dt0 ≡ 1

a2

�
3

2
H2

0Ωm

�1
2

dt;

Ψ0ðx0; t0Þ≡Ψðx0; t0Þffiffiffiffiffiffi
ρm

p ; Vðx0; t0Þ≡ a
m
ℏ

�
3

2
H2

0Ωm

�
−1
2

Φ;

and dropped all primes subsequently. The nonlinear poten-
tial is then given by

Gppp
△3

� jΨj2 ¼
Z
Ω
d3x0Gppp

△3
ðx − x0ÞjΨðx0Þj2;

andGppp
△3

denotes the Green’s function of the d ¼ 3 Poisson
equation augmented with periodic boundary conditions in
all three dimensions. Equation (10) takes the form of a
nonautonomous, i.e., explicitly time-dependent, NLSE
with a long range (i.e., nonlocal) interaction kernel.
We stressGppp

△3
ðx; x0Þ is not the canonical 1=r-potential as

it lacks the required periodicity and only applies under free
space boundary conditions, limjxj→∞ jxjVðxÞ ¼ − 1

4π, see
[41]. Instead, we have

Gppp
△3

ðx; x0Þ ¼ 1

L1L2L3

X
knk>0

−1
k2

eik·ðx−x0Þ; ð11Þ

with n ∈ Z3, k ∈ R3 and ki ¼ 2π
Li
ni.

The Newtonian 1=r-potential may be recovered as free-
space limit in two stages. By first taking L1;2 → ∞ [42]
recasts Eq. (11) into

Gppp
△3

ðx; x0Þ ⟶
L1;2→∞

Gffp
△3
ðx; x0Þ ¼ 1

2πL3

log jx⊥ − x0⊥j

−
1

πL3

X∞
m¼1

cos ðkmðx3 − x03ÞÞK0ðkmjx⊥ − x0⊥jÞ; ð12Þ

with K0ðxÞ denoting the 0th-modified Bessel function of
the second kind and x⊥ ¼ ðx1; x2Þ⊺. We return to this mixed
boundary condition Green’s function in Sec. II B 2 b.
Finally, take L3 → ∞ so that the Riemann sum in
Eq. (12) approaches an analytically solvable integral [43],

Gffp
△3
ðx; x0Þ⟶L3→∞

Gfff
△3
ðx; x0Þ ¼ −

1

4πjx − x0j ;

yielding the expected result.
The naive way of carrying out the dimension reduction

of Eq. (10) is to simply drop all partial derivatives in x1, x2-
direction. This appears to be the common approach in low-
dimensional studies on FDM [22,24,34,44–46] and turns
out to be true assuming we demand a uniform matter
distribution along the neglected dimensions. The approach
is equally applicable for d ¼ 1, 2 and leads to the (dþ 1)-
SP equation.
Maintaining Poissons equation as field equation has

implications on how gravity acts in lower dimensions since
the periodic Greens function in Eq. (11) depends on the
dimensionality of the Laplace operator. We stress even if
the aforementioned violation of the periodic boundary
conditions would not exist for the Newtonian potential,
it would still be impossible to simply enforce a 1=r-
interaction kernel in one dimension. Its singularity at the
origin remains too strong and consequently yields an ill-
defined convolution kernel. Hence, we ask whether a
reduction exists that approximately preserves the three-
dimensional interaction with only one spatial degree of
freedom. This is realized by strongly confining matter
orthogonal to the dimension in which the evolution is
observed.

1. General reduction procedure

We adapt the discussion under free-space conditions
outlined in [47] to the periodic situation at hand. To this
end, the NLSE in Eq. (10) is augmented by an artificial,
external potential Vextðx⊥; ϵÞ ¼ 1

ϵ2
Vextðx⊥ϵ Þ in the orthogo-

nal x⊥-plane that is controlled by a confinement parameter
ϵ. The extended Hamiltonian H ¼ Hx3 þHϵ⊥ is then
decomposed into

Hx3 ¼ −
1

2
∂2
x3 þ aðtÞðG−p

△3
� jΨj2Þ;

Hϵ⊥ ¼ 1

ϵ2

�
−
1

2
△⊥̃ þ Vextðx⊥̃Þ

�
¼ 1

ϵ2
H⊥̃;

with x⊥̃ ¼ x⊥=ϵ. Notice how we keep the boundary
conditions of the interaction kernel G−p

△3
deliberately

unspecified in the x⊥-plane. These will be set in accordance
with the external potential, i.e., if Vextðx⊥Þ is periodic on
Ω1 ×Ω2, the long range interaction is Gppp

△3
, as in Eq. (11).

If, however, the external potential assumes free-space
conditions, the reduction departs from the mixed condition
Green’s function Gffp

△3
in Eq. (12).

Next, find the eigensystem fχϵk; λϵkg to the linear eigen-
value problem Hϵ⊥χϵkðx⊥Þ ¼ λϵkχ

ϵ
kðx⊥Þ and enforce a fac-

torization of the full fledged wave function Ψðx; tÞ
according to Ψðx; tÞ ¼ ψðx3; tÞχϵkðx⊥Þe−iλ

ϵ
kt. Insert this
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ansatz into the NLSE with the extended Hamiltonian,
multiply by ðχϵkÞ� and integrate over the x⊥-plane. The
result is a one-dimensional NLSE for ψðx3; tÞ,

iℏ∂tψ ¼
�
−
1

2
∂2
x3 þ aðtÞðUp � jψ j2Þ

�
ψ x3 ∈ Ω3; ð13Þ

alongside a one-dimensional, long range interaction, Up,

Upðx3; x03Þ ¼
1

kχϵkk22

Z
Ω1×Ω2

d2x0⊥

×
Z
Ω1×Ω2

d2x⊥jχϵkðx⊥Þj2jχϵkðx0⊥Þj2

×G−p
△3
ðx⊥; x3; x0⊥; x03Þ: ð14Þ

Since the spectrum of Eq. (11) is spherical symmetric
around k ¼ 0 it is clear that, irrespective of the confining
potential in the transversal plane, the one-dimensional
interaction kernel remains even and depends only on the
relative distance: Upðx3; x03Þ ¼ Upðjx3 − x03jÞ.

2. Uniform vs confined transversal density

Let us restrict the discussion to two distinct external
potentials that either induce a complete delocalization of
matter in the orthogonal plane or constrain all matter
around the x3-direction. In what follows, both of these
models will be coined (1þ 1)-FDM collectively. If a
distinction has to be made, a more precise denotation will
be used.

Uniform matter.—Set Vext ¼ 0. The corresponding eigen-
states are plane waves, and matter is therefore assumed to
be organized in homogeneous matter sheets parallel to the
x⊥-plane. Moreover, the external potential is trivially L3-
periodic so that G−p

△3
¼ Gppp

△3
. Equation (14) then evaluates

to [43]

Gp
△1
ðx3; x03Þ ¼

1

2
jx3 − x03j −

1

2

�ðx3 − x03Þ2
L3

þ L3

6

�
; ð15Þ

i.e., the Green’s function of the d ¼ 1 Poisson equation
under periodic boundary conditions.
Equation (13) together with the interaction of Eq. (15) is

denoted (1þ 1)-SP.

Confined matter.—We enforce an integrable harmonic
confining potential Vextðx⊥Þ ¼ 1

2
x2⊥ and consider only

the ground state χ0ðx⊥Þ ∝ expð−x2⊥=2Þ for the dynamics
in the orthogonal plane. Our choice is motivated by cigar-
shaped confinements often used for trapping Bose-Einstein
condensates; see e.g., [3,48–52]. Neither the external
potential nor its ground state are periodic. Hence, we set
G−p

△3
¼ Gffp

△3
in Eq. (14) and find

Up
confðx3;x03Þ¼

−1
4πL3

X
m

U

�
1;1;

1

2
k2mϵ2

�
eikmðx3−x03Þ; ð16Þ

with m ∈ Zn0 and Uða; b; xÞ denoting the confluent
hypergeometric function of the second kind [53].
Consider Fig. 1 for a graphical comparison of the long

range interaction induced by a test particle at x03 ¼ 0 with
and without confinement. All potentials are shown for a
periodic box of L3 ¼ 100. Apart from the required finite-
ness of both kernels at the origin, the behavior of Up

conf and
Gp

△1
is quite disparate in the far-field region. A key

difference lies in the effective interaction range R which
may be defined as

∂rUpðRÞ≡ δmax j∂rUpj with 0 < δ ≪ 1: ð17Þ

While the gravitational potential under confinement is
rather localized with R ∼ ϵ and quickly approaches the
desired Newtonian potential (black, dashed line) at large
distances jx3 − x03j, the effective interaction range for Gp

△1

evaluates to R ¼ 1
2
ð1 − δÞL3 and is therefore comparable to

the box size. As discussed in Sec. IV B 4, this has
implications on which asymptotic states are accessible in
the (1þ 1)-SP case.

