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WKB electron wave functions in a tightly focused laser beam
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Available laser technology is opening the possibility of testing QED experimentally in the so-called
strong-field regime. This calls for developing theoretical tools to investigate strong-field QED processes in
electromagnetic fields of complex spacetime structure. Here, we propose a scheme to compute electron
wave functions in tightly focused laser beams by taking into account exactly the complex spacetime
structure of the fields. The scheme is solely based on the validity of the Wentzel-Kramers-Brillouin (WKB)
approximation and the resulting wave functions, unlike previously proposed ones [Phys. Rev. Lett. 113,
040402 (2014)], do not rely on approximations on the classical electron trajectory. Moreover, a consistent
procedure is indicated to take into account higher-order quantum effects within the WKB approach
depending on higher-and-higher powers of the Planck constant. In the case of a plane-wave background
field the found wave functions exactly reduce to the Volkov states, which are then written in a new and fully
quasiclassical form. Finally, by using the leading-order WKB wave functions to compute the probabilities
of nonlinear Compton scattering and nonlinear Breit-Wheeler pair production, it is explicitly shown that, if
additionally the energies of the charges are sufficiently large that the latter are not significantly deflected by
the field, the corresponding Baier’s formulas are exactly reproduced for an otherwise arbitrary classical

electron/positron trajectory.

DOI: 10.1103/PhysRevD.103.076011

I. INTRODUCTION

Shortly after the invention of the laser theoreticians
started investigating how QED processes can be affected
or even primed by coherent light [1-4]. The theoretical
framework employed in these pioneering works was the so-
called Furry picture [5,6], where the electromagnetic field
of the laser is treated as a given, classical background field
and the electron-positron spinor field is quantized in the
presence of that background field. In this way the effects of
the laser field could have been included self-consistently
in the calculations. A fundamental requirement to work
within the Furry picture is the possibility of solving the
Dirac equation analytically in the presence of the back-
ground electromagnetic field. In the laser case this is clearly
an impossible task if the corresponding field features both
spatial and temporal focusing due to the complexity of
the spacetime structure of the field. However, if the
spatial focusing of the laser field can be ignored, i.e., if
the laser field can be approximated as a plane wave,
the Dirac equation admits an exact, analytical solution,
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and the corresponding electron states are known as
Volkov states [6,7].

The computation of the probabilities of the two basic
QED processes in a laser field, the emission of a single
photon by an electron (nonlinear Compton scattering) and
the electron-positron pair production by a photon (non-
linear Breit-Wheeler pair production), by employing the
Volkov states to describe electrons and positrons [1-4],
indicated that the total probabilities of these processes were
controlled by the two Lorentz- and gauge-invariant param-

\/ _(FO,ﬂqu)z/chr (See

also the reviews [8—13] and the monographs [6,14—16]).
Here, we have introduced the electron mass m, the electron
charge e < 0, and the critical field of QED F., = m?/#le|,
and units with ey = ¢ = 1 together with the metric tensor
" = diag(+1,-1,—1,—1) are employed throughout.
Moreover, the background laser field is characterized by
the amplitude F, = (E,, By) of the electromagnetic field
tensor, with |Ey|, |By| ~ Fy, and by the typical angular
frequency w,. Finally, the four-vector ¢* indicates the four-
momentum of the incoming particle (¢> = m? for elec-
trons/positrons and g?> = 0 for photons). The so-called
strong-field QED regime is characterized by both param-
eters £ and y being of the order of or larger than unity.
The parameter &, known as classical nonlinearity parameter,
is a classical parameter and in general controls the
importance of relativistic effects and of nonlinear effects

eters & = |e|Fy/mw, and y =
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in the laser-field amplitude. The parameter y, known as
quantum nonlinearity parameter, instead controls pure
quantum effects like the importance of photon recoil in
nonlinear Compton scattering and, in the case of electrons
and positrons, it corresponds to the amplitude of the laser
field in the rest frame of the particle in units of F',. The first
experimental results on the two mentioned basic strong-
field QED processes have been obtained by employing an
optical laser beam of intensity of the order of 10'® —
10" W/cm? (& ~0.1-1), colliding with an electron beam
of energy of about 45 GeV (y ~ 0.1-1) in the well-known
E-144 SLAC experimental campaign [17,18].

The rapid advancement of laser technology is opening
the possibility of investigating strong-field QED phenom-
ena in the highly nonlinear regime where £ > 1 whereas
x> 1. Laser intensities exceeding 10?2 W/cm? have
already achieved experimentally [19] and several multi-
petawatt facilities are under construction or planned
[20-24], which can overcome the present record by
one—two orders of magnitude. In addition, ultrarelativistic
electron beams can nowadays be produced not only in
conventional accelerators but also via laser wakefield
acceleration [25]. Indeed, experiments about radiation
reaction at the edge between the classical and the quantum
regime have been already carried out by employing laser-
accelerated electron beams [26,27] (see Refs. [28,29]
for correspondingly recent experimental results on quan-
tum radiation reaction in crystalline fields). Moreover, two
experimental campaigns at DESY [30] and at SLAC [31]
are in preparation, which aim at accurate experimental
results on strong-field QED by employing multiterawatt-
class lasers and high-quality electron beams from conven-
tional accelerators.

On the theory side numerous studies have been pub-
lished on nonlinear Compton scattering [32-59] and non-
linear Breit-Wheeler pair production [11,32,56,58,60-70]
(see also the reviews [8—10,12,71]). Recently, also higher-
order processes like nonlinear double Compton scattering
[72-76] and trident pair production [54,77-82] have been
investigated in the presence of a plane wave by employing
the Volkov states and the corresponding Volkov propagator.

The availability of an exact solution of the Dirac
equation in a plane-wave field has certainly provided an
enormous insight into processes in intense laser fields.
Moreover, the early experiments reported in Refs. [17,18]
employed picosecond optical laser pulses focused on an
area of the order of 60 ym?. This explains why the
experimental results could have been reproduced by start-
ing from the probability of the corresponding processes in a
plane wave. The more recent experiments reported in
Refs. [26,27] are carried out employing femtosecond pulses
focused down to an area of few square wavelengths, and
future experiments aiming at even higher intensities will
possibly employ shorter and more tightly focused laser
pulses. There are already theoretical tools which enable one

to study processes in the presence of laser fields of complex
spacetime structure, for which no exact analytical solution
of the Dirac equation is available. We mention here the so-
called locally constant field approximation (LCFA), which
allows one to write the probabilities of a strong-field QED
process in the presence of an arbitrary background laser
field as an average over the corresponding result in a
constant crossed field [1,9,12,16]. However, generally
speaking, the LCFA applies only for laser pulses charac-
terized by £ > 1 (see the studies [47,53,55-57,83-91] for
investigations about the limitations of the LCFA), whereas
some of the upcoming experimental campaigns [30,31]
may also aim at least initially at investigating more
moderate intensity regimes, not to mention the fact that
the condition £ > 1 cannot be fulfilled for all electron-laser
interaction points. Another widely used tool is represented
by Baier’s formulas of nonlinear Compton scattering and
nonlinear Breit-Wheeler pair production, which express the
corresponding probabilities as integrals over the classical
trajectories of the charged particles [16,92-94] (see also the
book [95]). Baier’s formulas are based on the quasiclassical
operator technique, allow one to obtain results at the
leading order in the quasiclassical, ultrarelativistic limit,
when the energies of the charges are sufficiently large that
the latter are only barely deflected by the background field,
and they are especially useful for numerical calculations.
However, the employed operator technique does not
provide a general prescription on how to calculate neither
the amplitude of a generic QED process nor higher-order
corrections.

Apart from these general approaches, we also mention
that effects of the laser spatial focusing in nonlinear
Compton and Thomson scattering (the latter process
corresponding to the classical emission of radiation, where
QED effects like recoil can be neglected) have been
investigated numerically in Refs. [96,97], respectively.
Also, analytical expressions of scalar Wentzel-Kramers-
Brillouin (WKB) wave functions have been found in
Ref. [98] for a specific class of background fields depend-
ing on the spacetime coordinates via the quantity (fx) like
a plane wave but with f* not being necessarily lightlike as
in a plane wave. The classical and quantum dynamics of a
scalar particle in the background field of two counter-
propagating plane waves has been studied in Ref. [99].
Moreover, in Ref. [100] Poincaré symmetry and super-
integrability were exploited to construct the exact solution
of the Dirac equation for an external field approximating
the transverse structure of a radially polarized laser field
close to the focus (see also Ref. [101]). Finally, we also
mention Refs. [102,103], where the author develops an
eikonal perturbation theory especially suitable for applica-
tion to hadron dynamics.

In Refs. [104-107] approximated expressions of the
electron states and of the electron propagator in a tightly
focused laser beam have been found by starting from the
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WKB approximation and applied to investigate nonlinear
Compton scattering and nonlinear Breit-Wheeler pair
production (we will see below that the condition on p |
is actually more restrictive). The findings in Refs. [104—
107] are based on the physical assumption that the energies
of the charges are so large that they are only barely
deflected by the focused laser field. Mathematically this
is the case in the customarily considered (almost) counter-
propagating setup for an incoming electron energy £ much
larger than max (m, m&), an approximation scheme which is
particularly useful in the ultrarelativistic regime for mod-
erate laser intensities but also at those high intensities to be
reached in the near future. It is worth stressing, in fact, that
the quantity 7 = max(m,mé)/e is automatically much
smaller than unity for present and upcoming experimental
conditions, provided one aims at investigating the strong-
field regime of QED. Indeed, for an ultrarelativistic electron
initially counterpropagating with respect to the laser beam,
in order to enter the strong-field QED regime (say at
x > 1), by assuming the laser to be a Ti:sapphire laser
(wg = 1.55 eV) and to have a soon feasible intensity of
Iy ~ 10> W/cm? [20,21] (corresponding to & = 150), it is
necessary that £ > 500 MeV such that it is &/m ~ 103
Now, in Ref. [104] the explicit classical trajectory of an
electron in a generic background field was found at the
next-to-leading order in the parameter n having in mind the
case of a tightly focused laser beam. This, in turn, allowed
us to determine the classical action of the electron in the
field analytically under the same approximation and to
write the electron states explicitly in terms of the back-
ground electromagnetic field in a form similar to that of
Volkov states [105] (these states reduce to the correspond-
ing ones presented in Refs. [108,109] in the case of a
background time-independent scalar potential). Those
states are particularly useful to carry out analytical calcu-
lations because the electron trajectory is explicitly
expressed in terms of the background field.

In the present paper, we continue the investigation of
nonlinear Compton scattering and nonlinear Breit-Wheeler
pair production in the presence of a tightly focused
laser beam by elaborating on the method presented in
Refs. [104-107]. First, we explicitly find the electron
states at the leading order in the WKB approximation
but without approximating the classical electron trajectory
as in Refs. [104-107]. In this way, the validity of the
presented states is not limited by particular features of the
classical electron trajectory but only by quantum condi-
tions, which are derived below. Moreover, we show that for
a background plane wave the obtained wave functions
exactly reduce to the Volkov states. As a by-product, then,
we derive a new form of the Volkov states, where their
quasiclassical structure is manifest also in the spinor struc-
ture. In addition, we use the found electron and positron
states to write the amplitudes of nonlinear Compton
scattering and nonlinear Breit-Wheeler pair production,

which are then more accurate than those obtained before
but which are more suitable for a numerical computation
based on the charged particles classical trajectory. By still
making no approximations about the classical trajectory but
by computing the probabilities of nonlinear Compton
scattering and nonlinear Breit-Wheeler pair production
up to leading order in n [110], we exactly reproduce
Baier’s formulas based on the particles classical trajectory
in the given electromagnetic field (this was verified in
Refs. [106,107] only for the approximated trajectory found
in Ref. [104]). This already casts Baier’s method into a self-
consistent approach, which can be in principle extended to
higher-order processes and whose validity conditions are
under control. Moreover, the initial amplitudes obtained
here beyond the leading-order expansion in # are more
general than Baier’s formulas as only effects proportional to
h are neglected (limitations of the Baier’s formulas as
compared with the WKB approach were already noticed in
Ref. [111] in the case of radiation by an electron in a
rotating electric field). Finally, a prescription is provided to
compute higher-order quantum corrections of the found
electron states within the WKB approach, which may be
useful if, for example, more accurate results are required in
a specific problem.

