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We investigate the axial U(1) anomaly of two-flavor QCD at temperatures 190-330 MeV. In order to
preserve precise chiral symmetry on the lattice, we employ the Mobius domain-wall fermion action as
well as overlap fermion action implemented with a stochastic reweighting technique. Compared to our
previous studies, we reduce the lattice spacing to 0.07 fm, simulate larger multiple volumes to estimate
finite size effect, and take more than four quark mass points, including one below physical point to
investigate the chiral limit. We measure the topological susceptibility, axial U(1) susceptibility, and
examine the degeneracy of U(1) partners in meson/baryon correlators. All the data above the critical
temperature indicate that the axial U(1) violation is consistent with zero within statistical errors. The
quark mass dependence suggests disappearance of the U(1) anomaly at a rate comparable to that of the

SU(2), x SU(2)g symmetry breaking.

DOI: 10.1103/PhysRevD.103.074506

I. INTRODUCTION

The two-flavor QCD Lagrangian in the massless limit has a
global SU(2); x SU(2)g x U(1) x U(1), symmetry. It is
widely believed that its SU(2); x SU(2), part is sponta-
neously broken to SU(2),, at low temperatures but is restored
above some critical temperature, which is called the chiral
phase transition. On the other hand, the axial U(1), part is
broken by the chiral anomaly. Since the anomaly refers to
symmetry breaking at the cutoff scale where the theory is
defined, and the anomalous Ward-Takahashi identity holds
at any temperature [1], it is natural to assume that the
anomaly survives the chiral phase transition and the physics
of the early universe is not U(1), symmetric.
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However, there is a counter argument to this naive
picture. In fact, the U(1), anomaly is connected to the
topology of the gauge field, which is sensitive to the low
energy dynamics, and low-lying modes of the Dirac
operator affect the strength of the U(1), violation. In
particular, if the Dirac spectrum has a gap at the lowest end
of the spectrum, the U(1), anomaly becomes invisible in
two-point mesonic correlation functions in the chiral limit
[2,3]. Since the SU(2), x SU(2) symmetry is also related
to the Dirac spectrum through the Banks-Casher relation
[4], the restoration of SU(2), x SU(2); at the chiral
transition may also affect the U(1), anomaly. Indeed, it
was argued that the U(1), anomaly can completely
disappear in correlation functions of scalar and pseudo-
scalar operators [5].

If the effect of the U(1), anomaly is negligible at and
above the critical temperature, it may have an impact on our
understanding of the phase diagram of QCD [6]. In the
standard effective theory analysis of the chiral phase
transition, we expect only the pion and its chiral-partner
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scalar particle to be the light degrees of freedom that govern
the low-energy dynamics of QCD near the phase transition.
When the U(1), symmetry is effectively restored, the 7,
isospin singlet pseudoscalar, and its chiral partner may play
a nontrivial role [7-9]. Since the effective potential can
have more complicated structure as the degrees of freedom
increase, it was argued that the chiral phase transition likely
becomes first order when U( 1), symmetry is recovered (we
refer the readers to [10] for a different aspect of the first-
order scenario from ’t Hooft anomaly matching), though
other scenarios are theoretically possible [11-16].

How much the U(1), anomaly contributes to the
dynamics has a significant importance on cosmology.
The topological susceptibility is related to the mass and
decay constant of the QCD axion, which is a candidate of
the dark matter. Its temperature dependence influences the
relic abundance of the axion [17-23].

For the nontrivial question of how much the U(1),
anomaly remains and affects the chiral phase transition,
only lattice QCD can give a quantitative answer. Good
control of chiral symmetry on the lattice [24-27] is
necessary in order to precisely discriminate between the
lattice artifact and the physical signal that survives in the
continuum limit. Our previous studies [28-30] demon-
strated that the signal of topological susceptibility is
sensitive to the violation of chiral symmetry at high
temperature, and the reweighting of the Mdbius domain-
wall fermion determinant to that of the overlap fermion is
essential when the lattice spacing is coarse a = 0.1 fm. We
also found that the use of the overlap fermion only in the
valence sector [31-33] makes the situation worse, since the
lattice artifact due to the mixed action, which is unphysical,
is strongly enhanced.

After removing the lattice artifact due to the violation
of the Ginsparg-Wilson relation at high temperature, we
observed that chiral limit of the U(1), susceptibility is
consistent with zero [30]. The disappearance of the U(1),
anomaly (at around 1.27,) was also reported by other
groups simulating nonchiral fermions [34,35].l In [37],
it was found that the U(1), symmetry shows up at 1.3 7.
but not around 7.

In this work, we reinforce the conclusion of [30] by
(1) reducing the lattice spacing to an extent where we
observe consistency between the overlap and Mobius
domain-wall fermions, 2) simulating different lattice vol-
ume sizes in a range 1.8 < L < 3.6 fm, and 3) simulating
more quark mass points, including one below the physical
point, to investigate the chiral limit. In order to study
possible artifact due to topology freezing, we also apply the

'In [36], they gave a preliminary results showing that the
anomaly studied in [34] looks enhanced as the volume size
increases.

*A recent work [38] reported that U(1), symmetry is still
broken at 1.6 T, using highly improved staggered quarks with
lattice spacings 0.06-0.12 fm.

reweighting from a larger quark mass, where topology
tunneling is frequent, down to the mass where the topo-
logical susceptibility is consistent with zero. We measure
the topological susceptibility, axial U(1) susceptibility,
meson correlators, and baryon correlators. Some of the
results were already reported in our contributions to the
conference proceedings [39-45].

All the data at temperatures above 190 MeV show that
the axial U(1) anomaly is consistent with zero, within
statistical errors. Its quark mass dependence indicates
that the disappearance of the U(1) anomaly is at a rate
comparable to that of the SU(2); x SU(2), symmetry.
At higher temperature, we have also observed a further
enhancement of symmetry [46—49].

The rest of the paper is organized as follows. We
describe our lattice setup and how to implement the chiral
fermions in the simulations in Sec. II. In Sec. III, the
numerical results for the Dirac spectrum, topological
susceptibility, axial U(1) susceptibility, and meson/
baryon screening masses are presented. The conclusion
is given in Sec. I'V.

II. LATTICE SETUP

The setup of our simulations is basically the same as our
previous study [30], except for the choice of parameters
(larger lattice sizes up to 3.6 fm, and smaller lattice spacing
a ~0.074 fm). Our naive estimate for the critical temper-
ature of the chiral phase transition in [30]is 7. ~ 175 MeV,
which was obtained from the Polyakov 100p.3 Below,
we summarize the essential part.

In the hybrid-Monte-Carlo (HMC) simulations,* we
employ the tree-level improved Symanzik gauge action
[53] for the link variables and the domain-wall fermion [54]
with an improvement (the Mo6bius domain-wall fermions
[55,56]) for the quark fields. Here we set the size of the fifth
direction as L; = 16. The Mobius kernel is taken as

B 2Dy
M*752+DW,

(1)

where Dy is the standard Wilson-Dirac operator with a
large negative mass —1/a. In the following, we omit a,
when there is no risk of confusion. The numbers
without physical unit, e.g., MeV, are in the lattice unit.
The fermion determinant thus obtained corresponds to a
four-dimensional effective operator,

_1+m 1-

DRy (m) = —"+——"7s tanh(L, tanh™! (). (2)

3Our estimate for the critical temperature on coarse and small
lattices was not very accurate whereas the scale setting via the
Wilson flow is precise. See below for the details.

