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Fragmentation functions for a quark into a spin-singlet quarkonium:
Different flavor case
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In the paper, we calculate the fragmentation functions for a quark to fragment into a spin-singlet
quarkonium, where the flavor of the initial quark is different from that of the constituent quark in the
quarkonium. The ultraviolet divergences in the phase space integral are removed through the operator

renormalization under the modified minimal subtraction scheme. The fragmentation function D, (z,ur)

is expressed as a two-dimensional integral. Numerical results for the fragmentation functions of a light

quark or a bottom quark to fragment into the 7, are presented. As an application of those fragmentation

functions, we study the processes Z — 5, + qgg(q = u.d, s) and Z — 5. + bbg under the fragmentation

and the direct nonrelativistic QCD approaches.

DOI: 10.1103/PhysRevD.103.074004

I. INTRODUCTION

According to QCD factorization theorem, the cross
section for the inclusive production of a hadron H with
high transverse momentum (py) in a high-energy collision
is dominated by the single parton fragmentation [1], i.e.,

doap-nx(Pr) = Zd5A+B—>i+x (pr/z.1r)
i

® Dimpy(z. up) + O(my/p7), (1)

where ® denotes a convolution in the momentum fraction
z, the sum extends over all species of partons. d64,p_,;1x
indicates the partonic cross section that can be calculated in
perturbation theory, while D,_y indicates the fragmenta-
tion function for the parton i into a hadron H. yy denotes
the factorization scale which is introduced to separate the
energy scales of the two parts.

The factorization formula (1) was first derived by Collins
and Soper for light hadron production [2]. This factoriza-
tion formula can be equally applied to the heavy quarko-
nium production. The proof of the factorization formula (1)
for the quarkonium production was presented by Nayak,
Qiu, and Sterman [3]. The factorization formula (1) is
called leading power (LP) factorization because it gives the

fzhengxc@cqu.edu.cn
fzhangzeyang@cqu.edu.cn
'quxg@cqu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2021,/103(7)/074004(11)

074004-1

LP contribution in the expansion in powers of my/pr. The
factorization formula for the next-to-leading power (NLP)
correction was derived in Refs. [4-7], and the NLP
contribution comes from the double-parton fragmentation.

Fragmentation functions play an important role in the
calculation of the cross sections under the LP factorization.
Unlike the fragmentation functions for the production of
the light hadrons which are nonperturbative in nature, the
fragmentation functions for the heavy quarkonium produc-
tion can be calculated through the nonrelativistic QCD
(NRQCD) factorization [8]. Under NRQCD factorization,
the fragmentation functions for a parton to fragment into a
quarkonium can be written as

Di_y(z,pr) = Zdi—><QQ)[n](Z7ﬂF)<OH(”)>’ (2)

where d;_pp), are short-distance coefficients (SDCs)
which can be expanded as powers of a,(mg,), and
(Of(n)) are long-distance matrix elements (LDMEs).
The fragmentation functions for quarkonia have been
studied extensively. Most of the fragmentation functions for
the S-wave and P-wave quarkonia are known up to a? order
[9-29], and a few fragmentation functions for quarkonia
were calculated up to o) order [30-37]. Among these

studies, the next-to-leading order (NLO) corrections to the

fragmentation functions for g — QQ[ISE)1 ’8]] have been

calculated recently by three groups [30,32-34]. The
NLO fragmentation functions for g — QQ['SE’S]] are
important in prediction of the production of the 7., and
the h.; at the LHC. However, the fragmentation functions
for a quark into the 7., are only available up to a2 order.
Those fragmentation functions are also important to the
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precision prediction of the 7., production at the LHC.
Moreover, for the production of the 7., in e™ e~ collisions,
the quark fragmentation contribution is more important than
the gluon fragmentation contribution due to the fact that the
cross section for a quark is @? order but the cross section for a
gluon is a, order. In this paper, we will calculate the
fragmentation functions for a quark ¢ into the 7y, where
Q=c, bbutg#Q.

In the early calculations of fragmentation functions for
doubly heavy mesons [9,15], the fragmentation functions
are determined through comparing the cross section calcu-
lated based on the NRQCD factorization with that calcu-
lated based on the factorization formula (1) for a process
containing the doubly heavy meson being produced. In
fact, the fragmentation functions can be defined through the
matrix elements of nonlocal gauge-invariant operators [2].
The operator definition for the fragmentation functions was
first applied to calculations of the fragmentation functions
for doubly heavy mesons by Ma [17]. The calculations
based on the operator definition are particularly convenient
to extend to higher orders. Therefore, we will calculate the
fragmentation functions based on the operator definition
suggested by Collins and Soper.