II. NOTATION

In the present section we introduce the notation employed
in the paper. For the sake of definiteness, we assume that the
laser field main propagation direction corresponds to the
negative z axis of the coordinate system. Thus, it is
convenient to introduce the light-cone coordinates

_t+z

T )
2

xp =y, ¢=t-z (1)
for a spacetime point with coordinates x* = (f,x) =
(t,x,y,z). The light-cone coordinates of an arbitrary four-
vector v* = (vy,v) are defined as v, =(vy+v.)/2,
v, = (v, vy), and v_ = vy — v,. The same definition is
extended to the Dirac gamma matrices y* = (y°,7):
=0 +r)/2, ri=0"r), and yo=y"-p.
Moreover, the derivatives

o o0 0 o 1[0 0
=5 te =3 lm5) @
oT 0t 0z op 2\0t 0z

with respect to the light-cone coordinates 7 and ¢ can be
derived from the relations

o 19 0

9_10 9 o 10 0
ot 20T op’

= 3
0z 20T O0¢ (3)
whereas the derivatives with respect to the transverse coor-
dinates form the two-dimensional vector V; = 9/0x .
Also, the scalar product between two four-vectors u* and
v can be written as
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(wv) =wu, v_4u_v,—u, v, (4)
and the four-divergence of a vector field G*(x) as

9G, 0G_
T R .
0,G" =5+ 55 + Vi G (5)

It is convenient to introduce the four-dimensional quantities:
n* = (1,n) and ## = (1,—n)/2, with n = (0,0, 1) being
the unit vector along the z direction, and @ = (0,a;), where
j =1, 2, with a; and a, being the unit vectors along the x
and the y direction, respectively. It is clear that the four-
dimensional quantities n*, ##, and a’; fulfill the completeness
relation: n** = ¥ + iFn* — da¥ — abay [note  that
(n) =1 and (aja,) = (ara,) = —1, whereas all other
possible scalar products among »*, 7i*, and a’; vanish]. By
using the quantities n#, ii*, and aj’ one can express the light-
cone coordinates as 7 = (iix), x; = —((xa,), (xa,)), and
¢ = (nx). Analogously, the light-cone coordinates of an
arbitrary four-vector v# = (v°,v) are given by v, = (7iv),
v, = —((va,), (va,)),and v_ = (nv), whereas, by using the
“hat” notation for the contraction of a four-vector and the four
Dirac gamma matrices, one obtains . = 7,7, = —(a,, a,),
and y_ = i1. Concerning the derivatives with respect to the
coordinates, the following relations hold: 0/0T = 0y =
(nd), V, = ((a10), (a,0)), and 9/0¢p = 0, = (710).

Having in mind physical situations in which the incom-
ing particle initially (almost) counterpropagates with
respect to the laser field, it is natural to use/interpret the
light-cone variable T as the light-cone time and the other
three coordinates xj. = (x,,¢) as the light-cone spatial
coordinates. Correspondingly, in the case of an on-shell
electron four-momentum p* = (e, p), with e = \/m? + p,
we consider pi. = (p,,p,) as the three spatial light-
cone components of the four-momentum and p_ = (m? +
p?%)/2p. as the remaining time light-cone component. The
components of the three-dimensional quantity x;. (p).) are
indicated by means of Latin indexes running from 1 to 3,
with X1 =x, Xeo =y, and x3=¢ (Pic1 = Px
Xic2 = Py, and pic3 = p.). Analogous considerations hold
for a generic photon four-momentum.

Concerning the background electromagnetic field, we
assume it to be described by the four-vector potential
A¥(x) = (V(x),A(x)) satisfying the Lorenz-gauge condi-
tion 9,A¥(x) = 0 together with the additional constraint
A_(x) =0, ie., A,(x) = V(x) and the asymptotic condi-
tions limy_, o, A#(T, x,.) = 0. For the sake of convenience,
a fixed value T, of the light-cone time 7 is chosen below
to assign asymptotic conditions of the electron classical
trajectory. We assume that the absolute value of T is
sufficiently large that we can ignore the field there,
i.e., Aﬂ(T(),xlc) =0.

Note that the considerations based on the incoming
particle being initially almost counterpropagating with

respect to the laser field can be easily reformulated if this
is not the case, by appropriately adapting the light-cone
coordinates in such a way that they are (almost) aligned
with respect to the initial velocity of the particle.

III. CLASSICAL ACTION, HAMILTON-JACOBI
EQUATION, AND THE VAN VLECK
DETERMINANT

As it is well known [112], in the WKB method the
classical action plays a fundamental role. Therefore, it is
convenient here to report some known results about the
classical action, which have been appropriately adapted to
the use of light-cone coordinates.

The action is originally defined as the generator of the
canonical transformation from the coordinates and con-
jugated momenta of a dynamical system at a generic time to
the corresponding quantities at the initial time, which also
explains why knowing the action corresponds to solving
the equations of motion of the system [113]. In particular,
the action is a generator of type two, i.e., it depends on the
old coordinated (those at the generic time) and on the new
constant momenta (those at the initial time). In this respect,
we recall that in the relativistic domain the classical
action S(x) of an electron in the presence of an electro-
magnetic field described by the four-potential A#(x) is
computed as a complete solution of the relativistic
Hamilton-Jacobi equation [114],

(0,8 + eA,)(0#S + eA*) —m* = 0, (6)

which in light-cone coordinates and in the Lorenz gauge
with A_(x) = 0 reads

A complete solution of a first-order differential equation is
a solution containing as many independent integration
constants as the number of variables and the meaning of
the word “independent” in this context will be clarified
below [113]. Since the Hamilton-Jacobi equation only
contains derivatives of the action, an integration constant
is always an additive constant, which we assume to be
determined by the initial condition on the action. Indeed,
we are interested in the solution S, (x; Ty) of the Hamilton-
Jacobi equation, which fulfills the initial condition
S,(To.x1;To) = =(pyp+ p-To—p, -x,) [recall that
A#(Ty,x.) = 0]. As we have mentioned already, since
the four-momentum is assumed to be on shell and
p? = e = ++/m* + p?, the three remaining independent
integration constants are chosen to be the components
P = (p1, py) of the four-momentum, with p, > 0 and
p_ = (m*+p3)/2p,. The independence of these con-
stants means that the (absolute value of the) determinant
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oS
det —)’ 8
<6plc.iaxlc,j ( )

never vanishes and we will show below that this is indeed
the case here. Once the initial condition is given, it is clear,
for example, how to integrate numerically the Hamilton-
Jacobi equation (7). It is worth stressing here that, by
rewriting the Hamilton-Jacobi equation [see Eq. (6)] as

(0,S+eV)? = (0.S—eV)>  =m?>+ (V. S—eA ), (9)

one sees that the quantity P,o(x) = —0,S(x) — eV(x) is
either always strictly larger than |P,(x)|, with P, (x) =
0.8(x) — eA,(x) = 0.5(x) — eV(x) (this notation will be
clear below), and then it is positive or always strictly
smaller than the quantity —|P, ,(x)| and then it is negative.
Correspondingly, the two quantities P, _(x) = P,(x) —
P,.(x) = —[0,S(x) + eV(x)] - [0.5(x) — eV(x)] = S
and P, (x)=[Peo(x)+ P, (x)]/2={=[0,S(x) +-eV(x)]+
[0.S(x)—eV(x)]}/2=-0,S(x)—eV(x) are always either
both positive or both negative [see also Eq. (7)]. As we will
see below in the determination of the electron states,
the first (second) case corresponds to positive-energy
(negative-energy) electron states. These cases are charac-
terized by different initial conditions on the action and the
above one corresponds to the case of positive-energy states,
which also corresponds to the standard choice in classical
electrodynamics.

Once the action S, (x; T) is known, the corresponding
classical trajectory can be determined. In fact, by using
the theory of canonical transformations, the independent
components P, . (x; Ty) = (P, 1 (x;Ty), P, (x;Ty)) of the
kinetic momentum of the electron at the light-cone time T
are given by P, (x;T¢) =V, S,(x;T))—eA,(x) and
P, (x:Ty) = =0,S,(x;Ty) — eA (x), which can be writ-
ten in a manifestly covariant form as Pi(x;T,)=
(Ee(x:T). P, (x;Tg)) =—0"S ,(x:T) —eA*(x) [113,114].
Also, the initial electron coordinates xq;. = (X 1, ¢0)
at T=T, are given as functions of x* and p,. via
the relations xo | — (p/p4)To = V,,S,(x:Ty) and —¢py+
(p—/p+)T0 = 8p+Sp(X; TO)’ with pP- = (m2 +p%_)/
2p. [113]. Note that the initial condition above corre-
sponds to the electron asymptotically moving along the
straight line x, =x,(T3Ty) =xo 1 + (p/p )(T = To)
and ¢ = P(T:To) = o + (p-/p)(T —To). Now, the
determinant in Eq. (8) can be written as

‘det(m> ‘ (10)

xlc,j

This expression shows that the requirement that this
determinant never vanishes allows one to invert the
relations xo, — (p1/p4)To=V,,S,(x:Ty) and —¢y +

(p-/p+)Ty =0, S,(x;Ty) and to obtain the trajectory

Xie = X1c(T5 Ty, X0 1c, P1c)- Then, by replacing these quan-
tities in the relations P, | (x;Ty) =V §,(x; Ty) — eA | (x)
and P, (x;Ty) = —04S,(x;Ty) —eA,(x), one also
obtains the independent light-cone components of the
kinetic four-momentum as functions of 7', T, X ., and p..

It is useful to report here another alternative form of the
determinant in Egs. (8) and (10). In fact, from the general
relation P (x;T) = —0"Sp(x;Ty) — eA#(x) between the
kinetic four-momentum of the electron at the light-cone
time 7 and the spacetime derivatives of the action, one can
also rewrite the determinant in Eq. (8) as

’det<ape,lc,j>
IPic.i
showing that if it is different from zero the initial light-cone
kinetic momenta of the electron can also be expressed in
terms of the corresponding quantities at the light-cone time 7.

A customary way of solving the Hamilton-Jacobi equa-
tion, which transparently relates this equation with the
Newtonian equations of motion, is the method of character-
istics [115]. In general, the basic idea is to imagine that the
spacetime hypersurface S = S,(x;T) can be constructed
as the union of an infinite number of characteristic curves,
in such a way that instead of solving a partial derivatives
differential equation, one solves the ordinary differential
equations fulfilled by the characteristic curves. Indeed,
the latter are parametrized by the proper time 7 as
X = x#(r;Ty) and satisfy the equations

: (11)

m=— =TI, (12)

where II;(7;Ty) = Pi(x(7;Ty); Ty). Together with the
definition Pg(x;Ty) = —0"S,(x;Ty) — eA*(x) and with
the fact that the action S,(x;T,) satisfies the Hamilton-
Jacobi equation, Eq. (12) implies that

> dIl dx
" dr? dr ( ) dr
d d
v _ eF””—x”, (13)

— vpt _ Qupr_ TV
= (0"P, — O*PY) e e
which is nothing but the Lorentz equation in the external
electromagnetic field F*(x) = 0"A¥(x) — 0*A*(x). In order
to solve the system of equations (12) and (13), we have to
provide initial conditions. By assuming to fix the initial
conditions at 7 =0, we have x*(0;T) = (T, x,.) and
IT;(0;Ty) = —0"S,(x0: To) = p*. Note that, although the
initial conditions x;). on the positions are arbitrarily
chosen (within the manifold 7 = T,), the ones on the
four-momentum components I, ;. (7; Tj) have to be com-
patible with the original Hamilton-Jacobi equation, i.e.,
I12(0; To) = (8S,(To. X04c; To))* = p* = m* and with the
initial conditions on the action, which is automatically the
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case here because S, (T.x\c;To) =—(prp+p_To—p-x,).
These initial conditions are said to be admissible and the
corresponding Cauchy problem is well posed [115]. Note
that the initial on-shell condition on the four-momentum
and the Lorentz equation guarantee that the Hamilton-
Jacobi equation T12(7; T,)) = m? is always fulfilled along
any characteristic curve.