FIG. 1. Comparison of the one-dimensional, long range inter-
actions of Sec. II B 2 a and Sec. II B 2 b induced by a source
particle located at x3 ¼ 0 in a periodic box of L3 ¼ 100. The
negative x-space illustrates the situation for a uniform matter
distribution in the transversal plane with Gp

△1
, Eq. (15), as

gravitational potential (blue line). The positive x-space depicts
the gravitational potential Up

conf , Eq. (16), obtained under
harmonic confinement for various confinement strengths ϵ (red
lines). While bothGp

△1
andUp

conf are finite at the origin onlyU
p
conf

approaches the Newtonian gravitational potential (black, dashed
line) in the far field. Note the different limits of the negative and
positive x3-axis: The negative half space covers the interval
½−L3=2; 0�, the positive half space is truncated at x3 ¼ 0.15 to
make the asymptotic behavior of Up

conf better observable.
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3. Symmetries and conserved quantities

Naturally, one is interested in conserved quantities of
Eq. (13) for even kernels but irrespective of its exact form.
By analyzing the action,

S ¼
Z

dt
Z
Ω3

dx3ðiψ�∂tψ −H½ψ ;ψ�; ∂x3ψ ; ∂x3ψ
�; t�Þ;

ð18Þ

with the Hamiltonian density,

H ¼ 1

2
ðj∂x3ψ j2 þ aðtÞðUp � jψ j2Þjψ j2Þ

generating Eq. (13) upon variation, it is straightforward to
show that such a system obeys mass and momentum
conservation. Moreover, Eq. (18) is invariant under galilean
boosts of the form,

ψðx; tÞ → eiðvx3−1
2
v2tÞψðx3 − vt; tÞ: ð19Þ

If we consider a static space-time, i.e., aðtÞ ¼ const,
Eq. (18) is also time translation invariant and the total
energy,

E½ψ � ¼
Z
Ω3

dx3H½ψ ;ψ�; ∂x3ψ ; ∂x3ψ
�; t� ¼ hTi þ a

2
hVi;

ð20Þ

is conserved as well. This is of course not true once space-
time is allowed to expand.
A symmetry unique to (1þ 1)-SP is the following

scaling transformation: If ψðx3; tÞ solves Eq. (13) with
Up ¼ Gp

△1
then so does

ψ̃ðx3; tÞ ¼ λ2ψðλx3; λ2tÞ; λ ∈ Rþ: ð21Þ

Equivalent scaling symmetries exist for d ¼ 2, 3 spatial
dimensions [28].

4. Properties of the (1+ 1)-FDM ground state

We already alluded in our introductory remarks to the
importance of stationary states of (3þ 1)-SP, especially the
role of its stable ground state that acts as dynamical
attractor and realizes a flat-density core inside relaxed dark
matter structures. Let us extend this discussion to the
previously derived one-dimensional FDM models by ana-
lyzing properties of the ground state to Eq. (13) that
influence the asymptotic (1þ 1)-FDM dynamics.
For practical purposes, ground states of mass N½ψ � ¼R
dx3jψ j2 ¼ M may be prepared by choosing an interaction

kernel and minimizing the grand canonical energy
Egrand½ψ � ¼ E½ψ � þ μðτÞN½ψ � by means of a gradient
descent with μðτÞ as chemical potential at descent

parameter τ. The reader is referred to [54,55] for numerical
details and [56] for a rigorous analysis on the existence and
uniqueness of a minimizer to Eq. (20) for (1þ 1)-SP under
free-space conditions. We note in passing that the chosen
numerical implementation of the gradient descent makes
the energy minimization approach equivalent to the well-
known imaginary time propagation method [52,57].
An exemplary gradient descent under transversal, har-

monic confinement is depicted in Fig. 2. As time progresses
the initial Gaussian distribution focuses more and more in
position space until the descent converges to a spatially
localized structure at τ ¼ 1.
Irrespective whether Up ¼ Up

conf or Up ¼ Gp
△1
, the

(1þ 1)-FDM ground state shows the following properties:

Solitary wave.—It is easy to see that the equation governing
the gradient descent, namely ∂τψ ¼ − 1

2
δ
δψ Egrand, reduces to

a stationary form of Eq. (13),

μðτ�ÞψGS ¼
�
−
1

2
∂2
x3 þ aðUp � jψGSj2Þ

�
ψGS; ð22Þ

once the energetic minimum at τ ¼ τ� is reached.

(a)

(b)

FIG. 2. Exemplary gradient descent for Up ¼ Up
conf, i.e., under

confinement, with ground state mass M ¼ 50, a ¼ 1 and
ϵ ¼ 10−2. (a) Densities at various stages of the minimization
procedure. (b) Evolution of kinetic (red), potential (yellow) and
total energy (black) normalized to the ground state energy EGS.
Also shown in green is the free-space, quantum virial theorem,
discussed in Sec. II C 1.
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Therefore, the ground state may be written in its
canonical, linear quantum mechanics form, ψGSðx3; tÞ ¼
ψGSðx3Þe−iμðτ�Þt, andwe concludeψGS is a solitarywave, i.e.,
a localized solution to a nonlinear equation with time
independent envelope jψ j2. Obviously, its persistent form
is also preserved for uniformly travelling configurations
obtained via Eq. (19).
Two remarks are in order: firstly, the above discussion

derives ψGS by minimizing the total energy functional. An
alternative approach, e.g., [27], is to interpret the nonlinear
eigenvalue problem of Eq. (22) as boundary value problem
and solve it via a shooting method. Secondly, recall the
scaling symmetry of Eq. (21) unique to (dþ 1)-SP.
Applying it to a single ground state gives access to an
entire family of ground states parametrized by their total

massM. Thus, for (1þ 1)-SP, it is sufficient to conduct the
energy minimization only once for an arbitrary reference
mass Mref . All other energy minimizers then follow from
rescaling with Eq. (21). Lacking an equivalent symmetry,
this is of course not true for the confinement model.

Inelastic collisions.—So far, we demonstrated the solitary
character of the (1þ 1)-FDM ground state. Naturally, we
are interested whether ψGS can also be identified as a
solitonic solution.
Strictly speaking, the concept of a soliton calls for a

rigorous mathematical definition. To keep technical details
to a minimum, we instead follow [58] and characterize a
soliton as a solitary wave that is invariant under interactions
with other solitons. Put differently, despite the nonlinear

(a)

(b)

(c)

FIG. 3. Inelastic interaction of an asymmetric high-mass, low-mass ground state configuration under strong, transversal confinement
(ϵ ¼ 10−2) and a ¼ 1. The evolution starts from Eq. (23). (a) Density evolution. Initially, both densities travel as solitary waves (red),
pass through each other (black, inset) and continue to propagate in a quasisolitary movement after the interaction (orange). By this we
mean a state for which neither linear dispersive nor nonlinear focusing effects induce a permanent deformation of the density. Instead,
one observes an oscillation around a solitary wave. Similar oscillatory behavior was found for (3þ 1)-SP, [27], once the ground state
density is perturbed. (b) Time evolution of the mass deviation of both ground states relative to their initial masses cf. Eq. (24).
Postinteraction, it is the high-mass ground state gaining additional matter at the expense of the lighter ground state. (c) Time evolution of
the total energy deviation of both ground states relative to their respective initial total energies. As for the mass, the interaction induces
an energy transfer from the low to high mass ground state. Notice, how the quasisolitary behavior of the postinteraction densities is also
seen in an oscillation of the energy deviation. Since the association of mass and energy contained in the positive and negative box half to
a particular solitary wave is ambiguous during the interaction, we deem data in the gray shaded interval of (b) and (c) as not reliable.
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evolution, solitons obey a superposition principle and
neither mass nor energy should be exchanged during the
interaction.
Figure 3 investigates the behavior of an asymmetric

configuration of two confined ground states with initial
masses M1 ¼ 50 and M2 ¼ 100 and ϵ ¼ 10−2, boosted
onto a collision course with

ψ0ðx3Þ ¼ ψGS;1ðx3 þ x0Þeivx3 þ ψGS;2ðx3 − x0Þe−ivx3 :
ð23Þ

Figure 3(a) depicts the matter density in a precollision
time window, an instance during the ground state inter-
action (t ≈ 17.4) as well as a postcollision time window
around t ¼ 32. It is evident that the superposition principle
is not satisfied. After the interaction took place both ground
states propagate in a quasisolitary fashion in which linear
dispersive and nonlinear focusing effects are not exactly
balanced anymore. Instead one finds a periodic expansion
and recontraction of the matter distribution once the
dispersion or nonlocal, nonlinearity dominates. Similar
oscillatory behavior was found for the (3þ 1)-SP ground
state, [27], once the density is perturbed. Nevertheless, on
average the postinteraction configuration is still comprised
of two solitary, or stationary, states.
To investigate whether these postinteraction, solitary

waves are different from their initial composition, we
analyze the deviation in mass [Fig. 3(b)] and total energy
[Fig. 3(c)] from their initial values. For instance, the mass
difference for the M1-ground is inferred as

ΔMðtÞ ¼
ZL3

2
Θðt−tcollÞ

−L3
2
Θðtcoll−tÞ

dx3jψðx3; tÞj2 −M1; ð24Þ

with tcoll as collision time naively inferred from the uniform
velocity v at t ¼ 0.
One finds a symmetric mass and energy gap after the

interaction: Both mass and energy were transferred from
the low to high mass solitary wave. Clearly, such a matter
and energy transfer should not exist if the confined ground
state were a true soliton. We note although the reported
energy and mass differences are small they are robust under
variation of Δt; see Sec. III B for more information.
Qualitatively similar results were found for (1þ 1)-SP.
Therefore, (1þ 1)-FDM ground states—at least the ones
considered here—are not solitons in the strict sense of the
word, but interact inelastically by exchanging mass and
energy during encounters, typically reshuffling them from
the low-mass to the high-mass solitary wave.
Of particular interest is the case of multiple successive

interactions which, thanks to the periodicity of the box, is
easily observed by increasing the integration time. The
reader is referred to Sec. IV B 2 for more details.