“Numerical works are done with the QCD software package
Irolro + + [50], Grid [51] and Bridge + + [52].
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Note that if we take the L, = oo limit, this operator
converges to the overlap-Dirac operator [57] with a kernel
operator H ;. The stout smearing [58] is applied three times
with the smoothing parameter p = 0.1 for the link variables
in the Dirac operator.

The residual mass for our main runs at f = 4.30 is
0.14(6) MeV, which may look small enough for the
measurements in this work. However, as we reported in
our previous studies, the chiral symmetry breaking due to
lattice artifacts is enhanced at high temperature, in par-
ticular for the axial U(1) susceptibility. Therefore, we
employ an improved Dirac operator, exactly treating the
near-zero modes of H, to compute the sign function. With
the near-zero modes whose absolute value is less than 0.24
(~630 MeV) treated exactly, we find that the residual mass
becomes negligible ~107> or ~0.01 MeV. Although it is
different from the original definition in [57], we call this
improved Dirac operator the “overlap” Dirac operator
D,,(m). Note that our overlap operator has a finite L,
i.e., Ly = 16. As we also found in our previous study that
the lattice artifact from mixed action is large even though
the overlap and Mobius domain-wall fermion actions are
very similar to each other, we reweight the gauge configu-
rations of the Mobius domain-wall fermion determinant by
that of the overlap fermion. For details of this OV/MDW
reweighting, see [30]. As we will see below, at # = 4.30 the
results with the overlap fermion and those with Mobius
domain-wall fermion are consistent with each other, except
for the U(1) susceptibility at T < 260 MeV. For the meson
and baryon correlators, we use the Mobius domain-wall
fermion without reweighting.

The lattice spacing is estimated from the Wilson flow
with a reference flow time 7, = (0.1539 fm)? determined
in [59]. For our main runs at # = 4.30, the physical point of
the bare quark mass is estimated as m = 0.0014(2), which
is slightly above our lightest quark mass. For this estimate,
we used a leading-order chiral perturbation formula, with
an input of simulated pion mass m, = 0.135(8) (in the
lattice units) determined from a zero temperature study at
m = 0.01. The choice of the simulation parameters enables
us to interpolate the results to the physical point.

The simulation parameters are summarized in Table 1.
Compared to the previous work [30], we reduce the lattice
spacing from ~0.1 fm to 0.074 fm. At this value of lattice
spacing, we change temperatures by varying the temporal
extent L, =8, 10, 12, 14, which correspond to temper-
atures T = 190-330 MeV. In order to estimate the finite
volume effects, we simulate with four different volume
sizes L3 with L =24, 32, 40 and 48 at T = 220 MeV.
We also increase the statistics at f = 4.24 ensembles
continued from [30] to check the consistency between
different lattice spacings.

For each ensemble, we simulated more than 20000
trajectories from which we carry out measurements on
the configurations separated by 100 trajectories. We then

bin the data in every 1000 trajectories, which is longer
than autocorrelation lengths we observe. When we use the
OV/MDW reweighting, we lose some amount of statistics
due to its noise. An estimate for the effective number of
statistics N, in the table is defined as

(R)

Rmax

Niew = > (3)

where R is the reweighting factor or the ratio of the
determinant and R,,,, is its maximal value in the ensemble.
As discussed in [30], R has a negative correlation with the
axial U(1) observables, and the statistical error estimated
by the jackknife method are smaller than expected from
1/4/Nyew. For the ensembles with small number of
Niew ~ 10, it is important to check the consistency with
the Mobius domain-wall results without reweighting.

III. NUMERICAL RESULTS

In this section, we show our numerical results on the
axial U(1) anomaly. For meson and baryon correlators, we
also present the tests of the SU(2); x SU(2), symmetry
for comparison.

A. Dirac spectrum

The spectral density of the Dirac operator

1

p) = (60 - ),

(4)
in volume V is used as a probe of chiral symmetry breaking.
Here, 4; denotes the ith eigenvalue of the Dirac operator
on a given gauge configuration and (---) is the gauge
ensemble average. In the chiral limit after taking the
thermodynamical limit, we obtain the Banks-Casher rela-
tion [4], which relates the chiral condensate (gq) to the
spectrum at 4 = 0:

(5)

We expect that p(0) = 0 above the critical temperature of
the chiral phase transition.

As the vacuum expectation value (vev) (gg) also breaks
the axial U(1) symmetry, the details of p(4) in the vicinity
of zero is important in this work. It has been shown that if
the spectrum has a finite gap at A =0, the anomaly
becomes invisible in mesonic two-point functions [2,3].
In Ref. [5], it is argued that the SU(2), x SU(2); sym-
metry restoration requires p(1) ~ A% with the power a > 2,
which is sufficient to show the absence of the axial U(1),
anomaly in multipoint correlation functions of scalar and
pseudoscalar operators.

We measure the eigenvalues/eigenfunctions of the
Hermitian four-dimensional effective Dirac operator

(@q) = 7p(0).
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TABLE L.

Simulation parameters. The values of m, are taken for the mass reweighting on that particular ensemble. N, denotes the

effective number of configurations after the OV/MDW reweighting (see the main text). #trj. is number of trajectory. The f = 4.24 runs
are continuation from [30] to check the consistency.

B a(fm) L3 xL, T(MeV) L(fm) m #rj. Niew Comments
4.24 0.084 322 x 12 195 2.7 0.0025 21200 10(2)
0.005 20000 10(1) Continuation from [30]
0.01 25300 701)
4.30 0.074 323 x 14 190 2.4 0.001 13900 38(2)

0.0025 16600 8(1)
0.00375 12500 10(1)
0.005 10600 9(1)

243 x 12 220 1.8 0.001 31900 50(1)
0.0025 33400 49(1)
0.00375 34600 17(1)
0.005 36000 16(1)
0.01 35900 47(2)

323 x 12 220 2.4 0.001 26500 32(1)
0.0025 26660 57(2)
0.00375 26420 28(2)
0.005 18560 30(1)
0.01 31000 93(2)

403 x 12 220 3.0 0.005 28100 13(1)
0.01 27300 39(2)

483 x 12 220 3.6 0.001 11200 4(1)
0.0025 11300 8(1)
0.00375 12800 10(2)
0.005 10900 2(1)

322 x 10 260 2.4 0.005 12780 25(1) m, = 0.003, 0.004
0.008 20050 19(1)
0.01 29000 58(2) m, = 0.006, 0.007, 0.008, 0.009
0.015 12000 20(1)

323 x 8 330 2.4 0.001 26100 42(2)
0.005 31700 28(2)
0.01 24500 37(5)
0.015 30500 61(2)
0.02 19100 39(2) m, = 0.0125, 0.015, 0.0175
0.04 5000 12(1)

483 x 8 330 3.6 0.01 9000 19(2)
0.015 13950 17(2)

Hpy(m) = ysDiR,(m) and those of the corresponding
overlap-Dirac operator. Each eigenvalue /,, is converted
to the one of massless Dirac operator by 1=

VA2 —m*/V1 —m?. Forty lowest (in their absolute
value) modes are stored for gauge configurations
separated by 100 trajectories. They cover a range from
zero to 300-500 MeV.

