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We revisit the problem of the gauge invariance in the Coleman-Weinberg model in which a Uð1Þ gauge
symmetry is driven spontaneously broken by radiative corrections. It was noticed in previous work that
masses in this model are not gauge invariant at one-loop order. In our analysis, we use the dressed
propagators of scalars which include a resummation of the one-loop self-energy correction to the tree-level
propagator. We calculate the one-loop self-energy correction to the vector meson using these dressed
propagators. We find that the pole mass of the vector meson calculated using the dressed propagator is
gauge invariant at the vacuum determined using the effective potential calculated with a resummation of
daisy diagrams.

DOI: 10.1103/PhysRevD.103.076016

I. INTRODUCTION

One of the subtle problems in quantum field theory
(QFT) is the gauge invariance of physical quantities. It is
generally believed that physical quantities, such as the
S-matrix elements, the physical masses, the energy density
of a physical state, and the decay rate of a false vacuum,
are gauge invariant although the quantum field theory can
be quantized in an arbitrary gauge. One quantity often
encountered in QFT is the effective potential which is
usually interpreted as the energy density just as the
potential is usually interpreted as the energy density.
However, it was found that the effective potential in the

Coleman-Weinberg (CW) model [1], which is a model of
massless scalar quantum electrodynamics (QED) with
symmetry broken by radiative corrections, is not gauge
invariant [2]. This has raised concerns about how the gauge
invariance is achieved in physical quantities in scalar QED
and in general scalar gauge theories and what is the
meaning of the effective potential. Many attempts have
been made to clarify this problem in different models for
various quantities [3–22], e.g., for the decay rate of the false
vacuum [14,15,18,19].

One interesting observation is that although the effective
potential is in general not gauge invariant, but the minimum
value of the effective potential turns out to be gauge invariant
[3]. So theminimumvalue of the effective potential is indeed
a physical quantity. Another interesting observation is that
the pole masses in the CW model are not gauge invariant at
one-loop order, but the ratio of the pole masses of the scalar
meson and the vector meson are gauge invariant [4]. These
results are encouraging but are still far from a clear
clarification. In particular, the gauge dependence of the pole
masses in the CWmodel is apparently not satisfactory. It is a
puzzling result. The gauge independence of the minimum of
effective potential is also not easy to see clearly although the
argument given in [3] looks straightforward.
It was noticed in [3,5] that an infinite series of diagrams,

the so-called daisy diagrams, can give contributions of the
same order of the gauge-dependent part in the one-loop
contribution to the effective potential and these diagrams
should be taken into account in a consistent analysis [6]. In
was shown that these contributions can also be evaluated by
summing the daisy diagrams into the dressed propagators
of scalar fields [7]. A recent publication [9] shows that after
a careful calculation of the daisy diagrams the gauge
invariance of the minimum of the effective potential can
be achieved. Actually, daisy resummation also plays an
important role in solving other problems, e.g., the gauge
dependence problem in finite-temperature field theory [11–
13] and the infrared problem caused by the massless
Goldstone boson [23,24]. In view of these recent advance-
ments, it is natural to expect that this idea can help to solve
other remaining problems, e.g., the gauge dependence of
the physical mass in the CW model.
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In this article, we reanalyze the radiative correction to the
pole mass of the vector meson in the CWmodel at one-loop
order. We show that the pole mass of the vector meson in
the CW model is gauge invariant at one-loop order after
including the daisy resummation effects in the propagator
and in the effective potential. This result is the novel
contribution of the present article. This was argued in [9] to
happen, but a concrete calculation has not been done yet.
Since this problem has been a puzzle for a long time, it is
worth making a detailed presentation although the content
may look pedagogical.
The article is organized as follows. In the next section,

we quickly review the CWmodel and the effective potential
after including the resummation effect. We obtain an
expression of vacuum using this effective potential. Then
we address the resummation effects in the propagators
and calculate the one-loop self-energy of the vector meson
when including these effects. We find that the gauge
dependence in the pole mass of the vector meson is
completely canceled at one-loop order after including all
these resummation effects. We give some details of our
calculation in Appendixes A, B, and C.

II. THE EFFECTIVE POTENTIAL
AND THE VACUUM

The CW model is a model with a massless scalar field
coupled with a Uð1Þ gauge field. The Lagrangian of the
CW model can be written as follows:

L ¼ −
1

4
F2
μν þ

1

2
ð∂μϕ1 − eAμϕ2Þ2

þ 1

2
ð∂μϕ2 þ eAμϕ1Þ2 − VðϕÞ þ LGF; ð2:1Þ

where ϕ1 and ϕ2 are two components of the complex scalar
field ϕ, Aμ is the Uð1Þ gauge field and Fμν the field
strength, and the potential V is

VðϕÞ ¼ λ

24
ϕ4 ð2:2Þ

with ϕ2 ≡ ϕ2
1 þ ϕ2

2. LGF ¼ − 1
2ξ ð∂μAμÞ2 is the gauge-fixing

term. The tree level potential of the CW model has a
minimum at ϕ ¼ 0, where the original symmetry is not
broken. However, quantum correction can give rise to an
effective potential which can drive the minimum away from
the origin, as pointed out in [1]. This leads to symmetry
breaking driven by radiative corrections.