D,_n(z)

(H(P0.) + X{Pexp |=ig, [~y 40757 0.0E |90

X

where ¥ is the field of initial quark, A% is the gluon field,
and t,(a =1...8) are SU(3)-color matrices. The longi-
tudinal momentum fraction is defined as z= P*/K™,
where K is the momentum of the initial quark. The
fragmentation function is defined in a reference frame in
which the transverse momentum of the hadron H vanishes.
It is convenient to introduce a lightlike momentum whose
expression is ## = (0,1,0, ) in the reference frame where
the definition of the fragmentation function carried out.
Then z can be expressed as a Lorentz invariant, i.e.,
z=P-n/K -n. The Feynman rules can be derived from
the definition (3) directly, and we have presented the
Feynman rules in a previous paper [36].

B. The calculation of fragmentation function

The definition (3) is gauge invariant. However, for the
practical calculation, the gauge should be specified. We
adopt the usual Feynman gauge throughout the paper.
There are ultraviolet (UV) divergences in the calculation.
To deal with the UV divergences, we adopt dimensional
regularization with d =4 — 2e, then the UV divergences
appear as the pole terms in €.

The paper is organized as follows. Following the
Introduction, in Sec. II, we present the definition and the
analytical calculation for the fragmentation functions. In
Sec. III, we present the numerical results for the fragmenta-
tion functions D, (z.ur)(q = u,d,s) and D,,_,, (z.piF),
and apply the fragmentation functions to processes Z —
Ne +qq9(qg = u,d,s) and Z — 5.+ bbg. Section IV is
reserved for a summary.

II. THE ANALYTICAL CALCULATION FOR
THE FRAGMENTATION FUNCTIONS

A. The definition of fragmentation function

The fragmentation functions are usually defined in
the light-cone coordinate system. In this coordinate
system, a d-dimensional vector V is expressed as V¥ =
(VH,V=,V}), with V= (VO +V¥+1)/y/2 and V- =
(VO —v4=1)/y/2. Then the product of two vectors is
V-W=V"W~ + V"W =V, - W,. The gauge-invariant
fragmentation function for a quark ¢ to fragment into a
hadron H is defined as [2]

+ 1 o
Z/dx_ v Trc010r4TrD1rac{ Jr<O|lP( )Pexp |:ng/ dy A+( Y OL)[T |I—I(PJr OL)+X>
N, 0

0}, 6)
[

In the calculation, we first calculate the f]ra menta-
tion function for an on-shell QQ pair in S,  state.
Then the fragmentation function D, ~ can be

obtained from Dq_) (00)11S\] through replacing the LDME

(0I5 by (Ore('syh).

There are 16 cut diagrams for ¢(K) — (QQ)[IS([)I]](pl) +
9(p>) + q(p3) under the Feynman gauge, which can be
collectively represented by four diagrams in Fig. 1. The
squared amplitudes, corresponding to four diagrams in
Fig. 1, can be written as

A =t |:ﬂ ~

P+ p2+ p3—m, —ie (igsr, ") (73 + my)
q

. a i v
X ( lgs}/ﬂt )151 +152+[$3 _ mq T+ l-€:|Xab’ (4)
B —i o
Az = tr[ﬂlﬂ T [524‘ Iﬁ3 —m, — ic (lgs}/ut )(ﬁ3 + mq)
i . a v
) (P14 p2) -n+ie (zgsn,,t )] Xar ®)
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FIG. 1. The cut diagrams for the fragmentation function
Dq_)(QQ)[]S([]]]], where g # Q.