In Fig. 1, we present the Dirac eigenvalue density of the
overlap-Dirac operator at 7 = 220 MeV at L = 32. Here
the OV/MDW reweighting is applied. Compared to the
solid line which represents the chiral condensate at 7 = 0
[60], the low-modes are suppressed by an order of
magnitude. We observe a sharp peak near zero, which

rapidly disappears as quark mass decreases, as expected
from the SU(2), x SU(2), symmetry restoration. Since
we find no clear gap, a region of A where p(4) = 0, we are
not able to conclude if the axial U(1) symmetry is
recovered or not from this observable only.

We also compare these results with the Dirac spectral
density of the Mobius domain-wall fermion (dashed
symbols) in Fig. 1. The agreement is remarkable. On the
other hand, when we switch off the OV/MDW reweighting,
which we call the non-reweighted overlap fermion setup,
we observe a remarkable peak at the lowest bin, as
presented in Fig. 2. Similar peaks were reported in [31-33],
with overlap fermion only in the valence sector. Our data
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B=4.30, T=220MeV, L=32(2.4fm)

0.025 T T
overlap,m=0.01 ——
002 1 overlap, m=0.005 ——
) overlap, m=0.00375 ~——
e overlap, m=0.0025 =
2 0015 overlap, m=0.001 —o—
) ; domain-wall -t
< 001 -ﬂ <qq>/m at T=0, m=0
[o%
0.005 [
0 L
0 50 100 150 200
MMeV)
FIG. 1. Dirac eigenvalue density at 7 =220 MeV. Solid

symbols are the reweighted overlap results and dashed symbols
are those of the Mobius domain-wall. Horizontal line shows the
chiral limit at 7 = 0 [60].

clearly show that these peaks are due to the lattice artifact of
the mixed action.

In order to grasp possible systematic effects due to the
finite lattice size, we compare the accumulated histogram

A(2) = / tarp() (6)

at three different volumes, L = 24 (1.8 fm), 32 (2.4 fm),
40 (3.0 fm) in Fig. 3. Except for L =24 at m = 0.01,
whose aspect ratio LT is 2, which is smallest among the
data sets, no clear volume dependence is seen. The point
m = 0.01 is the heaviest mass in our simulation set, which
is expected to be least sensitive to the volume, but the Dirac
low-mode density is rather high, and some remnants of
spontaneous SU(2), x SU(2)y breaking and associated
pseudo Nambu-Goldstone bosons may be responsible for
this volume dependence.

0.003

m=0.001 —o
m=0.0025 =
0.0025 |
— 0002} %
>
3
= 00015 |
(=)
Il
<
= 0001 |
0.0005 |
0 e — ‘ F%T
DW ov NROV

FIG. 2. Comparison among Mobius domain-wall (MDW),
reweighted overlap (OV), and non-reweighted overlap (NROV)
data at the lowest bin with a bin size ~10 MeV. A striking
enhancement is seen for NROV, which is due to the lattice artifact
in the mismatch of the valence and sea actions.

B=4.30, T=220MeV
0.00018

L=24 (1.8fm), m=0.01 —=— ‘ 3
0.00016 | 3, (2.4fm), m=0.01 —s— B
0.00014 & | 40 (3.0fm), M=0.01 o
< 0.00012 | m=0.005
% 0.0001 - m=0.00375 ——
Sl m=0.0025
g 5
< 6x107
4x10° |
2x107° |
O b ey s ‘
0 20 40 60 80 100
MMeV)
FIG. 3. Accumulated Dirac histogram at three different vol-

umes. Data at m = 0.01 (square symbols), 0.005 (circles),
0.00375 (triangles) and 0.0025 (diamonds) with L = 24 (filled),
L = 32 (open with solid line) and L =40 (open dashed) are
shown. Except for m = 0.01 (squares), the data at different
volume sizes are consistent.

We summarize the results at different temperatures in
Fig. 4. The higher the temperature, the stronger the
suppression of the low modes is. We find a good con-
sistency between the Mobius domain-wall and reweighted
overlap results. We also find that # = 4.30 and 4.24 results
are consistent. The quark mass dependence is not very
strong except for the lowest bin near 1 = 0.

Finally, the quark mass dependence of the eigenvalue
density of the reweighted overlap operator near 4 = 0 (with
the bin size ~10 MeV) is presented in Fig. 5. Here both the
chiral zero modes and nonchiral pair of near zero modes are
included. It is remarkable that the density of near-zero
modes at different temperatures show a steep decrease
toward the massless limit and becomes consistent with zero
already at finite quark masses. As will be shown below, this
behavior of near zero modes is strongly correlated with the
signals of the axial U(1) anomaly.

B. Topological susceptibility

In order to quantify the topological excitations of gauge
fields, we measure the topological charge Q in two different
ways. One is the index of the overlap-Dirac operator, or the
number of zero modes with positive chirality minus that
with negative chirality. For this, we perform the OV/MDW
reweighting to avoid possible mixed action artifacts, which
is found to be quite significant. The other is a gluonic
definition, measured directly on the Mobius domain-wall
ensemble, using the cloverlike construction of the gauge
field strength F,, after applying the Wilson flow on the
gauge configuration with a flow time ta*> = 5.

The results for the topological susceptibility y, = (Q?)/V
obtained at 7 = 220 MeV are shown in Fig. 6. The filled
symbols show the data for the index of the overlap-Dirac
operator with the OV/MDW reweighting, while the
dotted symbols are those for gluonic definition without
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B=4.30, T=190MeV, L=32 (2.4fm)

0.025 T T T T T
overlap, m=0.005 ———
002 | overlap, m=0.00375
’ overlap, m=0.0025 =
e overlap, m=0.001
> 0015 i
L]
<
< 001
=
0.005
0 Lo
0 20 40 60 80 100 120 140
MMeV)
B=4.30, T=260MeV, L=32 (2.4fm)
0.025 T T T
overlap, m=0.015 ——
overlap, m=0.01 ——
002 ¢ overlap, m=0.008
[ overlap, m=0.005 =
g 0015 overlap, m,=0.003 —e—
< 001
a
0.005
o i i Den
0 50 100 150 200 250 300
MMeV)

p=4.24, T=195MeV, L=32 (2.7fm)

0.025 T T T T T T
overlap, m=0.01 ———
overlap, m=0.005 =
0.02 overlap, m=0.0025 —e—
e domain-wall #x-t
> 0015
[}
°
< 001
<
0.005 |
0
0 20 40 60 80 100 120 140
MMeV)
p=4.30, T=330MeV, L=32 (2.4fm)
0.025 T T T
overlap, m=0.04 ——
overlap, m=0.02 ——
002 ¢ overlap, m=0.015
P overlap, m=0.01 =
% 0015 ¢ overlap, m=0.005 —e—
°
< 001
=z
0.005 |
o Lt L | Ikt E
0 100 200 300 400 500
MMeV)

FIG. 4. Dirac eigenvalue density at different temperatures.

reweighting. Both are consistent with each other. The
systematics due to chiral symmetry violating lattice arti-
facts is therefore under control. We also find that there is no
strong volume dependence, except for the heaviest point
with L = 1.8 fm where the aspect ratio is LT = 2.

In Fig. 7, we present the data at various temperatures.
The volume size is fixed to L = 32 (2.4 fm), except for data
atT = 195 MeV (f = 4.24) (2.7 fm) denoted by diamonds
and those at 7 = 330 MeV (3.6 fm) by crosses. Here the
filled symbols are those obtained with reweighting from the

0.04 T T

" T=195 MeV (B=4.24)
T=190 MeV (B=430) -~

T=220 MeV —a—

T=260 MeV —o— |

003 |

0025 | T=330 MeV -+ |
002 | ]
0015 | 1
001 | -

P
0.005 | /‘/F ]
0 1 1 1 1
20 40 60

80 100 120

0.035

p(A=0) (GeV")

m(MeV)

FIG.5. Quark mass dependence of the Dirac eigenvalue density
at (near) zero with the bin size ~10 MeV. All the data look
consistent with zero before reaching the chiral limit.

ensemble at a higher mass point shown by open symbols.
Even on the configurations where topology fluctuates
frequently, the reweighted results decrease toward the
chiral limit, which is consistent with the non-reweighted
data. See Table I for the ensembles and masses to which we
applied the mass reweighting.

