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In this paper we study the axial anomaly in very special relativity electrodynamics using Pauli-Villars
and dimensional regularization of ultraviolet divergences and Mandelstam-Leibbrandt regularization of
infrared divergences. We compute the anomaly in 2 and 4 dimensional space-time. We find that this
procedure preserves the vector Ward identity(charge conservation) and reproduce the standard axial
anomaly in 2 and 4 dimensions without corrections from VSR. Finally, we show how to obtain the anomaly
in the path integral approach.
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I. INTRODUCTION

The Standard Model of particle physics (SM) is a very
successful theory. With the discovery of the Higgs boson at
CERN, its particle composition was completed [1].
But the discovery of neutrino oscillations showed that

the neutrinos have mass whereas in the SM they are
massless [2].
One of the most important problems of particle physics is

to provide a mass for the neutrino without disturbing the
chiral nature of the SM, since neutrinos appear to be left
handed.
The seesaw mechanism is a popular mechanism to obtain

massive neutrinos [3]. However, it means to introduce new
particles and new interactions.
One possibility to have massive chiral neutrinos is very

special relativity(VSR) [4]
VSR assumes that the true symmetry of Nature is not the

full Lorentz group, but some of its subgroups. The most
interesting of these subgoups are Sim(2) and Hom(2).
Using these subgroups new terms are allowed such that the
neutrino get a mass [5].
Various applications of VSR have been considered, like

the inclusion of supersymmetry [6,7], curved spaces [8,9],
noncommutativity [10,11], dark matter [12], and also in
cosmology [13].
Some time ago, we proposed the SM with VSR [14]

(VSRSM). Its particle composition and interactions are the
same as in the SM, but neutrinos can have a VSR mass
without lepton number violation.

Loop computations in VSR are nontrivial though. New
infrared divergences appear and they have to be regular-
ized. We studied how to do so using the calculation of
integrals in the Mandelstam-Leibbrandt (ML) prescription
[15,16] introduced in [17], in [18,19]. The Ward identities
corresponding to the gauge and the Sim(2) symmetry of the
model are preserved.
Last year, we applied these techniques to the Schwinger

model in VSR [20] and to the photon mass in VSR [21].
A very important test that the VSRSM has to pass is the

cancellation of axial anomalies. Being a chiral local gauge
symmetry model, the presence of chiral anomalies may kill
the model, because the gauge symmetry will be lost and
renormalizability and unitarity could not be simultaneously
satisfied.
In [20] we did a computation of the two dimensional

axial anomaly. We obtained that the vector current is
conserved and the axial anomaly get a correction from
VSR in the form of a multiplicative factor.
The authors of [22] tried to compute the axial anomaly

in four dimensions using the prescription to treat γ5

introduced in [23]. They claim that there is an anomaly
in the vector current as well as in the axial vector current.
However their computation missed two important graphs.
(Please see Chap. IV).
In this paper we study the axial anomaly in two

and four dimensions using Pauli-Villars (PV) and
dimensional(DR) regularization of ultraviolet divergen-
ces and ML prescription for infrared divergences. We
show explicitly that the vector current is conserved and
that the axial anomaly is the same we get in Lorentz
invariant electrodynamics, without any correction from
VSR. Our result relies on two properties of the ML
prescription: First, it allows shifting of the loop momen-
tum variable (which implies gauge invariance) and
second, it respects naive power counting.
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According to this result, the VSRSM must be free from
anomalies and therefore consistent.
In the VSR gauge field action a very interesting

possibility opens up: A gauge invariant mass term for
the gauge field [14,24,25]. In the present work, we did not
include such a mass term for the photon because it will not
affect the axial anomaly, since the axial anomaly is due to a
loop of fermions.
The paper is written as follows. In Sec. II we define the

lagrangian of VSR electrodynamics and derive the
Feynman rules that will be used to compute the anomalies.
In Sec. III we compute the axial anomaly in two dimen-
sional space time. In Sec. IV we study the axial anomaly in
four dimensions. In Sec. V we study the axial anomaly in
2d using DR. In Sec. VI, we derive the axial anomaly in 4d,
using DR. In Sec. VII we present the derivation of the axial
anomaly using the path integral. Finally in Sec. VIII we
draw some conclusions.

II. THE MODEL

The electrodynamics sector of the VSRSM in the
Feynman gauge.