The effective potential can be obtained using the back-
ground field method [2]. The effective potential including
the leading quantum correction is obtained as

Ve4ðϕ̂Þ ¼
λ

24
ϕ̂4 þ ℏe4

16π2
ϕ̂4

�
−
5

8
þ 3

2
ln
eϕ̂
μ

�
; ð2:3Þ

where ϕ̂ is a background field taken as the value of ϕ1, i.e.,
ϕ1 ¼ ϕ̂ and ϕ2 ¼ 0, and μ is the renormalization scale. The
effective potential in Eq. (2.3) has been renormalized in the
modified minimal subtraction(MS) scheme. We can see in
Eq. (2.3) that if λ ∼ ℏ

16π2
e4, the potential can have a

minimum for ϕ ≠ 0, and then the symmetry is broken
spontaneously driven by quantum corrections.
The effective potential in Eq. (2.3) is gauge invariant.

However, there are other terms in the one-loop quantum
correction. In particular, there is a term of order λe2 which
depends on the gauge-fixing parameter ξ, as shown in [2].
Since λ ∼ e4 in this model, this gauge dependent term is
of higher order, i.e., of order e6. As a consequence, the
masses obtained using this effective potential are not gauge
invariant. It was shown in [4] that the scalar-to-vector mass
ratio is gauge independent if including two-loop correc-
tions in the effective potential, but the masses of the scalar
meson and the vector meson are still gauge dependent.
It was suggested in [3,5] that all the higher-loop

contributions given in Fig. 1, the so-called daisy diagrams,
should be included when calculating the effective potential.
This is because these diagrams would give a contribution of
order e10=λ which is of order e6 for λ ∼ e4. A resummation
of the contributions of these diagrams have been done in [9]
and an effective potential is obtained as follows:

Vðϕ̂Þ ¼ Ve4ðϕ̂Þ þ Ve6ðϕ̂Þ; ð2:4Þ

where Ve4 is given in Eq. (2.3) and Ve6 in the MS scheme
is [9]

Ve6ðϕ̂Þ ¼
ℏe2λ
16π2

ϕ̂4

�
ξ

8
−

ξ

24
ln
e2λξϕ̂4

6μ4

�

þ ℏ2e6

ð16π2Þ2 ϕ̂
4

�
ð10 − 6ξÞln2 eϕ

μ
þ
�
−
62

3
þ 4ξ −

3

2
ξ ln

λξ

6e2

�
ln
eϕ̂
μ

þ ξ

�
−
1

2
þ 1

4
ln

λξ

6e2

�
þ 71

6

�

þ ℏe2λ
16π2

ϕ̂4

�
−

ξ

24

��
λ̂ðϕ̂Þ
λ

þ
�
1 −

λ̂ðϕ̂Þ
λ

�
ln

�
1 −

λ̂ðϕ̂Þ
λ

��
; ð2:5Þ

FIG. 1. High-loop graphs that contribute terms proportional to
e10
λ to the effective potential.
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where

λ̂ðϕ̂Þ≡ ℏe4

16π2

�
6 − 36 ln

eϕ̂
μ

�
: ð2:6Þ

The second part in Eq. (2.5) comes from two-loop con-
tributions, and the third part in Eq. (2.5) is the contribution
of the resummation of daisy diagrams in Fig. 1. Using this
effective potential, it was shown explicitly that the effective
potential at its minimum is gauge invariant to order e6 [9].
The vacuum expectation value, ϕ̂ ¼ υ, can be obtained

from extremum condition

∂Vðϕ̂Þ
∂ϕ̂

����
ϕ̂¼υ

¼ 0: ð2:7Þ

Since Vðϕ̂Þ is not gauge invariant, υ is not gauge invariant
either. However, it can be found that υ is gauge invariant at
the leading order and is gauge dependent at order e2. So we
can express υ as follows:

υ ¼ υ0 þ υ1 þ � � � ; ð2:8Þ
where v0 is the value of υ at leading order and υ1 is the
correction at order e2. Other higher-order corrections have
been neglected. υ0 can be obtained by considering the
extremum condition of Ve4 , i.e.,

∂Ve4ðϕ̂Þ
∂ϕ̂

����
ϕ̂¼υ0

¼ 0: ð2:9Þ

It gives

λ − λ̂ðυ0Þ ¼ 0; ð2:10Þ
where λ̂ is given in Eq. (2.6). υ0 determined using Eq. (2.10)
is gauge invariant because the expression of λ̂ in Eq. (2.6)
does not depend on the gauge-fixing parameter ξ.
The coupling constants λ and e in Eq. (2.10)) should be

understood as renormalized at the scale μ. Using the β
functions of λ and e at the leading order [9]

μ
d
dμ

λ ¼ 9ℏe4

4π2
; μ

d
dμ

e ¼ ℏe3

48π2
; ð2:11Þ

it is straightforward to show that v0 determined in
Eq. (2.10)) does not depend on the renormalized scale μ

at the leading order, i.e., at order e4. So it is convenient to
choose a fixed energy scale μX for which the running
coupling constants satisfy the following relation [9]:

λðμXÞ ¼
ℏ

16π2
e4ðμXÞf6 − 36 ln½eðμXÞ�g: ð2:12Þ

We can choose μ ¼ μX in Eq. (2.10). Then it is easy to
see that

v0 ¼ μX: ð2:13Þ
Since v0 does not depend on μ, v0 found in this way is the
same for an arbitrary value of μ.
Now we can obtain an expression of υ1. Notice that

Eq. (2.9) means

∂Ve4ðϕ̂Þ
∂ϕ̂

����
ϕ̂¼υ0þυ1

¼ ∂2Ve4ðϕ̂Þ
∂ϕ̂2

����
ϕ̂¼υ0

υ1 þOðυ21Þ þ � � � :

ð2:14Þ
Keeping the term linear in υ1 in Eq. (2.14), we can write
Eq. (2.7) as

∂2Ve4ðϕ̂Þ
∂ϕ̂2

����
ϕ̂¼υ0

υ1 þ
∂Ve6ðϕ̂Þ

∂ϕ̂
����
ϕ̂¼υ0þυ1

¼ 0: ð2:15Þ

Plugging Eq. (2.5) into Eq. (2.15) and keeping terms of the
leading order, we obtain

υ1 ¼
ℏe2

16π2
μX
2

��
−ξ −

80

9

�
−
40

3
ln2eþ 94

9
ln e2

þ 1

2
ξ

�
ln
λξe2

6
þ ln

�
1 −

λ̂ðυÞ
λ

���
: ð2:16Þ

In Eq. (2.16), the lnð1 − λ̂ðvÞ
λ Þ have been kept as a function of

υ ¼ μX þ υ1 rather than of μX, because this logarithm
diverges at ϕ̂ ¼ μX. So Eq. (2.16) can be understood as an
iterative expression of υ1. We can see in Eq. (2.16) that υ1 is
indeed of order e2. This expression of υ1 will be used later
when studying thegauge invarianceof thevectormesonmass.

III. THE DRESSED PROPAGATOR

Using the background field ϕ̂, the effective propagators
of scalars at tree level are [4]

ð3:1Þ
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The key point of daisy summation is that the self-energy
diagram shown in Fig. 2 is of the same order of tree-level
contribution. In fact, a straightforward calculation of this
diagram using the dimensional regulation gives

Aloop ¼
ℏ
2

Z
dDk
ð2πÞD 2ie2gμν

−i
k2 − e2ϕ̂2

�
gμν −

kμkν

k2

�

¼ iℏ
16π2

e4ϕ̂2

�
1 − 6 ln

eϕ̂
μ

�
; ð3:2Þ

where we have performed subtraction in the MS
scheme and have eliminated the term proportional to
Δε ¼ 1

ε − γE þ ln 4π. One can see clearly in Eqs. (3.1)
and (3.2) that the self-energy diagram in Fig. 2 is of the
same order of the tree-level mass, which is ∼λϕ̂2 ∼ e4ϕ̂2.
This suggests that we should include a geometric

summation shown in Fig. 3 in the calculation of quantum
corrections [7,8]. This summation gives modified propa-
gators, called dressed propagators. For example, for ϕ2 the
summation gives a dressed propagator as follows:

D22 ¼ D0
22 þD0

22AloopD0
22 þD0

22AloopD0
22AloopD0

22 þ � � �

¼ iðk2 − e2ξϕ̂2Þ
k4 −m2

2ðk2 − ξe2ϕ̂2Þ ; ð3:3Þ

with

m2
2ðϕ̂Þ ¼

λ

6
ϕ̂2 þ iAloop ¼

λ − λ̂

6
ϕ̂2; ð3:4Þ

where λ̂ is given in Eq. (2.6).
For ϕ1, this geometric summation using a vector tadpole

would give rise to a mass shifting to 3λ−λ̂
6

ϕ̂2. However, this

is not the correct result. There are other self-energy
diagrams that can contribute at order e4. These self-energy
diagrams have been computed in [4] as a momentum
expansion around p2 ¼ 0. Restoring the coupling constant
in logarithm, which is omitted in [4], the result, which is of
the same order of iðD0

11Þ−1, can be extracted out as

Σ11 ¼ −i
ℏe4

16π2
ϕ̂2

�
3þ 18 ln

eϕ̂
μ

�
: ð3:5Þ

Performing a summation using Eq. (3.5) we can get a
dressed propagator for ϕ1 as

D11 ¼ D0
11 þD0

11Σ11D0
11 þD0

11Σ11D0
11Σ11D0

11 þ � � �

¼ i
k2 −m2

1

; ð3:6Þ

with

m2
1ðϕ̂Þ ¼

λ

2
ϕ̂2 þ iΣ11 ¼

λ

2
ϕ̂2 þ ℏe4

16π2
ϕ̂2

�
3þ 18 ln

eϕ̂
μ

�
:

ð3:7Þ

One can also check that other self-energy diagrams for ϕ2

give zero or are of higher order than the vector tadpole
diagram in Fig. 2. So the correction given in Eq. (3.4) is the
total leading order one-loop correction to the dressed mass
of ϕ2.
Because ðD0

22Þ−1, part of the whole matrix of the inverse
of the propagators for ðϕ1;ϕ2; AμÞ, has been modified to
ðD22Þ−1, other parts of propagators related to D0

22 should
also be modified. This can be seen clearly when solving the
propagator matrix of ðϕ1;ϕ2; AμÞ from the matrix of the
inverse propagators, as was done in [4]. The result is a shift
of the ϕ2 mass to m2

2ðϕ̂Þ in all these related propagators.
These dressed propagators have been summarized in
Appendix A.
We note that the dressed masses obtained in Eqs. (3.4)

and (3.7) are consistent with the results one can obtain
using the effective potential [14]. In fact, using Eqs. (2.3)
one can easily verify

FIG. 2. Transverse vector tadpole graph Aloop.

FIG. 3. The dressed propagator of ϕ2 as a resummation of a series of vector tadpole diagrams inserted into tree-level propagators.
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m2
1ðϕ̂Þ ¼

∂2Ve4

∂ϕ̂2
; m2

2ðϕ̂Þ ¼
1

ϕ̂

∂Ve4

∂ϕ̂ : ð3:8Þ

So ϕ2 becomes massless at the vacuum at the leading
order determined by Ve4, as it should happen as a
Goldstone boson.

IV. THE VECTOR MESON MASS

Using the dressed propagators and the vertices shown in
Appendix A, we can calculate the one-loop self-energy
diagrams of the vector meson and the radiative corrections
to the vector meson mass. The relevant one-loop self-
energy diagrams are shown in Fig. 4 in Appendix B, and
the corresponding Feynman integrals are given in Eqs. (B1),
(B2), (B3), (B4), and (B5). The total self-energy−iΣμν is the
sum of the contributions of all these diagrams.
Using Σμν, we can write down the inverse of the

propagator of the vector meson at one-loop order

G−1
μν ðp2Þ ¼ igμνðp2 − e2ϕ̂2Þ þ iΣμνðp2Þ þ pμpν term;

ð4:1Þ

where the first term is the tree-level contribution. Σμν can
also be written as

Σμνðp2Þ ¼ gμνΣðp2Þ þ pμpν term: ð4:2Þ
So we can rewrite Eq. (4.1) as

G−1
μν ðp2Þ ¼ igμνðp2 − e2ϕ̂2 þ Σðp2ÞÞ þ pμpν term: ð4:3Þ

The pole mass of the vector meson, m2
v, is determined by

the condition that the first term in Eq. (4.3) vanishes at the
point p2 ¼ m2

v.
Σμν can be evaluated using a momentum expansion

around the point p2 ¼ 0 as in [4]. Introducing

δm2 ¼ −Σðp2 ¼ 0Þ; z2 ¼ −
∂ðΣðp2ÞÞ

∂p2

����
p2¼0

; ð4:4Þ

and neglecting terms of higher orders in p2, we can write
Eq. (4.3) as

G−1
μν ðp2Þ ¼ igμν½p2 − e2ϕ̂2 − δm2 − z2p2� þ pμpν term:

ð4:5Þ

Detailed results to order e4 have been given in Appendix C.
Using results in Appendix C, we can find

δm2 ¼ ℏ
16π2

e4ϕ2

�
ξ −

5

2
−
ξ

2
ln

�
e2ϕ̂2ξm2

2

μ4

�
þ 3 ln

e2ϕ̂2

μ2

�

ð4:6Þ

and

z2 ¼
ℏe2

16π2

�
−
41

18
þ 1

3
ln
e2ϕ̂2

μ2

�
; ð4:7Þ

where terms proportional to Δε have been subtracted in
renormalization. In Eqs. (4.6) and (4.7), we have kept the
coupling constants and the gauge-fixing parameter ξ in the
logarithms. If restoring the tree-level mass for ϕ1 and ϕ2

and neglecting the coupling constants and the gauge-fixing
parameter ξ in the logarithms, we agree with the results
in [4].
Using Eqs. (4.5), (4.6), and (4.7), we can find the pole

mass to e4 as follows:

m2
v ¼ e2ϕ̂2 þ δm2 þ z2e2ϕ̂

2

¼ e2ϕ̂2 þ ℏ
16π2

e4ϕ̂2

×

�
ξ −

43

9
−
ξ

2
ln

�
e2ϕ̂2ξm2

2

μ4

�
þ 10

3
ln
e2ϕ̂2

μ2

�
: ð4:8Þ

Now we set the scale μ ¼ μX and consider the case at
vacuum ϕ̂ ¼ v. Using Eq. (2.8) and keeping terms to order
e4, we find m2

vðvÞ up to order e4

FIG. 4. One-loop self-energy diagrams for vector meson.
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m2
vðυÞ ¼ e2μ2X þ 2e2μXυ1