2x10® , ' ' ' '
OV index, T=220MeV L=24 (1.8fm) —=
OV index, 7=220MeV L=32 (2.4fm) —e .
54108 OV index, T=220MeV L=40 (3.0fm) ~—a—
1.5x I OV index, T=220MeV L[=48 (3.6fm) - -~ -~ a |
Gluonic on DW --evvvveees 1
v’_‘ H
% 1x10f | |
=)
<
5x107 | |
0 _B »»»»»»»»» 133
0 5 10 15 20 25 20

m[MeV]

FIG. 6. Topological susceptibility at 7 = 220 MeV. The filled
symbols with solid lines show the data for the index of the
overlap-Dirac operator with the OV/MDW reweighting. Those
with dashed lines are data at L = 48 whose statistics may not be
good enough after the reweighting. The dotted symbols are those
for gluonic definition directly measured on the ensembles
generated with the Mobius domain-wall fermions. We confirm
that both data with different volumes are consistent.
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3.5x108 ‘ ‘ ‘
OV index, T=195MeV
3x108 | OV index, T=190MeV ,
g OV index, T=220MeV +—a&—
2.5x10% | 3 OV index, T=260MeV
. 8 v OV index, T=330MeV ——
T 2107 b OV index, T=330MeV (L=3.6fm) —3¢— 1
% 15x10° L Gluonic on DW v |
=
1x108 |
5x107 |
0 : ; ‘ ‘ ‘
0 20 40 60 80 100 120
m[MeV]

FIG. 7. Topological susceptibility at different temperatures.
The volume size is fixed to L =32 (2.4 fm), except for data
at T = 195 MeV ( = 4.24) (2.7 fm) and those at T = 330 MeV
(3.6 fm) denoted by cross symbols. Filled symbols are obtained
with reweighting from the ensemble at a higher mass point shown
by open symbols.

In order to focus on the region near the chiral limit and
compare the scale of y, compared to the temperature, we
plot the same data in Fig. 8 taking the fourth root of y, and
normalizing it by 7. It suggests that the topological
susceptibility near the chiral limit is suppressed to the
level of O(10) MeV with a power ~m* (or y1/* ~ m). The
results are not precise enough to determine if y, goes to zero
at finite quark mass, as predicted in [5].

C. Axial U(1) susceptibility

Let us investigate a more direct measure of the violation
of the axial U(1) symmetry, i.e., the axial U(1) suscep-
tibility, defined by the difference between the pseudoscalar
(7) and scalar (0) correlators integrated over spacetime,

0.7

3 " OV index, T=195MeV

06 f 4 OV index, T=190MeV |
OV index, T=220MeV —a—

OV index, T=260MeV |
T=330MeV —E—

Gluonic on DW -ooeee

05t

04+

T

0 20 40 60 80 100 120
m[MeV]

FIG. 8. The same as Fig. 7 but the fourth root is taken
and normalized by 7. The data suggest that the topological
susceptibility near the chiral limit is suppressed to the level of
<10 MeV as y\/*/T ~ m.

where the ensemble average is taken at a finite quark
mass m. For the overlap-Dirac operator, we can express
A(m) using the spectral decomposition (see [28] for the
details):

1 2m2(1 — 2)?
o= e ()

A

where 4,,’s are the eigenvalues of H,,(m)=ysD,,(m).
Although this equality holds even in a finite volume, we
must take the thermodynamical limit before taking the
chiral limit.

In our previous study [30], we found that the contribu-
tion from chiral zero modes is quite noisy. As an alter-
native, we subtract the zero-mode contribution, for which
Ay = m, and define

A(m) = A(m) — _m2(12<—|Qn|1>2)2V’

©)

where Q is the index of the overlap-Dirac operator. We
remind the reader that the index Q is equal to the
topological charge of the gauge field. This subtraction is
justified because in the thermodynamical limit, while at a
fixed temperature, (|Q|) scales as V'/? (= L3/?), and thus
the zero-mode contributions vanish in the large volume
limit as 1/V'/2, We numerically confirm this scaling at
T = 220 MeV as presented in Fig. 9. The L3/? scaling of
(|Ql) looks saturated for 1/(TL) < 0.4. Therefore, A(m) in
the thermodynamical limit coincides with A(m).

In this work, we further refine the observable by
removing the UV divergence. From a simple dimensional
analysis of the spectral expression in Eq. (8), the valence
quark mass m, dependence of A(m) can be expanded as

A
— + B+ m;C+ O(m3), (10)
ms;
6 : ‘
m=0.01 —+—
ST m=0.005 —s—
g 4t m=000375 1&‘
g 31 m=0.0025 %
= m=0.001 —o—
3o f
Q
v 1t
0 ] © ©
-1 . . . . .
0 0.1 02 03 0.4 05 0.6

1/(TL)

FIG. 9. Finite size scaling of the chiral zero modes’ effect. Data
at T = 220 MeV are shown. The expected L*/? scaling of (|Q|) is
saturated for 1/LT < 0.4.
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700 160 ‘ ‘ ‘
140 T=260MeV, m=0.015 —o—
_ 600 — I T=330MeV,m=0.015 —aA—
% 500 | % 120 |7=260MeV, m=0.015 MDW
2 2 100 L 7=330MeV, m=0.015 MDW
o 400 — S T
g o I w0l
5q 2007 a 40}
~ 100 b T=190MeV, m=0.005 ~ 20l
T=220MeV, m=0.01 —m—
0 L L m‘ 0 L A - T —A
0 50 100 150 200 0 100 200 300 400 500

A, (MeV)

cut

A, (MeV)

cut

FIG. 10. Cut-off A, dependence of [AVYVs4*:]1/2 The left panel shows data at 7 = 190 MeV and 220 MeV and the right is for
T = 260 and 330 MeV. The lower three temperatures show a good saturation but the data at 7 = 330 MeV is monotonically increasing
and undershoot the band, which represents the stochastic estimates using the Mobius domain-wall Dirac operator.

and C has a logarithmic UV divergence. What we are
interested in is the divergence free piece m% + B and if it is
zero or not in the chiral limit. Note that A and B contain a
sea quark mass m,,, dependence, and A, in particular,
should be suppressed as m2,,, at least, to avoid possible IR
divergence in the limit of m,,, = m, - 0. Measuring
A(m) at three different valence masses m ,3, we extract
the UV finite quantity:

AUVsubt. _ mym3 [A(m,) — A(my) _A(ml) —A(m3)
m3 —m3 m} —m3 m} —m3
(m? +m3)(m? +m2) [m?A(m;) — m3A(m,)
o \my 3) |miAlm, 28 (m;
m3 —m3 m} —mj

11
- an

_miA(my) —m%ﬁ(ms)}
while fixing the sea quark mass m. By choosing m; = m
and m,3 in its vicinity, one can easily confirm that
AUVsubt-(m) = A/m?® + B+ O(m*). In this work, we
choose m, = 0.95m and m; = 1.05m.