The action along an arbitrary characteristic curve
can be constructed by introducing the function X, (z; Ty) =
S, (x(7:Ty); T), which fulfills the equation

dx
ar ~ O)

dxt (I1,A)
— =-m- . 14
dr mee m (14)

Now, the procedure is to solve the equations of motion (12)
and (13) and Eq. (14) for the action by fixing generic initial
conditions Xgc, pic, and Z,(0;Ty) = S,(x(0;Ty); Ty) =
—(pypo+ p-To—p. - %0 )- In this way, one obtains the
functions x* = x*(7; T, X0 1c. P1c)> e (73 T, X 1, P1c)» and
2, (7: Ty, X0 c:Pic)» Where, for the sake of clarity, we have
explicitly indicated here the dependence on the initial light-
cone coordinates and momenta. Now, as we have already
discussed and as we will prove below, the four equations
x = x*(7;Ty.X0)c.P1e) can be inverted to obtain the
functions 7 =17(x;T¢.pi.) and xq1. =Xq1c(x;T.p1c) [115].
Then, the action is finally obtained as S,(x;T,) =
Z,(t(x: To.pic)s To. X01c (X3 T Pic)- Pic)- As an illustrative
example, we report in the Appendix A the derivation of the
classical action of an electron in a plane wave by means of
the method of characteristics.

Note that, since d7/dr =11, /m > 0, an alternative
possibility is to parametrize the trajectory by using directly
the light-cone time 7 and to obtain the trajectories as
functions xy. = x1.(T; Ty, Xo 1. Pic)- As we have already
observed, these relations can be inverted and one can write
Xo1e = X01c(x; To.prc). In this case, the action is repre-
sented as Sp(X; TO) = Zp(T; T07x0,1c(X; TOﬂplc)J’]c)’
where, for the sake of notational simplicity, we have used
the same symbol X, for the function of the proper time and
of the light-cone time.

A. The van Vleck determinant

The last step of the procedure described above to
compute the action relies on the possibility of expressing
the proper time 7 and the initial light-cone coordinates x; .
at the light-cone time 7'y as functions of the coordinates x*
at the generic light-cone time 7 (the initial light-cone
components of the momentum are always p,.). In order to
prove this possibility mathematically it is convenient to
introduce the so-called van Vleck determinant [116] (see
also Refs. [117,118]). Again, due to the use of light-cone
coordinates, we introduce here a slightly different defini-
tion of the van Vleck determinant than the one discussed in
the literature [116—118]. Anticipating that below we need
the van Vleck determinant both for an electron and for a

positron, we limit to the first case, we indicate the van
Vleck determinant for the electron as D, (x;T,), and we
define it as [see also Eqs. (8) and (10)]

2
det <78 S ) = 'det <—8xlc’0’i> ’ (15)
6plc,i8xlc,j axlcaf

Recalling the discussion around Eq. (8), we conclude that if
D,(x;Ty) #0, then the action S,(x;T,) represents a
complete solution of the Hamilton-Jacobi equation, which
allows one to construct the solution of the Lorentz equation
of motion. Alternatively, one can solve the Lorentz equa-
tion of motion and build the action.

Being obtained from the classical action S, (x; 7)), the
van Vleck determinant D, (x; 7)) can also be computed by
means of the method of characteristics. By focusing on the
trajectory x* = x*(z;Ty) corresponding to the initial
conditions x#(0;7) = x{, on the position, we consider a
four-dimensional infinitesimally thin tube € along (and
containing) the trajectory between two proper times 7, and
7, > 71 [119]. By applying the Gauss theorem to the
quantity 0, P¢(x;T), we obtain

De(X; TO) =

/ d*x0,Pi(x;Ty) = / dx,Pe(x;Ty),  (16)
Q (Q)

where X(Q) is the three-dimensional surface enclosing the
four-dimensional tube Q, with dX¥ pointing outwards.
Now, the integral over the infinitesimal four-volume on
the left-hand side of this equation can be written as

/ {450, P (x: Ty) = / ® e aV,(2)9,PA(x(r: To): T)
Q

7

_ / P drav, (00,1 (¢ Ty).  (17)

7

where, using the fact that the infinitesimal four-volume d*x
is a Lorentz scalar quantity, we have written it as the
product of the proper time dz times the three-dimensional
volume dV,(z) in the instantaneous rest frame of the
electron at 7. Now, the side part of the three-dimensional
surface £(Q) is perpendicular to the four-momentum by
definition. By exploiting the fact that the quantity
dZMP’é (x;Ty) is a Lorentz scalar quantity and by recalling
that the surface orientation is outward Q, we can write the
right-hand side of Eq. (16) as

/ dX, Pe(x:Ty) = m[dV,(7;) —dV,(r))]. (18)
2(Q)
By taking now 7, to be larger than z; by an infinitesimal

amount dr, we obtain the Lorentz-invariant equation

mddV,(r)

o= dV,(1)9, T (5 T). (19)
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where, we recall, the spacetime point x corresponds to the
four-position of the electron at the proper time 7. In order to
express the infinitesimal volume dV,(z) in the instanta-
neous rest frame of the electron in terms of the correspond-
ing infinitesimal volume dx(7;T,) in the laboratory
frame, we notice that dzdV () = dTd’x.(t; Ty) and we
obtain dV,(7) = d*x.(z; Ty)I1, . (z; T)/m. Thus, by inte-
grating Eq. (19) between the initial proper time O and a
generic proper time z, we obtain

@xc(0;Ty) _ M, (7;To) o [ azon,)

= 20
dxie(7; o) Py (20)
Finally, by recalling that
&x.(0; T ;
3xlc( 5 0) — |det a'xlC.O,l i (21)
&xe(73T)) Oxie,j

we conclude that the van Vleck determinant A,(z;7T) =
D,(x(7;Ty); Ty) along that trajectory, can be expressed as

IT ;T T 7
A (:Tg) = Bet@T0) =t frawony (o

P+

which shows that it indeed never vanishes.
Another interesting relation can be obtained by noticing
that the van Vleck determinant satisfies the equation

d [ A, (7;Ty) } -9 [De(x(ﬂTo)ZTo) } Pe(x(z;T0);To)
de |, (;Ty)| " [Pes(x(:T0); Ty) m
(ane) Ae(T;TO)
m He,Jr(T;TO)
_ 9y Pe(x(:T¢): To) D (x(2:T0);To)
m P, (x(z:T¢);To)’
(23)

where in the second equality we have used Eq. (22). This
equation, in fact, allows one to construct a conserved
quantity as it implies that the four-current

D+ Pe(x:Ty)
P, (x;Ty) m

Te(x;Ty) = D, (x;Ty) . (24)

computed at a generic spacetime point x is divergenceless,
ie., (0J,.(x;Ty)) = 0.

We conclude by observing, as in the previous paragraph,
that all the considerations done in terms of the proper time 7
can be also carried out directly in terms of the light-cone
time 7', which is what we will ultimately use below. For
example, the expressions of the van Vleck determinant at
the spacetime point x and of the four-current in Eq. (24)
become

Pe,Jr(X; TO) 6_ fTT()P'Zi(aPe)

De(x;TO) = p
+

, (25)

Pe(x;To) - [} #oro)

jlel(XQ To) = (26)

IV. ELECTRON STATES

In the present section we derive the electron states both
with positive and negative energies in the presence of an
arbitrary spacetime shaped laser beam within the WKB
approach.

The starting point is the Dirac equation

[#(ihd, — eA,) — m]¥ =0, (27)

for the Dirac spinor field W(x). Based on the general
argument that the de Broglie wavelength of an ultra-
relativistic particle is small, we apply the WKB method
[112] and we look for a solution of the Dirac equation of the
form [104,119,120]

¥(x) = eSWO(x). (28)
Thus, the spinor ©(x) has to fulfill the equation
[y"(0,S + eA,) + m]® = ihy*0,0. (29)

So far, the method is the same as that described in
Refs. [104,119,120]. Following those references one can
first neglect the term proportional to # and obtain the
equation

(0,8 + eA,) + ml®® =0 (30)

for the zeroth-order spinor ®*)(x). This equation admits a
nontrivial solution only if det[y*(0,S + eA,) + m] =0,
which implies that the quantity S(x) has to satisfy the
Hamilton-Jacobi equation (6) and that it can be identified
with the classical action [114]. However, at this point it is
inconvenient to proceed and account for higher orders in 7
because the matrix on the left-hand side of Eq. (29) cannot be
inverted. Thus, starting from Eq. (29), we follow a different
procedure.

By recalling the general idea of conveniently trans-
forming the Dirac equation into a second-order differential
equation [6], we look for a solution of the form

O(x) = ﬁ {r"[-0,S(x) — eA,(x) + ihd,] + m}®D(x),
(31)

such that the spinor ®(x) fulfills the equation
{(85 +eA)? —m? —ih [2(8#8 + eA,)o*
+0,(0"S + eA¥) — %O‘”"Fm,:| - h2D}d> =0, (32)

where ¢ = (i/2)[y*,y"] and (J = 0,0". This equation is
suitable for a perturbative expansion in 7 and at the leading
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order in #, i.e., by setting 7 equal to zero, one recovers the
condition that S(x) corresponds to the classical action.

So far the method applies to both positive- and negative-
energy states. Below we consider separately these two
cases and we start from the positive-energy states.

A. Positive-energy states

The distinction between positive- and negative-energy
states takes place already at the leading order in 7. In fact,
the electron states with positive energies are identified by
choosing S(x) as the classical action S, (x; 7)), discussed in
the previous section, which fulfills the initial condition
Sp(To.x1;To) = —(p1¢+p-To—py-x,) at the fixed
light-cone time T for a given on-shell four-momentum
p* = (e,p), with positive energy &= +/m?>+p? or,
in light-cone components, p_ = (m*+p?%)/2p,, with
py > 0.