L ¼ ψ̄

�
i

�
=Dþ 1

2
=nm2ðn ·DÞ−1

�
−M

�
ψ

−
1

4
FμνFμν −

ð∂μAμÞ2
4

Dμ ¼ ∂μ − ieAμ; Fμν ¼ ∂μAν − ∂νAμ ð1Þ

The vector current (electric charge conservation) is

jμ ¼ ψ̄γμψ þ 1

2
m2

�
1

n ·D† ψ̄

�
=nnμ

�
1

n ·D
ψ

�

The axial vector current is

jμ5 ¼ ψ̄γμγ5ψ þ 1

2
m2

�
1

n ·D† ψ̄

�
=nnμγ5

�
1

n ·D
ψ

�

Both currents are conserved at the classical level [20].
We are interested in computing expectation values of these
currents.

To get the Feynman rules we use the expansion of
ðn ·DÞ−1 both in the currents and the Lagrangian.

ðn ·DÞ−1 ¼ ð1þ ieðn:∂Þ−1ðn:AÞ
þ ðieÞ2ðn:∂Þ−1ðn:AÞðn:∂Þ−1ðn:AÞ
þ ðieÞ3ðn:∂Þ−1ðn:AÞðn:∂Þ−1ðn:AÞ
× ðn:∂Þ−1ðn:AÞÞðn:∂Þ−1 þ � � �

The Feynman rules are listed in Appendix A.

III. TWO DIMENSIONAL AXIAL ANOMALY

In this case we have to compute the expectation value of
the axial vector current in a background field Aν. We use the
convention of [26], ϵ01 ¼ þ1.

hj5νðqÞi ¼
Z

d2xhj5νðxÞieiqx ¼ ð−ieÞ−1iΠ5μνðqÞAμ ð2Þ

The contribution to the two dimensional anomaly in VSR
electrodynamics is given by the two graphs (Figs. 1 and 2):

iΠ15μν ¼ −ð−ieÞ2
Z

dpTr

8<
:
�
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�

×
ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε

�
γν þ 1

2
nνð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�
γ5

iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

9=
; ð3Þ

FIG. 1. iΠ15μν (Eq. (3) ).

FIG. 2. iΠ25μν (Eq. (4) ).
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iΠ25μν ¼ ð−1ÞðieÞ2nμnνi
Z

dpðn:pÞ−1ðn:pÞ−1½ðn:ðqþ pÞÞ−1 þ ðn:ð−qþ pÞÞ−1�Tr
�
1

2
=nm2

ið=pþM − m2

2

=n
n·pÞ

p2 −M2 −m2 þ iε
γ5
�
: ð4Þ

To compute the axial anomaly we will use Pauli-Villars regularization and Mandelstam-Leibbrandt prescription to treat
infrared divergences. We will follow Ref. [27].
Notice that Eq. (3) is logarithmically divergent and Eq. (4) is finite.
It is easy to check that formally:

qμðΠ15μν þ Π25μνÞ ¼ 0

if shift of the integration variable p → pþ k is allowed. Here k is a constant vector. This would be true if the integral (3)
would be finite.
Introduce a Pauli-Villars particle of mass M̄ and define the regularized amplitude:

Π5RμνðM; M̄; qÞ ¼ Π15μνðM; qÞ þ Π25μνðM; qÞ − Π15μνðM̄; qÞ − Π25μνðM̄; qÞ:

Since Π5RμνðM; M̄; qÞ is finite, it satisfies the naive Ward identity(electric charge conservation):

qμΠ5RμνðM; M̄; qÞ ¼ 0

On the other hand, the axial Ward identity is, formally:

iðΠ15μν þ Π25μνÞqν ¼ 2MAðM; qÞμ

¼ 2Mð−ieÞ2
Z

dpTr

��
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε
γ5

iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

�

ð5Þ

if shift of the integration variable p → pþ k is allowed.
Therefore the regularized amplitude satisfies:

iΠ5RμνðM; M̄; qÞqν ¼ 2MAðM; qÞμ − 2M̄AðM̄; qÞμ:

Since the original amplitude is obtained formally as limM̄→∞, the axial anomaly is given by:

Bμ ¼ limM̄→∞ð−2M̄AðM̄; qÞμÞ:

Now, we compute (5). First notice that after computing the trace, the integral is finite. A typical term containing the vector
nμ is of the form:

Cμ ¼ 2M2m2ð−ieÞ2εμαnα
Z

dp
1

p2 −M2 −m2 þ iε
1

ðpþ qÞ2 −M2 −m2 þ iε
1

n:p
:

Now we recall an important property of ML prescription. It preserves naive power counting. According to this, Cμ ∼M−1

for large M.
Following the same argument, we can easily check that all terms containing nμ vanish when M → ∞.
It remains the Lorentz invariant term:

iΠ5μνðqÞqν ¼ limM̄→∞ − 4e2M̄2εαμqα

Z
dp

1

p2 − M̄2 −m2 þ iε
1

ðpþ qÞ2 − M̄2 −m2 þ iε
¼ −i

e2

π
εαμqα ð6Þ
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qνhj5νi ¼
1

−ie
iΠ5μνðqÞAμqν ¼

e
π
εαμqαAμ: ð7Þ

Equation (7) is the standard Lorentz invariant result [26].
We want to comment on a previous computation of the

anomaly in [20]. There and here, the vector current is
conserved, but a different axial anomaly is obtained. This

difference may be a result of different normalization
conditions [27] or the extra freedom we have when
Lorentz symmetry is broken [28].
It is clear though that the procedure used in [20] does not

respect naive power counting of the loop integrals.