We compute A(m) through the expressions in Egs. (8)
and (9) truncating the sum at a certain upper limit A,
(around 180-500 MeV). We then use Eq. (11) to obtain the
UV subtracted susceptibility. Figure 10 shows the Ay
dependence of [AUVsub']1/2 where the left panel shows
data at 7 = 190 MeV and 220 MeV and the right is for
T =260 and 330 MeV. The data at lower three temper-
atures are well saturated at 4., ~ 50 MeV, while the data at
T =330 MeV show a monotonic increase though its
magnitude is small. The shadowed bands are stochastic
estimates of the two-point functions using the Mobius
domain-wall Dirac operator with three different valence
quark masses. This estimates contain contributions from all
possible modes under the lattice cutoff, and the consistency
between the two methods at 7 = 260 MeV supports our
observation that the low-mode approximation is good for
T =260 MeV and below. The data also show the con-
sistency between the overlap and Mobius domain-wall

fermion formulations at this temperature, in contrast to
disagreement at lower temperatures (see below). As shown
in the Dirac eigenvalue density, the eigenvalues are
pushed up for higher temperatures, which makes the
low-mode approximation worse, but makes the violation
of the Ginsparg-Wilson relation less crucial. In the
following analysis, we use the stochastic M&bius domain-
wall results for 7 = 330 MeV and the low-mode approxi-
mation of the overlap fermion for the other lower
temperatures.

In Fig. 11, the results for [AUVs#P1]1/2 ¢ T = 220 MeV
are shown. Filled symbols with solid lines are data of
reweighted overlap fermion and dashed open symbols are
those of the Mdbius domain-wall fermion. As reported in
[30], the Mobius domain-wall fermion results deviate from
due to the sensitivity of the observable to the violation of
the Ginsparg-Wilson relation. Except for the heaviest two
points with L = 1.8 fm where the aspect ratio LT is 2, the
data are consistent among four different volumes. The axial

T=220MeViL=18fm —s—

30
m(MeV)

FIG. 11. [AUVs#bt]1/2 a5 a function of m. Data at T = 220 MeV
with four different volumes are shown. at 7 =220 MeV are
shown. Filled symbols with solid lines are data of reweighted
overlap fermion, those with dashed lines are at L = 48 whose
statistics may be not good enough after the reweighting, and dotted
open symbols are those of the Mébius domain-wall fermion.
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700 ‘ ‘
T=190MeV
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% 500 T=260MeV (stochastic DW) —e—
= T=330MeV (stochastic DW)
o 400 |
£ 300
5
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100 +
0 L L L
0 60 80 100 120
mMeV)

FIG. 12. The same as Fig. 11 but at different temperatures.

U(1) anomaly is strongly suppressed to a few MeV level at
the lightest quark mass.

This strong suppression is also seen at different temper-
atures, as presented in Fig. 12. For T = 260 MeV, the
overlap and Mobius domain-wall fermion results agree
well, in contrast to the lower temperatures. The chiral limit
of [AUVsubt]1/2 Jooks consistent with zero, and the value
near the physical point is 20 MeV, at most.

In Table II, we summarize the results for the lowest bin
of the eigenvalue density or p(1 = 0), (Q?) = y,V, and
axial U(1) susceptibility AUYsub:,

D. Meson correlators

In the previous subsection we studied the difference
between the pseudoscalar and scalar two-point correlation
function integrated over the whole lattice. Since we have
subtracted the short-range UV divergent part, the quantity
is essentially probing physics at the scale of our lattice size
L, which is sensitive to the near zero modes. In this
subsection, we investigate the mesonic two point correla-
tion function itself, which must contain shorter-range
information of QCD, as our fitting range is typically L/4.

We measure the spatial correlator in the z direction

Cr(z) = =) (Or(x.5.2.1)0r(0.0,0.0)).  (12)

ERNG

with Op = g7I'q. Here 7 are the generators in the flavor
space. For I we choose y5(PS), 1(S), r12(V), ysr12(A),
7473(T,) and ysy4y73(X,). In this work, we focus on 7', and
X, channels, which are related by the axial U(1) trans-
formation, as well as the V and A channels to check the
recovery of the SU(2), x SU(2), symmetry. We find that
the S correlator is too noisy to extract the “mass” and
compare it with that of PS. For other channels, we will
report elsewhere.

Since this quantity represents shorter distance physics
than the axial U(1) susceptibility obtained from integration
over whole lattice, the violation of the Ginsparg-Wilson

TABLEIIL  The results for the lowest bin of the eigenvalue density or p(4 = 0), (Q?) = y,V, and axial U(1) susceptibility AVVs"""- For
T = 330 MeV, the stochastic Mobius domain-wall results are listed.

B L3xL, T(MeV) m p(A=0) (0% AUVsubt.
4.24 323 x 12 195 0.0025 0.00211(91) 0.084(37)
0.005 0.0134(22) 0.575(83)
0.01 0.0393(69) 3.1(10)
4.30 323 x 14 190 0.001 0.9(9) x 107° 4(4) x 1078 0.00020(11)
0.0025 0.0037(11) 0.113(29) 0.0144(77)
0.00375 0.0126(25) 0.69(17) 0.031(15)
0.005 0.0113(19) 0.442(83) 0.0419(98)
323 x 12 220 0.001 0.8(8) x 1077 4(4) x 1076 1.4(9) x 1073
0.0025 0.00035(22) 0.014(12) 0.000128(35)
0.00375 0.000262(88) 0.0110(36) 0.000185(57)
0.005 0.0064(14) 0.367(74) 0.0046(23)
0.01 0.0160(22) 1.13(16) 0.0211(31)
323 x 10 260 0.005 0.00104(76) 0.043(20) 3(2) x 107
0.008 0.0031(11) 0.122(38) 0.0042(34)
0.01 0.0047(13) 0.232(71) 0.00130(83)
0.015 0.0057(22) 0.251(96) 0.00040(27)
323 x 8 330 0.001 0(0) 0(0) 3(6) x 107
0.005 1.2(9) x 1073 0.00049(39) 0.00040(26)
0.01 6(2) x 107 0.0024(14) 0.000169(87)
0.015 0.00074(62) 0.044(28) 0.00043(31)
0.02 0.0025(10) 0.099(41) 0.000215(99)
0.04 0.0044(16) 0.508(97) 0.00035(17)

074506-9



S. AOKI et al.

PHYS. REV. D 103, 074506 (2021)

relation enhanced by near-zero modes found in [30] is less
severe. Therefore, we employ the Mobius domain-wall
fermion formalism without reweighting. In order to
improve the statistics, rotationally equivalent directions
are averaged. Also, low-mode averaging [61,62] using 40
lowest eigenmodes of Hpy(m) is performed with four
equally spaced source points at temperature 7 = 220 MeV.

For the channels other than S, the signal is good enough
to extract the asymptotic behavior of Cr(z) at large z,
which should contain the information of the screening
mass. However, the correlator at high temperatures may not
behave like a single exponential even at large z. To
circumvent this, recent studies often apply multi-state fits
and introduce various source types to extract ground-state
values, e.g., in [37].

The asymptotic behavior depends on the structure of the
spectral functions (in the spatial direction) for each channel I'™:

dp, 2we'P+*
27 p? + o?

= / dopr(w)e*.
(13)

Cr(2) = [ dopr(o)
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0.50F LMA E
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2
0.25 32x12 myg=0.01 —©— exp/z: 1062(39) MeV
8
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10 12 14 16
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0.25
' 32x12 myg=0.01 —©— exp/z: 1128(52) MeV
8
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FIG. 13.