Once we have identified the function S(x) with the
classical action S, (x; T), Eq. (32) is solved by an arbitrary
spinor ®(x) for 4 = 0. This is expected because Eq. (29)
for =0 only implies that [P,(x;T,) — m]®®(x) =0
[see also Eq. (30) and recall that Pg(x;7,) =
—0"S ,(x;Ty) — eA*(x)], which is fulfilled for an arbitrary
choice of ®(x) [see Eq. (31) for 7 = 0]. Thus, we proceed
further and we rewrite Eq. (32) taking into account that the
function S(x) has been chosen as the classical action
S,(x;Ty). By indicating the corresponding spinor as
®,(x; T), the term independent of 7 in Eq. (32) identically
vanishes and that equation becomes

<2P6_M8” + (9P, +% WE,, + ihD> ®,=0. (33)

At the leading order in 7, i.e., by imagining to expand the
spinor ®,(x; T) in powers of 7 starting from d>§,0> (x;Ty)
and by setting 7 = 0 in Eq. (33), we obtain an equation for
dJE,O) (x;Ty):

ie v 0
<2P8.ﬂaﬂ +(0P,) + 50 F,w> o =0. (34)

| VE,+m [ZP’E’@” + (0,P¢) — iec - (B - %) W),
P,c . P,xE
V2V \/ﬁ [ZP’QE)M + ((9MP’2) —ieo - (B — &T)} W,

e

which is satisfied if the two-dimensional spinor w,(x; T)
satisfies the equation

1 ie
Pio,w, = —5(3MP’2)WI, +—0-

<B—P€XE
2

Se—i—m) Yp: (38)

In order to solve this equation, we notice that the differ-

ential operator acting on CDE,O) (x;Ty) commutes with the

matrix P, (x; Ty):

ie ~
2PW8” + (0P,) + Eoﬂ”F,w, P,

=2P,,r,0"P% —i[c"0,P,,.P,]

= 2Py, O"PL + (1" = 17")0,uPey, P

=2P,,r,0"P% —2y*Pid,P,, + 2P%y"0,P,, = 0,
(35)

where in the last step we have used the fact that
P%(x;Ty) = m?*. In this way, we can choose q)ﬁ?) (x; Ty)
to be an eigenstate of the matrix P, (x; Ty) and we require
that P, (x; TO)CDE,O)(x; Ty) = mCDE,())(x; Ty). It is known
from the free theory that the solution of the equation
P,(x; T0)<I>E,O> (x;Ty) = mtbg,o) (x;Ty) can be written as [6]

1 VE(x:Tg) +mw,(x;T)
\/m P,(x:Ty)-c

E(x:To)+m

_ P,(x;Ty) +m (w,,(x; Ty) )
V2P VolEe(x:Tg) + m] 0 ’

0
¢E7)(xs TO) = w (X' TO)
I) 2

(36)

where ¢ are the Pauli matrices, w,(x; Ty) is an arbitrary
two-dimensional spinor, and where the light-cone normali-
zation volume V), along the perpendicular and the ¢
directions has been introduced.

Now, it can be shown that, if d)g,o) (x;Ty) satisfies the
equation P, (x; T0)<I>§,O) (x;Tp) = m<I>§,0) (x;Ty), then Eq. (34)
can be written as [P,(x;T) —}—m]y"a”d);,o) =0 [which
coincides with Eq. (9) of the Supplemental Material

of Ref. [104]]. Moreover, if q>§,0> (x;Ty) has the form in
Eq. (36), then Eq. (34) becomes

=0, (37)

X
m

[
where E(x) and B(x) are the background electric and
magnetic field, respectively. This equation can be solved
by means of the method of characteristics by introducing
the electron’s proper time 7 according to the equation
dx*/dr =TI, /m as explained in the previous section (see
also Ref. [121] for an alternative method to solve the Dirac
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equation based on the introduction of the particle proper
time). By setting

w,(x;Ty) = e J ‘hw‘pf)rl7 (x;To)

_1 [T ar’
= e ZITOPF.Jr(aPe)rP(x; To), (39)

we conclude that the two-component spinor r,(x;T)
satisfies the equation [see Eq. (38)]

ie P,xE
Pio,r, = 50" (B e m) Iy (40)

By using again the method of characteristics, one first
defines the function p, ((z;T) = r, ;(x(7:Ty); Ty) along a
generic trajectory and then, by determining the
actual trajectories x* = x*(z; Ty, X .,P.) depending on
the initial conditions as x*(0; Ty, X( 1, Pic) = Xp, one finds
the solution p, (7;T¢) = p, s(7: To. X c.P1c) of Eq. (40)
along the generic trajectory and then obtains r, ;(x; ) =
Pp.s(t(x:To.p1c)s To. X01c(%3 To. Pic). Pic)- In this way, one
can easily show from this equation that the two-component
spinor r,(x;Ty) has constant norm rh(x; To)r,(x;Ty),
which can then be set equal to unity. Moreover, the
average vector §,(x;T)) = rj,(x;TO)arp(x; T,) satisfies
the equation

(41)

P, xE
P’éaﬂsp:espx( _ZeX >

E,+m

which is equivalent to the Bargmann-Michel-Telegdi
(BMT) equation mdsl,/dr = eF*s,, for the electron
polarization four-vector [6]

pv

$,(x;Tp) - Po(x;T)
sp(X; TO) ' Pe(X; TO)
m(E,(x;Ty) + m]

7sp<x; TO)

sh(x: Ty) = (

P(x: m), (42)

computed along the electron trajectory. In order to identify
the two-component spinor r,(x; T) uniquely, initial con-
ditions have to be assigned. By choosing for the sake of
definiteness the direction of the momentum p as spin-
quantization direction at 7j, we are led to introduce the
discrete spin quantum number s = +1, depending on the
two possible orientations of the vector s, (7, xc; ), and
we correspondingly indicate the spinor @,(x;7T,) as
®,,(x;Ty) and analogously dDEJO) (x;Ty) as CDE,& (x;Ty)
(as for the initial four-momentum p*, all characteristic
curves are characterized by the same spin quantum number
s). In this way, we conclude that ignoring the term linear in
7 in Eq. (33) amounts to determine the dynamics of the
electron spin or, more precisely, to the electron magnetic
moment associated with its spin according to the classical
BMT equation (with the electron gyromagnetic equal to 2).

Indeed, we have seen that the resulting equation (34) turns
out to be independent of #. Consequently the spinor
<I>§,02 (x;Ty) does not depend on # either and this is why
we continue to indicate it with the upper index (0), i.e.,

_L [T _dT . .
o T ¢ szop‘,#(aPe) «/Si(x,TO)—J—mrp‘S(x,To)
I 35 b . X;T -
r V2p Vo Pelely)o

tyom 7o (5 T0)

(43)

As we have already mentioned, Eq. (34) corresponds
to the next-to-leading order approximation of the original
Eq. (33). This explains why the exponential function in
Eq. (43) has to be interpreted as the leading-order (imagi-
nary) quantum correction to the phase of the electron wave
function, whose WKB leading order is S ,(x; Ty)/, i.e., it
is O(h™") [see Eq. (28)].

At this point, the higher-order corrections in 7 of the
solution of Eq. (33) can be written in a formal way by
introducing the proper-time evolution operator U, (z,7’),
which solves the equation

du ie
e — sHY
2m o <(8P€)+ 5 lo} F}w>b{e, (44)

with the initial condition U, (7, 7) = 1. In general, one may
need the operator U, (z, 7’) for arbitrary proper times 7 and
7', Therefore, by employing both the time ordering operator
7. and the time antiordering operator 7 _, the operator
U,(r,7") can be written as

U, (r.7) = e ) 0P [9(1 —)T. (e-ﬁ [ d%rr“”Fm)
+0(7 —7)T (e‘ﬁ [ ‘”"‘“Fw)} , (45)

where 6(-) is the step function. By using this expression,
one can formally write the exact solution of Eq. (33) in the
form

ih [T dT’
®,,(x:To) = O (x: Ty) — 2 / A (.m0, .
’ 2 T, Pe.+ ’

0

(46)
where

T

U,(T. T') = e IR0 {H(T ~TT. (aﬂﬁéiv“m)

+ (T -T)T- (e‘%frr/"ii"”w ”)} : (47)

which is particularly suitable for an expansion in 7 [with an
abuse of notation we have replaced in U,(7,7') the
dependence on 7 and 7 with the dependence on T and
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T']. Once the spinor @, ((x;T)) is obtained, one can use
the definitions in Egs. (31) and (28) to obtain the corre-
sponding positive-energy solution of the Dirac equation,
which can be denoted as U, ;(x; T). In general, in order to
apply the Furry picture for computing transition probabil-
ities one needs so-called in- and out-states, which reduce to
free states at asymptotic early and late times, respectively.
By using the upper index (in) [(out)] to denote the
quantities which reduce to the corresponding free ones

in the asymptotic past [future], we have that US?S) (x) =

limy, o U, (x: Tg) [Us" (x) = limy, .o U, (x: Ty)].

Now, we focus onto the zeroth-order solution, in the
sense explained above, and notice from Eq. (31) that at the
leading order in 7 it is @5,0,2 (x;Ty) = @5,‘?2 (x;Ty), because
in the preexponential spinor corrections proportional to 7
can be neglected. In this way, we conclude that the positive-
energy electron state U 5,02
O(n°) is given by

(x;Ty) including terms up to

igton
V2P Vo

Eo(x;Ty) + mr
PP<X;T0>‘6
ge(X;TU)er

(0

Uph(x: To) = efS=To

p.s (x; TO)

X
rp.s(X; TO)

(48)

We first discuss the normalization of the state Uﬁ,og

by computing the four-current J 20,),” s

(x;To)
(6:To) = Uph (x: o)y
U I(,,O_Z (x;Ty). By recalling the properties of the free states [6],
one easily obtains

PZ ;T - T di e
ng(;)z)fﬁv(ﬁ Ty) = (xv 0)‘e Jror
P+Vo
P’Z (x’ TO) De ('x7 TO) (49)
Pe,+(X; TO) VO '

where in the second equality we have used the expression
of the van Vleck determinant in Eq. (25). This four-current
|

has the desired properties that it corresponds to the standard
normalization of one particle in the light-cone volume V),
at the initial light-cone time T, and that, due to Eq. (26), is
conserved: (0J 2?27,3) = 0. Indeed, this shows the impor-
tance of including the corrections proportional to #° in the
quasiclassical wave functions, which was the original
motivation of the work [116] by van Vleck. Also, the
expression in Eq. (49) of the electron four-current suggests

to interpret the light-cone volume V), as [see also the
discussions below Egs. (100) and (108)]

Voz/ d3x0,lc:/ d*x1.D,(x;Ty)
Vo Vr
:/ d3xlcwe‘f PerOFe)
Vr

P+
where V7 is the transformed light-cone volume of V), such
that the wave function (48) can be cast in the form

_dT_,
UPF+

(50)

D,(x;T £ (x:To)
Uh(x;To) = x:Ty) e .
V 2Pe,+(x’ TO)
ge('X; TO) +mrp,s(X; TO) ( )
x P,(xTy)o . . (51
Ve 5 T0)

which precisely corresponds to the nonrelativistic form
derived by van Vleck in Ref. [116]. Finally, we note that the
same normalization as above is customarily employed also
in the case of a plane wave (see below).

The state in Eq. (48) can be written in an alternative and
physically suggestive form by recalling that all the quan-
tities are assumed to be computed by means of the method
of characteristics, which only relies on the classical electron
trajectory obtained by solving the Lorentz equation [and on
the solutions of the equations for the action S,(x; T) and
for the two-dimensional spinor r, ((x;T()]. By recalling
the expression of the van Vleck determinant and the
identity (20), we obtain

U(O)( To) / o & (T, T )iz (7o) e_%f;“nf*(am O, o(T:Ty) +mp, (T;Ty)
s\WXs L) = - S X — X 310, X01c,D1c)) €7 o) I
" w (T3 To) - 78 o V2pVo f%pp +(T:T)
& _ dXgle e#Zp(TiTo) ,o(T;Ty) +mp, (T:Ty)
xlc xlc T Ty, xo 103171@)) I,(1T,)

Vo /A T TO

2He,+(T; TO)VO /Tl 0, o( TT—+m'0P s( ) ’

(52)
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where the electron trajectory xj. = x1.(7; T, Xq1c. P1c) 1S
the one corresponding to the initial condition x;.(0) = x¢ .
on the light-cone position, parametrized with respect to the
light-cone T and where, as in the case of the evolution
operator U,(T,T’), we used the same symbol for the
functions along the trajectory for either the proper time
or the light-cone time being used to parametrize it. In this
way, the state Ug,)s(x T,) with the given on-shell four-
momentum p* and spin quantum number s is represented
as an infinite linear combination of “freelike” states with
the free action, four-momentum, and spin four-vector
replaced with the corresponding quantities evaluated along
all possible classical electron trajectories in the external
field corresponding to arbitrary initial positions, each
contribution being weighted via the inverse square root
of the van Vleck determinant.