IV. FOUR DIMENSIONAL AXIAL ANOMALY

We compute:

Z
d4xe−irxhp; qjjμ5ðxÞj0i ¼ ð2πÞ4δð−rþ pþ qÞε�νðqÞε�δðpÞiΠ5μνδ:

There are four graphs that contribute to the axial anomaly in four dimensions (Figs. 3–6). Notice that in [22] Figs. 5 and 6
are missing. They are fundamental to satisfy the Ward identity for the vector current(charge conservation) as well as the
right computation of the axial anomaly.

iΠ15μνδ ¼ −ð−ieÞ2
Z

dkTr

��
γμ þ 1

2
nμð=nÞm2ðn:ðkþ qÞÞ−1ðn:ðk − pÞÞ−1

�
γ5

iðð=kþ =qÞ þM − m2

2
n

n·ðkþqÞÞ
ðkþ qÞ2 −M2 −m2 þ iε

×

�
γν þ 1

2
nνð=nÞm2ðn:ðkþ qÞÞ−1ðn:kÞ−1

�
ið=kþM − m2

2
n
n·kÞ

k2 −M2 −m2 þ iε

×

�
γδ þ 1

2
nδð=nÞm2ðn:ðk − pÞÞ−1ðn:kÞ−1

� ið=k − =pþM − m2

2
n

n·ðk−pÞÞ
ðk − pÞ2 −M2 −m2 þ iε

�
þ ðp; δÞ → ðq; νÞ ð8Þ

FIG. 3. Π15μνδ.

FIG. 5. Π35μνδ.

FIG. 4. Π25μνδ.

FIG. 6. Π45μνδ.
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iΠ25μνδ ¼ ð−1ÞðieÞ2nδnνi
Z

dkðn:kÞ−1ðn:ðk − p − qÞÞ−1½ðn:ðk − qÞÞ−1 þ ðn:ðk − pÞÞ−1�

× Tr

�
1

2
=nm2

ið=k − =p − =qþM − m2

2
n

n·ðk−p−qÞÞ
ðk − p − qÞ2 −M2 −m2 þ iε

�
γμ þ 1

2
nμð=nÞm2ðn:kÞ−1ðn:ðk − p − qÞÞ−1

�
γ5

ið=kþM − m2

2
n
n·kÞ

k2 −M2 −m2 þ iε

�

ð9Þ

iΠ35μνδ ¼ ð−1ÞðieÞ2nδnμi
Z

dkðn:kÞ−1ðn:ðk − qÞÞ−1½ðn:ðk − q − pÞÞ−1 þ ðn:ðkþ pÞÞ−1�

× Tr

�
1

2
=nm2γ5

ið=kþM − m2

2
n
n·kÞ

k2 −M2 −m2 þ iε

�
γν þ 1

2
nνð=nÞm2ðn:kÞ−1ðn:ðk − qÞÞ−1

� ið=k − =qþM − m2

2
n

n·ðk−qÞÞ
ðk − qÞ2 −M2 −m2 þ iε

�

þ ðp; δÞ → ðq; νÞ ð10Þ

iΠ45μνδ ¼ ð−1ÞðieÞ2nνnμnδi
Z

dk

�
1

n:k
1

n:k

�
1

n:ðkþ pþ qÞ
1

n:ðkþ pÞ þ
1

n:ðkþ pþ qÞ
1

n:ðkþ qÞ

þ 1

n:ðk − pÞ
1

n:ðk − p − qÞ þ
1

n:ðk − qÞ
1

n:ðkþ pÞ þ
1

n:ðk − pÞ
1

n:ðkþ qÞ þ
1

n:ðk − qÞ
1

n:ðk − p − qÞ
��

× Tr

�
1

2
=nm2γ5½i�

ið=kþM − m2

2
n

n·ðkÞÞ
ðkÞ2 −M2 −m2 þ iε

�
ð11Þ

Notice that Π25μνδ, Π35μνδ, Π45μνδ are ultraviolet finite. Only Π15μνδ is linearly divergent as in the Lorentz invariant
electrodynamics.
To compute the axial anomaly we will use Pauli-Villars regularization and Mandelstam-Leibbrandt prescription to treat

infrared divergences. We will follow Ref. [27].
It is easy to check that formally:

ðΠ15μνδ þ Π25μνδ þ Π35μνδ þ Π45μνδÞpδ ¼ 0

if shift of the integration variable k → kþQ is allowed. Here Q is a constant vector.1

Introduce a Pauli-Villars particle of mass M̄ and define the regularized amplitude:

Π5RμνδðM; M̄; p; qÞ ¼ ðΠ15μνδ þ Π25μνδ þ Π35μνδ þ Π45μνδÞðM;p; qÞ − ðΠ15μνδ þ Π25μνδ þ Π35μνδ þ Π45μνδÞðM̄; p; qÞ

Since Π5RμνδðM; M̄; p; qÞ is finite, it satisfies the naive Ward identity(electric charge conservation):

Π5RμνδðM; M̄; p; qÞpδ ¼ 0

Besides, the axial Ward identity formally is, if shift of the integration variable k → kþQ is allowed:

− ðpþ qÞμiðΠ15μνδ þ Π25μνδ þ Π35μνδ þ Π45μνδÞ ¼ 2MAðM;p; qÞνδ

¼ −2Mð−ieÞ2
Z

dk

�
Tr

�
γ5

iðð=kþ =pþ =qÞ þM − m2

2
n

n·ðkþpþqÞÞ
ðkþ pþ qÞ2 −M2 −m2 þ iε

�
γν þ 1

2
nνð=nÞm2ðn:ðkþ pþ qÞÞ−1ðn:ðkþ pÞÞ−1

�

×
ið=kþ =pþM − m2

2
n

n·ðkþpÞÞ
ðkþ pÞ2 −M2 −m2 þ iε

�
γδ þ 1

2
nδð=nÞm2ðn:ðkþ pÞÞ−1ðn:kÞ−1

� ið=kþM − m2

2
n

n·ðkÞÞ
ðkÞ2 −M2 −m2 þ iε

�
þ ðp; δÞ → ðq; νÞ

�

ð12Þ

1This is true if we use DR as in Secs. V and VI.
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ð−2MÞðieÞ2nδnνi
Z

dkðn:kÞ−1ðn:ðk − p − qÞÞ−1½ðn:ðk − qÞÞ−1 þ ðn:ðk − pÞÞ−1�

× Tr

�
1

2
=nm2

ið=k − =p − =qþM − m2

2
n

n·ðk−p−qÞÞ
ðk − p − qÞ2 −M2 −m2 þ iε

γ5
ið=kþM − m2

2
n
n·kÞ

k2 −M2 −m2 þ iε

�
ð13Þ

The term (13) is convergent and has zero trace in four dimensions. So it vanishes.
Therefore the regularized amplitude satisfies:

−ðpþ qÞμiΠ5RμνδðM; M̄; p; qÞ ¼ 2MAðM;p; qÞνδ − 2M̄AðM̄; p; qÞνδ

Since the original amplitude is obtained formally as limM̄→∞, the axial anomaly is given by:

Aνδ ¼ limM̄→∞ð−2M̄AðM̄; p; qÞνδÞ

After computing the trace, we use ML prescription to regulate the infrared divergences. AðM;p; qÞνδ is ultraviolet finite
A nice property of ML prescription is that preserve naive power counting. Using this property, we can easily show that all

terms containing nμ in AðM;p; qÞνδ are smaller than M−2 for large M, so they do not contribute to the axial anomaly.

Aνδ ¼ limM̄→∞ 8M̄2ενδαβpαqβð−ieÞ2
Z

d4k
1

ðkþ pÞ2 −m2 − M̄2

1

k2 −m2 − M̄2

1

ðkþ pÞ2 −m2 − M̄2

That is:

Aνδ ¼ −ðieÞ2 i
2π2

ενδβμpβqμ

This is the standard result [26,27].
We see that Pauli-Villars regularization of ultraviolet divergences and Mandelstam-Leibbrandt regularization of infrared

divergences preserve the Ward identity for the vector current (electric charge conservation) as well as the standard anomaly
for the axial current, without modification from VSR terms.