Mass-size relation.—As we will see, understanding the
discrepancies between the attained asymptotic states of
(1þ 1)-SP and the confinement model, Sec. IV B 4, hinges
on the ratio RðL3Þ=σðMÞ, i.e., the interaction range R given
a periodic box of size L3 compared to the spatial extent σ of
a mass M ground state.
Deriving σðMÞ is particularly simple in case of the

unconfined FDM model as Madelung’s ansatz relates
(1þ 1)-SP to a one-dimensional version of the hydro-
dynamic description of Eqs. (7)–(6c). In the ground state’s
rest frame these reduce to the condition of hydrostatic
equilibrium. Dimensional analysis then yields σ ∝ M−1

3.
The situation is more involved under harmonic confine-

ment due to the missing partial differential equation for the
gravitational potential. Thus, the spatial extent is deduced
numerically by defining

0.99M≡
Z

σ

−σ
dx3jψGSj2; ð25Þ

and extracting σ for various, spatially centered ground states
of massM. Figure 4 depicts the result for a static space-time
with a ¼ 1 for both (1þ 1)-FDMmodels.While (1þ 1)-SP
shows satisfactory agreement with the dimensional analysis,
σðMÞ ¼ 2.8 ·M−0.34, a strongly confined matter density at
ϵ ¼ 10−2 results in a narrower ground state distribution at
equal mass M. In this case σðMÞ ¼ 4.9 ·M−0.72.

C. Relaxation mechanisms and equilibrium properties

It is a priori not clear what dynamical mechanisms drive
(1þ 1)-FDM into its asymptotic equilibrium configuration
let alone whether both reduction models obey the same

FIG. 4. Spatial extent of the one-dimensional FDM ground
states as a function of mass M at a ¼ 1. Each data point
corresponds to a solitary wave prepared by the gradient descent
shown in Fig. 2. The spatial extent of the matter distribution is
extracted according to Eq. (25). For Up ¼ Gp

△1
(blue) we find

σðMÞ ¼ 2.8 ·M−0.34 and consequently good agreement with
dimensional analysis. Under strong harmonic confinement, i.e.,
Up ¼ Up

conf and ϵ ¼ 10−2 (red) one deduces σðMÞ ¼ 4.9 ·M−0.72

over 2 orders of magnitude in M.
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relaxation processes—recall the discrepancies in the inter-
actions of (1þ 1)-SP and the confinement scenario.
Given the approximative CDM interpretation of FDM in

Sec. II A 2 b, classical, noncollisional relaxation mecha-
nism may be a viable option, in particular a combination of
phase mixing and violent relaxation; see [59,60]. These
processes induce a filamentation of the phase space
dynamics alongside a redistribution of energy inside the
self-gravitating structure due to its fluctuating gravitational
potential.
On the other hand, (3þ 1)-FDM-typical mechanisms

like gravitational cooling, [30], may be recovered even in
one dimension, allowing collapsing matter structures to
relax into an equilibrated state by radiating away excess
energy in form of small scale matter waves.
Which relaxation channels are realized is discussed in

Sec. IV B 2. Here, we ask what properties the equilibrated
system configuration should have and how they may be
measured such that the progress on the overall system
evolution can be quantified.

1. Virial equilibrium

Application of Ehrenfest’s Theorem for the virial oper-
ator Ĝ ¼ p̂ x̂ gives rise to a quantum analogue of the scalar
virial theorem. For bounded dynamics, i.e., hĜiðtÞ < ∞,
and periodic boundary conditions it reads

0 ¼ 2ðhTiÞ∞ − ðahx3∂x3ViÞ∞
þ L

2
ððψ�ð0; tÞ∂2

x3ψð0; tÞ − j∂x3ψð0; tÞj2Þ∞ ð26Þ

with ðAÞ∞ ¼ limt→∞
1
t

R
t
0 dt

0Aðt0Þ. Relaxation into virial
equilibrium, i.e., the regime where Eq. (26) is (approx-
imately) satisfied, is then to be understood as a conse-
quence of the evolution under Schrödingers equation. That
said, any finite quantum system would virialize in the
limit t → ∞.
A couple of remarks are in order. Firstly, note Eq. (26)

only holds in the limit t → ∞. A notable exception are
stationary states, like the (1þ 1)-FDM ground states of
Sec. II B 4, which obey Eq. (26) without time averaging
cf. [61]. If in addition fluctuations are present, we may
assess virialization of the total system by assuming Eq. (26)
were approximately achieved after a finite thermaliza-
tion time.
Secondly, we draw special attention to the boundary

term,

BðtÞ ¼ ψ�ð0; tÞ∂2
x3ψð0; tÞ − j∂x3ψð0; tÞj2; ð27Þ

in Eq. (26). It emerges from the necessity to extend the
domain of the Hamiltonian onto states like xψ which are
not periodic but appear once Ehrenfest’s theorem is applied
to Ĝ; see [62]. Obviously, the boundary term is negligible,

if ψ decays rapidly towards the box boundaries, like in
Fig. 2, or when artificial absorbing potentials are used to
limit the physically relevant domain size; see e.g., [17,29].

2. Maximum entropy

From a statistical physics viewpoint, one generally
expects the system to maximize its entropy. In fact, the
idea of entropy maximization is close to the original
approach of [59], showing that mixing processes under
Vlasov-Poisson imply a quasistationary phase-space dis-
tribution that maximizes the system’s entropy on a macro-
scopic, i.e., coarse-grained level.
To adopt this idea for FDM, we use Husimi’s distribu-

tion, i.e., f̄W in Eq. (5) and define a FDM entropy
functional resembling Boltzmann’s entropy [63],

S½f̄W � ¼ −
1

2π

Z
dx3dk3f̄W log f̄W: ð28Þ

Thus, an equilibrated, thermalized system state is reached,
once ΔS ¼ SðtÞ − Sð0Þ saturates. We note this approach
was also proposed by [24].

III. NUMERICAL METHOD

We briefly explain a simple, yet accurate spatial discre-
tization of Eq. (13) and sketch an approximation to its time
evolution operator. The main properties of the presented
method are summarized. Formore information, especially on
the method’s behavior under expanding space-time condi-
tions, the reader is referred to the Appendix. Additional
information on general NLSE numerics can be found in [64].
A recent survey of existing numerical techniques on our
subject is given by [65].

A. Spatial discretization

Since Eq. (13) is defined on a periodic domain and
involves only second derivatives in space, expansion of ψ
in a truncated momentum eigenstate basis is a natural way
to discretize Eq. (13) in momentum space and diagonalize
the kinetic part of the Hamiltonian. Discreteness in real
space is then achieved by evaluating the momentum state
expansion of ψ on sites fxjgj¼0…N−1 with uniform spacing
Δx ¼ L=N. This translates Eq. (13) into the finite dimen-
sional, ordinary differential equation,

i∂tψðtÞ ¼
�
F † k3k

⊺
3

2
F|fflfflfflfflfflffl{zfflfflfflfflfflffl}

ĤK

þ aðtÞVðjψðtÞj2Þ�|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
ĤV ðt;jψj2Þ

�
ψðtÞ; ð29Þ

with ψ j ¼ ψðxj; tÞ, ðk3Þn ¼ 2π
L3
n and F denoting the

change of basis matrix from the real space to the momen-
tum basis. In practice the action of F and its inverse F † on
ψ are implemented as discrete fast Fourier transform.
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The nonlinear, nonlocal potential is absorbed into the
diagonal matrix Vðjψj2Þ and follows directly from the
convolution theorem,

Diag½VðjψðtÞj2Þ� ¼ F †cUπF jψðtÞj2;
with the, in momentum space diagonal, kernel coefficient

matrix cUπ ,

Diag½cUπ� ¼

8>>><
>>>:

0 n ¼ 0

− 1
ðk3Þ2n n ≠ 0ð1þ 1ÞSP

− 1
4πUð1; 1; 1

2
ðk3Þ2nϵ2Þ n ≠ 0 confined:

B. Time evolution operator

Starting from Eq. (29) it remains to find an approximation
to the time evolution operator ψðtþ t0Þ ¼ ÛKþVðt0;
t0 þ ΔtÞψðt0Þ. For this, the idea of operator splitting is
employed—a common choice for integrating NLSEs. Thus,
we first find (approximate) evolution operators for the
kinetic, ĤK , and potential Hamiltonian, ĤV , individually
and combine them into an approximation for ÛKþV
afterwards.
The solution to the kinetic problem is trivial and reads