Starting from Eq. (48), the positive-energy electron in-
states and out-states including terms up to O(A°) are
given by

0e [T ai(@pi™)2p(")

pa (x). (53)

B f dT(@P nur)/zp (out)

UL (x) = efs”

U™ (x) = %™ (9

u{ 00 (x), (54)

V2p Ve

where

59“) (x) + mrg7 ;) (x)

(in) :

P .

e (x)o r(lfls) (x
M (x)+m

S(EOut)( ) + mrg)l;t) (x)

P(eoul) (X)
£ (x) 4m

M(O,out) (x) _

DS

(56)

Ollt (x)

As we have discussed in Ref. [105], by approximating the
electron trajectory and the spin evolution up to the leading
order in the parameter # for the electron trajectory, it is
possible to put the above states in a form, which is
reminiscent of the Volkov states, for computing the
probabilities of strong-field QED processes.

In the next two paragraphs we discuss a new expression of
the Volkov states and the conditions of validity of approx-
imations used to obtain the states in Egs. (53) and (54).

1. A fully quasiclassical form of the Volkov states

It is often stated that Volkov states have the unique
feature of having a quasiclassical structure although they
are an exact solution of the Dirac equation [9,12]. It is

certainly true that Volkov states feature the typical expo-
nential of the classical action divided by 7, which is typical,
as we have also seen above, of quasiclassical wave
functions. However, it is not correspondingly evident that
the spinor structure of the Volkov states, in the form in
which they have been written (see, e.g., [6]), is also
quasiclassical, as it does not resemble, for example,
Eq. (48). Here, we show that our method allows one to
write the Volkov states in a new, closed form, whose
spinor structure is also manifestly quasiclassical. This also
explicitly implies that the present method provides the
exact Volkov wave functions in the case of a background
plane wave.

According to the above notation, we assume that the
background field only depends on the coordinate 7, i.e., it
is of the form A#(T'). By assuming the same structure of the
states until Eq. (33), we notice that one can choose the
spinor @, (x; T,) to depend only on T in this case. Indeed,
from the results in Appendix A, one obtains that the four-
momentum P%(x;T,) only depends on the coordinate T
and it formally coincides with the solution IT;(T’; T)) of the
Lorentz equation reported in Appendix A. For this reason,
we indicate the four-momentum P (x; T) as Py (T; Ty). As
a result, the last term proportional to # in Eq. (33)
identically vanishes and Eq. (34) is exact in this case.
Moreover, since the plus component of the four-momentum
is a constant of motion, the term (OP,) also vanishes (see
Appendix A). By writing again the spinor @ ,(7’; T) as in
Eq. (36) but with all quantities only depending only on 7',
we obtain

1 \/((:e.(T;T()) —I—mrp(T,TO)
/2P+V0 M rp(T; TO)

,(T:To)+m
B P(T:Ty) +m <
V2P VolE(T: Ty) + m]

q)p(T; Ty) =

rp(i);To)>’

(57)

then the two-dimensional spinor r,,(T'; Ty) has to fulfill the
equation [see also the discussion below Eq. (40)]

dr ie P, xE
—0-[B-=¢ . 58
Pegr = 2° ( Ee—i—m)r” (58)

Since in the present case of a background plane wave and
within the chosen gauge, it is B(T) = —n x E(T) (recall
that the propagation direction of the wave is —n), with
E(T) =—(1/2)dA(T)/dT, Eq. (58) can be solved analyti-
cally and in closed form. By introducing the spin quantum
number s as above and fixing the initial condition as
755(To; Tg) = o5, the solution reads
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1+eo-

T:T)) =
rp,s( 0) 4P+

E(T;To) + m{

{n—%
e+m

P(T:Ty)
£y o AT
e P,(T;Ty) - A(T)

o e+ m

4p+ Ee(T; TO) +m

ie P,(T;T,) xA(T)
Tap, o {"XA(TH E(T:To) +m ]}ro””’ 5

as it can be easily checked by substituting this expression in Eq. (58).
The resulting wave function in Egs. (57) and (59) has to be compared with the traditional form of the corresponding

Volkov wave function Uy, ;(x; T)), which in our notation can be written as Uy, ((x; T) = eésv(X;T())d)V; »s(T5T), where

S,(x:Ty) is given by Eq. (A6) and where [6]

q)V;p.s(T; TO) =

eIL”\LA(T):| ﬁ—i—m (rO;p,s>

ﬁA(T)} ( Ve T er;pYS>
2p+ \/% rO;p.s

2p. e+m\ 0

Indeed, after some algebra and, in particular, by using the
third equality in Eq. (60), it can be shown that
®,(T;Ty) = Dy, (T;T), where

1 V E T To) + mrp,s<T; Ty)
/2P+Vo M’"Iv,s(ﬂ TO)

gﬂ(T;T0)+m

(I)p.s(T; TO) =

’

(61)

with r, ((T;T,) given by Eq. (59). Finally, by replacing the
spinor ®, ((T;T,) into Eq. (31), one sees that the term
proportional to % identically vanishes because 7> = 0.
Thus, we obtain that ©®, (T T,) = @, (T;T,) and then
that the positive-energy Volkov state Uy, ((x;T) can be
written in the fully quasiclassical form,

( ) e%Sp (x:To) V ge(T; TO) + mrp.s(T; TO)
Uv,ps(;Ty) = —F—= P,(TiT,)- ;
SRRRVETNTY W o AL

(62)

with 7, (T;T,) given by Eq. (59). Note that the corre-
sponding four-current JY,. (x;T) = Uy, s (x; To)r* x
Uy.,s(x;Ty) = P¢(T:Ty)/p Vo is automatically con-
served because the plus component of the four-momentum
is a constant of motion in the case of the plane wave A#(T).

2. Conditions of validity of the WKB approach

Concerning the conditions of validity of the approxima-
tions used to obtain the states in Eqgs. (53) and (54), we

V2D Vole +m) [1 * en?g)] (robp ) (60)

stress that the only employed approximation is that
quantum corrections proportional to A in Egs. (31) and
(46) have been neglected. Due to the fact that in general the
WKB expansion is asymptotic (see, e.g., [122]) and due to
the complex, multicomponent structure of the electron
states, a complete and quantitative analysis of the con-
ditions under which higher-order corrections in # can be
neglected must also rely on numerical analyses. However,
general conditions can be derived, which are based on the
following arguments and considerations starting from
Eq. (33). As we have seen, if the background field were
a plane wave, i.e., in the present context, if it depends only
on T, then one can directly seek for a solution of Eq. (33)
depending only on 7 and the last term containing iAal]
would vanish [as we have noticed, the quantity (OP,)
vanishes in this case because the plus component of the
four-momentum is a constant of motion]. Thus, one
concludes that the corrections brought about by the term
containing iAl] arise due to the spatial focusing of the
background field or, in general, to its spacetime
features beyond the plane wave. If we consider the typical
example of a Gaussian beam with electromagnetic field
amplitude F, central angular frequency w, (central wave-
length Ag =27/w,), and spatial focusing radius o
(Rayleigh length Ip =763 /2y), we can estimate |O7|~ w,
04| ~1/1g = 2/wooj, and |V |~1/6p, such that
|0| ~ 1/63. In order to ascertain the conditions of validity
of the approximations used, it is first sufficient to compare
the quantity 7/03 with two of the first three terms in
Eq. (33). By choosing the first one and the third one, we
obtain the conditions 7/63 < wyp, and h/cj < |e|F,
which, apart from numerical factors which can be
ignored at the present level of accuracy, can be written
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as A%/o} < y/& and lydc/o} < & where Ac = h/m=~
3.9 x 107" ¢cm is the Compton wavelength.

In addition to these conditions, we recall that in
obtaining the states in Eqs. (53) and (54), we have
also neglected the term proportional to # in Eq. (31). If
we kept that term, we would obtain in general that
0 (x) = (1 + ihy*9,/2m)®(x). At this point, one
would conclude that, since the largest derivative is the
one with respect to 7" and it is of the order of @, the
condition here is Aw, < m. However, this condition is
certainly too restrictive because we already know, for
example, that in the plane-wave case the WKB solution
is exact independently of the frequency of the field. Indeed,
as we have seen in the case of a plane wave, this
contribution does actually vanish identically due to the
matrix structure. Thus, based on this, we again expect
physically that the condition depends on the fact that the
background field is spatially focused and then that it is of
the form #/6q < m, i.e., 1c/oy < 1 (the corresponding
condition on the Rayleigh length is less restrictive).

In all cases, as we concluded in Ref. [104], these
conditions are less restrictive than the one n < 1, which
then would allow one to obtain explicit analytical expres-
sions of the classical action/trajectory and then of the
electron states in terms of the background electromagnetic
field. In conclusion, the states in Eqs. (53) and (54)
have more general validity than those finally obtained in
Refs. [104,105] but require numerical methods to be
efficiently employed.

B. Negative-energy states

The derivation of the negative-energy states proceeds
analogously to the positive-energy states. The main differ-
ence is in the choice of the initial condition for the classical
action. Now, in fact, we indicate the action as S_,(x; T)
as we determine it by imposing the initial condition
S_,(To.x1:;Ty) = pip+ p-Ty—p, -x, again for the
on-shell four-momentum p* [p_ = (m* +p?)/2p,, with
p+ > 0]. In the present case, the kinetic four-momentum
is defined as Pp(x;Ty) = (£,(x;Tp), P,(x:Tp)) =
MS_,(x;Ty) + eA*(x), with the index p standing for
“positron” (as in the previous paragraph the index “e”
stood for “electron”). In fact, as we will see below,
Ph(x;Ty) represents the kinetic four-momentum of a
positron in the background field and one can already
see that, recalling the Hamilton-Jacobi equation (6),
P2(x;Ty) = m*. As before, the initial conditions are
such that the positron asymptotically moves along the
straight line x| (T)=xo, +(p./p.)(T—T,) and ¢(T) =
o+ (p_/p,)(T —T,), with the general definitions x, | —
PL/p)To ==V, S_,(x;To) and —¢p + (p-/p. )Ty =
—3P+S_p(x;T0).