þ ℏ
16π2

e4μ2X

�
ξ −

43

9
þ 10

3
ln e2 −

ξ

2

�
ln

�
e2λξ
6

�

þ ln

�
1 −

λ̂ðυÞ
λ

���
: ð4:9Þ

Inserting Eq. (2.16) into Eq. (4.9), it is easy to see that
the ξ dependence is canceled completely. We find the pole
mass of the vector meson as

m2
v ¼ e2μ2X þ ℏ

16π2
e4μ2X

�
−
123

9
þ 124

9
ln e2 −

40

3
ln2e

�
:

ð4:10Þ

It is manifestly a gauge invariant result.
So far we have used a momentum expansion around

p2 ¼ 0 in the evaluation of Σμνðp2Þ or Σðp2Þ. However,
there is a problem in this expansion. If expanding Σðp2Þ
around p2 ¼ 0, such as

Σðp2Þ ¼ Σð0Þ − z2p2 þ z4p4 þ � � � ; ð4:11Þ

we hope this expansion is convergent, i.e., jz4p4j ≪ jz2p2j
for p2 ≈ e2ϕ̂2. However, the natural dimensional parameter
appearing in the denominator is e2ϕ̂2, as we can see in
Eqs. (4.6) and (4.7) that z2=Σð0Þ ∼ 1=ðe2ϕ̂2Þ. We would
also expect z4=z2 ∼ 1=ðe2ϕ̂2Þ. So we would find that
jz4p4j ∼ jz2p2j for p2 ≈ e2ϕ̂2 and the expansion in
Eq. (4.11) may not give the correct result.
A better way to evaluate the self-energy is to do

expansion around p2 ¼ e2ϕ̂2. Introducing

δm̃2 ¼ −Σðp2 ¼ e2ϕ̂2Þ; z̃2 ¼ −
∂ðΣðp2ÞÞ

∂p2

����
p2¼e2ϕ̂2

;

ð4:12Þ

Σðp2Þ can be written as

Σðp2Þ ¼ −δm̃2 − z̃2ðp2 − e2ϕ̂2Þ þ z̃4ðp2 − e2ϕ̂2Þ2 þ � � � :
ð4:13Þ

Again we would expect z̃4=z̃2 ∼ 1=ðe2ϕ̂2Þ, but the pole
mass would deviate from the tree-level mass by an order e4

correction and we would expect p2 − e2ϕ̂2 ∼ e4ϕ̂2 in this
case. We would find that the second term in Eq. (4.13) is
expected to be order e6, and the third term in Eq. (4.13) is
expected to be order e8. Expansion to a higher order of
ðp2 − e2ϕ̂2Þn would give corrections of order e4þ2n. This
should be a valid expansion.
Taking the first and the second terms in Eq. (4.13), we

can rewrite the renormalized inverse propagator as

Gμνðp2Þ−1 ¼ igμν½p2 − e2ϕ̂2 − δm̃2 − z̃2ðp2 − e2ϕ̂2Þ�
þ pμpν term: ð4:14Þ

The pole mass is found with the condition that the first term
in Eq. (4.14) vanishes at p2 ¼ m2

v. This condition gives

m2
v ¼ e2ϕ̂2 þ δm̃2=ð1 − z̃2Þ ≈ e2ϕ̂2 þ δm̃2; ð4:15Þ

where we have neglected correction z̃2δm̃2 which is of
order e6. Some details of the calculation of the self-energy
diagrams in this case are given in Appendix B. We find

δm̃2 ¼ ℏ
16π2

e4ϕ2

�
ξ−

ξ

2
ln

�
e2ϕ̂2ξm2

2

μ4

�
−
62

9
þ 10

3
ln
e2ϕ̂2

μ2

�
:

ð4:16Þ

The cancellation of the gauge dependence is similar to the
case in Eq. (4.10). Evaluating the mass at the vacuum and
plugging Eqs. (2.8), (2.16), and (4.16) into Eq. (4.15) we
get the pole mass at order e4 as

m2
v ¼ e2μ2X þ ℏ

16π2
e4μ2X

�
−
142

9
þ 124

9
ln e2 −

40

3
ln2 e

�
:

ð4:17Þ

Equation (4.17) is also a manifestly gauge invariant result,
but it slightly differs from Eq. (4.10).

V. CONCLUSION

In summary, we have carefully calculated the one-loop
self-energy contributions to the vector meson in the CW
model. In our calculation, we use the dressed propagator
which includes a resummation of the one-loop contribution
to the scalar propagators. These contributions are found to
be of the same order of the tree-level scalar propagators in
the CWmodel and should be taken into account in a careful
analysis. We evaluate the one-loop self-energy contribution
as an expansion of momentum square both at around p2 ¼
0 and at around p2 ¼ e2ϕ̂2. The two results are slightly
different, and we suggest that the latter one is the correct
result because it is obtained from a more reliable expansion.
We find that our results agree with the results obtained in