V. TWO DIMENSIONAL AXIAL ANOMALY IN DIMENSIONAL REGULARIZATION

To treat γ5 we follow the prescription of [23]. That is, in any number of dimensions

γ5 ¼ iγ0γ1

fγ5; γμg ¼ 0:μ ¼ 0; 1; ½γ5; γμ� ¼ 0; μ ¼ 2; 3…; d

qμ; nμ are two dimensional vectors: pμ is d − dimensional

iΠ15μνqν ¼ −ð−ieÞ2
Z

dpTr

��
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε

×

�
=qþ 1

2
n:qð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�
γ5

iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

�

Write

=p ¼ =p1 þ =p2; 1 lives in two dimensions; 2 lives in d − 2 dimensions

Now we use the identity:

�
=qþ 1

2
n:qð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�
¼

�
=pþ =q −

1

2
=nm2ðn:ðpþ qÞÞ−1 −M −

�
=p −

m2=n
2n:p

−M

��
ð14Þ
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Π15μνqν ¼ −ð−ieÞ2
Z

dpTr

�
−
�
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�
γ5

iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

þ
�
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε
γ5ð−Þ

×

��
=p1 − =p2 þ =q −

1

2
=nm2ðn:ðpþ qÞÞ−1 −M

�
þ 2M

� iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

�
ð15Þ

¼ −ð−ieÞ2
Z

dpTr

�
γ5
�
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

− ð16Þ

γ5
�
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε

�

þ 2Mð−ieÞ2
Z

dpTr

��
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε
γ5

iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

�

− ð−ieÞ2
Z

dpTr

��
γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε
γ52=p2

iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

�
:

ð17Þ

In dimensional regularization we can shift variable p → p − q in the term (16). Then the addition of terms (16) and (17)) is
cancelled by the contribution of Fig. 2.
The anomaly is

Aμ ¼ −ð−ieÞ2
Z

dpTr
��

γμ þ 1

2
nμð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε
γ52=p2

iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

�
:

ð18Þ

That is

Aμ ¼ 4ð−ieÞ2
Z

dp
½−p2

2ε
μνqν − p2

2
1
2
nμm2ðn:ðpþ qÞÞ−1ðn:pÞ−1εαβnαqβ�

ðp2 −M2 −m2 þ iεÞððpþ qÞ2 −M2 −m2 þ iεÞ

p2
2 ∼ ðd − 2Þp2 when d → 2. The VSR part of the integral is convergent, using ML prescription, so it is zero, when we

take d ¼ 2.
So only the Lorentz invariant part of the integral contributes to the anomaly.

Aμ ¼ 4e2εμνqν

Z
dp

p2
2

p2 −M2 −m2 þ iε ðpþ qÞ2 −M2 −m2 þ iε
¼ e2εμνqν

i
π
: ð19Þ

That is

qμhj5μðqÞi ¼
e2

−ie
εμνqν

i
π
Aμ ¼ −

e
π
εμνqνAμ ¼

e
π
ενμqνAμ

which is the standard result [26].
In Appendix B we study the vector Ward identity. If we use dimensional regularization there, then shifting the integration

variable p− > pþQ is allowed. So the naive Ward identity for the vector current is satisfied without anomaly.
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VI. 4D AXIAL ANOMALY. DIMENSIONAL REGULARIZATION

In this section we compute the axial anomaly using dimensional regularization. The contribution of Fig. 3 is

−ðpþ qÞμiΠ15μνδ ¼ −ð−ieÞ2
Z

dkTr

��
−ð=pþ =qÞ − 1

2
ðpþ qÞ:nð=nÞm2ðn:ðkþ qÞÞ−1ðn:ðk − pÞÞ−1

�
γ5

×
iðð=kþ =qÞ þM − m2

2
n

n·ðkþqÞÞ
ðkþ qÞ2 −M2 −m2 þ iε

�
γν þ 1

2
nνð=nÞm2ðn:ðkþ qÞÞ−1ðn:kÞ−1

�
ið=kþM − m2

2
n
n·kÞ

k2 −M2 −m2 þ iε

×

�
γδ þ 1

2
nδð=nÞm2ðn:ðk − pÞÞ−1ðn:kÞ−1

� ið=k − =pþM − m2

2
n

n·ðk−pÞÞ
ðk − pÞ2 −M2 −m2 þ iε

�
:

Write =k ¼ =k1 þ =k2

ð=k1 þ =k2 þ =pþ =qþMÞγ5 ¼ −γ5ð=k1 þ =k2 þ =pþ =qþMÞ þ 2γ5=k2 þ 2Mγ5:

That is the anomaly is

Γ5νδðp; qÞ ¼ 2ð−ieÞ2
Z

dkTr

�
γ5=k2

iðð=kþ =pþ =qÞ þM − m2

2
n

n·ðkþpþqÞÞ
ðkþ pþ qÞ2 −M2 −m2 þ iε

�
γν þ 1

2
nνð=nÞm2ðn:ðkþ pþ qÞÞ−1ðn:ðkþ pÞÞ−1

�

×
ið=kþ =pþM − m2

2
n

n·ðkþpÞÞ
ðkþ pÞ2 −M2 −m2 þ iε

�
γδ þ 1

2
nδð=nÞm2ðn:ðkþ pÞÞ−1ðn:kÞ−1

� ið=kþM − m2

2
n

n·ðkÞÞ
ðkÞ2 −M2 −m2 þ iε

�
ð20Þ

To compute the trace, we notice that there must be an even number of =k2 otherwise the trace vanishes. Assume there are
four =k2