After using the same definitions for the spinors
0O_,(x;Ty) and ®_,(x;T,) as in Eqgs. (28) and (31),

respectively, the original Dirac equation is equivalent to
the equation

(ZPwaﬂ + (0P,) - %gleﬂy - ihD) ®_,=0 (63)

for the spinor ®_,(x; Ty). In order to determine the zeroth-

order spinor (I)<_O,), (x;Ty), we set A =0 in Eq. (63) and we

obtain

ie

<2PW8" +(0P,) - 2(;#”17””) oY% =0. (64)

This equation corresponds to Eq. (34) for the spinor
d>£,0) (x;Ty) but with the replacements P;(x;T,) —
Ph(x;Ty) and e - —e. Analogously as in the positive-
energy case, the operator acting on d)<_012 (x;Ty) commutes

with the matrix P,(x;T;) and we can choose the

spinor d>(_0;(x; T,) to satisfy the eigenvalue equation

f’p(x; To)d>(_012(x; Ty) = —m(ID(_O;(x; Ty). Thus, according

©

to the free theory [6], the spinor ®Z,(x;7T,) can be

written as

P,(x;Ty)c

<I>(_0/Z (x;Ty) = —1 Ep(xiTo)+m W-p (:To) ,
V2P Vo \ S8 G To) + mw_,(x: To)

(65)

where w_,(x;T) is an arbitrary two-dimensional spinor.
Analogously as for the positive-energy states, by replacing
the expression in Eq. (65) of the zeroth-order spinor
d>(_0,),(x; To,) in Eq. (64), we obtain that it is satisfied
if the two-dimensional spinor w_,(x;T,) satisfies the
equation

1 ie P, xE
PLow_, = —E(aﬂP’,‘,)w_p —50 <B -r )w_p,

Ep+m
(66)

which, again, corresponds to Eq. (38) but with P (x; T) —
Ph(x;Ty) and e - —e. Also this equation can be solved
by applying the method of characteristics. In this case,
we introduce the positron proper time 7 according to the
equation

— =11, 67

m dr P ( )

where TT,(7;Ty) = Ph(x(1; Ty); Ty), with x* = x*(r; Ty)

being a generic positron trajectory. This equation implies
that
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A2t _ dl‘[ﬁ _ F””&

" d> ~ dr dr’

(68)

which is the Lorentz equation for a positron in the external
field. Analogously as before, one can also introduce the
action function X_,(z;T¢) = S_,(x(z;T): Ty) computed
along the positron trajectory at hand and the procedure is
now to solve the equations of motion (67) and (68) and the
equation

ax_ dx*
P _ -
dr ((9” S ) dr

=m-—e (69)
for the action X_,(7;T,) computed along the positron
trajectory for generic initial conditions Xxg)., pi, and
L ,(0:To)=8_,(x(0;T0);To) = pypo+p-To—PL X0
In this way, one obtains the functions x* = x*(z; T,
XouesPie)s (73 To, Xoe,P1c), and Z_,(7:To, X0 1c:Pic)-
The four equations x* = x*(7; T, X 1c. P1c) can be inverted
to obtain the functions 7 =17(x;Ty,p) and Xxg). =
X01c(x; To,pic) [115]. Indeed, one can also in this case
show that the (positron) van Vleck determinant is given by

PP,JF()C; TO) e_%fT dr (OPP)

D (x:Ty) = (70)
P+
and it never vanishes. Finally, the action S_,(x;T) is
obtained in the usual way as S_,(x;Ty) = Z_,(z(x; T,
Pic)s TosX0,1e(x: T, Pic) Pic)-
Going back to Eq. (66) and by setting
w_,(x;Ty) = e 2 J; a7 (0P oy _p(x:Tp)
_1 T 4t [«
_ AR, Ty ()
we conclude that the two-component spinor r_,(x;T)

satisfies the equation

ie P,xE
Pio,r_, = -50- (B —£;’+ m> r,. (72

As before, this equation implies that the two-component
spinor r_,(x; Ty) has constant norm r_,, (x; To)r_, (x; To),
which can be set equal to unity. Moreover, the average
p(x;Ty) = o (x; Ty)or_,(x;T,) satisfies the

o (o) o

which is equivalent to the BMT equation mds”,/dr =
—eF*s_,, along the positron trajectory for the positron
polarization four-vector [6]

vector s
equation

PLo,s_, =

ety = (T e

s_p(x:Tp) - P,(x;Tp)
m(€,(x;Ty) + m]

P, (x; TO)) . (74)

Also in this case we choose the direction of the momentum
p as spin-quantization direction at T, and we introduce the
discrete spin quantum number s = £1, depending on the
two possible orientations of the vector s_,(T¢.,%c; o).
Correspondingly we indicate ®_,(x;T,) rather as
®_, _(x;Ty), following the notation in Ref. [6] and
analogously d>(_012 (x; Ty) rather as d>(_0,2,_s (x;Tg)-

Concerning higher-order corrections in 74, we observe
that the proper-time evolution operator ,(z,7’) solves
here the equation [see Eq. (63)]

aul ie
zmd—rp = - <(6Pp) - EUWFW>U17, (75)

with the initial condition ¢/, (z,7) = 1, and then

U, (2. 7) = e Ja 0P [9(1 _ VT, (e— I dwbaw)
+0( —0)T . (e“'"f drot F)} (76)

In this way, we can write the equation for the spinor
®_, _(x;Ty) as the integral equation

d)—p,—s ('x7 TO) == (D(—OI)) —c(.x' To)
T dT’
+5 [ U TYOR, . (77)
2 Ty Pp,+
where
T 47 /-« i i
U,(T.T') = e_%fT”’%(dP”) [H(T -TT. (e“ pr,w Fu )

L O(T - T)T. (e'”frrfpnl “r). (78)

Also in the present case, once the spinor ®_, _ (x; T) is
obtained, one can use the definitions in Eqs. (31) and (28)
to obtain the corresponding negative-energy solution of
the Dirac equation, which we indicate as V, (x;Ty). As

before, the in- and out-states are defined as ng? (x) =

limT0—>—oo Vp,s (X; TO) and V<POI\H) (x) = limTo—wo Vp,s (X; TO)’
respectively.

Finally, as in the previous paragraph, we focus on the
zeroth-order solution and we observe that at this order it is
@@,Z,_S(x; Ty) = d)(_O),._S (x;Ty) [see also Eq. (31)]. Thus,
the leading-order state Vg?l (x; Ty), which includes terms up
to O(A°), reads
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_1 T _at ¢
e ZfTOPp.+(0Pp)

(0) eiS—p(x:To)
Vps(x:To) = 0
" V2P Vo
P,(x;Ty)-6
BlsTie )
% &, (xTo)+m ~P (79)
VE,(x:To) +mr_, _(x;T)
The  corresponding  four-current Jﬁ,’f s(6;T) =

Vir(x: To)y* Vi (x: Tg) s given by

Pp(x To) —fTTOP‘;%(aPP)

(0)
Jy x; T
sl o) = PV

(80)

As in the positive-energy case, the four-current J 5,0);‘ s(x3To)
has the desired properties that it corresponds to the standard
normalization of one particle in the light-cone volume V), at
the initial time 7y and that it is conserved: (8]5,0;3,,“,) =0.

It is useful to mention that the state Vg?l(x; T,) can be
equivalently written as

©) /.. & X0,lc
Vos(x;Ty) = 3(x1e = x16(T5 T, X 1
P.S( 0) " \/.*_T_TO_. Ie — lc 0>40,lc plc))
eﬁE—IJ(T’TO)
2Hp’+(T; T())V()
Hp(T;TO)'O'

0, o(T;Tg)+m -p.=s (T; TO)

VILo(T:To) + mp_, _(T: T)
(81)

where, analogously to the positive-energy case, the func-
tions p_,_((T;Ty) and A,(T;T,) are the functions
P-p.—s (T; TO) =T_p-s (x(T; TO); TO) and Ap (T; TO) =
D,(x(7;Ty); Ty) computed along the positron trajectory
X =X.(T; Ty, X0)c.p1c) corresponding to the initial
|

rp—s(T;To) = /-2 {1—4

e+m

condition x;.(7) = x;. on the light-cone position and
parametrized with respect to the light-cone time 7.

Then, one obtains the negative-energy electron in-states
and out-states, which include terms up to O(#%), as

T G o plin in
o at(opy")/P\")

(0,in) ’S('")( ) (0,in)
Vps ' (x) =en vps  (x), (82)
" V2pVo
A -4 [Ldrry Py
VO (1) = i) € T (), (83)
V2P Vo
where
P\ (x)0 in) (x)
. (in) —p,=s
vpa” (x) = oo . (84)
5 (x) + mrly_(x)
P;," oY) (x)e (out)
(0,0ut) . E(pom)(x)er P ( )
Ups (X)) = (85)

E (x) + mrLy(x)

Finally, for the sake of completeness, we also report the
negative-energy Volkov state Vy., (x;T,) in the full
quasiclassical form

VV;p,s (X; TO)

. P,(T;Ty)6
IS (xT —— T;T
o én I(x U) EP(T;T0)+m _PY—S< ’ 0)

V2P Vo \ | JE T Ty + mr_, _y(T: Ty)

where the action S_,(x;Ty) is given by Eq. (A6) with the
substitution p# — —p#, where the four-momentum
Py(T;Ty) = (£,(T;Ty),P,(T;Ty)) is given by Eq. (A1)
with the replacement ¢ — —e, and where [see Eq. (59)]

, (86)

Pp(T;TO) :| }
: oV e AT S,
P’ [n+8p(T;T0)+m - A(T) o=,

e P,(T;T,)-A(T)

ie

Ep(T:Ty) + m{l _

e+m

with ro._, ¢ =r_, _(Tp; Ty).
V. NONLINEAR SINGLE COMPTON
SCATTERING

In this section we use the positive-energy electron states
in Egs. (53)—(56), to compute the emission spectrum of

— . A(T
dp, E,(T;Ty) +m ’ [nx @

LA

4p. Ep(T:To) +m

|
nonlinear Compton scattering and, for the sake of nota-
tional simplicity, we remove the upper index (0) as there is
no possibility of confusion. For the same reason, the
constant /2 will be set equal to unity.

We indicate as p* = (e,p) (p* = (¢,p’)), with

e=\/m>+p*> (€=+m>+p?, and s (s') the
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four-momentum and the spin quantum number of the incoming (outgoing) electron, respectively, and as k*

) =
element S ~¢7) is given by

= (w,k), with

, and [ the four-momentum and the polarization index of the emitted photon, respectively. The S-matrix transition

Slem=emy) :—le/dT/ d*x x.U Om
Vo

i(kx)
e e :
FkIZ U(m)( )’

(88)

where e’,:j indicates the polarization four-vector of the emitted photon. The differential emission probability with respect to
the photon light-cone three-momentum k. and averaged (summed) over the initial (final) discrete quantum numbers, is

given by
dP(e’—)e‘y) & (ou e el( in 7r(in e ~i(kx) oul
T:th 31} / plc/deT’/ P d’x U, t)( )Ry () o () “hi€ ( :,)(x’)
c =00 z 2k V) 2k, Vo
Ple ;[ Exede o (i) =) s (ou)
= lim dTrdr g (X)ep up.s (X)ips (X')ey u,, o (x
vomz_ /%%/ [, e )z a8 ) )
= fi dT(OP) 2P — f; dr(@oP™) /2P — f: dT (P /2P — ff (P /2pt™
S k) 857 ()8 5 ()= (o) =837 () (89)

Now, we will systematically approximate this expression
by assuming that the electron is ultrarelativistic, it is
initially (almost) counterpropagating with respect to the
laser field, and its energy is the largest dynamical energy in
the problem, i.e., the classical light-cone components of the
electron four-momenta satisfy the hierarchy I1, | (T3 T) >
max(m, |IL, | (T;Ty)|) >, _(T;T,) (see Appendix B).
By referring to the initial electron energy and to the laser
classical nonlinearity parameter £, we can formulate the
above conditions in a more transparent form requiring that
e > max(m,m&) and we will keep only leading-order
|

(T3 To) - [7dom) _

terms in the ratio n = max(m, mé)/e. Otherwise we do
not make additional assumptions on the electron trajectory.
Analogous conditions and approximations are assumed for
the final electron energy. In Appendix B, we report some
considerations on this regime of interaction, based on the
general structure of the equations of motion and not on
approximating the solution of the equations of motion, i.e.,
the electron trajectory. One can see, for example, that at the
leading order in n one can ignore the real exponential
functions corresponding to the van Vleck determinants in
Eq. (89) as [see Eq. (25)]

0o ((T5T) - [r 5 (Ontle 40501 +V 0L )

A(T:Ty) =
P+ P+
— e_ TZ%(@/‘H&—+VLH&L) — 1 + 0(’7) (90)

