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Practical calculations in light-front dynamics are, as a general rule, complicated, since there is no
consensus about how to treat the poles which come from the instantaneous parts of Feynman’s propagators
of the fields. An alternative to solve this difficulty is null-plane causal perturbation theory, a recent
developed framework which prevents the appearance of the mentioned poles by avoiding the usage of
Feynman’s propagators in “loop distributions,” requiring no regularization of the amplitudes. In this study,
we treat the radiative corrections in the neutral Yukawa’s model in that framework. Particularly, we
explicitly calculate the boson and fermion self-energies and show that the results obtained with this
approach are equivalent to that of the instant dynamics.
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I. INTRODUCTION

As is well known, Yukawa’s model [1–4] is a phenom-
enological model for the interaction between nucleons and
pions. It was studied in light-front dynamics by Chang and
Yan [5] in 1973 by using Schwinger’s functional derivative
method. The problem of finding the fermion self-energy for
an analogous model, with scalar instead of pseudoscalar
mesons [6], in light-front dynamics was also recently
considered by Karmanov, Mathiot, and Smirnov [7]; these
investigators pointed out some difficulties: (i) the cutoffs
of the null-plane variables lead to a dependence of the
amplitudes on the null-plane orientation in some regulari-
zation techniques; (ii) such a dependence is very sensitive
because each partial amplitude in light-front dynamics
usually diverges more strongly than the corresponding
Feynman’s amplitude; (iii) that dependence disappears in
the renormalized amplitudes, but the renormalization pro-
cedures are drastically different for different regularization
schemes. Also, Bakker and Ji [8] have considered box
diagrams for light-front (scalar) Yukawa’s model; they
conclude that the question of what regularization scheme
is the onewhichwould lead to an invariantS-matrix remains,
to date, without an answer. Another study in this problem
was done by Grang, Mathiot, Mutet, and Werner [9–11],

which considered the distributional character of the quan-
tized fields and used Taylor-Lagrange’s regularization in
order to make finite the Feynman’s amplitudes.
Recently, the authors have developed causal perturbation

theory (CPT) on light-front dynamics [12,13], a perturbation
solution to Bogoliubov-Medvedev-Polivanov’s axioms [14–
16] for Heisenberg’s S-matrix program [17] which is ultra-
violet finite and aims to clarify, by introducing from the very
beginning the causality axiom, referred to as the xþ time
coordinate, and performing—following Epstein and Glaser
[18]—well-defined distributional operations only, the true
meaning of the instantaneous terms which appear both in the
propagators and Hamiltonian in the usual formulation of
light-front quantum field theory (QFT)—see, for example,
Ref. [19]. This approach is inspired in the analogous instant
dynamics formulation of CPT [18,20–24]. In this paper we
reexamine the radiative corrections for the neutral Yukawa’s
model [15], which in the usual approach lead to the already
commented ambiguities regarding the regularization proc-
esses. In the causal approach, being finite by construction,
those operations are not needed; therefore, since they are
identified as the origin of some problems, we hope that null-
planeCPT couldmake simpler the comparison of light-front
QFT with the usual instant dynamics formulation.
Additionally, in Ref. [13] it was shown that the singular
order of every causal distribution in null-plane Yukawa’s
model is the same as in instant dynamics, and, accordingly,
the normalization procedure in this theoretical framework is
not more difficult, but, in fact, it is the same.
Also regarding the invariance of the S-matrix to all

orders null-planeCPT can shed some light: As an inductive
theory, each causal distribution at each order is constructed
with the previous transition distributions; since these must
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be already normalized, the instantaneous terms do not
propagate to the following orders. In order to familiarize the
reader with null plane CPT we present a very brief
summary at next—the details of the construction of the
theory can be found in Ref. [13].

A. Null-plane causal perturbation theory

CPTuses the operation of adiabatic switching [15], which
consists in multiply the coupling constant of the interaction
theory by a switching function g ∈ SðR4Þ∶R4 → R, in
order to isolate the problem of infrared divergences; for
Yukawa’smodel, inwhich themeson ismassive, there are no
infrared divergences and the adiabatic limit g → 1, bymeans
of which the real interaction is recovered, is trivial.
The general properties that the scattering operator SðgÞ

must respect constitute the Bogoliubov-Medvedev-
Polivanov axioms [14–16]; however, following Epstein
and Glaser [18], we only consider the axioms which will
be used for the construction of CPT: (i) translation invari-
ance and (ii) causality—now referred to the xþ null-plane
time. The remaining axioms are not needed for the theo-
retical construction but will be considered as physical
conditions for the normalization of the solutions; they are
(iii) unitarity, (iv) Lorentz’s invariance, and (v) when pos-
sible, vacuum stability, which in CPT is related to the
problem of the adiabatic limit.
CPT is a perturbation theory; therefore the SðgÞ operator

is written as the following series:

SðgÞ ¼ 1þ
Xþ∞

n¼1

1

n!

Z
dXTnðXÞgðXÞ; ð1Þ

with X ≔ fxj ∈ Mjj ¼ 1;…; ng and the notations:

TnðXÞ≡ Tnðx1; � � � ; xnÞ; gðXÞ≡ gðx1Þ � � � gðxnÞ;
dX ≡ d4x1 � � � d4xn: ð2Þ

Equation (1) serves as the definition of the operator-valued
distributions Tnðx1; � � � ; xnÞ ∈ S0ðR4nÞ, called transition
distributions of order n or n-point distributions.
The inverse operator SðgÞ−1 is given as a perturbation

series as well:

SðgÞ−1 ¼ 1þ
Xþ∞

n¼1

1

n!