—i
(p1+ p2)-n—ie

A =t [ﬂ(—igsnyt”) (7 +m,)

l
gyt X" 6
(=957 >[51+[52+ﬁ3—mq+i€] ab (6)

(p1+p2)-n—ie

(igsn;,ruﬂx’;z, )

A4 =1 [ﬂ(_igsnvtb)
I
(p1+ p2)-n+ie

(ﬁ3 + mq)

where I, is the spin-singlet projector

I, = 1 377 #1/2=mo)ys(p1/24+mg).  (8)

(2myg)
A; is the color-singlet projector

1
A= ©)

where 1 is the unit matrix of the SU(3), group. There is a
common factor X’;Z which arises from the annihilation of a

virtual gluon into a (QQ)['S([)I]] pair and a real gluon. The
factor X%, can be expressed as

Xap = ~Gpoact 7" (10)

where

]Z'g - tr{HIAI |:(_igs7ptc) (_igﬂ//tta)

l
P1/2+p,—mg

i
+_.s t _.s 1
(=igs7y )—m/z—pz—mg( 1957, )]}

—1
e 11
(p1+ p2)* + i€ (1)

We employ the package Feyncalc [38,39] to carry out the
Dirac and color traces, and then the total squared amplitude
(A(1—sy = >t A;) can be written as

" (515,29 (p3 - P)? | cals1.y.2)pr - s
(1-4) =

(s —ma) (s —m2 )
c3(s1, . 2)pa-p3 | ca(s1.¥,2) (12)
s1(s —mg)? (s—mg)*’
where
s1 = (p1 + p2)?, s=(pi+p2+p3)
(p1+p2)-n 3 923
_ ' — , 13
y o P=P=5 (13)

The coefficients ¢;(s;, y, z) can be easily extracted, and we
do not list their expressions here.
The differential phase space for the fragmentation
. .1
function Dq_)(QQ)[IS([)]]] is

The contributions from the cut diagrams shown in Fig. 1
can be calculated through

;1;?;@>[1S[1]](Z) :Ncs/d¢3(P1,P2,P3)A(1—4), (15)
0

where N = z%73/(8zN,.) is a factor from the definition of
the fragmentation function. The integral on the right-hand
side of Eq. (15) is UV divergent with d = 4. This UV
divergence is regularized by dimensional regularization
with d = 4 — 2¢, and the integral generates 1/e terms. To
perform the integration in Eq. (15), it is important to choose
proper parametrization for the phase space. We present a
parametrization for the phase space in the Appendix A.

1Here, we associate the scale factor y*~¢ with each dimen-
sionally regulated integration in d space-time dimensions. In our
previous papers [35,36], this scale factor was put in the squared
amplitudes.
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The differential phase space given in Eq. (A8) can be
expressed as follows:

Nesdps(pi1, pas P3)
= Ng(PhPz)d¢2(l717Pz)d¢(3)(P1’P2,P3), (16)

where N, (p;. p>) is defined as

(z/y)' 7>
N, (p;, = . (17
oPrp) = S ek ) )
and d¢,(py, p,) is defined as
ey — o)
ds(py1. pa) =
D2P1p2) = T (T = K n
x <s, —X4m2Q>_€ds,, (18)
Z

where the range of s; is from (4m2Qy/z) to 0. d»(p1, p2)
stands for the differential phase space for a gluon
with longitudinal momentum yK - n to fragment into a
(Q0) [IS([)] ]] -pair with longitudinal momentum zK - n at LO.
According to Egs. (16), (17), (18), and (AS8), the expression
of dp® (py, pa. p3) can be derived:

d¢(3)(Pl?P21 p?)
2 2e
_ (NZz—=1)(2=2¢)u* K - n (1 = y)e
16N, (222 ° Y

X [s—s1/y— mzzg/(l —y)]¢dsdydQys, . (19)

The range of y is from z to 1, and the range of s is from
[s1/y+m2/(1=)] to .

The integrations over Q3, and s of A(_4 can be
performed using the method introduced in Ref. [36].
Then we obtain

pl=4 (2) = M/l dy

9—(0)['s,] (47)?

X/Ngd¢2<plvp2)f(s1’y’z>’ (20)

where Ngd¢2(P1’ p2) = Ng(P17P2)d¢2(P17P2)- The
expression of f(sy,y,z) is given in Appendix B.

The contribution D'~ o
a=(Q0)['S,]
should be removed through the operator renormalization
[40]. We carry out the renormalization using the MS
procedure. Then the fragmentation function under the

MS scheme can be obtained through

(z) contains a UV pole; it

D00y (2 1)

1-4 ag |1 IS
001D "5 [ 7+ in(da) in
0

€uv HF
ldy
=p Do , 21
X/z y () gq(QQ)[lsg]](Z/y) (21)

where up is the factorization scale, the expression of the
splitting function P, (y) is

2
qu(y) = CFW’ (22)