[4] if restoring to the tree-level scalar propagator. However,
if taking the dressed propagator in calculation, the con-
clusion is very different from the conclusion obtained in
[4]. We find that the pole mass of the vector meson
calculated using the dressed propagator is gauge invariant
at the vacuum determined using the effective potential
calculated with a similar resummation, i.e., a resummation
of daisy diagrams.
A related problem is the gauge invariance of the scalar

meson mass in the CW model. This problem will be
discussed in another publication.
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APPENDIX A: DRESSED PROPAGATORS AND VERTICES

The dressed propagators we use are

ðA1Þ

ðA2Þ

ðA3Þ

ðA4Þ

where

DðkÞ ¼ ðk2 − β21Þðk2 − β22Þ; β21β
2
2 ¼ e2ϕ̂2ξm2

2; β21 þ β22 ¼ m2
2; ðA5Þ

and

m2
1ðϕ̂Þ ¼

∂2Ve4

∂ϕ̂2
¼ λ

2
ϕ̂2 þ ℏe4

16π2
ϕ̂2

�
3þ 18 ln

eϕ̂
μ

�
; ðA6Þ

m2
2ðϕ̂Þ ¼

1

ϕ̂

∂Ve4

∂ϕ̂ ¼ λ

6
ϕ̂2 þ ℏe4

16π2
ϕ̂2

�
−1þ 6 ln

eϕ̂
μ

�
: ðA7Þ

The effective vertices under a background field ϕ1 ¼ ϕ̂ are as follows:

ðA8Þ

ðA9Þ
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APPENDIX B: EVALUATION OF ONE-LOOP SELF-ENERGY DIAGRAMS

The corresponding Feynman integrals are

−iΣðaÞ
μν ðp2Þ ¼ 1

2

Z
dDk
ð2πÞD 2ie2gμν½D11ðkÞ þD22ðkÞ�

¼ 1

2

Z
dDk
ð2πÞD 2ie2gμν

�
i

k2 −m2
1

þ iðk2 − e2ξϕ̂2Þ
DðkÞ

�
; ðB1Þ

−iΣðbÞ
μν ðp2Þ ¼

Z
dDk
ð2πÞD eε12ð2kþ pÞμD11ðpþ kÞeε21ð2kþ pÞνD22ðkÞ

¼ 4e2
Z

dDk
ð2πÞD

kukνðk2 − e2ξϕ̂2Þ
ððpþ kÞ2 −m2

1ÞDðkÞ þ pμpν term; ðB2Þ

−iΣðcÞ
μν ðp2Þ ¼

Z
dDk
ð2πÞD 2ie2ϕ̂gμαD11ðpþ kÞ2ie2ϕ̂gβνΔαβðkÞ

¼ −4e4ϕ̂2

Z
dDk
ð2πÞD

�
gμν

ððpþ kÞ2 −m2
1Þðk2 − e2ϕ̂2Þ þ

ξkukν
ððpþ kÞ2 −m2

1ÞDðkÞ

−
kukν

ððpþ kÞ2 −m2
1Þðk2 − e2ϕ̂2Þk2 −

ξm2
2kμkν

ððpþ kÞ2 −m2
1ÞDðkÞk2

�
; ðB3Þ

−iΣðdÞ
μν ðp2Þ ¼ 4

Z
dDk
ð2πÞD eε21ð2pþ kÞμTρ2ðkÞ2ie2ϕ̂gρνD11ðpþ kÞ

¼ 4

Z
dDk
ð2πÞD

2e4ϕ̂2ξkμkν
ððpþ kÞ2 −m2

1ÞDðkÞ þ pμpν term; ðB4Þ

−iΣðeÞ
μν ðp2Þ ¼ 0: ðB5Þ

In these equations, the space-time dimension D is D ¼ 4 − 2ε. Notice that contributions from the second term in the
parentheses in Eq. (B2), the second term in Eq. (B3), and the first term in Eq. (B4) add up to zero.
In order to simplify the calculation, we add all the above terms and get

−iΣμνðp2Þ ¼ −iΣðaÞ
μν ðp2Þ þ 4e2

Z
dDk
ð2πÞD

kukνk2

ððpþ kÞ2 −m2
1ÞDðkÞ

− 4e4ϕ̂2

Z
dDk
ð2πÞD

�
gμν

ððpþ kÞ2 −m2
1Þðk2 − e2ϕ̂2Þ −

kukν
ððpþ kÞ2 −m2

1Þðk2 − e2ϕ̂2Þk2

−
ξm2

2kμkν
ððpþ kÞ2 −m2

1ÞDðkÞk2
�
þ pμpν term: ðB6Þ

After Feynman parametrization, we separate the remaining expression in Eq. (B6) into five parts and obtain

−iΣμνðp2Þ ¼ −iΣðaÞ
μν ðp2Þ þ ðIÞ þ ðIIÞ þ ðIIIÞ þ ðIVÞ; ðB7Þ

where ΣðaÞ
μν is independent of p2 and is given in Eq. (C1) in Appendix C. Other terms are