Z
dXT̃nðXÞgðXÞ;

T̃nðXÞ ¼
Xn
r¼1

ð−1Þr
X

X1 ;…;Xr≠0
X1∪���∪Xr¼X

Xj∩Xk¼0;∀ j≠k

Tn1ðX1Þ � � �TnrðXrÞ: ð3Þ

The causality axiom implies that the transition distribu-
tions are chronologically ordered:

TnðXÞ ¼ TmðX2ÞTn−mðX1Þ for X1 < X2; ð4Þ

½TnðXÞ;TmðYÞ� ¼ 0 for X ∼ Y: ð5Þ

This result as a consequence of the causality axiom
was first established by Bogoliubov and Shirkov [15].
However, they failed in the way of chronologically ordering
these products: They took the product by Heaviside’s
functions in order to make contact with the more usual
formulation of QFT by Feynman and others, and then
arrived at the same ultraviolet divergences. To see how
extremely important it is to take care in performing such
multiplications, let us consider as an example the distri-
bution δðxÞ. Its product by a Heaviside’s function ΘðxÞ has
Fourier’s transform:

cΘδðpÞ ¼ ð2πÞ−1=2
Z

dqΘ̂ðqÞδ̂ðp − qÞ

¼ ið2πÞ−3=2
Z

dq
qþ i0þ

;

which is ultraviolet divergent. It was Bogoliubov and
Parasiuk [25] who discovered that the ultraviolet divergen-
ces in QFT are due to the presence of products of
distributions with discontinuous functions as Heaviside’s.
Epstein and Glaser, then, modified the prescription of
chronological order: To obtain the transition distribution
they did not use that ill-defined recipe but the causality
axiom to perform the following (distributional) well-
defined construction: Define the advanced distribution of
order n as the following distribution:

AnðY; xnÞ ¼
X
X∪X0¼Y
X∩X0¼0

T̃mðXÞTn−mðX0 ∪ fxngÞ; ð6Þ

and the retarded distribution of order n as

RnðY; xnÞ ¼
X
X∪X0¼Y
X∩X0¼0

Tn−mðX0 ∪ fxngÞT̃mðXÞ: ð7Þ

In the sums in Eqs. (6) and (7) the n-point distribution
appears once. Separating it from the other terms:

AnðY; xnÞ ¼ TnðY ∪ fxngÞ þ A0
nðY; xnÞ; ð8Þ

RnðY; xnÞ ¼ TnðY ∪ fxngÞ þ R0
nðY; xnÞ; ð9Þ

with the following definitions of the advanced subsidiary
distribution and of the retarded subsidiary distribution,
respectively:

A0
nðY; xnÞ ≔

X
X∪X0¼Y
X∩X0¼0
X≠0

T̃mðXÞTn−mðX0 ∪ fxngÞ; ð10Þ
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R0
nðY; xnÞ ≔

X
X∪X0¼Y
X∩X0¼0
X≠0

Tn−mðX0 ∪ fxngÞT̃mðXÞ: ð11Þ

These subsidiary distributions do not contain Tn but only
the transition distributions Tm with m ≤ n − 1. The tran-
sition distribution of order n is then equal to

TnðY ∪ fxngÞ ¼ AnðY; xnÞ − A0
nðY; xnÞ

¼ RnðY; xnÞ − R0
nðY; xnÞ: ð12Þ

In this way, the n-point distribution can be found if we
know the distributions Tm with m ≤ n − 1—this is the
inductive hypothesis—and the advanced or retarded dis-
tribution of order n, which can be found by splitting
[26–28] the causal distribution of order n:

DnðY; xnÞ ≔ RnðY; xnÞ − AnðY; xnÞ
¼ R0

nðY; xnÞ − A0
nðY; xnÞ; ð13Þ

which is known once the subsidiary distributions are. The
splitting procedure is based on the results: (i) the support of
the retarded (respectively, advanced) distribution is con-
tained in [29] Γ�

n ðxnÞ, and (ii) the support of Dn is causal
for n ≥ 3, while for n ¼ 2 it must be proven in each
particular model. It must be done as follows: Suppose that
the causal distribution of order n was already constructed
by means of the inductive procedure, and that it has causal
support. In general, it will have the following form:

Dnðx1; � � � ; xnÞ ¼
X
k

dknðx1; � � � ; xnÞ∶CkðuAÞ∶; ð14Þ

with dknðx1; � � � ; xnÞ a numerical distribution and ∶CkðuAÞ∶
a Wick’s monomial of the different quantized free operator
fields uA of the theory. Since these operator fields do not
restrict the support of the complete distribution—they are
defined in all Minkowski’s space-time—it is sufficient to
consider the split of the numerical distribution dkn, whose
support, then, is causal by hypothesis. Also the advanced
and retarded distributions will maintain the operator fields
structure of the causal distribution:

Anðx1; � � � ; xnÞ ¼
X
k

aknðx1; � � � ; xnÞ∶CkðuAÞ∶; ð15Þ

Rnðx1; � � � ; xnÞ ¼
X
k

rknðx1; � � � ; xnÞ∶CkðuAÞ∶; ð16Þ

with akn and rkn the advanced and retarded parts, respec-
tively, of the numerical distribution dkn. Using the transla-
tional invariance, define the numerical distribution
d ∈ SðR4n−4Þ as

dðxÞ ≔ dknðx1 − xn; � � � ; xn−1 − xn; 0Þ; ð17Þ

suppðdÞ ⊆ Γþ
n−1ð0Þ ∪ Γ−

n−1ð0Þ; ð18Þ

which will be split as

d ¼ r − a; suppðrÞ ⊆ Γþ
n−1ð0Þ; suppðaÞ ⊆ Γ−

n−1ð0Þ: ð19Þ

In Eq. (17) we have written dðxÞ; x means: ðx1 − xn; � � � ;
xn−1 − xnÞ. In the following we will use Schwartz’s
multi-index notation [30]. We will also use the notation
xa ≡ ðxa1 − xan; � � � ; xan−1 − xanÞ.
In order to perform the splitting, the first natural attempt

is to multiply by Heaviside’s functions. But, as we already
know, such a multiplication is ill defined if the singularities
of the distribution lay on the discontinuity surface of the
function—as it was exemplified by the product ΘðxÞδðxÞ;
this is the second important contribution of Epstein
and Glaser [18]: they use the distribution splitting theory
[26–28] to perform those operations. As it was said, to do
that it is very important to know how the distribution
behaves near the splitting point. Fassari and Scharf [31]
simplified the analysis of the singularity of distributions
made by Epstein and Glaser by using the concept of
quasiasymptotics developed by Vladimirov, Drozzinov,
and Zavialov [32]. In null-plane dynamics, since the planes
of constant xþ time intersects the light-cone all along the x−

axis, it is the behavior of the distribution dðxÞ near the x−
axis that is essential for the splitting procedure. Such
behavior will be examined at the light of the following
definition of quasiasymptotics by selected variables [32]:
Definition.—Let d ∈ S0ðRmÞ be a distribution, and

let ρ be a continuous positive function. If the (distribu-
tional) limit

lim
s→0þ

ρðsÞs3m=4dðsxþ; sx⊥; x−Þ ¼ d−ðxÞ ð20Þ

exists in S0ðRmÞ and is non-null, then the distribution d− is
called the quasiasymptotics of d at the x− axis, with regard
to the function ρ. ▪
With this definition, the function ρðsÞ can be shown to be