ÛKðΔtÞ≡ ÛKðt0; t0 þ ΔtÞ ¼ F † exp

�
−i

k3k
⊺
3

2
Δt

�
F :

For the potential subproblem we recall ĤV is diagonal
in real space, implying ½ĤVðtÞ; ĤVðt0Þ� ¼ 0. Thus, its
time evolution operator can be written as ÛVðΔtÞ ¼
exp½−i R t0þΔt

t0 dtĤVðt; jψðtÞj2Þ�, and it remains to approxi-
mate the time integral over ĤV.
Fortunately, it is easily verified that evolution under the

nonlinearHamiltonian ĤV satisfies d
dt jψ j2 ¼ 0. It is therefore

sufficient to substitute ĤVðt; jψðtÞj2Þ → ĤVðt; jψðt0Þj2Þ
which (i) reduces the task of approximating the time integral
over ĤV to approximating the integral over the scale factor
aðtÞ and (ii) allows for an explicit treatment of the non-
linearity, i.e., without the need to solve a nonlinear system of
equations.
Application of the midpoint rule yields the following

unitary approximation to ÛVðΔtÞ:

ÛVðΔtÞ ¼ ÛVðΔt; t0Þ þOðΔt3Þ

¼ exp

�
−ia

�
t0 þ

Δt
2

�
Vðjψðt0Þj2ÞΔt

�
þOðΔt3Þ:

Finally, after composing both evolution operators in a
second order Strang scheme, we arrive at the approximation
to ÛKþV ,

ÛKþV ¼ ÛK

�
Δt
2

�
∘ÛVðΔt; t0Þ∘ÛK

�
Δt
2

�
þOðΔt3Þ:

C. Summary of properties

The presented method is a simple extension to the kick-
drift-kick scheme of [17]. In fact, for static space-times
both methods are equivalent. Aside from its implementa-
tional simplicity and resemblance of the symplectic leap-
frog method, it is unitary by design, explicit, second-order
accurate in time, spectrally accurate in space (assuming ψ is
smooth) and provides a convenient unified approach for
both dimension-reduction models. The computational com-
plexity per integration step is OðN logNÞ due to the fast
Fourier transformations, requiring OðNÞ memory.
Furthermore, for time-independent, nonlinear coupling

constants, the approximate evolution operator is time-
symmetric, shows unconditionally stable numerical behav-
ior and conserves energy, Eq. (20), approximately with a
bounded error [66].
For nonstatic background cosmologies, time-symmetry

and energy conservation are broken by the continuous
problem. Concerning stability, our tests indicate an expo-
nentially growing error at high redshifts. We expect this
result to be to intrinsic to constant time step integration
methods under space-time expansion. Further information
on the convergence properties of our numerical method are
given in the Appendix.

IV. RESULTS OF NUMERICAL SIMULATIONS

A. Structure growth under (1 + 1)-SP

We investigate the mean cosmic structure growth in an
ensemble of FDM-only universes obeying (1þ 1)-SP. The
purpose of this study is to explain characteristic properties of
the nonlinear FDM matter power spectrum PðkÞ ¼ hjδ̂kj2i.

1. Simulation setup

To this end, we follow the evolution of N ¼ 100
realizations of a Gaussian random field δðx; a0Þ in a
flat, radiation free FLRW background cosmology with
Ωm ¼ ΩDM þ Ωbaryon ¼ 0.3, H0 ¼ 68 km s−1 Mpc−1 and
power spectrum,

Pðk; a0Þ ¼ D2
0ða0ÞT2

dimðkÞT2
FDMðkÞPCDMðkÞ; ð30Þ

with k ¼ jk3j. Here, D2
0ða0Þ denotes the linear growth

factor; see [67], normalized to unity at z ¼ 0, PCDMðkÞ the
linear CDM power spectrum produced by CAMB, see [68],
at redshift z ¼ 0, T2

FDMðkÞ the CDM to FDM transfer
function of [12] and T2

dimðkÞ ¼ k2
2π a transfer function

reducing the spectrum’s dimensionality to 1 spatial degree
of freedom. The latter follows from demanding a dimension
independent real space variance.
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The initial phase function, Sðx; a0Þ, is obtained from
Eq. (6a) by solving

∂2
xSðx; a0Þ ¼ −ma20Hða0Þδðx; a0Þ:

Once fδðx; a0Þ; Sðx; a0Þg are known, the initial wave
function follows from Madelung’s ansatz; see Sec. II A 3.
Each realization starts from z0 ¼ 100 and is integrated

until z ¼ 0. For the FDM mass two fiducial values, namely
m1 ¼ 10−23 eV and m2 ¼ 10−22 eV are analyzed. To
guarantee sufficient resolution of PðkÞ at z ¼ 0, the number
of uniform spatial grid points is set to N ¼ 222, implying
for L ¼ 100 Mpc a step size of Δx ¼ 23.8 pc.

2. Overall evolution of the matter power spectrum

Figure 5 illustrates the evolution of the matter power
spectrum form1 ¼ 10−23 eV, Fig. 5(a), andm2 ¼ 10−22 eV,
Fig. 5(b), at various redshifts z. In both panels, the solid black

line represents the linearly rescaled and dimensionally
reduced reference spectrum of Eq. (30) from which the
initial conditions of each realisation are drawn. It is charac-
terized by a flat, large scale regime quickly transitioning into
a steep power law suppression around kJðaÞ. Its exact
functional behavior is encapsulated in the FDM transfer
function TFDMðkÞ.
For both mass parameters the evolution of PðkÞ may be

summarized as follows: Early on, all modes behave
linearly, i.e., evolve according to Eq. (8). Recall that
complex modes δ̂k with k > kJðaÞ are stabilized by
quantum pressure and are therefore confined to a damped,
oscillatory motion with no increase in their magnitude jδ̂kj.
Consequently, as long as all modes evolve linearly, one
expects the power spectrum to stay close to its initial
shape for k ⪆ kJðaÞ. The situation at z ¼ 40 recovers this
behavior for both mass parameters but is best seen in
Fig. 5(b) in which PðkÞ slowly detaches itself from the
power law suppression regime for k < kJ. Recall linear
FDM modes evolve independent but differently. It is
therefore no surprise that the initial shape of PðkÞ is lost.
As time progresses, kJ proceeds to propagate outward

until all modes of interest are destabilized and collapse
under their own gravity. It is then that the linearized
description of Eq. (8) breaks down and nonlinear mode
coupling is expected to set in—the independence of each δ̂k
is lost. Driven by the focusing, nonlinear interaction, the
result is a redistribution of matter power across all non-
linearly evolving perturbation modes. This manifests itself
in two observable effects in Figs. 5(a) and 5(b) for all
redshifts z ≤ 10: Firstly, an intermediate coupling regime
emerges that is well described by PðkÞ ∝ k−1. Secondly, the
power suppression regime steepens even further and con-
tinues to travel outward, leaving a distinct cutoff in PðkÞ
at high k. Changing the mass parameter influences the
transition scale between both regimes.

3. The suppression scale

We recall from Sec. II A 3 that the Jeans length only
applies in the linear regime and can therefore not explain
the observed transition from matter coupling to suppres-
sion. On the other hand, the uncertainty principle remains
applicable even under nonlinear evolution. Thus, we adapt
the heuristic argument of Sec. II A 3 and again identify the
hydrodynamic velocity dispersion as a measure for the
velocity uncertainty σv, but this time infer the dispersion
directly from the simulation. The suppression scale ks then
follows from

ksðaÞ ¼
2π

σx
≈ 2πa

m
ℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hv2i − hvi2

q
ð31Þ

cf. Eq. (7). Figure 5 illustrates its ensemble average hksiðaÞ
as vertical dashed lines for z < 5. The correspondence
between hksiðaÞ and the true suppression scale is

(a)

(b)

FIG. 5. Evolution of the matter power spectrum PðkÞ ¼ hjδ̂kj2i
inferred from the simulation ensemble specified in Sec. IVA 1
with m1 ¼ 10−23 eV in (a) and m2 ¼ 10−22 eV in (b). The black
solid lines show the initial power spectrum, Eq. (30). After small
scales pass the time dependent Jeans scale kJðaÞ, their associated
perturbation modes δ̂k quickly grow in magnitude and couple to
other nonlinearly evolving modes. At late times, this leads to a
distinct shape of PðkÞ with two characteristic regimes: At high k
the comoving uncertainty principle induces a sharp power
suppression past ksðaÞ; see Eq. (31) and dashed, vertical lines.
By contrast, modes with intermediate values of k, induce a scale
free power spectrum with PðkÞ ∝ 1=k cf. Sec. IVA 4.
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convincing. We conclude that the small scale evolution
remains well explained by the uncertainty principle even in
the nonlinear evolution regime.