Trfγ5=k2=k2γν=k2γδ=k2g ¼ ðk22Þ2Trfγ5γνγδg ¼ 0

That is, only two =k2 contribute to the trace.
The trace can be written as Tr ¼ k22S
But k22S ∼ ðd − 4Þk2S. So if k2S is convergent in d ¼ 4 the contribution of this S vanishes. If we use ML prescription to

regularize the infrared divergences we can show that k2S is convergent in d ¼ 4 for all VSR S’s, since ML preserves naive
power counting. Therefore only Lorentz invariant terms contribute to the anomaly.
Finally the anomaly is

Γ5νδðp; qÞ ¼ 2ð−ieÞ2i3
Z

dkk22
Trfγ5ð=qÞγνð=pÞγδg

ðkþ pþ qÞ2 −M2 −m2 þ iε
1

ðkþ pÞ2 −M2 −m2 þ iε
1

ðkÞ2 −M2 −m2 þ iε

¼ −i
e2

2π2
ενδαμpαqμ ð21Þ

Therefore

hp; qj∂μj5μð0Þj0i ¼ −
e2

2π2
εμναδð−iqμÞε�νðqÞð−ipαÞε�δðpÞ ð22Þ

which is the standard result [26].
Following the same reasoning as in Appendix B, we can study the vector Ward identity in four dimensions. If we use

dimensional regularization there, then shifting the integration variable k− > kþQ is allowed. So the naive Ward identity
for the vector current is satisfied without anomaly.

VII. PATH INTEGRAL DERIVATION OF THE AXIAL ANOMALY

We use the approach of [29].
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The generating functional in the presence of an external
field Aμ is

Z ¼
Z

DψDψ̄ei
R

d4xψ̄i=Dψ

where the gauge invariant and Simð2Þ invariant Dirac
operator is
D ¼ =Dþ 1

2
=nm2ðn ·DÞ−1, Dμ ¼ ∂μ − ieAμ.

Introduce a basis of eigenvectors of D

iDϕm ¼ λmϕm; ϕ̂mðiDÞ ¼ −iDμϕ̂mγ
μ ¼ λmϕ̂m ð23Þ

For large q and fixed Aμ

ϕmðxÞ ∼ ϕmðqÞeiqx; λ2m ∼ q2;

We can expand

ψðxÞ ¼
X
m

amϕmðxÞ; ψ̄ðxÞ ¼
X
m

āmϕ̂mðxÞ:

The integration measure is defined by:

DψDψ̄ ¼
Y
m

damdām:

Under the change of variables:

ψ 0ðxÞ ¼ ð1þ iαðxÞγ5ÞψðxÞ

we get:

Dψ 0Dψ̄ 0 ¼ J −2DψDψ̄ ð24Þ

where the Jacobian J is given by:

logJ ¼ i
Z

d4xαðxÞ
X
n

ϕ†
nðxÞγ5ϕnðxÞ: ð25Þ

To evaluate it we introduce a gauge invariant and Sim(2)
invariant regularization:

X
n

ϕ†
nðxÞγ5ϕnðxÞ ¼ lim

M→∞

X
n

ϕ†
nðxÞγ5ϕnðxÞe

λ2n
M2

¼ lim
M→∞

hxjTr
�
γ5e

ðiDÞ2
M2

�
jxi

Tr traces over Dirac indices.
We can write:

ðiDÞ2 ¼ −DμDνgμν −
1

2
½Dμ;Dν�σμν; σμν ¼ i

2
½γμ; γν�:

Since we take M → ∞, we look at the asymptotic part of
the spectrum.
It is simpler to evaluate the commutator in the light cone

gauge n:A ¼ 0

½Dμ;Dν�ϕ ∼ −ieFμνðpÞϕðqÞeiðpþqÞx − ie
1

2
m2

n:p
n:qðn:pþ n:qÞ iϕðqÞe

iðpþqÞxðnμAνðpÞ − nνAμðpÞÞ

∼ −ieFμνðpÞϕðqÞeiðpþqÞx for large q

ðiDÞ2 ¼ −DμDνgμν þ
e
2
Fμνσ

μν lim
M→∞

hxjTr
�
γ5e

ðiD2Þ
M2

�
jxi

¼ lim
M→∞

Tr

�
1

2!
γ5
�

e
2M2

Fμνσ
μν

�
2
�
hxje− ∂2

M2 jxi

hxje− ∂2
M2 jxi ¼ lim

x→y

Z
d4k
ð2πÞ4 e

−ikðx−yÞe
k2

M2

¼ i
Z

d4kE
ð2πÞ4 e

−
k2
E

M2 ¼ i
M4

16π2
:

Then:

lim
M→∞

hxjTr
�
γ5e

ðiD2Þ
M2

�
jxi ¼ −

e2

32π2
εαβμνFαβðxÞFμνðxÞ:

That is:

J ¼ exp

�
−i

Z
d4xαðxÞ e2

16π2
εαβμνFαβðxÞFμνðxÞ

�
:

Then the Adler-Bell-Jackiw anomaly follows.
Notice that we could get this result assuming that the

infrared regulator of 1
n:q preserves scaling (naive power
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counting). To guarantee this property we work with the ML
prescription, as in the perturbative approach.

VIII. CONCLUSIONS

We have examined the appearance of axial anomalies in
VSR electrodynamics, using Pauli-Villars and dimensional
regularization of ultraviolet divergences and Mandelstam-
Leibbrandt regularization of infrared divergences.
Given that ML preserves naive power counting in loop

integrals, we have shown that the usual form for the
anomaly of the axial current appears, without corrections
from VSR terms. No anomaly is present in the vector
current conservation. This computation is at variance from
a previous result for the axial anomaly in two dimensions
[20], where corrections from VSR terms were found. This
difference could be due to different normalization con-
ditions for the anomaly term[27] or some extra freedom that
occurs when Lorentz invariance is violated [28]. In any
case, our result implies that the procedure of [20] destroys
the naive power counting of loop integrals.
The anomaly is produced because the loop integral is

ultraviolet (UV) divergent, so a regulator must be intro-
duced. To fix the renormalized quantities we must impose
normalization conditions (Please see [27], chapter 13.1).
These normalization conditions reflects the symmetries
to be satisfied by the model. Different regulators may
produce different normalization conditions and therefore
the anomaly could appear in the vector current, axial vector
current or in a combination of both (This is important for a
chiral theory like the SM). See for example [30] where a
regulator is able to interpolate between different forms of
the anomaly.
In this paper we are discussing a theory that has infrared

(IR) divergences as well. So a new ambiguity in the value of
the loop integral appears. The result depends on the IR
regulator we choose. Beside the normalization conditions
on the renormalized quantities are different, because we
have a new fixed vector nμ and nonlocal terms are allowed.
The results contained in [20] and in this paper corre-

spond to different normalization conditions. In this sense,
both results are right. But naive power counting of loop
integrals is such an important tool in quantum field theory
that the normalization conditions of the present paper
should be preferred.
In four dimension we find a completely different result

compared to [22]. There they claim that the conservation for
the vector current has an anomaly and VSR corrections
should appear in the anomaly of the axial current. We notice
also that Figs. 5 and 6 are lacking in the computation of both
anomalies in [22]. Figures 5 and 6 are crucial to satisfy the
Ward identity for the vector current as a procedure in 4d
similar to the one explained in Appendix B shows.
In Appendix C we derived the Ward identity for the

product of two vectors and one axial vector current in VSR.
The nonlocality of the model introduces new contact terms.

We study also the axial anomaly from the point of view
of the path integral method. Again ML property of
preserving scaling (naive power counting) permits us to
show that the axial anomaly is the Lorentz invariant one,
without corrections from VSR.
According to our results, using dimensional (or PV)

regularization of UV divergences and ML regularization
of IR divergences, the VSRSM must be free from local
chiral anomalies. We get the same anomalies as in the SM,
so the usual mechanism of cancellation of anomalies within
families of leptons and quarks should work.
Finally we want to recall that M is not the mass of the

particle. So if the fermion acquires a VSR mass m even if
M ¼ 0, the divergence of the axial current will contain the
anomalous term only.
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APPENDIX A: FEYNMAN RULES

Vðp1;p2;p3;qÞ

¼iðieÞ3m
2

2
=nnα1nα2nα3

1

n:ðqþp1þp2þp3Þ

×

�
1

n:ðqþp1þp2Þ
1

n:ðqþp1Þ
þ 1

n:ðqþp1þp2Þ
1

n:ðqþp2Þ
þ 1

n:ðqþp3þp2Þ
1

n:ðqþp3Þ
þ 1

n:ðqþp1þp3Þ
1

n:ðqþp1Þ

þ 1

n:ðqþp2þp3Þ
1

n:ðqþp2Þ
þ 1

n:ðqþp3þp1Þ
1

n:ðqþp3Þ
�
γ5

FIG. 7. Electron propagator.