a regularly varying at zero function, also called an
automodel function [20,32], which means that for every
a > 0

lim
s→0þ

ρðasÞ
ρðsÞ ¼ aα; ð21Þ

for some α ∈ R, called the order of automodelity of the
function ρ. This number serves as a characterizing param-
eter of the distribution, which is called its singular order at
the x− axis and is denoted by ω−. The singular order of the
causal distribution at the x− axis is extremely important, as
it determines the space of test functions on which the
retarded distribution can be defined in principle:
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(1) For negative singular order, ω− < 0, it is the entire Schwartz’s space S, and the retarded distribution can be obtained
by simple multiplication of the causal distribution by Heaviside’s function. In momentum space the following
splitting formula holds for this case:

r̂ðpÞ ¼ i
2π

Z þ∞

−∞

d̂ððp1þ − k; p1Þ; � � � ; ðpn−1þ − k; pn−1ÞÞ
kþ i0þ

dk≡ i
2π

Z þ∞

−∞

d̂ðpþ − k; pÞ
kþ i0þ

dk: ð22Þ

(2) For non-negative singular order, ω− ≥ 0, the retarded distribution can only be defined (in principle) on the space of
test functions for which the first ω− derivatives at the x− axis vanish. Such a retarded distribution can be extended to
the whole S by means of the so-calledW operation, which projects the general test function onto the restricted space
in which the retarded distribution is defined. By transposing the W operation to the distribution and going to
momentum space, we obtain the retarded distribution with normalization line ðqþ; q⊥;p−Þ:

r̂qðpÞ ¼
i
2π

Z þ∞

−∞

dk
kþ i0þ

�
d̂ðpþ − k; pÞ −

Xbω−c

jcj¼0

1

c!
ðpþ;α − qþ;αÞcDcþ;αd̂ðqþ − k; q⊥;p−Þ

�
; ð23Þ

which is a well-defined distribution on the entire S.
A particular case of normalization line is ð0; 0⊥;p−Þ;
the solution normalized at it is called the central
solution, and is the one we will use in this paper.

Finally, if ðr1; a1Þ and ðr2; a2Þ are two solutions of
the splitting problem, then by Eq. (13) we have that
r1 − a1 ¼ r2 − a2, so that r1 − r2 ¼ a1 − a2. Since the
left-hand side of this equation has support on Γþ, while
its right-hand side has support in Γ−, the difference
ðr1 − r2Þ can only have support on Γþ ∩ Γ− ¼ x−-axis.
Therefore, r1 and r2 could be different only by normali-
zation terms which are distributions with support on the x−

axis. In momentum space

r̂1ðpÞ − r̂2ðpÞ ¼
XM
jbj¼0

Ĉbðp−Þpb
þ;⊥; ð24Þ

with Ĉbðp−Þ some distributions of the variable p−. The
singular order of each one of these terms is jbj, independ-
ently of which the distribution Ĉbðp−Þ is, because the
variable p− is not scaled in the singular order calculus. The
procedure of determining these unknown distributions by
the imposition of physical requirements is called the
normalization process.

II. MESON’S SELF-ENERGY

Yukawa’s model is defined by the one-point distribution

T1ðxÞ ¼ −ig∶ψ̄ðxÞγ5ψðxÞ∶φðxÞ: ð25Þ

According to the inductive procedure [Eqs. (10), (11), and
(13)], the causal distribution of the second order is obtained
from T1 as

D2ðx1; x2Þ ¼ ½T1ðx1Þ;T1ðx2Þ�: ð26Þ

Replacing here the distribution from Eq. (25) and using
Wick’s theorem, it is shown that the second order causal
distribution, describing the meson’s self-energy, is given by
[13]—we use in the following the relative coordinate
y ¼ x1 − x2–:

DðBSEÞ
2 ðx1; x2Þ ¼ ∶φðx1ÞdðyÞφðx2Þ∶; ð27Þ

with the following definitions:

dðyÞ ≔ PðyÞ − Pð−yÞ;
PðyÞ ≔ g2Tr½SþðyÞγ5S−ð−yÞγ5�: ð28Þ

Already at this point we can see one very important
advantage of null-plane CPT: Different from other
approaches which use Feynman’s rules, Feynman’s propa-
gators do not appear in our “loop distributions,” so the
instantaneous term in the fermion propagator, which con-
tains a spurious pole whose removal has been a matter of
study for many years [7,8,11], simply does not appear.
In order to go to momentum space we apply Fourier’s

transformation to PðyÞ, obtaining

P̂ðqÞ ¼ ð2πÞ−2g2
Z

d4pTr½ŜþðpÞγ5Ŝ−ðp − qÞγ5�

¼ ð2πÞ−2g2
Z

d4pTr½ðpþm1Þγ5ðp − =qþm1Þγ5�

× D̂þðpÞD̂−ðp − qÞ: ð29Þ

Using that γμγ5 ¼ −γ5γμ, the trace in Eq. (29) is

Tr½ðpþm1Þγ5ðp − =qþm1Þγ5� ¼ 4ðm2
1 − p2 þ pqÞ; ð30Þ

so that, remembering that
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D̂�ðpÞ ¼ �ið2πÞ−1Θð�p−Þδðp2 −m2
1Þ;

we obtain

P̂ðqÞ ¼ 4ð2πÞ−4g2
Z

d4pðm2
1 − p2 þ pqÞΘðp−Þ

× Θðq− − p−Þδðp2 −m2
1Þδððp − qÞ2 −m2

1Þ: ð31Þ

The supports of Dirac’s delta distributions appearing
here are

p2 ¼ m2
1 and q2 ¼ 2pq: ð32Þ

Therefore, Eq. (31) is equal to

P̂ðqÞ ¼ 2ð2πÞ−4g2q2IðqÞ; ð33Þ

with

IðqÞ ¼
Z

d4pΘðp−ÞΘðq− − p−Þδðp2 −m2
1Þδðq2 − 2pqÞ:

ð34Þ

In order to calculate this integral we move to an appropriate
reference frame. Since p; q − p ∈ Vþ, then also q ¼
pþ ðq − pÞ ∈ Vþ, and there is a reference frame in which
q ¼ ðqþ; 0⊥; q−Þ. In that reference frame,