LO
g—(00)['s})
d-dimensional space-time. In the calculation, it is conven-

ient to use the unintegrated form of DY s 1-€.
g*(QQ)[ So ]

and D | is the LO fragmentation function in

DI;S(QQ)['S([)']](Z/)}) :/Ngd¢2(171’PZ)Ag_)(QQ)[ISOI]], (23)

where the expression of Ag_)( 0o)'sl 18
As(00)(s])
164 1-z/y 1-z/y
28 120k | LS,
Mys| my(s) —4myg)
2(1—¢€)  4(1-z/y)?
+ 5 55| - (24)
Mgsy me(s) — 4mQ)

The integral over s; in Eq. (23) can be carried out easily,
and we have checked that our result for DX | . is
9=(00)['s}]
consistent with that obtained in Refs. [12,30,33,34].
Applying Egs. (20) and (23) to Eq. (21), we can obtain
the fragmentation function under the MS scheme. It is

found that the UV pole of p L)
q_’(QQ)[So]
canceled by the UV pole of the counter term from the
operator renormalization. The remaining integrals no
longer generate divergence; we can set € =0 before
carrying out the integrations. Multiplying the fragmentation

. Avilall
function Dq_)(QQ)[lsgl]] (z,pup) for the (QQ)[ S([) ] pair by a

factor (07e('sy)) /(0D ('s) ~ |RE? (0)P/ (4n),
we obtain the fragmentation function D, ., (z,pr), 1.,

(z) is exactly

Dq—»nQ (Z’ .“F)

1 )
=/ dyA dsig(sy. pur,y,2), (25)
Z

mZQy/Z

where
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2[R (0)2

9(s1.pp,y.2) =

92y mgsi(sy — 4mp)?*[(1 - y)s; + y*m2]

{<y C)0% 2% 1) + 232+ 621 1)

— 12yz(z 4 1) 4+ 1222) + s7(2y*mg — 4y> 2mg (z + 4) + zmg) + 4y*(4my(3z + 2) + 22mg)
— 48yzmp) + 165,y*my(y*mg — y(2mg + zmg) + 2mg) + 32y* mymg] — [(1 = y)s| + y*m]

(201~ 4/ + (=Pl - (P o)L (26)

HF

Here, RgQQ)(O) is the radial wave function at the origin for the (QQ) bound state.

III. NUMERICAL RESULTS AND DISCUSSION

In this section, we will present the numerical results for
the fragmentation functions and apply the fragmentation
functions to the decay widths for the #, production through
Z boson decays.

The input parameters for the numerical calculation are
taken as follows:

m.=15GeV,
a=1/128,

m, =4.9GeV,
sin?0y, =0.231,

my =91.1876 GeV,
IR (0)2 =0.810 GeV>.
(27)

The value of |R§°(0)]? is taken from the potential model
calculation [41]. For the strong coupling constant, we adopt
two-loop formula as used in our previous paper [35],
where a,(2m,.) = 0.259.

A. The fragmentation functions

The fragmentation function for a light quark into 7.,
where yup = 2m,, 4m,, and 6m,, is shown in Fig. 2. In the
numerical calculation, the mass of the light quark is
neglected, and the strong coupling is taken as a,(2m..).

T T T T T T T T
3 —pr = 2m,
0.8+ Y == =pp = 4m.|q

-4
1 x10‘ :

5
0.6 . B
"
s
s
s
K
0.4 ., -

0.2

Dy, (2)
o
T

-0.21

-0.4

-0.6

-0.8

OF - I-=-Jd--

FIG. 2. The fragmentation function D,_,, (z,ur) as a function

q4=MNe

of z for up = 2m,, 4m,, and 6m,, where g denotes a light quark.

From Fig. 2, we can see that the fragmentation function
is sensitive to the factorization scale. When pp = 2m,,
the fragmentation function increases first (z < 0.96) and
then decreases (z > 0.96) with the increase of z, and the
fragmentation function is less than O in the most z region;
When pr = 4m,., the fragmentation function also increases
first (z < 0.12) and then decreases (z > 0.12) with the
increase of z, but the fragmentation function is greater than
0 in the most z region; when pur = 6m,., the fragmentation
function decreases monotonically with the increase of z,
and the fragmentation function is greater than 0 for
z € (0,1). The fragmentation function has a singularity
at z=0.