4. The coupling regime

For scales k < ksðaÞ one expects FDM to quickly recover
the evolution of cold dark matter (CDM). The observed
power-law behavior of PðkÞ at scales kbox ≪ k < ks should
therefore be an intrinsic property of CDMand a consequence
of it being collisionless. In fact, by analyzing the CDM
evolution in a Lagrangian frame, [69] found recently that the
small scale limit of the nonlinear CDM power spectrum in
(1þ 1) dimensions admits the asymptotic expansion,

PðkÞ ∼ C0
k
þ C1

k3
þ C2

k5
þ � � � þ Cn

k2nþ1
ðk → ∞Þ;

with numerical constants Cn set by the statistical averages of
odd derivatives of the Lagrangian displacement field. We
refer to [69] formore details. Since higher order terms die out
quickly for large enough k, the leading term is sufficient to
describe the small scale behavior ofPðkÞ and our low redshift
power spectra in Fig. 5 recover the expected 1=k scaling.
Obviously, the asymptotic behavior is violated once we
approach FDM-modified scales, i.e., past ksðaÞ.

B. Asymptotic (1 + 1)-FDM dynamics

We now shift our attention to the subject of asymptotic
dynamics and its equilibrated final (1þ 1)-FDM states. To
restrict the complexity of the analysis two simplifications
are introduced.
Firstly, artificial, i.e., noncosmologically motivated,

initial conditions are employed as these allow us to freely
set the degree of spatial localization. This is important since
spatially delocalized initial conditions, such as the
Gaussian random fields of Sec. IVA, usually come with
multiple overdense regions that collapse into multiple, high
mass clusters which then undergo a subsequent merger and
collision phase. It is these violent, late time events that
complicate the dynamics unnecessarily since they drive
already relaxed clusters again out of equilibrium, therefore
increasing the required integration time to re-relax into the
asymptotic state. Moreover, starting from a localized
configuration reduces the time to first collapse.
Secondly, to assure swift relaxation times the scale

factor, which acts as a coupling constant to the nonlinear
interaction, is fixed to a ¼ 1. Extensions of our static space
time results to the expanding FLRW scenario are deferred
to Sec. IV B 5.

1. Simulation setup

More precisely, all simulations reported in this section
depart from a Gaussian initial density with zero initial
velocity,

jψðx3; 0Þj2 ∝ e−
x2
3

2σ2 ; Arg½ψðx3; 0Þ� ¼ 0:

The standard deviation is chosen as σ ¼ 6k−1J ð1Þ cf. Eq. (9)
assuring instability of the entire spectrum of ψ right from
the beginning of the evolution. In order to comply with the
periodic boundary conditions up to floating point precision,
the box size is chosen as L3 ¼ 30σ ≈ 127 and the numeri-
cal study is conducted for both (1þ 1)-SP and the
harmonically confined reduction model. In both cases
the number of grid points was chosen such that the entire
wave function spectrum jψkj2 stays resolved throughout the
integration. The integration is stopped some time after
Eq. (26) and/or Eq. (28) indicate the completion of the
virialization and/or thermalization process.
All data are reported in dimensionless quantities. To get

some sense of scale, choosing the canonical FDM mass
m ¼ 10−22 eV and adopting identical cosmological param-
eters as in Sec. IVA 1 implies a box size of L3 ≈ 2.6 Mpc.
Both reduction models undergo two distinct evolutionary

phases—a relaxation period followed by a equilibrated
epoch. Their individual phenomenology, however, depends
strongly on the nonlocal interaction underlying each
(1þ 1)-FDM representation. Below we summarize key
aspects of both phases for each reduction model.

2. Relaxation

(1þ 1) Schrödinger-Poisson.—Figure 6 illustrates the
relaxation process under (1þ 1)-SP in multiple
observables.
For t ⪅ 5 relaxation takes place and is characterized by

recurring cycles of (i) infalling matter sheets crossing at the
origin, (ii) overshooting the crossing site at x3 ¼ L3=2,
(iii) decelerating until a turn-around radius is hit and finally
(iv) recollapsing towards the origin. These cycles do not
occur in a strictly sequential manner but are increasingly
superposed and thus induce a characteristic spiralization of
the phase space distribution in Fig. 6(b). Notice that space
regions exist in which multiple inward and outward
propagating matter streams coexists simultaneously.
The structure of the early phase space distributions,

Figs. 6(a) and 6(b) is qualitatively in good accordance with
the evolution of one-dimensional collisionless N-body
systems, e.g., [60], and furthermore show the natural
signature of phase mixing and (less pronounced) violent
relaxation. While phase mixing manifests itself in the ever
tighter spiralization of Husimi’s distribution, violent relax-
ation induces a small yet observable increase in the
occupied phase space volume. The expansion in k3-direc-
tion is best seen by comparing Figs. 6(a) and 6(b) whereas
the white dotted lines in Fig. 6(d) show the spatial
expansion. As for collisionless N-body systems, reason
for this expansion is the time-dependency of the gravita-
tional potential which dies out quickly after only 1–2
crossing cycles.
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(a) (b) (c)

(d)

(g)

(f)

(e)

FIG. 6. Relaxation process of an unstable Gaussian density profile under (1þ 1)-SP visualized in multiple observables. (a)–(c) Husimi
phase space distribution, Eq. (5), at characteristic stages of the evolution. For all panels a constant smoothing scale of σx ¼ 1=

ffiffiffi
2

p
was

used assuring equal resolution in the spatial and reciprocal domain. (a) Moment close to shell crossing, i.e., the instance in time when the
initially flat phase space sheet is perpendicular to the spatial axis and both inflowing matter streams cross for the first time. (b) After first
collapse, a recurring process of partial matter outflow from the crossing site accompanied by a subsequent matter recollapse takes place.
The result is a phase space spiral, characteristic for a one-dimensional, collisionless N-body systems; see [60,70]. (c) The coarse-grained
Husimi distribution, however, attains a quasistationary form which we associate with the asymptotic, equilibrated system state.
(d) Spatiotemporal evolution of the matter density jψ j2. No qualitatively new features appear in the density past t ≈ 5 and matter stays
organized in a central, high-density core embedded in a halo of fluctuations. White dotted lines visualize the (slight) density expansion in
x-space due to violent relaxation (see main text). (e) Energy evolution. The conservation of Eq. (20) is apparent. (f) Assessment of the
relaxation process in terms of the quantum virial theorem, Eq. (26). The absolute deviation from Eq. (26) decays quickly until t ≈ 5
when a lower limit is reached. (g) Assessment of the relaxation process in terms of the proposed maximization of the entropy functional
defined in Eq. (28). The entropy evolves in a not strictly monotonically increasing fashion until it saturates at t ≈ 5. Comparing (f) and
(g) reveals that virialization and thermalization occur on the same time scale. All energies were normalized to a M ¼ L3 (1þ 1)-SP
ground state.
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Each cycle stage is also observable in the energy
components in Fig. 6(e), where an increase in the kinetic
energy follows from the steep gradient of ψ when matter
streams intersect and are therefore maximally localized in
space. Once matter flows outward the system is less bound
thus increasing the expectation value of the potential
energy.
Only 3–4 cycles are required to (i) minimize the absolute

deviation from the quantum virial theorem in Fig. 6(f) and
(ii) saturate the value of the entropy functional in Fig. 6(g)
around t ⪅ 5. Thus, the thermalization and virialization
time scale are essentially identical and both metrics capture
the convergence into the asymptotic state equally well in
this example. Furthermore, the boundary term B, Eq. (27),
is negligible in this setting as the long interaction range of
Gp

△1
does not allow ejected matter clumps to propagate till

the domain boundaries. Hence ψ and its derivatives persist
to be small at x3 ¼ 0.

Strong harmonic confinement.—Figure 7 depicts the sit-
uation under strong, harmonic confinement with ϵ ¼ 0.01.
Again, a relaxation and quasistationary phase may be
identified. Their respective duration, however, is opposite
to (1þ 1)-SP.
During relaxation, i.e., when t ⪅ 950, the system exhib-

its a short phase of matter emission in response to the
violent collapse of the initial conditions, best seen in
spatiotemporal evolution of jψ j2 in Fig. 7(d), around
t ≈ 2. There, multiple, stable density excitations of various
masses depart from the position of first collapse, propagate
outward, overcome the central gravitational potential at
x3 ¼ L3=2 and proceed to travel towards the domain
boundaries as unbound excitations. Closer inspection
reveals the non-diffusive, form invariant nature of these
excitations—solitary waves.
The remaining part of the relaxation phase may then be

summarized as a series of inelastic solitary wave encoun-
ters, akin to Sec. II B 4 b. Recall during these encounters
matter and energy is transferred from the low to high mass
solitary wave.
Once the kinetic energy of a lowmass stationary excitation

is insufficient to escape the gravitational well of a high mass
solitary wave, a merger takes place, Fig. 7(b). The matter of
both waves then reorganizes into a single gravitationally
bound structure while expelling excess energy in form of
small scale background fluctuations—the signature of gravi-
tational cooling, [30]. These become visible as completely
delocalized background in which all solitary waves are
embedded.
As the gas of solitary excitations continues to rarefy, the

background grows in magnitude up to Oð1Þ until all
stationary states have been consumed by a single high
mass solitary wave; see Fig. 7(c). At this point the
asymptotic, relaxed system configuration is reached.