Recalling the concept of formation length [16,123,124], it is convenient to pass to the average and relative spacetime

variables x’, = (x* + x’#)/2 and x* = x* — x'*, respectively (see also Refs. [125,126]). Indeed, under the above conditions,
one can easily ascertain that the formation lengths in the variables x;. can be neglected at the leading order in 7 [125,126]
(see also the Appendix B). Thus, one can set x_;. = 0 everywhere in Eq. (89) except in the actions, where a first-order
expansion on those variables has to be carried out (the reason will be clear below):

dple=e) Ple dx odPx_
_— dT . dT_ #'mx e u(\)x (>xré u((fut,)x/
e VWZZ/WV T [ S e o ey o)
Sy )=V S o) 08 5 o Yo ()83 ()9 183 () 540,83 (o
ei[S;tjul)(xT/) V.S oul)(xT/) apS(Oul)(xT/)‘/'— (kx’)—S[(’i")(xT/)JrVLSS )(xT/) 5 Jra“ » (XT/){/)T]7 (91)
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where x7 = (T,x, i), xp = (T’,x, ), and where all the derivatives are assumed to be with respect to the plus variables
(note that we have ignored complications due to the shape of the light-cone volume 1, as we will ultimately perform the
limit V; — co). Now, the integrals over the variables x_ . can be taken and, by using the relation between the derivatives
of the action and the kinetic momentum of the electron in the field, enforce the corresponding conservation laws in the

limit Vy — oo:
dP(e_—>e_}’) / d3plc / dT / d3X+’]c
d3klc Vo-’°° 2 27[ ﬁv A Vo 8p/+k+p+

. . (out) (in)
X u(?ut/)(xT)élt[ug.ns)(xT)ﬁgns) (xT’)ékzu((Zlf/) (x77)e’ f TP o) k=P (o)

p.s
x (s P (xy) + o = PO (x| )SPL () + Ky = P (e )], (92)
where we have used the identities SSU (xp) — Out)(xT) =— [LdTo; S (o) (x7) and Sg,im(xp) —SE}“) (x7) =

- [ dT@TSE,m) (x7), and the corresponding relation between the derivative of the action with respect to the variable T
with the minus component of the kinetic momentum.

At this point we observe that the mathematical meaning of the van Vleck determinant (see Sec. III A) and the fact that up
to the leading order in 77 we could have set the real exponential functions corresponding to the van Vleck determinants in
Eq. (89) equal to unity allow us to change the integrals over d° pj. into the integrals over the corresponding local momenta of
the outgoing electron in the field [see Eq. (12)] as well as the integrals over d°x,. into the integrals over the corresponding
initial coordinates of the incoming electron [see Eq. (10)]. By exploiting the delta functions to take the integrals over the
corresponding local momenta of the outgoing electron, we obtain

dpe—er) dPxoe @ 1
SV ¢ drdr'a") ) e )it Gep)eg uS™ (e
The s ly, Vo 1622 2p+k+p+;/ Ty )2 tps (5 )itp.s (e )ity ()
/(out)2 /5 ) 2 (in)2 /4
T m= + 11 T k m= + 11 T
exp{i/ dT{Te,l()ﬁLi—T“()”, (93)
' + + +

where a = e?/4x ~ 1/137 is the fine-structure constant, where He(Tt) (T) = l'[E,ml( T)—k, and p'. = p, — k,, and where

the coordinates x). in the spinors have to be expressed in terms of the initial coordinates x . following the corresponding
classical electron trajectory (see Appendix B). The fact that three components of the (on-shell) four-momentum of the final
electron in the field can be written in terms of the corresponding initial ones already indicates that in order to compute the
probability in Eq. (93) only the classical trajectory of the incoming electron is necessary, with the probability being obtained
by averaging over the initial electron trajectories identified by the initial position of the electron.

Now, we show that the above expression of the differential probability of nonlinear Compton scattering is identical to the
corresponding Baier’s formula [16]. Actually, in order to obtain Baier’s formula the remaining task is to manipulate the
spinor matrix elements. In fact, concerning the phase, it is easily shown that, by using the conservation laws, it can be cast in
the form

U

/TdT[m S+ (T)+ ©oom ) (T)] !

as in Baier’s formula [16]. The manipulation of the spinor matrix elements is also straightforward. With the help of the
definitions in Eqgs. (55) and (56) and by assuming that e}, = (0, e ), we obtain

— (ou Ax in P/ +m (o T * in in
iy Cep) e (o) =y [ =D () el T ()i (7)

pr.+m + " in
oo (Dl T (D)) (o€, )yl (7). (95)
+
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Now, by evaluating Eq. (40) along the characteristics parametrized via the light-cone time 7, the two-dimensional spinors

(in) -

pp.s (T) and p([im,)( T), one sees that at the leading order in 7, one can ignore the evolution of these spinors and use their

initial expressions, which we indicate as p.,, ; and py, s respectively. In this way, after using the well-known properties of

the Pauli matrices, one obtains

/
ae G py+m Py +m) i .
o )= [E m) )4 0
e p+ —|—m Hm P+ + out T) 96
~ Wo.p sOPOp.s € % A ( (96)

By applying this expression for both spinor matrix elements in Eq. (93) and by indicating as s [s'] the initial [final] spin of
the incoming [outgoing] electron, with pO;p,sp(—;;p’s ={+0-5)/2 Ip},, Slpo .y = (L+0-5")/2], we have that the

differential emission probability dP¢"~¢") /d?k,. can be written as

dple—e) ap'; 7"
3 - _Z S; — ©7)
&k 5 ke
where
(em—e7y)
dp d*xy 1 1 [T . i)~
i / 0l 2 _ / dTdT’ exp [1— / dT (k1 >(T))}
ki Voo Jy, Vo 1677 plk, py P
l+06-s ) l+o-5 . . .
X tr{ 7 [Re(T") —io - Qc(T)] — [RA(T) + io - QC(T)]}, (98)
with VI. NONLINEAR BREIT-WHEELER PAIR
PRODUCTION
Analogous considerations as those in the previous
Re(T) = ply+m Dyt m\ )(T) ¢ (99) section can be presented in the case of nonlinear Breit-
¢ py+m plAm] ¢ kb Wheeler pair production. In order to keep the notation

Qc(T) = e x [

pyt+m
Pl +m

> (T)] . (100)

Equations (97) and (98) indeed coincide with Baier’s
formula in Ref. [16] apart from the averaging over the
initial coordinates that is not automatically obtained via
Baier’s method but has to be implemented by hand [16,95].
Finally, we note that the average limy, _, fVo a’3x0JC /Vo
over the initial positions within the light-cone volume V),
can be in practice taken as an average N™' >N over a
large number N trajectories all with the same incoming
electron momentum (and spin quantum number).

similar to that in the previous section, we indicate as p*
(p"), and s (s') the four-momentum and the spin quantum
number of the outgoing positron (electron), respectively,
and as k* and [ the four-momentum and the polarization
index of the incoming photon, respectively. The S-matrix
transition element S7~¢"¢") is given by

/dT/ P T
Vo

where the positive-energy states in Eqs. (53)—(56) and the
negative-energy states in Egs. (82)—(85) are employed.
Again, the upper index (0) has been omitted and 7 has been
set equal to unity for the sake of notational simplicity.

The differential pair-production probability with respect
to the positron light-cone three-momentum p,. and aver-
aged (summed) over the initial (final) discrete quantum
numbers, is given by [see also Egs. (82)—(85) for the
negative-energy states]

ek e —i(kx)

N Vo

y—)e ~e™)

Iy (),

(101)
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dP(y—>e_e+) /d3p] / ek e i(kx) _ é;’{‘ ei(kx/)
i — < | dTdT’ / B dx,. U Om) L V<°lslt> X V<ms1t> x' JiU((qu/) X'
e S SE [ G [ Pna s D0 S v 7 () S ue)
dgp d* xl x|
~ lim & I / ATdT’ / LD Mg o) () 8 ()5 (o S (7

oul OU oul ou T oul oul T’ T oul oul
¢ - [l at(or! ‘)/2P " ,f dt(opy™) /2P J“ al (P 2P - [T af o™ 2P

S ) =) 850 (485 () + (k=5 ()]

(102)
By applying exactly the same reasoning as in the previous section, one passes to the average and relative coordinates,
expands the actions with respect to x_ ;. up to the first order while setting x_ ;. = 0 in all other quantities, enforces energy-
momentum conservation relations, neglects the real exponential functions corresponding to the van Vleck determinants, and
arrives at

dpr=ee’) . dxop «a 1 u
—d3p1 N V{)l_r{l V(()M 6225 kp /deT’u(f Y (xT)eklvE, s )(xT)vg, (xT/)eklu (xT,)
c A Rakhieal e ol KR
/(out)2 (out)2
T m* + 11 T) k3 m~+II
exp{i/ dT[;L() +—Pl()}}, (103)
1 2p, 2k 2p.
/(out) out)

where I, "(T) =k, —IL,"(T) and p’, = k, — p,, and where all coordinates x,. in the spinor have to be expressed in
terms of the final coordinates x;. following the corresponding positron classical trajectory in the external field. The
interpretation of x . as the final coordinates of the positron follows from the interpretation of the van Vleck determinants
originally included in the expression of the probability because the three integrals over the asymptotic electron momenta
have to be transformed into integrals over the local electron momenta and therefore the coordinates x,. pertain to the
positron.

Now, by noticing that

(out)2 (out)2
/TdT|:m + LT ﬁer +11pl (T)] 1

(out) /4
— =— dr k1T, 104
2p/, 2k, 2p, pi/ ( ). (104

4

and by manipulating the spinor matrix elements analogously as in the previous section, we finally obtain that the differential
pair-production probability dP"~¢¢") /d®p,. can be written as

dpr—ee) dpY7e )
a2 Z S; LI (105)
plc d’pic

SSI

where

dP y—»e e ) d3 1 1 T " -
Codl oy fim S0l % / dTdT' exp |i— / AT (kIT™ (T))
& pye Voeo Jy, Vo 1677 plk p. P+ Jr

X tr{l +20- .5 Ry (T') + i - Q@ (T)] 1%6"9’ [Rew(T) — ic - QBW(T)}}, (106)

with s (s”) being the asymptotic spin of the outgoing positron (electron) and with

_ e [I(7) x (7)) 0
BV e 1o
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l-[/e(Oth) (T) X H;Ollt) (T)

Oun(T) = /(om0 m) - e

It is easily seen that Egs. (105) and (106) also coincide with
the corresponding Baier’s formula in Ref. [16] again apart
from the averaging, this time, over the final coordinates of
the positron. Also in this case, the average can be taken
over a large number of positron trajectories all with the
same asymptotic final momentum (and spin quantum
number).

VII. CONCLUSIONS AND OUTLOOK

We have computed WKB wave functions for electrons in
the presence of electromagnetic fields of arbitrary space-
time structure having in mind the case of tightly focused
laser beams. The present expressions of the wave functions
generalize those found in Refs. [104,105] because they
only rely on the validity of the WKB approximation. In
fact, we have found the three 7-dependent conditions
2205 < y /& Aohc/ oy < & and A¢ /oy < 1 for the validity
of the obtained states in the case of a tightly focused
Gaussian with the above-discussed parameters. The addi-
tional approximation on the electron trajectory inside the
laser field gave the possibility in Refs. [104,105] to obtain
explicit expressions of the wave functions in terms of the
external field, which in turn allowed us analytical compu-
tations. The present wave functions are instead more
suitable for numerical approaches and can be obtained
starting from the classical equations of motion for the
electron trajectory (Lorentz equation) and its spin (equation
for the two-dimensional spinor leading to the BMT
equation for the average spin/magnetic moment).

In addition, we have shown that in the case of a plane-
wave background field the found WKB wave functions
exactly reduce to the Volkov states, which have been
written in a new form, where also the spinor structure
has a manifest quasiclassical form.

Finally, by computing the probabilities of nonlinear
Compton scattering and nonlinear Breit-Wheeler pair
production, we have been able to reproduce Baier’s for-
mulas for generic electron trajectories.