IðqÞ ¼
Z

d4pΘðp−ÞΘðq− − p−Þ
1

j2p−j
δ

�
pþ −

ω2
p

2p−

�
× δð2qþq− − 2q−pþ − 2qþp−Þ

¼
Z

dp−d2p⊥Θðp−ÞΘðq− − p−Þ
1

j4qþj

× δ

��
p−

q−
2

�
2

− A2

�
; ð35Þ

with

A ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2−
4
−
q−ω2

p

2qþ

s
: ð36Þ

Performing the integration,

IðqÞ ¼
Z

dp−d2p⊥
Θðp−ÞΘðq− − p−Þ

j4qþjj2Aj

×

�
δ

�
p− −

�
q−
2
− A�

�
þ δ

�
p− −

�
q−
2
þ A�

��

¼ π

j4qþj
Θðq−ÞΘð2qþq− − 4m2

1Þ
Z

qþq−=2

m2
1

dðω2
pÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2−
4
− q−ω2

p

2qþ

q

¼ π

2
Θðq−ÞΘð2qþq− − 4m2

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

2qþq−

s
: ð37Þ

In Lorentz’s covariant form this integral is

IðqÞ ¼ π

2
Θðq−ÞΘðq2 − 4m2

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

q2

s
; ð38Þ

and, substituting into Eq. (33),

P̂ðqÞ ¼ 1

2
ð2πÞ−3g2q2Θðq−ÞΘðq2 − 4m2

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

q2

s
: ð39Þ

Accordingly, the numerical part of the causal distribution
for boson’s self-energy has Fourier’s transform [see
Eq. (28)]:

d̂ðqÞ¼ 1

2
ð2πÞ−3g2q2sgnðq−ÞΘðq2−4m2

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2
1

q2

s
: ð40Þ

By the supports of Heaviside’s function and Dirac’s delta
distribution we have that d̂ðqÞ is non-null only when
q ∈ Vþ; therefore there exists a reference frame in which
ðqaÞ ¼ ðqþ; 0⊥; q−Þ; in that reference frame,

d̂ðqÞ ¼ ð2πÞ−3g2qþq−sgnðq−ÞΘð2qþq− − 4m2
1Þ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

2qþq−

s
: ð41Þ

According to the factorization of the polynomials
theorem—see Ref. [24]—, it will be sufficient to split
the distribution

d̂1ðqÞ ¼ sgnðq−ÞΘð2qþq− − 4m2
1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

2qþq−

s
; ð42Þ

whose singular order at the x− axis is

ω1
− ¼ 0; ð43Þ

so that its retarded part, according to Eq. (23) and choosing
the central solution, is obtained as
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r̂1ðqÞ ¼
i
2π

Z
dk

kþ i0þ
fd̂1ðqþ − k; 0⊥; q−Þ

− d̂1ð−k; 0⊥; q−Þg: ð44Þ

Substituting Eq. (42) into Eq. (44) we will have, using the
variable s ¼ −2q−k,

r̂1ðqÞ ¼ −
i
2π

Z
ds

s − iq−0þ

�
Θðsþ 2qþq− − 4m2

1Þ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

sþ 2qþq−

s
− Θðs − 4m2

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

s

r �
:

ð45Þ

Applying Sokhotskiy’s formula into the first integral, then
making sþ 2qþq− → s in it and joining with the second
term in Eq. (45), we obtain

r̂1ðqÞ ¼ −
i
2π

2qþq−

Z þ∞

4m2
1

ds
sðs − 2qþq−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

s

r

þ 1

2
sgnðq−ÞΘð2qþq− − 4m2

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

2qþq−

s
: ð46Þ

The remaining integral can be found by using Euler’s
substitution:

s
m2

1

¼ ð1þ xÞ2
x

ð0 < x < 1Þ; ds
m2

1

¼ −
1− x2

x2
dx;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2
1

s

r
¼ 1− x

1þ x
: ð47Þ

We also define the parameter ξ as

2qþq−
m2

1

¼−
ð1− ξÞ2

ξ
; ξ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4m2

1=2qþq−
p

− 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4m2

1=2qþq−
p

þ 1
: ð48Þ

Therefore,

Z þ∞

4m2
1

ds
sðs − 2qþq−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

s

r

¼ 1

m2
1

Z
1

0

dxð1 − xÞ2
ð1þ xÞ2ðxþ ξÞðxþ 1=ξÞ ; ð49Þ

which, having rational integrand, can already be calculated
by the technique of partial fractions decomposition. It is
found that Eq. (49) is equal to

−
1

m2
1

1

ð1 − ξÞ3 ½ξð1þ ξÞ logðjξjÞ þ 2ξð1 − ξÞ�; ð50Þ

whose substitution into Eq. (46) leads us to

r̂1ðqÞ ¼ −
i
2π

�
1þ ξ

1 − ξ
logðjξjÞ þ 2

�

þ 1

2
sgnðq−ÞΘð2qþq− − 4m2

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

2qþq−

s
: ð51Þ

The retarded distribution corresponding to the distribu-
tion d̂ðqÞ in Eq. (41) is therefore already in Lorentz’s
covariant form—which is obtained by the replacement of
2qþq− by q2—:

r̂ðqÞ ¼ −
ig2

2ð2πÞ4 q
2

(
1þ ξ

1 − ξ
logðjξjÞ þ 2

− iπΘðq2 − 4m2
1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

q2

s )
: ð52Þ

Subtracting the subsidiary distribution r̂0ðqÞ—whose only
effect is to change sgnðq−Þ by 1 in the imaginary term
coming from Sokhotskiy’s formula—to obtain the distri-
bution t̂ðqÞ ¼ r̂ðqÞ − r̂0ðqÞ, and defining

t̂ðqÞ ≔ −iΠ̂ðqÞ;
TðBSEÞ
2 ðx1; x2Þ ¼ −i∶φðx1ÞΠðx1 − x2Þφðx2Þ∶; ð53Þ

with Π being the so-called boson’s self-energy, we arrive at
the result,

Π̂ðqÞ ¼ g2

2ð2πÞ4 q
2

(
1þ ξ

1 − ξ
logðjξjÞ þ 2

− iπΘðq2 − 4m2
1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

q2

s )
: ð54Þ

Now, the whole Π̂ðqÞ distribution has singular order
ω− ¼ þ2, so its most general form is

Π̃ðqÞ ¼ Π̂ðqÞ þ C0 þ caqa þ C2q2: ð55Þ

However, Yukawa’s model is parity invariant, so that the
term linear in qa cannot be present—the same is implied by
the fact that the transition distributions must be symmet-
rical. Being that way,

Π̃ðqÞ ¼ Π̂ðqÞ þ C0 þ C2q2

≡ Π̂ðqÞ þ bþ C2ðq2 −m2
2Þ: ð56Þ

In order to fix the normalization coefficients b and C2 we
must impose some additional physical conditions. First,
note that for 0 < q2 < 4m2