In order to understand the dependence of the fragmen-
tation function on the factorization scale, we have calcu-
lated the coefficient of In(u%/m?) in the fragmentation
function D,_,, (z.ur). The coefficient is shown as a
function of z in Fig. 3 with a linear scale (upper one)
and with a logarithmic scale (lower one). We can see that
the coefficient decreases monotonically with the increase of
z and is positive for z € (0,1). Like the fragmentation
function, the coefficient of In(u2/m?) also has a singularity
at z = 0. When . is very large, the fragmentation function
is dominated by the In(u%/m2) term. Therefore, the
behavior of the fragmentation function is similar to that
of the coefficient of In(u%/m?) when uy is large enough.

In Fig. 4, the fragmentation function D,_,, (z,up) for
up = my, my, +2m,. and my, + 4m, is presented. We can
see that the fragmentation function D,_, (z,ur) is also
sensitive to the factorization scale. Actually, from Eqgs. (25)
and (26), we can see that the coefficient of In(uz/m7) in
Dy, (z.up) is the same as that in D,_,, (z,pp).

B. Application to the decay widths

In this subsection, we will apply the obtained fragmen-
tation functions to the decay widths for the processes
Z = 3, + qqg and Z — 5, + bbg.

Here, we only present the calculation formulas for
Z = 3, + qqg, the formulas for Z — 5. + bbg are similar.
Under the fragmentation approach, the differential decay
width dI'/dz for Z — n,. + qqg at leading order (LO) can
be written as

074004-5
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FIG. 3. The coefficient of In(u%/m?2) in the fragmentation
function Dq_,,h_(Z”UF), ie, F(z) = %fl %qu(y)Dg_O,m(Z/y).
The same curve is shown as a function of z with a linear scale
(upper one) and with a logarithmic scale (lower one).

1 T T T T T T T T T T
\ — i = my,
0.8 ' == =pp =mp+ 2me.|
PR wp = my + 4m,
0.6 ' K3 4
A} .
v .
\ .,
04t N 4
Y ’0.
.. ...

— 02} Sol e, E

N ~ol e,

~ e T,

= ok e LR L L T LT TP L T T PP PP oy
5
=}

A o2l -
0.4} 4
0.6 1
0.8 1

-1 1 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
V4

FIG. 4. The fragmentation function D,,_,, (z, ) as a function
of z for up = my, my, + 2m,, and my, + 4m,.

dFFrag.LO

Z-n.+499

dz =207.413Dg—n. (z,4r)

+ /1 ﬂ df‘Z—)ngl]t_)(y? ﬂF)
2y dy
: Dg—nh, (Z/y), (28)

where the energy fraction is defined as z = E, /E}™, and
E, and E;™ are the energy and the maximum energy
of the 7, in the rest frame of the Z boson. I';_, ., » denotes
the LO decay width for the process Z — g+ g, and
the factor of 2 is due to the fact that the contributions
from the q fragmentation and g fragmentation are the
same. In Eq. (28), we have used the fact dlA“Z_,quq/dy =
I'74436(1—y) at LO. dfzqgﬂq/dy is the differential
decay width for the inclusive production of a gluon
associated with a light-quark pair. Neglecting the light
quark mass, we obtain the differential decay width under
the MS factorization scheme:

er—»ngqE/(yvﬂF)

2
%p,0) ln%—l—Zlny—!—ln(l—y) . (29)
F

D,., (z) and D, (z,up) are the LO fragmentation
functions. The expression of D, (z) can be found in
Ref. [12], and the expression of D,_, (z,ur) has been
given in Eq. (25). It is easy to check that the logarithm
terms of % in Eq. (28) are canceled by each other which

. Frag,LO s
results in that dl7;~5 +qqg/ dz is independent of yp.

The physical picture of Eq. (28) is as follows: The first
term gives the contribution from that the Z boson decays
into a light quark and a light antiquark with energies m /2
on a distance scale of order 1/my, and one of the light
quark and the light antiquark decays into an 7. on a distance
scale of order 1/m,. The second term gives the contribution
from that the Z boson decays into a light quark-antiquark
pair and a gluon on a distance scale of order 1/m,, and the
gluon decays into an 7, on a distance scale of order 1/m...
The two terms of Eq. (28) share the same Feynman
diagrams which are shown in Fig. 5, but they come from
different regions of the phase space. When the invariant
mass of the virtual light quark (antiquark) is very small
compared to pr, the contribution is given by the first term
of Eq. (28). When the invariant mass of the virtual light
quark (antiquark) is very large compared to up, the
contribution is given by the second term of Eq. (28).