When the spectral function pr(w) starts from a series of
delta functions, which represents isolate poles, Cr(z) at
large z is dominated by a single exponential. On the other
hand, if the correlator is described by deconfined two quarks,
pr(w) is a continuous function of @, provided that the volume
is sufficiently large. Let us assume that pr-(w) becomes
nonzero at a threshold 2m, where m is a constituent
screening quark mass. For large z, we can expand pr(w)
as 0(w — 2m)(co + ¢ (w — 2m) + - - ) (with a step function
6), which results in Cr(z) ~ exp(=2mz)(co/z + O(1/2%)).
In the Appendix, we show that this form of the spectral
function is indeed realized in the free two quark propagators.
The essential difference from the single exponential is, thus,
the factor 1/z. In this study we therefore apply two types of
fitting functions: the standard cosh function,

cosh(mp(z = L/2))
" sinh(mrL/2)

(14)

and the two-quark-inspired function (2q),

2.50
2.25
2.00

1.75

150
1.25

Mettective [GEV]

1.00
0.75F ]

0.50F LMA ]
Operator: Ay —5— cosh: 1237(69) MeV
32 x12 myg=0.001 —&— exp/z: 1048(30) MeV
0.00 0 2 4 6 8 10 12 14 16
nz

0.25F
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1.50
1.25

Meftective [GEV]
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0.75F 3
0.50F LMA E
Operator: T; cosh: 1272(59) MeV

0.25 =
' 32x12 myg=0.001 —©— exp/z: 1066(42) MeV
8

10 12 14 16
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Cosh (squares) and “2-quark” (triangles) effective masses at T = 220 MeV. The top panels show the data from A correlators,

while the bottom panels are 7', correlators. The left panels are at the heaviest simulated mass m = 0.01 and the right ones are at the
lightest m = 0.001. The band indicates the fit result and its range. The dashed line shows the Matsubara frequency z7 times 2 expected

for two free quarks.
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e~z e~ (L=2)

(e =) )
In the free quark limit, we obtained more complete form of the
two-quark propagations for each channel [46]. Note that in
this limit, m = =T, which is the lowest Matsubara mass. It is,
therefore, interesting to see how much my. is close to 27T at
our simulated temperature.

In order to compare the above fitting functions, it is
helpful to plot their effective masses mp(z) and mf(z)
defined as the solutions of

cosh(mr(z)(z—=L/2))  Cr(z)
cosh(mp(z)(z+1=LJ2)) Cr(z+1)

(16)

and

TABLE III.
(0.6 fm) depending on parameters.

e—m{_(:):

e—m{,(z)(L—z)
m/F(Z)Z m}(z (L—z) o CF(Z) (17)
e—ml’_(:)(ﬁl) e—m{,(z)(L—z—l) - CF(Z + 1) )
mi(z)(z+1) ' mp(z)(L—z—1)

respectively, with the lattice data of Cr(z)/Cr(z +1). If
the fitting form is good, the effective mass converges to a
constant at a shorter value of z. In Fig. 13, we plot typical
effective mass plots at 7 = 220 MeV. Square symbols are
data for mr(z) and the circles are those for m-(z). The top
two panels show the data obtained from A correlators,
while the bottom panels are from 7', correlators. The left
panels are at the heaviest simulated mass m = 0.01 and the
right ones are at the lightest m = 0.001. The band indicates
the fitting result and its range. We find that the 2q function
shows longer and more stable plateau.

It is interesting to see that the plateaux are located at a
mass lower than 277 which is indicated by dashed lines.

Meson screening mass determined with two-quark-inspired fit ansatz. Fit range is several lattice spacings around z = 8

m'(MeV)
p size T(MeV) ma PS S % A T, X,

4.30 323 x 14 190 0.001 172(104) 832(66) 872(62) 749(171) 1209(249)
0.0025 44(41) 1015(216) 928(214) 802(100) 1020(129)

0.00375 118(20) 747(61) 862(86) 1111(61) 759(125)
0.005 147(24) 806(99) 923(151) 942(82) 1036(123)

243 x 12 220 0.001 482(31) 482(32) 1027(41) 1028(41) 1088(22) 1086(22)
0.0025 413(47) 510(64) 1074(91) 1078(92) 1015(94) 1166(108)

0.00375 51231)  590(59) 1055(44)  1068(46)  113835)  1108(31)

0.005 386(39) 640(237) 1103(54) 1109(56) 1011(48) 1153(73)

0.01 467(26) 772(104) 1070(53) 1040(60) 1093(24) 1160(29)

323 x 12 220 0.001 433(56) 445(55) 1047(36) 1048(30) 1066(42) 1060(43)
0.0025 486(25) 538(46) 1031(438) 1030(36) 1122(44) 1156(43)

0.00375 402(28) 698(269) 978(65) 1006(63) 1024(52) 942(51)
0.005 403(46) 105447)  1073(32)  1252(94)  1094(108)

0.01 408(24) 967(51) 1062(39) 1128(52) 1096(59)

403 x 12 220 0.005 334(85) 1022(37) 1021(37) 1068(69) 1146(45)
0.01 375(35) 1000(21) 1040(33) 1056(55) 1228(77)

483 x 12 220 0.001 569(35) 571(36) 1001(31) 1001(31) 1126(21) 1125(21)
0.0025 608(21) 616(21) 1002(34) 1003(34) 1114(40) 1113(40)

0.00375 577(66) 540(154) 944(51) 946(53) 992(66) 1045(76)

0.005 425(62) 581(125) 1085(28) 1092(28) 1091(59) 1122(68)

323 x 10 260 0.005 959(18) 998(20) 1307(7) 1308(7) 1368(7) 1366(7)
0.008 941(19) 966(22) 1332(11) 1333(11) 1386(10) 1385(10)

0.01 850(25) 997(69) 1313(11) 1314(11) 1357(15) 1363(14)

0.015 935(50)  1144(90)  1381(13)  1387(14)  1426(14)  1436(15)

323 x 8 330 0.001 1486(34) 1486(34) 1781(14) 1781(14) 1837(14) 1837(14)
0.005 1535(13) 1535(13) 1799(9) 1799(9) 1849(11) 1849(11)

0.01 1551(12) 1553(12) 1818(10) 1819(10) 1857(9) 1857(9)

0.015 1526(11) 1528(11) 1792(10) 1793(10) 1853(11) 1854(11)

0.02 1489(49) 1610(56) 1781(9) 1783(9) 1806(10) 1809(10)

0.04 1560(19) 1574(20) 1833(12) 1838(12) 1864(11) 1870(11)
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FIG. 14. Difference of the fitted m’ between T, and X,
correlators, which are connected by the U(1), rotation. The

data at T = 220 MeV at different volumes are shown.

T=220MeV, SU(2)xSU(2)
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FIG. 15. The same as Fig. 14 but between A and V correlators,

which shows the SU(2), x SU(2), symmetry.

While we plan to give a detailed analysis in another
publication [63], we show the screening mass m’ obtained
by a fit to the 2q formula Eq. (15). The results are listed in
Table III.

In Fig. 14, we plot the difference of the fitted m’ between
T, and X, correlators at T = 220 MeV at different volumes.
They are connected by the U(1), rotation, and therefore,
the difference, denoted by Aniyeqn, 1S @ probe of the axial
U(1) symmetry. For the reference, we also plot in
Fig. 15 the results for the difference between A and V
channels, which is an indicator for the SU(2), x SU(2)g
symmetry.