Inspection of the virialization theorem, Fig. 7(f), and the
entropy evolution, Fig. 7(g), reveal that both observables
capture the relaxation process equally well and report
virialization or thermalization around t ≈ 950 respectively.
Importantly, since the dynamics spans over the entire
domain, the boundary term in Eq. (27) cannot be neglected.
In fact, a naive application of the quantum virial theorem
omitting the boundary term would suggest a departure from
the equilibrium state.
Let us close this section by mentioning two imperfections

of the reported data. Firstly, jψ j2 experiences an unphysical
symmetry breaking around x3 ¼ L3=2 in its evolution past
t ¼ 100 being induced by small numerical errors. The same
symmetry breaking is also apparent in Fig. 6 for (1þ 1)-SP.
Assessing the situation in more detail reveals an absolute
momentum drift of hpi ¼ 10−3. Given the long integration
time and the high degree ofmobility seen in jψ j2, we find this
momentum conservation violation still to be acceptable.
Secondly, the evolution of the virial theorem experiences

unphysical jumps when significant amounts ofmatter travels
across the domain boundary, e.g., at t ≈ 250. These upticks
originate from sudden changes in the boundary term,
Eq. (27), being insufficiently resolved in the continuous
time averaging of Eq. (26). Clearly, increasing the sampling
rate of ψ around these events mediates this problem.
However, one cannot anticipate a priori when matter flows
past the periodic boundary, making the nonstationary virial
theorem cumbersome to work with in practice.

3. Final states

(1þ 1) Schrödinger-Poisson.—Past t ≈ 5, one finds the
system in a quasistationary configuration. We coin the
attained state quasistationary since the entire matter density
still undergoes significant time-dependent variation yet
does not produce qualitatively new features in the spatio-
temporal evolution of jψ j2 cf. Fig. 6(d). What remains is a
circular phase space distribution comprised of a high
density core and halo of fluctuations surrounding it, see
Fig. 6(b). One may think of this phase space distribution as
the result of smoothing out the fine-grained filament
structure of an ever tighter spiralized distribution on the
scale of Heisenberg’s uncertainty principle σxσk ¼ 1

2
.

To answer whether the core coincides with a (1þ 1)-SP
ground state, we consider the mean spectral composition of
jψk3 j2 obtained by averaging 100 quasistationary wave
functions past t > 990, i.e., well inside the relaxed epoch.
Figure 8(a) compares the result with the spectrum of a
(1þ 1)-SP ground state of maximum mass M ¼ L3. The
ground states were generated independently, as discussed in
Sec. II B 4. Evidently, no convincing agreement is
achieved, and the time asymptotic spectrum appears gen-
erally too broad for any viable ground state with M < L3.
Changing the width and location of the averaging time
interval does not yield any improvements.
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(a) (b) (c)

(g)

(f)

(e)

(d)

FIG. 7. Relaxation process of an unstable Gaussian density profile under strong confinement, i.e., ϵ ¼ 0.01, in multiple observables.
(d) Spatiotemporal evolution of jψ j2. One finds a stark contrast in the evolution of the strongly confined reduction model compared to
the unconfined scenario in Fig. 6. In particular, nondiffusive, stable excitations are ejected from the collapse sight. Their bulk velocity is
sufficient to leave the small interaction range of Up

conf and thus propagate freely through the entire domain without recollapsing to the
domain center. The subsequent evolution may then be summarized as series of inelastic solitary wave interactions involving different
mass ratios and during which high mass excitations slowly consume small mass excitations until a final solitary wave persists
at t ¼ 1000. As a byproduct a completely delocalized fluctuation background emerges that increases in magnitude up to Oð1Þ.
(a)–(c) Spatially recentered Husimi distributions, see Eq. (5). σx chosen as in Fig. 6. (a) Contrary to (1þ 1)-SP no phase space spiral
develops. Instead circular, solitary excitations manage to leave the central gravitational potential. (b) Example of a excitation merger
taking place in a spatially delocalized, fluctuating background. (c) Quasistationary, final state after all solitary waves merged into a
single high mass stationary configuration. (e) Energy evolution. Again total energy conservation is apparent. Variations in the potential
and kinetic energy originate from solitary interactions and the associate expel of excess energy during their mergers. (f) Deviation from
the virial theorem in Eq. (26). Note without the boundary term the system would depart from virial equilibrium. All energies in (e) and
(f) are normalized to the ground state shown in Fig. 9. (g) Entropy evolution cf. Eq. (28). Thermalization takes significantly longer
compared to (1þ 1)-SP and is only completed at t ≈ 900 when all solitary excitations have been consumed. The thermalization time is
again comparable to the virialization time.
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We conclude although (1þ 1)-SP realizes a cored
density profile, this core is not a ground state configuration
of its Hamiltonian—a qualitative difference to (3þ 1)-SP.
Nevertheless, there is still something to be learned about
the obtained long term density distribution. The comple-
mentary, classical view point of Sec. II A 2 b suggests to
compare the results of (1þ 1)-SP with predictions for one-
dimensional, collisionless N-body systems, in particular
density profiles for dark matter haloes.
For the situation at hand [60] observed how phase mixing

and violent relaxation drives such system towards power-law
densities ρðx3Þ ∝ jx3j−γ with γ ≃ 0.5. Inspired by Einasto’s
profile, [71], the authors of [72] extended this halo model by
an exponential suppression factor dominant past a cutoff
radius r0. Following this argumentation, one expects

ρðx3Þ ∝ jx3j−γ exp
�
−
�jx3j

r0

�
2−γ

�
ð32Þ

for a d ¼ 1 dimensional CDM halo located at x3 ¼ 0.

In accordance with [44], we consider the integrated and
normalized halo massMðjx3jÞ=L ¼ 2

L

R jx3j
0 dx3ρðx3Þ instead

of ρðx3Þ, thus sparing us to choose a particular value of the
smoothing scale σx—recall the necessity of smoothing to
obtain a satisfactory Vlasov-Schrödinger correspondence.
Figure 8(b) depicts how this halo model compares to the
simulated (1þ 1)-SP density at t ¼ 1000. We observe a
satisfactory correspondence with the fit model of Eq. (32) at
γ ≈ 0.62. Better results are achievable in the limit ℏ → 0;
see [44].

(1þ 1) Strong harmonic confinement.—Repeating the
spectral analysis in Fig. 9(a) yields convincing accordance
between the mean wave function spectrum and a strongly
confined ground state of mass M ¼ 48. The remaining
spectral disturbances which were not completely sup-
pressed by the time-averaging are confined to jk3j < 10.
Comparison with the quasistationary phase space distribu-
tion in Fig. 7(c) shows they originate from the delocalized
background oscillations.
We conclude that the inelastic excitation dynamics

experienced during relaxation does in fact drive the system
towards a single high mass ground state. One may regard
the minimal energy solution as the fixed point in the long
term evolution under strong confinement—a result in stark
contrast to our observations for (1þ 1)-SP but qualitatively
close to the (3þ 1)-FDM phenomenology.
The halo matter undergoes spatial variation which

diminish after averaging multiple radial density profiles
in the same time window used for Fig. 9(a). The resulting
mean density of Fig. 9(b) then indicates a power law halo
profile outside the core consistent with the decay behavior
of the numerically obtained (1þ 1)-SP halo. This is to be
expected, since there is no reason to assume a strongly
confined, one-dimensional halo organizes into a canonical
1=jx3j3-NFW profile [31]. Intuitively, the behavior of a
dark matter halo should be influenced by (i) the interaction
in the far field and (ii) dimension dependent effects such as
geometrical dilution.
To substantiate this claim, we impose spherical sym-

metry to the full-fledged problem in Eq. (1) and adopt the
regularization approach of [73]. The choice of spherical
symmetry presents yet another reduction of dimensionality
to (1þ 1). Doing so allows us to implement the same 1=r-
far field behavior as in our confinement model while
making the density dilution in radial direction manifest.
Excess matter radiated away during the relaxation process
is suppressed with a complex absorbing potential situated at
the domain boundary, e.g., [27,29]. We refer to Fig. 10 for
the relaxed, mean density profile obtained from a ensemble
of N ¼ 20 Gaussian initial conditions of various masses.
Application of the scaling symmetry, Eq. (21), allows us to
rescale each realization to a common peak density.
Evidently, matter not included in the ground state core
now organizes into a NFW profile.