FIG. 8. e − e − Aμ vertex.
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APPENDIX B: FORMAL PROOF OF THE WARD IDENTITIES IN 2D

In this Appendix we want to show in some detail how to obtain the Ward identities in 2d. In 4d we have more graphs, but
the procedure is essentially the same.

qμΠ15μν ¼ −ð−ieÞ2
Z

dpTr

��
=qþ 1

2
n:qð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

� ið=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε

×

�
γν þ 1

2
nνð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�
γ5

iðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

�
:

Now we use the identity:

�
=qþ 1

2
n:qð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�
¼

�
=pþ =q −

1

2
=nm2ðn:ðpþ qÞÞ−1 −M −

�
=p −

m2=n
2n:p

−M

��
ðB1Þ

and the cyclic property of the trace to get:

qμΠ15μν ¼ ð−ieÞ2
Z

dpTr

� ð=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε

�
γν þ 1

2
nνð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�
γ5

−
�
γν þ 1

2
nνð=nÞm2ðn:ðpþ qÞÞ−1ðn:pÞ−1

�
γ5

ðð=pþ =qÞ þM − m2

2
n

n·ðpþqÞÞ
ðpþ qÞ2 −M2 −m2 þ iε

�
: ðB2Þ

Besides:

qμΠ25μν ¼ 2ðieÞ2n:qnν
Z

dpðn:pÞ−1½ðn:ðqþ pÞÞ−1ðn:ð−qþ pÞÞ−1�Tr 1
2
=nm2

ð=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε
γ5:

FIG. 11. axial − Aν − e − e vertex.

FIG. 12. axial − Aα2 − Aα3 − e − e vertex.FIG. 10. axial-e-e vertex.

FIG. 9. e − e − Aμ − Aν vertex.
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In the second term of (B2) shift p → p − q to get2:

qμΠ15μν ¼ −ð−ieÞ2
Z

dpTr

�
1

2
nνð=nÞm2

ð=pþM − m2

2
n
n·pÞ

p2 −M2 −m2 þ iε
γ5ðn:pÞ−1ð−2n:qÞ½ðn:ðpþ qÞÞ−1ðn:ðp − qÞÞ−1�

�
:

That is Πμν ¼ Π1μν þ Π2μν is transverse.
The axial Ward identity is obtained in the same way.

APPENDIX C: WARD IDENTITY FOR THE PRODUCT OF THREE CURRENTS IN VSR

We follow [26] page 311.
The vector current is

jμ ¼ ψ̄γμψ þ 1

2
m2nμððn · ∂Þ−1ψ̄Þ=nðn · ∂Þ−1ψ :

The axial vector current is

jμ5 ¼ ψ̄γμγ5ψ þ 1

2
m2

�
1

n · ∂ ψ̄
�
=nnμγ5

�
1

n · ∂ ψ
�
:

Consider the path integral, where S is the action (1) with Aμ ¼ 0

Z ¼
Z

DψDψ̄eiSjα5ðyÞjβðzÞ:

Make the following local transformations

δψðxÞ ¼ iαðxÞψðxÞ; δψ̄ðxÞ ¼ −iαðxÞψ̄ðxÞ:

The integration measure is invariant under this transformation.
We get the following Ward identity:

∂x
μh0jTðjμðxÞjα5ðyÞjβðzÞÞj0i − h0jTδxjα5ðyÞjβðzÞÞj0i − h0jTðjα5ðyÞδxjβðzÞÞj0i ¼ 0 ðC1Þ

where:

δxjμðyÞ ¼
1

2
m2nμ½ψ̄=nðn · ∂Þ−1ðn · ∂Þ−1ψδðx − yÞ þ ψ̄=nðn · ∂Þ−1ψðn · ∂Þ−1δðx − yÞ

− ððn · ∂Þ−1ðn · ∂Þ−1ψ̄Þ=nψδðx − yÞ − ððn · ∂Þ−1ψ̄Þ=nψðn · ∂Þ−1δðx − y�

δxjμ5ðyÞ ¼
1

2
m2nμ½ψ̄γ5=nðn · ∂Þ−1ðn · ∂Þ−1ψδðx − yÞ þ ψ̄=nγ5ðn · ∂Þ−1ψðn · ∂Þ−1δðx − yÞ

− ððn · ∂Þ−1ðn · ∂Þ−1ψ̄Þ=nγ5ψδðx − yÞ − ððn · ∂Þ−1ψ̄Þ=nγ5ψðn · ∂Þ−1δðx − y�:

The nonlocality of the action and currents modify the Ward identity for the triangle graph. It is easy to check that the
graphs in Fig. 3 satisfy (C1) if shifting of the loop integration variable is allowed.
Notice that (C1) is not given by the addition of the graphs in Fig. 1 of [22].
In a similar way we can derive the Ward identity for the divergence of the axial vector current.

2This is justified if we use DR as in Secs. V and VI.
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