Although the U(1) data at heavier quark masses are
noisier than those for SU(2), x SU(2)g, their chiral limit
looks consistent with zero, and the central values are only a
few MeV, at the lightest quark mass. We note that their
individual mass is ~1 GeV. Therefore, the axial U(1)
symmetry relation is satisfied at a sub-% level. This
behavior is also seen at different temperatures, as shown
in Fig. 16, except for T = 190 MeV (but they are still
consistent with zero with large error bars). The disappear-
ance of the axial U(1) anomaly is consistent with other
observables obtained using the reweighted overlap
fermions.

E. Baryon correlators

Finally, let us discuss baryon correlators. We calculate
the spatial correlation functions of baryon operators pro-
jected onto positive z-parity (or an even component under

T=190MeV T=260MeV
1000 30
800 | 20|
s 600 + s %]
10
[} [ Q
2 400 2 )
= 200 | b [H) = 0 [%m ol -4)
3 0 0] I 3
£ @ g -10
< 200 f <
400 | E%] UDA —3— | 20 ¢ UDA —3—
SUQ)xSU(Q2) —o— SU@2)xSUQ2) —o—
-600 L L N 230 L L L
0 10 20 30 40 50 0 10 20 30 40 50
m (MeV) m (MeV)
T=330MeV
4 :
3k
~ 2
z i
s ' @y
=2 == o
il
€
< a2l |
3t UDA —5— |
. SU@2)xSU(Q2) —oe—
0 10 20 30 40 50 60
m (MeV)

FIG. 16. Difference of the fitted m’ between T, and X, correlators (squares), and that between A and V correlators (circles).
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TABLE IV. Baryon screening masses determined with the three-quark-inspired fit ansatz.

m'(MeV)
ﬂ size T(MCV) ma N| N2 Ng N4

4.30 323 x 14 190 0.001 628(227) 619(235) 723(245) 621(335)
0.0025 1882(409) 1260(852)
0.00375 1576(403) 1640(292)
0.005 1173(348) 1410(150)

243 x 12 220 0.001 1525(83) 1525(83) 1848(48) 1847(48)
0.0025 1626(39) 1623(41) 1847(37) 1838(45)

0.00375 1665(45) 1645(46) 1834(35) 1828(36)

0.005 1351(100) 2291(500) 1863(72) 1745(79)

0.01 1350(77) 1949(200) 1865(60) 1719(63)

323 x 12 220 0.001 1563(49) 1572(49) 1700(35) 1697(36)
0.0025 1440(48) 1484(60) 1647(49) 1640(49)

0.00375 1507(81) 1469(103) 1687(41) 1687(39)

0.005 1557(56) 1494(97) 1754(48) 1750(46)

0.01 1343(95) 1854(160) 1763(50) 1645(50)

403 12 220 0.005 1442(82) 1521(116) 1681(101) 1624(70)
0.01 1425(93) 1459(166) 1692(52) 1673(44)

483 x 12 220 0.001 1416(122) 1418(123) 1307(113) 1305(114)
0.0025 1466(295) 1999(266)

0.00375 1773(234) 1403(196)

0.005 1605(56) 1620(50) 1716(59) 1643(52)

323 % 10 260 0.005 2042(23) 2071(25) 2163(19) 2149(20)
0.008 2018(32) 2020(32) 2160(29) 2154(29)

0.01 1950(91) 1902(131) 2226(64) 2061(77)

0.015 2080(44) 2114(53) 2207(43) 2196(40)

323 x8 330 0.001 2847(34) 2847(34) 2948(30) 2948(30)
0.005 2727(38) 2728(38) 2835(39) 2833(39)

0.01 2775(45) 2775(45) 2900(50) 2899(49)

0.015 2773(19) 2776(19) 2873(17) 2869(17)

0.02 2740(32) 2745(32) 2864(30) 2859(30)

0.04 2710(28) 2733(30) 2857(23) 2841(22)

the z reflection) and the lowest Matsubara frequency  to extract a screening mass m'; for each channel by fitting
wo = =T, which takes account of the antiperiodic boundary  the forward propagating states. This procedure gives
conditions in 7-direction [64]: qualitatively the same picture as in the previous section:

) a more stable plateau located at a lower energy value than
C; = Ze”‘”ﬂ (N (x,y,2,)N7(0,0,0,0)), (18)  that from the single cosh function. We therefore use m’ to

Xyt
. R . 5 T=220MeV
with nucleon operators N[ = P4 (q"iz,I'jq)[ ¢, and 200 T
. . . ~ L=24 —3—~
the parity projection operator P3 = (1 + y3)/2. The com- 150 | L=32 —5— 1
binations  (I'},I'7) specify the operator channels: o 100} ]]:fjg
Nl :(C}/S’l)’NZZ(Cﬂy5)7N3:(Cy4y571)7 and N4: g 0 o ,.I..(% W T
(Cy47, ys7) with the charge conjugation matrix C = iy,y,. g O &
Similar to the case of mesons, N; and N, channels are g 0r ﬁg
related by the axial U(1) transformation, and the N3—N, ~ <-100
pair probes SU(2); x SU(2), symmetry [65]. -150 |
Along the lines of the two-quar}(-lnsplreq function for -200 o s m 3 50 . 20
mesons, we use a three-quark-inspired function
m(MeV)
P FIG. 17. Difference of the fitted m’ between the baryon N and
B;—— (19) N, correlators, which are connected by the U(1), rotation. The
mjc data at 7 = 220 MeV at different volumes are shown.
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compare masses of different channels. Contrary to the case
of mesons, we measure the baryon correlation functions
exclusively in z-direction without low-mode averaging.

The numerical results presented in Table IV and in
Fig. 17 show the difference of m’ between the axial
U(1) partners. While the uncertainty grows with increasing
quark mass, the signal is consistent with zero for all
volumes at 7 =220 MeV. A similar restoration pattern
is seen for SU(2);, x SU(2)r symmetry, as shown in
Fig. 18, albeit with less fluctuations.

In Fig. 19 the mass difference for pairs of both
symmetries is shown at different temperatures. At

T = 190 MeV, closer to the chiral transition, noise
T=220MeV
200 L=24
=24 —F—
150 | L=32 —6—
100 t+ L=40
S L=48
o L
2 50
5 0 ——E—mn—ﬁ% %
350t
5 100
sl m
-150 |
_200 1 1 1 1 1
0 5 10 15 20 25 30

m (MeV)

FIG. 18. The same as Fig. 17 but between the baryon N5 and
N, correlators, which shows the SU(2), x SU(2); symmetry.

dominates all quark masses except the lightest one. All
data indicate consistency with zero in the chiral limit. At
T =260 MeV and T = 330 MeV some tiny violation at
the order of O(10) MeV can be seen for nonvanishing
quark masses. Similar to the meson screening masses, this
is ~1% of the individual screening masses m’.

IV. CONCLUSION

In this work, we simulated two-flavor lattice QCD and
tried to quantify how much of the axial U(1) anomaly
survives at high temperatures 190-330 MeV. We employed
the Mobius domain-wall fermion action and the overlap
fermion action whose determinant is obtained by a sto-
chastic reweighting technique. We fixed the lattice spacing
to 0.074 fm, and chose more than four quark masses,
including one below the physical point.