1 the number ξ turns out to be a
complex number with unitary modulus, so it can be
represented as
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ξ ¼ eiθ; q2 ¼ 4m2
1 sin

�
θ

2

�
2

: ð57Þ

Therefore,

1þ ξ

1 − ξ
logðξÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

1

q2
− 1

s
cot−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

1

q2
− 1

s !
; ð58Þ

and the boson’s self-energy takes the form

Π̃ðqÞ ¼ g2

ð2πÞ4 q
2

( ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

1

q2
− 1

s
cot−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

1

q2
− 1

s !
þ 1

)

þ bþ C2ðq2 −m2
2Þ: ð59Þ

On the other hand, in the case q2 > 4m2
1, substituting back

ξ from Eq. (48) and using that jξj ¼ −ξ because in this case
it is ξ < 0,

Π̃ðqÞ ¼ g2

2ð2πÞ4 q
2

( ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

q2

s
log

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

1=q
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

1=q
2

p
þ 1

!

þ 2 − iπ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
1

q2

s )
þ bþ C2ðq2 −m2

2Þ: ð60Þ

For the normalization we will study the fermion-fermion
scattering with meson’s self-energy insertions. Let us write
the two-point distribution as

TðFFÞ
2 ðx1; x2Þ ¼ ig2∶jðx1ÞtðFFÞ2 ðx1 − x2Þjðx2Þ∶;

jðxÞ ¼ ψ̄ðxÞγ5ψðxÞ: ð61Þ

By the inductive procedure of CPT we construct the
fourth order causal distribution for this process, which
turns out to be

DðFFÞ
4 ðx1; x2; x3; x4Þ ¼ TðFFÞ

2 ðx1; x3ÞTðFFÞ
2 ðx4; x2Þ

− TðFFÞ
2 ðx2; x4ÞTðFFÞ

2 ðx1; x3Þ
¼ g2∶jðx1ÞtðFFÞ2 ðx1 − x3Þdðx3 − x4Þ
× tðFFÞ2 ðx4 − x2Þjðx2Þ∶; ð62Þ

with dðyÞ the causal distribution for meson’s self-energy

given in Eq. (28). Since tðFFÞ2 has negative singular order it
is sufficient to split the dðyÞ distribution without obtaining
divergences. In this manner,

TðFFÞ
4 ðx1; x2; x3; x4Þ ¼ −ig2∶jðx1ÞtðFFÞ2 ðx1 − x3Þ

× Πðx3 − x4ÞtðFFÞ2 ðx4 − x2Þjðx2Þ∶:
ð63Þ

An analogous analysis holds for the next perturbation
orders. Therefore, by defining the total meson propagator
Dtot by the sum of this series,

TðFFÞðx1; x2Þ ¼ ig2∶jðx1ÞDtotðx1 − x2Þjðx2Þ∶; ð64Þ

we will obtain that in momentum space it is given by

D̂tot ¼ t̂ðFFÞ2 − ð2πÞ4 t̂ðFFÞ2 Π̃t̂ðFFÞ2

þ ð2πÞ8 t̂ðFFÞ2 Π̃t̂ðFFÞ2 Π̃t̂ðFFÞ2 − � � �
¼ t̂ðFFÞ2 ð1 − ð2πÞ4Π̃D̂totÞ: ð65Þ

Since the two-point transition distribution is

t̂ðFFÞ2 ðpÞ ¼ −ð2πÞ−2 1

p2 −m2
2 þ i0þ

¼ D̂FðpÞ; ð66Þ

we obtain that

D̂totðqÞ ¼ −ð2πÞ−2 1

q2 − ðm2
2 þ ð2πÞ2Π̃ðqÞÞ þ i0þ

: ð67Þ

The physical conditions that we must impose are the
following:
(1) The physical mass of the pseudoscalar particle ism2,

so D̂totðqÞ must have its pole in that value, which
occurs if

lim
q2→m2

2

Π̃ðqÞ ¼ 0; ð68Þ

(2) the physical value of the coupling constant is g.
Since D̂totðqÞ will multiply a current gψ̄γ5ψ , the
coefficient of q2 in D̂totðqÞ will divide effectively the
value of g; then the normalization condition that we
must impose is

lim
q2→m2

2

dΠ̃ðqÞ
dq2

¼ 0: ð69Þ

Additionally, Yukawa’s model, in the real world,
describes the interaction between pions and nucle-
ons, so the mass m2 is the pion mass, which is less
than the nucleon mass m1. Because of this, the
normalization conditions must be analyzed with
Eq. (59). Since there are no infrared divergences,
the limits in Eqs. (68) and (69) are equal to the
simple evaluation at q2 ¼ m2

2. We obtain

b¼−
g2m2

2

2ð2πÞ4
(
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

1

m2
2

−1

s
cot−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

1

m2
2

−1

s !
þ2

)
;

ð70Þ
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C2 ¼ −
g2

2ð2πÞ4
(�

1 −
m2

2

4m2
1 −m2

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

1

m2
2

− 1

s

× cot−1
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m2
1

m2
2

− 1

s !
þ 3

)
: ð71Þ

With this normalization, the obtained results are
identical to those found in instant dynamics—
see Ref. [33].

III. FERMION’S SELF-ENERGY

Now we turn to the fermion’s self-energy, which is
described by the second order causal distribution [13].
Again, using the relative coordinate y ¼ x1 − x2:

DðFSEÞ
2 ðx1; x2Þ ¼ g2∶ψ̄ðx1Þγ5ðSþðyÞDþðyÞ

− S−ðyÞD−ðyÞÞγ5ψðx2Þ∶
− g2∶ψ̄ðx2Þγ5ðSþð−yÞDþð−yÞ
− S−ð−yÞD−ð−yÞÞγ5ψðx1Þ∶: ð72Þ

Defining the distributions,

dðyÞ ≔ g2γ5ðdþðyÞ þ d−ðyÞÞγ5;
d�ðyÞ ≔ �S�ðyÞD�ðyÞ; ð73Þ

Eq. (72) can be written as

DðFSEÞ
2 ðx1; x2Þ≕ ψ̄ðx1ÞdðyÞψðx2Þ∶

− ∶ψ̄ðx2Þdð−yÞψðx1Þ∶: ð74Þ

As we can see, the second term can be obtained from the
first one by the exchange of x1 and x2, so we only need to
focus on the first term. Again, no instantaneous term (no
spurious pole) appears here due to the implementation
of the causal inductive procedure. We apply Fourier’s
transformation in order to go to momentum space.
Starting with d−,

d̂−ðpÞ ¼ −ð2πÞ−2
Z

d4yeipyS−ðyÞD−ðyÞ

¼ −ð2πÞ−6
Z

d4yd4qd4keiðp−q−kÞyŜ−ðqÞD̂−ðkÞ:

ð75Þ

Integrating in the variable y, then in the variable k,

d̂−ðpÞ ¼ −ð2πÞ−2
Z

d4qŜ−ðqÞD̂−ðp − qÞ: ð76Þ

But,

Ŝ−ðqÞ ¼ ð=qþm1ÞD̂−;m1
ðqÞ; ð77Þ

D̂−;mðqÞ ¼ −
i
2π

Θð−q−Þδðq2 −m2Þ; ð78Þ

which, substituted into Eq. (76), leads us to the following
expression:

d̂−ðpÞ ¼ ð2πÞ−4½γaI2aðpÞ þm1I1ðpÞ�; ð79Þ

with the integrals

I1ðpÞ ¼
Z

d4qΘð−q−ÞΘðq− − p−Þδðq2 −m2
1Þ

× δððp − qÞ2 −m2
2Þ; ð80Þ

I2aðpÞ ¼
Z

d4qqaΘð−q−ÞΘðq− − p−Þδðq2 −m2
1Þ

× δððp − qÞ2 −m2
2Þ: ð81Þ

As usual, the evaluation of these integrals is simplified in a
convenient reference frame, such that ðpaÞ ¼ ðpþ; 0⊥;p−Þ;
such a reference frame exists because, as implied by the
support of Dirac’s deltas distributions and Heaviside’s
functions in Eqs. (80) and (81), ðp − qÞ ∈ V−ð0Þ and
q ∈ V−ð0Þ, so p¼ðp−qÞþq∈V−ð0Þ as well. Clearly,
this implies, in particular, that pþ; p− < 0. In this reference
frame, Eqs. (80) and (81) are

I1 ¼
Z

d4qΘð−q−ÞΘðq− − p−Þδðq2 −m2
1Þ

× δð2pþp− − 2p−qþ − 2pþq− þ ðm2
1 −m2

2ÞÞ; ð82Þ

I2� ¼
Z

d4qq�Θð−q−ÞΘðq− −p−Þδðq2−m2
1Þ

×δð2pþp− −2p−qþ−2pþq−þðm2
1−m2

2ÞÞ; ð83Þ

I2⊥ ¼ 0: ð84Þ

Particularly, Eq. (84) comes from the fact that the integrand
in Eq. (81) becomes odd for qa ¼ q⊥ in the chosen
reference frame. Also, the product of two Dirac’s delta
distributions appearing in these integrals can be put in the
following form by using their properties:

1

j8p−j
Θ
�
A2 −

pþω2
q

2p−

�
δ

�
q− −

ω2
q

2qþ

�
Fðqþ; q⊥Þ;

with the quantities Fðqþ; q⊥Þ and A defined as
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Fðqþ; q⊥Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 − pþω2
q

2p−

q

×

(
δ

"
qþ −

 
Aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 −

pþω2
q

2p−

s !#

þδ

"
qþ −

 
A −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 −

pþω2
q

2p−

s !#)
; ð85Þ

A ¼ 2pþp− þ ðm2
1 −m2

2Þ
4p−

: ð86Þ

This quantity A is constant in the integration process.
Now, since ω2

q ¼ q2⊥ þm2
1 > m2

1, Heaviside’s function in
Eq. (85) implies that 2p−A2=pþ > m2

1. Putting the value of
A in this inequality we arrive at

ð2pþp− − ðm2
1 þm2

2ÞÞ2 − 4m2
1m

2
2 > 0: ð87Þ

With these manipulations, and writing d2q⊥ ¼ πdðω2
qÞ, the

integrals in Eqs. (82) and (83) are

I1 ¼
πΘð−p−Þ
8jp−j

Θðð2pþp− − ðm2
1 þm2

2ÞÞ2 − 4m2
1m

2
2Þ

×
Z

2p−A2=pþ

m2
1

dðω2
qÞ
Z

0

ω2
q=2p−

dqþFðqþ; q⊥Þ; ð88Þ

I2þ ¼ πΘð−p−Þ
8jp−j

Θðð2pþp− − ðm2
1 þm2

2ÞÞ2 − 4m2
1m

2
2Þ

×
Z

2p−A2=pþ

m2
1

dðω2
qÞ
Z

0

ω2
q=2p−

dqþqþFðqþ; q⊥Þ; ð89Þ

I2− ¼
πΘð−p−Þ
8jp−j

Θðð2pþp− − ðm2
1þm2

2ÞÞ2−4m2
1m

2
2Þ

×
Z

2p−A2=pþ

m2
1

dðω2
qÞ
Z

0

ω2
q=2p−

dqþ
ω2
q

2qþ
Fðqþ;q⊥Þ: ð90Þ

In order to integrate in the variable qþ we need to see under
what conditions the Dirac’s delta distributions are non-null.
Since qþ < 0, it must be A < 0, which means [see Eq. (86)
and remember that p− < 0]

2pþp− > m2
1 −m2

2: ð91Þ

Additionally, the argument of Heaviside’s functions in
Eqs. (88)–(90) can be written as

ð2pþp− − ðm2
1 −m2

2ÞÞ2 − 8pþp−m2
2 > 0; ð92Þ

which jointly with Eq. (91) leads to the inequality
2pþp− − 2m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþp−

p
− ðm2

1 −m2
2Þ > 0, with roots

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþp−

p ¼ m2 �m1. Under the assumption that
m1 > m2—for example, the mass of the nucleons is
greater than that of the pions mN ≈ 940 MeV=c2 and
mπ ≈ 140 MeV=c2—we find that the integration in the
variable qþ is proportional to

Θ½2pþp− − ðm1 þm2Þ2�: ð93Þ

For the integration in the variable ω2
q, we use the following

result:

Z
2p−A2=pþ

m2
1

dðω2
qÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 − pþω2
q

2p−

q ¼ 4

ffiffiffiffiffiffi
p−

pþ

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p−A2

pþ
−
m2

1

2

s

¼ 2jp−j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
2pþp−

þ ðm2
1 −m2

2Þ2
ð2pþp−Þ2

s
: ð94Þ

The required integrals are then, in Lorentz’s covariant form,

I1 ¼
π

2
Θð−p−ÞΘ½p2 − ðm1 þm2Þ2�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
p2