Among others, we plan to use the present wave functions
to further investigate the effects of the transverse formation
length on the photon emission spectrum in order to obtain
more quantitative results than the analytical estimations
presented in Ref. [126] concerning nonlinear Compton
scattering in a flying focus beam [127-131].
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APPENDIX A: DETERMINATION OF THE
ACTION IN A PLANE WAVE VIA THE METHOD
OF CHARACTERISTICS

In this Appendix we report, as an application of the
method of characteristics, the determination of the classical
action of an electron in a plane wave and we use the same
notation as in the main text. Since the plane wave is
assumed to propagate along the negative z direction,
it can be described by the four-vector potential A#(T) =
(0,A,(T),0), which follows from the choice A_(T) =0
within the Lorenz gauge [(0A) = dA,(T)/dT = 0] and
from the initial condition A#(T) = 0.

In this case it is convenient to use directly the coordinate
T to parametrize the electron trajectory x,. = x;.(T; T) for
T > Ty. As in the main text, the on-shell electron four-
momentum I15(T; T) is set equal to p# at T = T,), whereas
its initial light-cone coordinates are xi.(T; Ty) = Xg .. By
using the three conservation laws of the plus and the
perpendicular components of the canonical four-momentum
together with the on-shell condition TI2(T;T,) =
20, ((T;To), _(T:Ty) —I; | (T;Ty) = m*, one can
directly write the four-momentum I1%(7'; T,)) at an arbitrary
T in a covariant form as

L AX(T)
2py
(A1)

n.u

(T, Ty) = p* — eA*(T) +e(pI;(T))ﬁ” —e

in terms of the initial four-momentum p*. Correspondingly,
the T-dependent electron coordinates x,.(T;T,) can be
derived from the equation p_ dx*/dT = IT, and the result is

1 T
x, (T5Ty) =x01 + o dl'p. —eA (T")], (A2)

+ JT,
1 (T A(T AX(T
P(T:To) = do+— dT’{p_+e(p( )_ A7)
P+JT, P+ 2p.
T 2 —eA . (T 2
:¢0+/ ar'” +h”l2 AT a3
Ty D3
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At this point the action X,(T; T) along the electron trajectory at hand can be found from the equation [see Eq. (14)]
dx 2 Im, , -A

A4
dr P+ P+ (A4)

with the initial condition X,(7; T) = —(p;¢o + p_To —p, - Xo_ ). In this way, we obtain the action X, (7’ x,) along the
specific trajectory with initial conditions x :

2 T
) (Tix0) = (T To) = o (T = o) - [ ML, (1) A (T)
P+ P+ J1,
m2 € T ! ! !
=—(pspo+p-To—pi-x0.1)——(T—=Tpy) + —/ dT'lp, —eA ((T")]-A (T').
P+ P+ JT,

(AS)

Finally, in order to obtain the action S,(x;7,) we have to express the initial coordinates x . of the electron in terms
of the generic coordinates x;, by inverting the functions x,, = x,.(T; T, X 1c. P1c) Via Egs. (A2) and (A3). The resulting action
[see Eq. (A5)],

T m?+[p.—eA (T))? m?+p? T
(1) = ~{ g [ar =t AT ' AT, - e, ()]}
T, 2p, 2py P+ J1,

m2 e T
LT S / dT'[p, — eAL(T')]-AL(T")

P+ P+ Jr,

T
=—(p+¢+p_T—pL-xl)+/T dT’{
0

LA AT
P+
JPA(T) L AX(T)

2py }

T
=—(p+¢+p_T—pl-x¢)—/ dT’{

To P+

coincides with the result in, e.g., Ref. [114]. Finally,
it can be easily verified that the general relations x,; —
P1/p)To =V, Sy(x;Tg) and —¢go+(p_/p)To=
9y, S,(x:Ty), with p_ = (m* +p%)/2p. hold in this case
[see the discussion above Eq. (10)].

APPENDIX B: ULTRARELATIVISTIC
ELECTRON TRAJECTORY IN AN
ARBITRARILY FOCUSED LASER BEAM

In this Appendix we report some general considerations
on the Lorentz equation of an ultrarelativistic electron in
the presence of an arbitrary background electromagnetic
field described by the four-vector potential A#(x) intro-
duced in the main text and having in mind the case of a
tightly focused laser beam. In the first part we draw
conclusions solely based on the structure of the equations
and in the last part we report an approximated analytical
expression of the trajectory of the electron, pointing out
the requirements on the field for the approximations to
be valid.

We choose the light-cone coordinates introduced in the
main text and we describe the electron light-cone position
x1(T; Ty) and kinetic momentum I1, ,.(7T; T,) as functions

2p, ] ’ (A9)

[
of the light-cone time 7. The remaining light-cone com-
ponent IT, (T;T,) of the four-momentum IT¢(7;7,) is
obtained from the on-shell condition as II, _(7;T,) =
m> + 12 | (T;Ty)]/21, . (T;Ty). The trajectory is
determined by solving the Lorentz equation, which can
be written as

dry,

Hevar

S L (B1)

The initial conditions are fixed at T = T as x1.(T; T) =
X0,1c and He,lc(TO; TO) =Pic [p— = (m2 +p_2L)/2p+]s
where the four-vector potential is assumed to vanish for
all Xic-

We assume that the electron is ultrarelativistic and almost
counterpropagating with respect to the laser field, i.e.,
that the hierarchy I, , (7;T¢) > max(m,|IL, | (T;T)|)>
I, _(T;T,) among the light-cone components of the
electron four-momentum is verified at all light-cone times
T > Ty. For the sake of definiteness, by referring to the
standard situation of an electron in a plane-wave field,
we can estimate |II, | (T;7)| as |IL, (T;T,)| < mé and
I, . (T;Ty) as I, . (T;Ty) ~ €, and we arrive to the more
transparent condition # = max(m, mé)/e < 1.
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By expressing the Lorentz equation (B1) in light-cone
coordinates, one obtains

dil, | dA | 21, |
s —— ’ . V
dT ar 2M, , + 1, _ 1AL
(He X Bz)L m2 + Hz 1
— =V B2
+ I—Ie7+ 21—[3+ J_A+7 ( )
dHe,+ _ dA+ _ He,J_ . 8AJ_
dr 4T 1, ¢
m’ + 1 | (DA, IL .
2 : - . : VJ_‘A+ )
A, \ 9 20, +1I,_
(B3)

where A#(x) = eA¥(x), where B, (x) = [(V x A(x)) - z]z,
and where, unlike in Ref. [104], we preferred to express the
trajectory in terms of the components A, (x) and A (x) of
the four-vector potential [recall that A_(x) = 0]. In addi-

tion, the equations for the coordinates x,(7;T,) and
¢(T;T,) are

de, TI
=L el (B4)
ar 1,

dp —m?>+11I2

@ _ — (BS)

dr 2012

1

T 1
IL  (T;Ty) =p,— AL+ —/ ar{m, , -v, A, + (I, xB,), } + 0<_2>
T,

P+ J1,
1

=p1- Al +p—/:dT/{(Pl —A) VA F P - A X B} + 0<pi2>’

+ JT

1
I, (T;Ty) =py —A, + 0 <_>’ (B7)

P+

where all the fields are still computed along the electron
trajectory. Analogously, starting from Egs. (B4) and (BY),
we can write the approximated expressions of the coor-
dinates as

1 T 1
x (T;Ty) =xo, + N dl'(p, —A,) + 0<p_2)

+ JTo +

(B8)

d(T;Ty) =y + O <piz> (B9)

+

Since we implicitly assume that the light-cone components
of the external field are such that | A (x)], |A(x)| < mé,
the equations (B2) and (B3) for the four-momentum
components indicate that the variation of the plus compo-
nent due to the external field is typically much smaller than
I, . (T;Ty). On the contrary, the external field can sub-
stantially change the transverse momenta, which is already
known in the analytically solvable plane-wave -case.
Finally, the equations (B4) and (B5) for the variations in
T of the coordinates instead show that these are always
suppressed for ultrarelativistic electrons, with the variation
in |x,(T;T)| [¢(T;Ty)] scaling as 1/I, (T;T,)
[1/T2, (T;T,)]. These features are also exploited to
estimate the formation region on these coordinates in
strong-field QED processes like nonlinear Compton scat-
tering and nonlinear Breit-Wheeler pair production.

We would like to conclude by making a step further
and determine an approximated analytical solution of
Egs. (B2)-(B5). Unlike in Ref. [104], we allow for the
initial transverse momentum of the electron not to vanish:
p1 # 0. We only rely on an expansion in powers of 1/p_.
and we compute for each quantity only the leading-order
correction (which is slightly different from what we did in
Ref. [104]). We comment on the conditions allowing for
such an expansion afterwards.

Concerning the independent light-cone components of
the four-momentum, we obtain

s

(B6)

We can use these expressions to expand the fields,
which are still computed along the electron trajectory.

By introducing the quantities Al(f )(T) = A (T, xq)) and
Bgo)(T) = B,(T,xy)), we can write

1 T 1
x (T;Ty) Ixo.L‘f'p— dr'lp —Aio)(T/)] + 0<—2>

+J71, pP3
(B10)
O(T;Ty) = o + O(é) (B11)

and
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1

T 1 [T
I, (I Ty) —p1 — AY(T) - / dr'lp, - AV ()] -V, AV () 4 - / ar'{lp, — AV - v, AV (1)

P+ Jr,

lpe - ALY x BO(T)], ) + o(pi)

1
M, (1310) = p. = AV (D) + 0.
+

These expressions of the independent light-cone coordi-
nates and momenta of the electron are an explicit approxi-
mated solution of the equation of motion in the
ultrarelativistic regime as they are expressed in terms of
the external field.

Some additional remarks are in order, concerning the
validity of the used approximation and it is convenient to
consider the definite example of an electron initially almost
counterpropagating with a tightly focused Gaussian optical
beam, characterized by a central angular frequency @,
(central wavelength 1, = 27/ w,), transverse spot radius o
(Rayleigh length [ = 77.'0(2) /20), pulse duration 7, and
electromagnetic field amplitude F. By saying that the
electron is initially “almost” counterpropagating with
respect to the laser field, we mean that the initial transverse
momentum is less than or of the order of the transverse
momentum that the laser field can impart to the electron,
ie., [p1| < mé. Even though in a Gaussian beam the field
decreases along the longitudinal direction only as the
inverse of the distance from the focal area, for the sake
of definiteness, we estimate as 7; = max(2lg, 7) the maxi-
mum time that the electron spends inside the strong field

P+ Jr,

(B12)

(interaction time). Thus, it is reasonable to require that the
above approximated expressions for the trajectory and the
four-momentum components are valid for0 <7 — T < 7;.
First, notice that the constant initial transverse momentum
p. induces a drift term in the transverse position which
increases linearly with 7. By imposing that the electron
does not exit sideways the laser pulse, we obtain the
condition |p,|7;/p, < op. This condition is fulfilled
because it is equivalent to the condition < 4y/0p, which
is fulfilled because # < 1 and because for a tightly focused
laser beam it is 4y ~ o,. Correspondingly, the terms propor-
tional to 1/p_ in Eq. (B10) are less than or of the order of
1n(00/2g)o and then, assuming that |x, | | < 6o, we see that
they do not alter the hierarchy determined by the large
momentum scale p_ . The condition n < /0y also ensures
that the external field can be expanded around x ; . Finally,
we observe that accumulation effects arising in Eq. (B12)
due to the terms quadratic in the fields and integrated over
T’ might affect the discussed hierarchy. However, under the
above conditions, one can estimate that these terms are in
order of magnitude about 7(cy/4y) smaller than the
leading-order terms in agreement with the hierarchy.
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