(b)

(a)

FIG. 8. Analysis of the quasistationary state of (1þ 1)-SP
extracted from Fig. 6. (a) Comparison of the mean wave function
spectrum obtained by averaging 100 wave functions past t ¼ 990
alongside two (1þ 1)-SP ground state spectra. The latter were
generated by means of a gradient descent, Sec. II B 4. The poor
correspondence between the spectra suggests that the minimal
energy solutions to (1þ 1)-SP does not act as dynamical
attractors in the evolution. (b) Integrated and normalized FDM
density obtained from jψ j2 at t ¼ 1000 after radial averaging.
One finds good correspondence with the halo density model of
Eq. (32) with γ ≈ 0.62.
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4. Control of self-organization processes

The foregoing discussion highlighted the superiority of
the transversal confinement model in mapping the (3þ 1)-
FDM phenomenology to one-dimensional analogues—
while both models indicate reasonable accordance with
classical predictions for the outer halo density, it is only
under confinement that the equilibrated state evolves
towards a ground state core.
In fact, the observed self-organization principle of

(1þ 1)-FDM under strong confinement is not new. The
author of [74] showed how for a class of focusing, local
nonlinearities of the NLSE perturbed uniform initial con-
ditions have a single soliton as dynamical attractor. More
precisely, the perturbed initial conditions develop a number
of small mass solitons which subsequently merge into a
single high-mass soliton at late times. This phenomenon
was coined soliton turbulence, and it was argued it is

“thermodynamically favorable” for the system to develop
in this particular way. The authors of [75] later put these
findings on more theoretical grounds by developing a
statistical theory around a mean-field approximation of
the nonlinear Hamiltonian obeying a maximum entropy
principle.
The problem of nonlocal interactions was considered in

the context of nonlinear optics by [5]. Numerical and
analytical arguments showed that the dynamics is mainly
driven by the ratio between the interaction range R and the
soliton size σ: if the interaction range is too large, matter far
away from a potential soliton, but still within interaction
range, contributes significantly to the convolution integral.
Consequently, the delicate potential required to form a
soliton gets averaged out by the surrounding fluctuations.
Hence, one expect soliton-turbulence-like behavior for
R ≪ σ. In case of R ≥ σ, the system organized into a
“spatially localized incoherent structure” coined incoherent
soliton. Their results resemble our findings for the quasista-
tionary state of (1þ 1)-SP.
A limit not yet discussed, is the weak confinement

regime, i.e., ϵ → ∞. It is intuitively clear that in this case
the interaction kernel Up

conf should approach Gp
△1
. A more

careful analysis shows

Up
confðx3; x03Þ ∼

1

2πϵ2
Gp

△1
ðx3; x03Þ ðϵ → ∞Þ:

Increasing ϵ should therefore allow us to observe a
transition from the soliton to incoherent soliton turbulence
regime. To keep relaxation times comparable we also
substitute a → 2πϵ2a so that the effective nonlinear cou-
pling stays unity.

(b)

(a)

FIG. 9. Analysis of the quasistationary state under strong
harmonic confinement with ϵ ¼ 0.01 extracted from Fig. 6.
(a) Comparison of the mean wave function spectrum obtained
by averaging 100 wave functions past t ¼ 990 alongside the best
matching ground state of mass M ¼ 48 cf. Fig. 2. Also note that
the remaining deviations from the ground state spectrum are
confined to jk3j < 10—exactly the wave number regime in which
the delocalized background density is situated in Fig. 7. (b) Ra-
dially and temporally averaged density. Time averaging as in (a).
Again a clear distinction between ground state core and adjacent
halo density can be made. Moreover, the halo surrounding the
core indicates the same power law scaling found for the (1þ 1)-
SP halo of Fig. 8.

FIG. 10. Ensemble averaged radial density deduced from
N ¼ 20 realizations of different mass, initial Gaussians. The
integration was performed under the assumption of spherical
symmetry. Notice that in addition to the ground state (“solitonic”)
core, the remaining matter organizes into a power law halo,
ρ ∝ rγ , at larger radii. A fit yields γ ≈ −3.1. Within the limits of
accuracy of our data, we deem this to be consistent with the
asymptotic behavior of the NFW halo density, i.e., ρ ∼ r−3,
shown as gray solid line.
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Figure 11 compares the asymptotic state obtained under
strong, weak, and no confinement alongside the respective
interaction range RðLÞ, Eq. (17), and soliton extent
σðMÞ, Eq. (25).
We find confinement parameters larger than unity to

quickly approach quasistationary states comprised of many
density maxima beating against each other around the
origin. These configurations are qualitatively identical to
the (1þ 1)-SP case. Comparing the maximal, boundary
condition compatible soliton size σmax with the interaction
range RðL3Þ at the chosen domain size L3 ≈ 127 shows
σ=R < 0.1, which according to [5] implies “incoherent
soliton” dynamics, and in particular no solitonic attractor.
On the other hand comparing both length scales for
ϵ ¼ 0.01, where a M ¼ 48 soliton is formed, we have
σ=R > 1, consistent with the soliton turbulence regime.

5. Space-time expansion

The foregoing results of Sec. IVB 4 allow us to extend the
discussion to nonstatic background cosmologies. We first
note that the interaction range, as defined in Eq. (17), is
independent of the nonlinear coupling constant. The soliton

size σðMÞ, on the other hand, is. This is intuitively clear:
Decreasing the nonlinear coupling increases the importance
of the diffusive character of kinetic term in theHamiltonian—
we approach a free Schrödinger equation. Hence, the radius
at which the focusing nature of the nonlinearity balances
the kinetic term is expected to increase as well.
Under strong confinement cf. Fig. 11(b) an expanding

background cosmology would therefore drive the system
even further into the soliton turbulence regime σ ≫ RðLÞ.
Without confinement cf. Fig. 11(f) the typical increase of

σðMÞ experienced by starting from reasonable initial red-
shifts, say z ¼ 100, is insufficient to realize σmax ≈ RðLÞ,
around which a transition to the soliton turbulence regime
should occur. Note that here σmax > RðLÞ is never achievable
as it would violate the periodic boundary conditions. That
said, allowing for a time dependent coupling constant has,
aside from numerical implications, also influence on the
relaxation time. Preliminary analysis shows that although the
strong confinement scenario including a Friedmann-
Lemaître-Robertson-Walker (FLRW) background does trend
towards a ground state (“solitonic”) spectrum, relaxation is
not completed at z ¼ 0. Figure 12 illustrates this result.A full-
fledged analysis of the expandingmodel is left to futurework.

(a) (c) (e)

(b) (d) (f)

FIG. 11. Overview of asymptotic states as a function of the confinement parameter ϵ. From left to right, we have (a)–(b) analyzing the
strong confinement limit (ϵ ¼ 10−2), (c)–(d) assessing the weak confinement regime (ϵ ¼ 5) and (e)–(f) evaluating the uniform
reduction scenario in the limit ϵ → ∞, i.e., (1þ 1)-SP. Upper panels: Snapshot of the attained quasistationary states. Lower panels:
Comparison of the interaction range RðL3Þ, Eq. (17), and the soliton size σðMÞ, Eq. (25). Crosses denote soliton sizes directly inferred
from the gradient descent of various mass solitons cf. Fig. 4. Solitons with sizes inside the gray shaded area do not exist as they violate
periodic boundary conditions. For ϵ > 1, we find a transition away from turbulent soliton dynamics toward a “incoherent soliton”
configuration, i.e., a highly fluctuating state comprised of many density maxima beating against each other in real space. As argued in
[5], this regime is entered once the interaction range RðL3Þ is significantly larger than the soliton size σðMÞ. Even in the best case
scenario for (d) and (f), i.e., when a soliton of maximal size could form, one still finds σmax=RðL3 ≈ 127Þ < 0.1—far outside the soliton
regime. By contrast, the strong confinement scenario of Fig. 9, or equivalently (a), realizes σðM ¼ 48Þ=RðL3 ≈ 127Þ > 1 and is
therefore well inside the soliton regime.
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V. CONCLUSION

Purpose of this work was to conduct an extensive
numerical study on the applicability of the fuzzy dark
matter (FDM) model in one spatial dimension. Particular
emphasis was put on (i) the properties of the system’s long
term evolution, (ii) the structure of the relaxed, asymptotic
system state and how it compares to the core-halo structure
of (3þ 1)-FDM, as well as (iii) which model parameters
may be used to control its phenomenology. To this end, we
derived two distinct one-dimensional FDM models by
either allowing for a complete delocalization of matter in
the transversal plane, (1þ 1)-SP, or by confining all matter
along one spatial direction. While both models realize long
range interactions free of singularities, it is only under
strong confinement that the nonlocal interaction recovers
the desired −1=r interaction at large distances.
We proceeded to investigate the mean cosmic structure

growth in an ensemble of FDM-only, flat FLRW-universes
obeying (1þ 1)-SP and starting from cosmological initial
conditions. By following the evolution of the matter power
spectrum until present time, two distinct spectral ranges
were identified: firstly, a suppression range, in which the
power spectrum is smoothed out by the uncertainty
principle. Secondly, a coupling regime, where the redis-
tribution of matter across nonlinearly evolving modes leads
to a scale-free spectrum consistent with considerations for
(1þ 1)-CDM. The transition scale from coupling to sup-
pression followed by a self-consistent application of the
uncertainty principle.
The analysis of the asymptotic system statewas conducted

under simplifying assumptions, i.e., a static background
cosmology and spatially localized initial conditions.