þ ðm2
1 −m2

2Þ2
p4

s
; ð95Þ

I2a ¼
pa

2

�
1þm2

1 −m2
2

p2

�
I1: ð96Þ

Substituting Eqs. (95) and (96) into Eq. (79), and using that
ðγ5Þ2 ¼ 1 and γ5γaγ5 ¼ −γa,

g2γ5d̂−ðpÞγ5 ¼
g2

4
ð2πÞ−3Θð−p−ÞΘ½p2 − ðm1 þm2Þ2�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
p2

þ ðm2
1 −m2

2Þ2
p4

s

×

�
m1 −

p
2

�
1þm2

1 −m2
2

p2

��
: ð97Þ

For the distribution dþ we must follow the same steps;
the result is

g2γ5d̂þðpÞγ5 ¼ −
g2

4
ð2πÞ−3Θðp−ÞΘ½p2 − ðm1 þm2Þ2�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
p2

þ ðm2
1 −m2

2Þ2
p4

s

×

�
m1 −

p
2

�
1þm2

1 −m2
2

p2

��
: ð98Þ

Being that way, the numerical part of the causal distribution
describing fermion’s self-energy, in momentum space, is
[see Eq. (73)]
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d̂ðpÞ ¼ −
g2

4
ð2πÞ−3sgnðp−ÞΘ½p2 − ðm1 þm2Þ2�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
p2

þ ðm2
1 −m2

2Þ2
p4

s

×

�
m1 −

p
2

�
1þm2

1 −m2
2

p2

��
: ð99Þ

In order to split this causal distribution and obtain its
retarded part we will write it in a convenient way by
factorizing a polynomial:

d̂ðpÞ ¼ −
g2

4
ð2πÞ−3

�
m1p2 −

p
2
½p2 þ ðm2

1 −m2
2Þ�
�
d̂1ðpÞ;

ð100Þ

with

d̂1ðpÞ ¼ sgnðp−ÞΘ½p2 − ðm1 þm2Þ2�

×
1

p2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
p2

þ ðm2
1 −m2

2Þ2
p4

s
: ð101Þ

Then, by theorem it is sufficient to split the distribution
d̂1ðpÞ. Going to a reference frame in which ðpaÞ ¼
ðpþ; 0⊥;p−Þ, which is possible since p ∈ Vþ by the
support of Dirac’s delta distribution and Heaviside’s
function in Eq. (102),

d̂1ðpÞ¼ sgnðp−ÞΘ½2pþp− − ðm1þm2Þ2�

×
1

2pþp−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2ðm2
1þm2

2Þ
2pþp−

þðm2
1−m2

2Þ2
ð2pþp−Þ2

s
: ð102Þ

This distribution has singular order ω1
− ¼ −1 < 0, so its

retarded part is simply given by

r̂1ðpÞ ¼
i
2π

Z
dk

kþ i0þ
sgnðp−Þ

1

−2kp− þ 2pþp−

× Θ½−2kp− þ 2pþp− − ðm1 þm2Þ2�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
−2kp− þ 2pþp−

þ ðm2
1 −m2

2Þ2
ð−2kp− þ 2pþp−Þ2

s
:

ð103Þ

Using Sokhotskiy’s formula for treating the pole, then
making the change s ¼ −2kp− þ 2pþp−,

r̂1ðpÞ ¼
i
2π

Z þ∞

ðm1þm2Þ2
ds

sð2pþp− − sÞ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
s

þ ðm2
1 −m2

2Þ2
s2

s

þ 1

2
sgnðp−ÞΘð2pþp− − ðm1 þm2Þ2Þ

1

2pþp−

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
2pþp−

þ ðm2
1 −m2

2Þ2
ð2pþp−Þ2

s
: ð104Þ

Let us call J the integral in Eq. (104). It can be written as

J ¼
Z þ∞

ðm1þm2Þ2
ds

s2ð2pþp− − sÞ
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðm1 þm2Þ2�½s − ðm1 −m2Þ2�

q
: ð105Þ

This integral can be solved by the third Euler’s substitution
[34]. We perform the change of variable,

s ¼ ðm1 þm2Þ2 − ðm1 −m2Þ2x2
1 − x2

; 0 < x < 1; ð106Þ

with which,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðm1 þm2Þ2�½s − ðm1 −m2Þ2�

q
¼ 4m1m2

x
1 − x2

;

ds ¼ 8m1m2xdx
ð1þ xÞ2ð1 − xÞ2 :

Defining also the parameters a and b according to

a2¼ðm1þm2Þ2
ðm1−m2Þ2

>1; b2¼
				2pþp−−ðm1þm2Þ2
2pþp−−ðm1−m2Þ2

				; ð107Þ

the integral J adopts the form

Jη ¼ −
8m1m2ða2 − b2Þ
2pþp−ðm1 −m2Þ2

×
Z

1

0

x2dx
ðaþ xÞ2ða − xÞ2ðx2 − ηb2Þ ; ð108Þ

with η¼þ1 if 2pþp−<ðm1−m2Þ2 or 2pþp−>ðm1þm2Þ2
and η ¼ −1 if ðm1 −m2Þ2 < 2pþp− < ðm1 þm2Þ2. These
integrals can already be evaluated by the technique of
partial fractions. We obtain the following results:

Jþ1 ¼
2pþp− − ðm1 −m2Þ2

ð2pþp−Þ2
�
b2 − a2

a2 − 1
þ b log

�				 1þ b
1 − b

				
�

−
a2 þ b2

2a
log

�
aþ 1

a − 1

��
; ð109Þ
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J−1 ¼
2pþp− − ðm1 −m2Þ2