There are logarithms of m,/m,. in the decay widths of
Z — n. + qqg, which may spoil the convergence of the
perturbative expansion. These large logarithms can be
resummed through the evolution of the fragmentation
functions under the fragmentation approach. The decay

074004-6
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FIG. 5. The Feynman diagrams for Z — 7. + ggg which are
responsible for the fragmentation mechanism.

width after the resummation of the leading logarithms
(LLs) can be written as

drFrag,LO+LL
Z—n.+4qq
an - = 2FZ—>q+qD]§9>j1_}L(Zv /"F)
n /1 ﬂdfz—wmq(y»ﬂ}v)
2 Y dy
DO (/v ). (30)

where the factorization scale is set as yp = my, and the
renormalization scale in the partonic decay widths is also
set as pp = my, so as to avoid large logarithms appearing
in the partonic decay widths. The fragmentation
functions DO (2, up = my) and DSOS (z, pp = my)
are obtained through solving the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) equations [42—44] with
LO splitting functions, where the initial fragmentation
functions D,_,, (z.upo) and D, (z.pipo) at ppy = 2m,?
are used as the boundary condition. We solve the DGLAP
equations by using the program FFEVOL [45].

In addition to the fragmentation approach, we can also
calculate the decay width directly based on the NRQCD
factorization, i.e.,

dFDlrect LO __ dr

Z-ne+qq9 Z—>(cE’)[1 +qqg<0m( )> (31)
where we use “Direct” to denote the results from the direct
calculation based on the NRQCD factorization. The dom-
inant contributions to the decay widths for Z — 5. + qgg
and Z — 5, + bbg come from four fragmentation diagrams
shown in Fig. 5. The contributions from the nonfragmen-
tation diagrams are suppressed by powers of m./m;,

’For Z — 1. + bby case, the initial factorization scale is taken
as Upg = my, =+ 2mc.

compared to the fragmentation contributions. For simplic-
ity, under the direct NRQCD calculation, we only consider
the contributions from the four fragmentation diagrams
shown in Fig. 5.

The differential decay widths for Z — n. + gqg and
Z — 3, + bbg under the fragmentation and the direct
NRQCD approaches are presented in Figs. 6 and 7.
In order to see the difference between the “Frag,LLO”
results and the “Direct,LO” results more clearly, the ratios
(dUfrag 1.0/ d2)/ (AU pirect 1.0/ dz) are given in Fig. 8. For the
“Frag,LO” and the “Direct,LO” calculations, the renorm-
alization scale is fixed as pup = 2m, for simplicity. For the
“Frag, LO + LL” calculation, the choice of the renormal-
ization scale and the factorization scale has been described

400 — T T T T T T

T T
e + qg,Direct,LO
i G0 Fra

i = = =7 + qqg,Frag,L.O
sopp 7 + qqg,Frag, LO+LL

1

1

1

dI'/dz(keV)

FIG. 6. The differential decay width dI'/dz as a function of z
for the process Z — 7. + ggg under the fragmentation and the
direct NRQCD calculations. The contributions for ¢ = u, d, s are
summed.

150 — T T T T T T T T
——1). + bbg,Direct,LO

- = =7 + bbg,Frag,LO
----- 7. + bbg,Frag, LO+LL

dI'/dz(keV)

FIG. 7. The differential decay width dI'/dz as a function of z
for Z — n,+ bbg under the fragmentation and the direct
NRQCD calculations.
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FIG. 8. The ratios (dl'prge1.0/dz2)/(dl Direct1.0/dz) as functions

of z for the processes Z — 5, + qgg and Z — 5, + bbg.

below Eq. (30). From the figures, we can see that the
differential decay widths from the “Frag,LO” calculation
are very close to those from the “Direct,LO” calculation,
especially for 0.2 <z <0.8.

The total decay widths can be obtained through integrat-
ing the differential decay widths dI"/dz over z. The total
decay widths under the fragmentation approach and the
direct NRQCD approach are given in Table I. We can see
that the total decay widths obtained from the “Frag,.LO”
calculation and the “Direct,LO” calculation are also very
close. Therefore, the fixed-order fragmentation approach
(i.e., the “Frag,LO” approach) provides a good approxi-
mation to the direct NRQCD calculation.