We confirmed that our data are consistent with those
in the previous works [30] extending statistics of ensem-
bles at f = 4.24. We also observed a good consistency
between the Mobius domain-wall and overlap fermions,
except for the axial U(1) susceptibility, which is very
sensitive to the violation of the chiral symmetry at
T = 220 MeV. The discretization effect is therefore well
under control. We also confirmed that the systematics
due to finite size of the lattice is under control. Our data
with various lattice sizes agree, except for those with
L =24, which has a small aspect ratio TL =2 at
T =220 MeV.

T=190MeV T=260MeV
1000 ‘ 60
500
40 |
. 0 =y T L‘L {'If . m
3 50| J z 20+
2 % 2
L m
g 1000 g 0 ) (‘IF
2-1500 | g a0l %
< 2000 ] <
2500 U(DA —5— | -40 U(DA —5— 1
SU@2)xSU(2) —o— o SU@)xSU(2) —o—
3000 L L L _60 L L L
0 10 20 30 40 50 0 10 20 30 40 50
m(MeV) mMeV)
T=330MeV
4 ‘
3k
~2f
3
Zaf
500 i
g1}
E %
St J
3l U(DA —5— |
) U2)xSU(2) —o—
0 10 20 30 40 50 60
m(MeV)

FIG. 19. Difference of the fitted m’ between the baryon N; and N, correlators (squares) and that between the baryon N5 and N,

correlators (circles).
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In the Dirac spectrum we found a strong suppression of
low but nonzero eigenmodes. The higher temperature, the
more suppression of the low lying modes observed. On the
other hand, for the chiral zero mode, a peak is found at all
four simulated temperatures but its quark mass dependence
is steep and the chiral limit is consistent with zero.

As expected from the behavior of the chiral zero mode, a
sharp disappearance of the topological susceptibility is
found, which suggests a mass dependence starting with a
power ~m* near the chiral limit. Our numerical data for the
axial U(1) susceptibility, meson and baryon correlators also
indicate that the axial U(1) anomaly is consistent with zero
in the chiral limit. From these observations we conclude
that the remaining anomaly of the axial U(1) symmetry at
the physical point for 7 > 1.1 T, is at most a few MeV
level, which is ~1% of the simulated temperatures.

To examine if the disappearance of the U(1), anomaly
occurs at the same time as the SU(2), x SU(2), symmetry
is restored, we need a simulation around the critical
temperature, which is beyond the scope of this paper.
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APPENDIX: SPECTRAL FUNCTION OF TWO
AND THREE NONINTERACTING QUARKS

In this appendix, we compute propagators for two and
three noninteracting quarks in d-dimensions (to show that

d = 4 is special). To take the finite temperature into account,
the spacetime is assumed to be an Euclidean flat continuum
space with one direction compactified. Namely, we consider
S x R4!, and antiperiodic boundary conditions are
imposed on the fermions. We denote the compact direction
by x, and consider spatial propagators in the x; direction.

1. Two quarks

Let us start with the noninteracting pseudoscalar
“meson” propagator, which is expressed by two massless
and noninteracting quarks. By the standard Fourier trans-
formation we obtain

Coylx1) = A A {arsule)irsd )

_ l D (3,0)7D7 (0. )

—4 / di-1x / p
i (21)°

x / d’p’ 7p"p;¢ eilp=n"),x"
27)* (p)*(P')?
—4 / dlp [dp,
(27r)d_l 2

/dpll (pip} +p?)
2z (p7 +p*) (Pt +p?)

Noting that the O-th component of p denoted by p, is
discrete, and neglecting higher p, contribution except for
the lowest Matsubara frequency py = M = +aT, we can
use the following approximation

ei(Pl—P/l)Xl .

(A1)

/ dd—lp N2T/ dd—Zq
(27[)‘1_1 <2ﬂ)d—2 ’

where the (d — 2)-dimensional vector g is given by g =
(p2, 3, pa—y) and the factor two comes from the
two possible signs of M. Changing the variables as
Py =p,—p), Rl = (p; + p})/2 and explicitly integrat-
ing over R; and P, we obtain

pP=M+qg. (A2

d-2
d q e—2\/M2+q2x]

(2”)01—2

= 4CT/ dqqi—3e 2V M 4

- " d—4
= CT/ da)a)<\/——M2> e, (A3)
wm 4

where the constant C comes from the solid angle integral.
In the last line we have changed the integral variable to

@ = 2\/M? + ¢°. Note that a fractional power is absent
for d = 4.

Czq(xl> = 4T
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From the above integral, we can read off the spectral function for d = 4 as
pgr;e(w) =2CTO(w —2M)[2M + (w — 2M)], (A4)

which supports our assumption for the fitting form Eq. (15) of the meson correlators. Here we have chosen the pseudoscalar
correlators but it was confirmed in [46] by a full computation including higher Matsubara frequencies that this asymptotic
form is universal in all other channels.

2. Three quarks

Next let us consider a “baryon” two-point function in which three noninteracting quarks propagate, choosing the N,
channel,

e sy (@i ) (A5

One of the contractions leads to

Cuylr)= [ dxeoDm (. 0)ulysD™ (x.0)75D™ (0.)

:4/ dd_lx/ ddp /ddp/ /ddp” (pypﬂ)(pg}/y) ei(p_p’_p”)bxb+iMx0

SR 2x)! ) @2r)! ) Q2r)(p)*(p')*(p")?

4 / d’p / d'p’ / dpi (PuP")(PLT) ity s, (A6)
@) ) 2m)*) 2x) (p)*(p')*(p")? ’

where p;, = (po — py — M. p'.q — q') with (d — 2)-momentum vectors ¢ = (ps, p3..... pg—1) and ¢’ = (p5. p5. ... ply_;)-
In the same way as the two-quark propagation, let us ignore the summation over py, p;, except for the three cases with
Po— Py, —M = =M. We then obtain

c (x)~12T2/ g / q /dpl/dp/‘/dp/‘l
33 )2 ] 2x)%) (2r)) (2z)) (27)
(piPy +M*+q-q)(plyi+Myy+(g—4)-7)

(PI+M+ @) PP+ M +qH) (P> +M* + (- q')*)

2 d-2 d-2
_31/ dq / dq o~ (VM4 4/ M2 4q /M +(4-q ) )x,
2 (2”)1!—2 (Zﬂ)d_z

(VMZ + @\ PP+ M+ 4%+ M? +q-q’) (x/p’{z +M>+(q—4)r +Myo+ (g —¢) -7)
X
VM + T M PP A M+ (=)

eip=p'=p")1x,

(A7)

As large g%, ¢"> contributions are exponentially suppressed, let us expand the integrand with g>/M and ¢'>/M so that the
integral is greatly simplified as

dd—2q dd—zq/
C ~3T?
3q(x1) / (2n’)d_2 (zﬂ.)d—z

o0 d-2)/2
x T2 / dppd—S <M>( ) =301 (M+p*/4M)
0

o Ly a2
x T2/ doM=2(0 = 3M)Tx, T e
M

(y1 + 7o) e 1M+ +4"~a4)/M)

« T? /oo doM=2(w — 3M )43 e=o"1, (A8)
M

where the integration over ¢’ — p/2 and solid angle in ¢ are performed and an unimportant overall dimensionless (matrix-
valued) constant is neglected.
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From the above integral, we can read off the spectral function for d = 4 as

pgrge(a)) = DT*0(w — 3M)(w — 3M),

(A9)

with a constant (matrix) D, which supports the asymptotic three-quark form exp(—3Mx;)/x? corresponding to Eq. (19).
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