ð2pþp−Þ2
ðb2 − a2Þ2

2aða2 þ b2Þ2

×
�
ðb2 − a2Þ log

�
aþ 1

a − 1

�

þ4abtan−1
�
1

b

�
−
2aða2 þ b2Þ

a2 − 1

�
: ð110Þ

Lorentz’s covariant version of this distribution is
obtained by the replacement of 2pþp− by p2. By virtue
of Eqs. (100) and (104) the retarded distribution is

r̂ðpÞ ¼ −
ig2

4ð2πÞ4
(�

m1p2 −
p
2
½p2 þ ðm2

1 −m2
2Þ�
�
JηðpÞ

− iπsgnðp−ÞΘðp2 − ðm1 þm2Þ2Þ

×

�
m1 −

p
2

�
1þm2

1 −m2
2

p2

��

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ðm2
1 þm2

2Þ
p2

þ ðm2
1 −m2

2Þ2
p4

s )
: ð111Þ

The numerical distribution t̂ðpÞ contained in the transition
distribution is finally obtained by subtracting the subsidiary
distribution r̂0ðpÞ: t̂ðpÞ ¼ r̂ðpÞ − r̂0ðpÞ. Therefore, defin-
ing the fermion’s self-energy Σ̂ðpÞ by

t̂ðpÞ≕ − iΣ̂ðpÞ;
TðFSEÞ
2 ðx1; x2Þ ¼ −i∶ψ̄ðx1ÞΣðx1 − x2Þψðx2Þ∶; ð112Þ

from Eq. (111) it follows that

Σ̂ðpÞ ¼ g2

4ð2πÞ4
(�

m1p2 −
p
2
½p2 þ ðm2

1 −m2
2Þ�
�
JηðpÞ

− iπΘðp2 − ðm1 þm2Þ2Þ
�
m1 −

p
2

�
1þm2

1 −m2
2

p2

��

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2ðm2
1 þm2

2Þ
p2

þ ðm2
1 −m2

2Þ2
p4

s )
: ð113Þ

The singular order of Σ̂ðpÞ at the x− axis is ω− ¼ þ1,
hence its most general form is

Σ̃ðpÞ¼ Σ̂ðpÞþC0þC1p≡ Σ̂ðpÞþcþC1ðp−m1Þ: ð114Þ

As in the case of boson’s self-energy, the constants c andC1

will be fixed by imposing additional physical conditions.
Those could be imposed to the total fermion propagator,
defined as the series for the meson-fermion scattering:

TðBFÞðx1; x2Þ ¼ −ig2∶ψ̄ðx1Þγ5Stotðx1 − x2Þγ5ψðx2Þ∶
× ∶φðx1Þφðx2Þ∶: ð115Þ

To calculate the fourth order contribution to this series we
start, in the inductive process, by constructing the causal
distribution:

DðBFÞ
4 ðx1;x2;x3;x4Þ¼TðBFÞ

2 ðx1;x3ÞTðBFÞ
2 ðx4;x2Þ

−TðBFÞ
2 ðx2;x4ÞTðBFÞ

2 ðx1;x3Þ: ð116Þ
By writing the second order transition distribution for the
meson-fermion scattering as

TðBFÞ
2 ðx1; x2Þ ¼ ig2∶ψ̄ðx1Þγ5tðBFÞ2 ðx1 − x2Þγ5ψðx2Þ∶

× ∶φðx1Þφðx2Þ∶; ð117Þ
we obtain by using Wick’s theorem,

DðBFÞ
4 ðx1;x2;x3;x4Þ
¼ g2∶ψ̄ðx1Þγ5tðBFÞ2 ðx1−x3Þ
×dðx3−x4ÞtðBFÞ2 ðx4−x2Þψðx2Þ∶∶φðx1Þφðx2Þ∶; ð118Þ

and its corresponding transition distribution can be
obtained by the splitting of the distribution dðx3 − x4Þ,
which is the one in Eq. (73), because the distributions tðBFÞ2

have negative singular order:

TðBFÞ
4 ðx1;x2;x3;x4Þ
¼−ig2∶ψ̄ðx1Þγ5tðBFÞ1 ðx1−x3Þ
×Σðx3−x4ÞtðBFÞ2 ðx4−x2Þψðx2Þ∶∶φðx1Þφðx2Þ∶; ð119Þ

and similarly for the next order perturbation terms. As a
consequence, the total fermion propagator in momentum
space is given by the series:

Ŝtot ¼ −t̂ðBFÞ2 þ ð2πÞ4 t̂ðBFÞ2 Σ̃t̂ðBFÞ2

− ð2πÞ8t̂ðBFÞ2 Σ̃t̂ðBFÞ2 Σ̃t̂ðBFÞ2 þ � � �
¼ −t̂ðBFÞ2 ð1þ ð2πÞ4Σ̃ŜtotÞ: ð120Þ

Now, the two-point transition distribution for the meson-
fermion scattering is given by

t̂ðBFÞ2 ðpÞ ¼ −ð2πÞ−2 pþm1

p2 −m2
1 þ i0þ

¼ −ð2πÞ−2 1

p −m1 þ i0þ
; ð121Þ

because the distributions of a given order are constructed
with the already normalized transition distributions of less
order, as explained in Sec. I A. In this case, although
Feynman’s propagator of the fermion field has an
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instantaneous term, it is eliminated by a suitable normali-
zation at tree level and no more appears in the next-order
calculations—for details, see Ref. [13]. Accordingly, from
Eq. (120) it follows that

ŜtotðpÞ ¼ ð2πÞ−2 1

p − ðm1 þ ð2πÞ2Σ̃ðpÞÞ þ i0þ
: ð122Þ

The physical conditions which this propagator must sat-
isfy are
(1) the physical mass of the fermion is m1, so ŜtotðpÞ

must have a pole in p ¼ m1; and
(2) the physical value of the coupling constant is g,

hence the coefficient of p in the denominator of
ŜtotðpÞ must be one. In this way,

lim
p→m1

Σ̃ðpÞ ¼ 0 and lim
p→m1

dΣ̃ðpÞ
dp

¼ 0: ð123Þ

These two conditions are satisfied by the choice—
we use the case with η ¼ −1 because it is the one
which contains the mass-shell p2 ¼ m2

1—:

c¼−
g2m1m2

2

8ð2πÞ4 J−1ðp¼m1Þ;

C1 ¼−
g2m2

2

8ð2πÞ4
�
J−1ðp¼m1Þþm1

dJ−1
dp

ðp¼m1Þ
�
:

As in the meson’s case, also the fermion’s self-
energy in light-front dynamics is equal to the result
obtained in instant dynamics [33].

IV. CONCLUSIONS

We have obtained the expression for boson’s self-energy
and fermion’s self-energy in the neutral Yukawa’s model in
light-front dynamics without ambiguities and avoiding the
complications of the different regularization schemes. In
particular, null-plane CPT has shown to be very useful
because, since it does not use Feynman’s rules but the causal
inductive procedure, no Feynman’s propagator appears as
part of loop distributions, avoiding the appearance of the
spurious pole that the fermion Feynman’s propagator con-
tains in its instantaneous term, andwhose removal is a major
problem in the usual approaches.
Our results must be compared with those obtained in

instant dynamics [33], which shows in a very direct manner
the equivalence of both dynamical forms.
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