The differential and total decay widths after the resum-
mation of the large logarithms under the fragmentation
approach are also shown in Figs. 6 and 7 and Table 1. We
can see that, after the resummation, the differential decay
widths are enhanced at smaller z values but are reduced at
larger z values, and the total decay widths are reduced after
the resummation. In fact, the fixed-order results have a big
uncertainty caused by the choice of the renormalization scale.
If we set the renormalization scale as up = my, the fixed-
order results become [a,(my)/a,(2m.)]* = 0.0958 of those
with pup =2m,.. On the contrary, the results after the
resummation have a smaller uncertainty caused by the choice
of the renormalization scale. Because the renormalization

TABLE I. The decay widths of Z — 5, 4+ qqg and Z — 1. +
bbg under the fragmentation and the direct NRQCD approaches.
For the Z — 1, + qqg case, the contributions for ¢ = u, d, s are
summed.

U'z-n+qag (keV) Uy pivhy (keV)

Direct 63.0 19.3
Frag,LO 65.6 20.3
Frag, LO + LL 40.3 15.3

scale of the initial fragmentation functions should be O(m..),
and the renormalization scale of the coefficient functions
should be O(m). Moreover, the resummed results include
the leading logarithms up to all orders from the collinear
radiation. Therefore, the results after the resummation are
more precise than the fixed-order results.

IV. SUMMARY

In the present paper, we have calculated the fragmenta-
tion functions for a (heavy or light) quark into a spin-singlet
quarkonium, where the flavor of the initial quark is
different from that of the constituent quark in the quarko-
nium. There are UV divergences in the phase-space
integral, which are removed through the operator renorm-
alization of the fragmentation function. We have carried out
the renormalization under the MS scheme. The fragmenta-
tion function D, (z,ur) is given as a two-dimensional
integral, and this two-dimensional integral can be calcu-
lated easily through numerical integration. Numerical
results for a light quark or a bottom quark into the 7,
with several factorization scales are analyzed. The results
show that these fragmentation functions are sensitive to
the factorization scale. Especially, when up is small, the
fragmentation functions are negative at small z values.
There is a singularity at z =0 for these fragmentation
functions.

We have applied the obtained fragmentation functions to
the decay widths for the processes Z — 1. + qgg(q =
u,d,s) and Z — 5, + bbg. The differential decay widths
and total decay widths are calculated under the fragmenta-
tion and the direct NRQCD approaches. It is found that the
results under the fixed-order fragmentation and the direct
NRQCD approaches are close to each other. Therefore,
the fixed-order fragmentation approach provides a good
approximation to the direct NRQCD calculation. The more
precise results containing the resummation of the large
logarithms under the fragmentation approach are also
presented. Moreover, the fragmentation functions obtained
in this paper can be used in the studies on the production of
n. and 7, at high-energy colliders.
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APPENDIX A: THE PARAMETRIZATION
FOR THE PHASE SPACE

In order to extract the UV poles in the calculation
analytically, the phase space for the fragmentation function
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should be parametrized properly. In this Appendix, we
will present a parametrization for the phase space. The
differential phase space for the fragmentation function

Dy-oopsy
3
dgs(p1> 2 p3) =2 5(K+ -3 pl.+> 244

X & P (A1)

According to Ref. [36], the differential phase space for a
single parton with momentum p; and mass m; can be
expressed as

d'pi_ (ipi-n—mi)~
Lt ! di.d(p;-n)dQ.,, A2
(Zﬂ)d_12p9 4(2”)3_26 i (pz n) il ( )
where
A =2k; - pi/k; - n, (A3)

and k; is an arbitrary lightlike momentum which is not
parallel to n. dQ;, stands for the differential transverse
solid angle, and the total transverse solid angle Q;, =
2717 /T(1 —¢).

Applying the parametrization (A2) to the differential
phase spaces for p, and p;, we obtain

2= 2€<K n)1—2e'u4e

2m?
o= ph— Y
2= P by on
Ks=(p +p [ E—— A5
3 ( 1 2) 2(p1+p2)l’l ( )
then we obtain
b (s = am (A6)
2 ZK n 1 Z Q k]
and
1 81 2
A= §——— , (A7)
yK - n y

Changing variables in Eq. (A4) from 1, and 45 to s; and s,
we obtain

272 (zy) et .
ameri—ag )
x(y=2)~[s—s1/y—mg/(1-y)]
x (51 mQy/z) ~Cdydsds,dSs | .

d¢%(l?1,l?2 P3)

(A8)

APPENDIX B: THE EXPRESSION OF f(s;.y.2)