Our study suggests that (1þ 1)-SP relies on violent relax-
ation and phase mixing to approach its equilibrated, i.e.,
thermalized and virialized, system state. Although the
realized asymptotic configuration does form a core-halo
structure, the central core cannot be identified with the
ground state solution of the (1þ 1)-SP Hamiltonian—a
stark contrast to (3þ 1)-FDM for which the minimum
energy solution acts as dynamical attractor in the long term
evolution. The halo density, on the other hand, was found to
be consistent with structure of one-dimensional CDM halos.
By contrast, the evolution under strong confinement

favours the (3þ 1)-FDM typical relaxation mechanism of
gravitational cooling. Ultimately, the evolution then con-
verges into a virialized and thermalized system state
comprised of a single high-mass ground state solution
embedded in a delocalized fluctuation background that
emerges from a series of inelastic ground state interactions.
The analysis of the halo density suggested identical CDM-
like behavior as for (1þ 1)-SP. We conclude that under the
chosen simulation conditions the strongly confined reduc-
tion model is superior in mapping the three-dimensional
phenomenology to one spatial dimension.
To understand the reason for the qualitative difference

between the asymptotic behavior of (1þ 1)-SP and the
confinement model, we investigated the weak confinement
limit of our reduction. In accordance with arguments from
nonlinear optics, see e.g., [5], we found the system to
converge towards a high-mass ground state if the effective
interaction range is (considerably) smaller than the spatial
extent of the ground state. For (1þ 1)-SP and arbitrary but
fixed coupling constant, no ground state exists that satisfies
this condition. It is for this reason that we conjectured our
static space-time analysis remains valid even for nontrivial
background cosmologies. Although our work focused on
an interaction kernel that resembles Newtonian gravity,
results from nonlinear optics suggest that the dependence of
the asymptotic state on the interaction range is a property
also applicable for other long range potentials. For instance,
the authors of [5] implemented a Gaussian interaction
kernel in Eq. (13), while [6] employed a screened Poisson
equation as field equation. The latter approach implies an
exponentially decaying Greens function.
Our work may be extended in multiple regards. From a

physical perspective, a full-fledged investigation of cos-
mological initial conditions in various cosmological expan-
sion models is still pending, and the phenomenology under
strong confinement is presumably not exhausted by our
discussion. In this context, we mention the properties of the
delocalized fluctuation background as it may be possible to
understand it as an ensemble of small scale plane waves
obeying a dispersion relation akin to Bogoliubov’s exci-
tation spectrum for Bose-Einstein condensates [4,76].
Moreover, additional conceptional optimizations of our

confinement approach are worth exploring. For instance,
our work only focused on a global, statically set

(a)

(b)

FIG. 12. Strong confinement model with ϵ ¼ 0.01 undergoing
collapse in a background cosmology as in Sec. IVA 1. (a) Final
wave function spectrum at z ¼ 0 together with the same M ¼ 48
ground state of Fig. 9. (b) Entropy evolution. It is evident that
relaxation is not completed at z ¼ 0.
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confinement parameter. However, incorporating the con-
finement ansatz directly into SP’s generating action is
expected to yield additional information on the spatiotem-
poral evolution of the confinement strength itself, thereby
allowing it to be set self-consistently and dependent on the
wave function evolution [50].
We also remark on our ongoing effort to optimize our

numerical approach by means of a more efficient basis-
function method or splitting schemes with intrinsic error
estimates. With this we hope to (i) achieve a fully adaptive
spatiotemporal grid that is sensitive to nonlinear evolution
and (ii) pave the way for a higher dimensional analysis. The
latter should allow the investigation of additional relaxation
channels unique to FDM, especially the emission of
quantized vortices that may play an important role for
the asymptotic evolution on top of gravitational cooling.
Altogether, we hope that our investigation will lead to a

better cross-fertilization, see also [11], between cosmology,
statistical mechanics [37,38], nonlinear dynamics [77,78],
nonlinear wave optics [5–8], and the quantum evolution of,
e.g., Bose-Einstein condensates [79–85], with the scope to
obtain further insight into the complex dynamics of the SP
model and to search for possible laboratory experiments for
the implementation and analogue simulationof FDMmodels.
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APPENDIX: CONVERGENCE AND STABILITY

Let us now give a numerical justification for the accuracy
and stability claims mentioned in Sec. III C. To this end, we
conduct a convergence and stability study for the simu-
lation scenarios of Sec. IVA 1 (delocalized random
field including space-time expansion) and Sec. IV B 1
(unstable Gaussian initial conditions in a static background
cosmology).
The authors are not aware of a general analytical result in

any of these cases. Thus, we compute a reference solution
ψ ref on a fine spatiotemporal grid fNref ;Δtrefg and measure
the error of ψ relative to ψ ref viaΔϵ ¼ kψ ref − ψk2=kψ refk2.
Note the errorΔϵ is a function ofN,Δt and integration time t.
Since the results are qualitatively identical for (1þ 1)-SPand
the confinement model we only report data for the former.
We begin with the cosmological simulation scenario of

Sec. IVA, i.e., a random field evolving in a dynamic FLRW
background. Figure 13 depicts the dependence of the
numerical error as a function of the spatiotemporal grid
parameters fN;Δtg relative to the reference grid Δtref ¼
10−5 and Nref ¼ 222 (the white cells). The grid parameters
of Sec. IVA are marked with a black cross. To assure
comparability, all 56 fN;Δtg combinations are initialized

FIG. 13. Evolution of the relative errorΔϵ as a function of the spatiotemporal grid. The convergence study adopts the initial conditions
and parameters of Sec. IVA 1 using m1 ¼ 10−23 eV in the first row and m2 ¼ 10−22 eV in the second row. Space-time expansion is
turned on. The white cells corresponds to the numerical reference solution ψ ref relative to which Δϵ is computed. The black cross
represents the spatiotemporal grid used for Fig. 5.
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with every N=Nref point of the same reference Gaussian
random field δðxÞ.
In the m ¼ m1 case, we find a high degree of uniformity

in N at fixed Δt throughout the integration. This is the
result of the spectral accuracy of the employed spatial
discretization. Variations of the relative error Δϵ in N at
Δt ¼ 1–2 × 10−5 are common once we reach the conver-
gence plateau but may also be induced by a lack of fidelity
close to the reference solution. More pronounced is the loss
of accuracy in Δt direction (at any considered N), and we
conclude the overall inaccuracy is dominated by the
temporal error. Solutions Δt ≤ 8 × 10−5 can be considered
as converged.
The situation for the m ¼ m2 scenario is qualitatively

identical with an additional caveat at low red shifts. Here,
spatial grids withN < 220 proof to be insufficient to resolve
the entire spectrum of jψ̂k3 j. In this case spatiotemporal
grids with N > 220 and Δt ≤ 8 × 10−5 are deemed suffi-
cient to achieve convergence.
Concerning temporal accuracy and overall stability, we

refer to Fig. 14 which evaluates the time dependence of the
numerical error for various time increments Δt at fixed

N ¼ Nref ¼ 222. The reference solution is identical to the
one used in Fig. 13 and the spatiotemporal grid of Sec. IVA
is depicted as black, dashed line.
Evidently, allowing for an dynamic cosmological back-

ground yields a numerical error that evolves roughly
exponentially. Nevertheless, errors are still of acceptable
size at present time which is why we deem our numerical
treatment of the nonautonomous Hamiltonian as acceptable
for the purposes of this work. Decreasing the time step
beyond Δt < 10−4 results in no significant gain in accu-
racy. Note that the nonconverged time steps, i.e., Δt ¼
10−2; 10−3 approach the convergence plateau with roughly
quadratic speed. This can be inferred from their relative
offset which evaluates to about 2 orders of magnitude and is
expected given that Strang splitting cf. Sec. III B is second
order accurate in time.
Let us contrast the error evolution of the fully cosmologi-

cal case with the static simulation conditions of Sec. IV B
cf. Fig. 15. Here, the smaller dimensionless box size allows
us to reduce the number of spatial grid points required to fully
resolve the spectrum of ψ . This in turn makes a smaller
reference time increment possible. Figure 15 therefore uses a
reference grid with Δtref ¼ 10−6 and Nref ¼ 213. Again, the
grid parameters used in Sec. IV B correspond to the black,
dashed line.
As for the cosmological evolution, quadratic accuracy is

achieved for nonconverged time steps approaching the
plateau. A notable difference, however, is the growth
behavior of ΔϵðtÞ which only evolves linearly in time if
the scale factor remains static. It is for this reason that we
can extend the integration time up to t ¼ 1000 cf. Sec. II C
without losing reliability of our data.

(a)

(b)

FIG. 14. Evolution of the numerical error Δϵ as a function of
the integration time. The convergence study adopts the initial
conditions and parameters of Sec. IVA 1 with m1 ¼ 10−23 eV in
(a) and m2 ¼ 10−22 eV in (b). Space-time expansion aðtÞ is
turned on. The space-time grid of Sec. IVA corresponds to the
black, dashed line.

FIG. 15. Evolution of the numerical error Δϵ as a function of
the integration time. The convergence study adopts the initial
conditions and parameters of Sec. IV B 1. Space-time expansion
is turned off, i.e., a ¼ 1. The space-time grid of Sec. IV B
corresponds to the black, dashed line.
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