ðIÞ ¼ igμν
16π2

ð2e4ϕ̂2Þ
Z

1

0

dx ln

�
M2ða1; b1; c1Þ

μ2

�
M2

�
−
a1
c1

;−
b1
c1

; 1

�
; ðB8Þ
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ðIIÞ ¼ igμν
16π2

e2
Z

1

0

dx
1

d
½ln ðM2ða; b; cÞÞM2ða; b; cÞM2ð5a; 3b; 5cþ 2dÞ

− ln ðM2ða; b − d; cþ dÞÞM2ða; b − d; cþ dÞM2ð5a; 3b − 3d; 5cþ 3dÞ�; ðB9Þ

ðIIIÞ ¼ igμν
16π2

e2
�Z

1

0

dx1

Z
1−x1

0

dx24M̂
2 þ

Z
1

0

dxð2e2ϕ̂2Þð1 − xÞ

−
Z

1

0

dx

�
3

2d
ððM2ða; b; cÞÞ2 − ðM2ða; b − d; cþ dÞÞ2Þ − 2ax2ð1 − xÞ

��
; ðB10Þ

ðIVÞ ¼ igμν
16π2

e2Δε

�
−4e2ϕ̂2 þ

Z
1

0

dx1

Z
1−x1

0

dx2ð6M̂2 þ 2l2 þ 2e2ϕ̂2Þ
�
; ðB11Þ

where

M2ða; b; cÞ ¼ ax2 þ bxþ c; M̂2 ¼ ax21 þ bx1 þ cþ dx2; l2 ¼ ax21;

a ¼ p2; b ¼ m2
1 − β22 − p2; c ¼ β22; d ¼ β21 − β22;

a1 ¼ p2; b1 ¼ m2
1 − e2ϕ̂2 − p2; c1 ¼ e2ϕ̂2; ðB12Þ

and

Δε ¼
1

ε
− γE þ ln 4π: ðB13Þ

In Eqs. (B7), (B8), (B9), (B10), and (B11), we have
neglected all terms proportional to pμpν. So far we have
not made an approximation in the evaluation of self-energy
diagrams except neglecting terms proportional to pμpν.
A further examination shows that the last term in Eq. (B3)
gives a higher-order contribution that can be neglected in

our analysis. If neglecting this contribution, Eqs. (B8) and
(B9) would be rewritten as other forms.
Notice that two terms in the bracket in Eq. (B9) cancel

with each other when d ¼ 0. When d is small compared to
other parameters, these two terms would give a result
proportional to a factor d which cancels the d in the
denominator outside the bracket. This is the case for
p2 ≈ e2ϕ̂2. A careful calculation should be done to extract
the result in this case. After a careful calculation, an
expression for the one-loop contribution to the self-energy
of the vector meson is found at p2 ≈ e2ϕ̂2 as

−iΣμνðp2Þ ¼ iℏgμν
16π2

�
e4ϕ2

�
ξ −

ξ

2
ln

�
e2ϕ̂2ξm2

2

μ4

�
−
62

9
þ 10

3
ln
e2ϕ̂2

μ2

�

þ
�
31

9
−
5

3
ln
eϕ̂2

μ2
þ 2 ln

m2
1

μ2

�
e2ðp2 − e2ϕ̂2Þ

�
; ðB14Þ

where we have eliminated terms proportional to Δε by subtraction and neglected terms proportional to pμpν. We have also
restored a factor ℏ in Eq. (B14) for a one-loop correction. Using Eq. (B14), we can find

δm̃2 ¼ ℏ
16π2

e4ϕ2

�
ξ −

ξ

2
ln

�
e2ϕ̂2ξm2

2

μ4

�
−
62

9
þ 10

3
ln
e2ϕ̂2

μ2

�
ðB15Þ

and

z̃2 ¼
ℏe2

16π2

�
31

9
−
5

3
ln
eϕ̂2

μ2
þ 2 ln

m2
1

μ2

�
: ðB16Þ

We note that when evaluating the self-energy diagrams in
Fig. 4 at p2 ¼ e2ϕ̂2, we would find imaginary parts in some
of the diagrams. There is an imaginary part in Fig. 4(b) that

does not depend on the gauge-fixing parameter ξ. At the
order we are considering, this imaginary part is canceled by
a contribution from Fig. 4(c). Other contributions to the
imaginary parts are proportional to the gauge-fixing
parameter ξ. These terms add up to zero and the imaginary
parts cancel completely. So we do not have an imaginary
part in the final result of the self-energy of the vec-
tor meson.
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APPENDIX C: SUMMARY OF ONE-LOOP SELF-ENERGY CONTRIBUTIONS

The self-energy contributions given in Eqs. (B1), (B2), (B3), (B4), and (B5) can be evaluated as an expansion of p2

around p2 ¼ 0. The results to order p2 are

−iΣðaÞ
μν ðp2Þ ¼ igμν

16π2

�
e4ξϕ2 þ e4ξϕ2

�
Δε −

1

2
ln

�
e2ϕ̂2ξm2

2

μ4

���
; ðC1Þ

−iΣðbÞ
μν ðp2Þ ¼ igμν

16π2

�
−
3

2
e4ϕ̂2ξþ

�
−

5

18
þ 2m2

1

3m2
2

�
e2p2

−
�
e4ϕ̂2ξþ 1

3
e2p2

��
Δε −

1

2
ln

�
e2ϕ̂2ξm2

2

μ4

���
; ðC2Þ

−iΣðcÞ
μν ðp2Þ ¼ igμν

16π2

�
−
�
5

2
þ 3

2
ξ

�
e4ϕ̂2 − 2

�
1 −

m2
1

3m2
2

−
1

6
ln
e2ϕ̂2

μ2
þ 1

12
ln

�
e2ϕ̂2ξm2

2

μ4

��
e2p2

− ð3þ ξÞe4ϕ̂2Δε þ e4ϕ̂2

�
3 ln

e2ϕ̂2

μ2
þ 1

2
ξ ln

�
e2ϕ̂2ξm2

2

μ4

���
; ðC3Þ

−iΣðdÞ
μν ðp2Þ ¼ igμν

16π2

�
3e4ϕ̂2ξ −

4m2
1

3m2
2

e2p2 þ 2e4ϕ̂2ξ

�
Δε −

1

2
ln

�
e2ϕ̂2ξm2

2

μ4

���
; ðC4Þ

−iΣðeÞ
μν ðp2Þ ¼ 0: ðC5Þ

In these results, we have neglected all terms proportional to pμpν. We note that −iΣðaÞ
μν is independent of p2, so we

have −iΣðaÞ
μν ð0Þ ¼ −iΣðaÞ

μν ðe2ϕ̂2Þ.
Summarizing results in Eqs. (C1), (C2), (C3), (C4), and (C11), we find the one-loop contribution to the self-energy as an

expansion at p2 ¼ 0 as

−iΣμνðp2Þ ¼ iℏgμν
16π2

�
e4ϕ2

�
ξ −

5

2
−
ξ

2
ln

�
e2ϕ̂2ξm2

2

μ4

�
þ 3 ln

e2ϕ̂2

μ2

�

þ
�
−
41

18
þ 1

3
ln
e2ϕ̂2

μ2

�
e2p2

�
; ðC6Þ

where we have eliminated terms proportional to Δε by subtraction and neglected terms proportional to pμpν. We have also
restored a factor ℏ in Eq. (C6) for a one-loop correction.
If we do not use the dressed propagator of scalars and restore to the tree-level propagator, we just need to take m2

1 ¼ λ
2
ϕ̂2

and m2
2 ¼ λ

6
ϕ̂2. If taking the tree-level masses of the scalar mesons and neglecting the coupling constants and the gauge-

fixing parameter ξ in logarithms, our results agree with the results in [4].
For p2 ≈ e2ϕ2, we can find the self-energy contributions as follows:

−iΣðaÞ
μν ðp2Þ ¼ igμν

16π2

�
e4ξϕ2 þ e4ξϕ2

�
Δε −

1

2
ln

�
e2ϕ̂2ξm2

2

μ4

���
; ðC7Þ

−iΣðbÞ
μν ðp2Þ ¼ igμν

16π2

�
−
e2p2

3
Δε −

8

9
e2p2 þ 1

3
e2p2 ln

p2

μ2
þ 1

3
iπe2p2

−e4ξϕ̂2

�
Δε − 2 − ln

p2

μ2
− iπ

��
; ðC8Þ

−iΣðcÞ
μν ðp2Þ ¼ ðIÞ þ igμν

16π2

�
e4ϕ̂2ð1 − 3ΔεÞ þ

5

9
e2p2 −

1

3
e2p2 ln

p2

μ2
−
1

3
iπe2p2

−e4ξϕ̂2

�
Δε − 2 − ln

p2

μ2
− iπ

��
; ðC9Þ
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−iΣðdÞ
μν ðp2Þ ¼ igμν

16π2

�
e4ξϕ̂2

�
2Δε − 4 − 2 ln

p2

μ2
− 2iπ

��
; ðC10Þ

−iΣðeÞ
μν ðp2Þ ¼ 0; ðC11Þ

where

ðIÞ ¼ igμν
16π2

ðe4ϕ̂2Þ
��

−
20

3
−

5p2

9e2ϕ̂2
−
e2ϕ̂2

3p2

�
þ
�
3

2
þ p2

6e2ϕ̂2
þ 3e2ϕ2

2p2
þ e4ϕ̂4

6p4

�
ln

�
e2ϕ̂2

μ2

�

þ
�
3

2
þ p2

6e2ϕ̂2
−
3e2ϕ2

2p2
−
e4ϕ̂4

6p4

�
ln

�
m2

1

μ2

�

þ
�
−
5

3
−

p2

6e2ϕ̂2
−
e2ϕ̂2

6p2

�
ðxþ − x−Þ ln

�
xþ þ xþx−
x− þ xþx−

��
ðC12Þ

with

xþ þ x− ¼ m2
1 − e2ϕ̂2 − p2

p2
; x−xþ ¼ e2ϕ2

p2
: ðC13Þ

Again, we have neglected all terms proportional to pμpν in Eqs. (C8), (C9), and (C10). Using Eqs. (C7), (C8), (C9), and
(C10), we can obtain Σμν as an expansion around p2 ¼ e2ϕ2 and get Eq. (B14).
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