The expression of f(s;,y, z) which appeared in Eq. (20)
can be written in following form:

ds(p1, p2, p3) = : [(T=y)(y—2) 2865[(1 = y)s; + y?m2]=¢(K - n)?
(4n) (=) JARR S Pt Gt et R S A
m2 e Imysi(s) —4mp)
1= q AT€)7¢
x M(l=y)K-n] 273 (B1)
X dydﬁzdﬂ3dQ3J_, (A4) where
where the integrations over p,-n and €,, have been — (1 =)+ 11[2(v2 =2 .2
o fo=[(1 =P+ 152 = 252 +22%)
To obtain the phase-space parametrization used to extract — 8m2QS1 vz + 16y2m2], (B2)
the UV poles, we choose the lightlike momenta k, and k5 as
follows: and
|
1
fi= 73 {s3s1(y = 1)(5y* = 8y*(z + 1) + 4y*(z + 2)(2z + 1) — 20yz(z + 1) + 20z%)
(1 =y)s; + y*my]
—2y?mg(y* = 2y +2)(2y* = 3yz 4 32%)] = 8ympsy[s1 (y — 1) (y* + 2y2(2z +1) —=2y(5z+ 1) + 10z2)
— y2mg(y* =2y +2)(y + 32)] + 16mpy?[s; (5y° — 13y* 4 16y — 8) — 4my*(y* — 2y + 2)]}. (B3)

074004-9



ZHENG, ZHANG, and WU

PHYS. REV. D 103, 074004 (2021)

[1] J.C. Collins, D. E. Soper, and G. F. Sterman, Factorization
of hard processes in QCD, Adyv. Ser. Dir. High Energy Phys.
5, 1 (1989).

[2] J. C. Collins and D. E. Soper, Parton distribution and decay
functions, Nucl. Phys. B194, 445 (1982).

[3] G.C. Nayak, J. W. Qiu, and G. F. Sterman, Fragmentation,
NRQCD and NNLO factorization analysis in heavy quar-
konium production, Phys. Rev. D 72, 114012 (2005).

[4] Z.B. Kang, J. W. Qiu, and G. Sterman, Factorization and
quarkonium production, Nucl. Phys. B, Proc. Suppl. 214,
39-43 (2011).

[5] Z.B. Kang, J. W. Qiu, and G. Sterman, Heavy Quarkonium
Production and Polarization, Phys. Rev. Lett. 108, 102002
(2012).

[6] S. Fleming, A. K. Leibovich, T. Mehen, and 1. Z. Rothstein,
The systematics of quarkonium production at the LHC and
double parton fragmentation, Phys. Rev. D 86,094012 (2012).

[7]1 S. Fleming, A. K. Leibovich, T. Mehen, and 1. Z. Rothstein,
Anomalous dimensions of the double parton fragmentation
functions, Phys. Rev. D 87, 074022 (2013).

[8] G.T. Bodwin, E. Braaten, and G. P. Lepage, Rigorous QCD
analysis of inclusive annihilation and production of heavy
quarkonium, Phys. Rev. D 51, 1125 (1995); Erratum, Phys.
Rev. D 55, 5853 (1997).

[9] C.H. Chang and Y. Q. Chen, The production of B(c) or
anti-B(c) meson associated with two heavy quark jets in Z0
boson decay, Phys. Rev. D 46, 3845 (1992); Erratum, Phys.
Rev. D 50, 6013 (1994).

[10] E. Braaten, K. m. Cheung, and T.C. Yuan, Perturbative
QCD fragmentation functions for B. and B} production,
Phys. Rev. D 48, R5049 (1993).

[11] E. Braaten, K. Cheung, and T.C. Yuan, Z0 decay into
charmonium via charm quark fragmentation, Phys. Rev. D
48, 4230 (1993).

[12] E. Braaten and T. C. Yuan, Gluon Fragmentation into Heavy
Quarkonium, Phys. Rev. Lett. 71, 1673 (1993).

[13] E. Braaten and T. C. Yuan, Gluon fragmentation into P wave
heavy quarkonium, Phys. Rev. D 50, 3176 (1994).

[14] E. Braaten and T.C. Yuan, Gluon fragmentation into spin
triplet S wave quarkonium, Phys. Rev. D 52, 6627 (1995).

[15] Y. Q. Chen, Perturbative QCD predictions for the fragmen-
tation functions of the P wave mesons with two heavy
quarks, Phys. Rev. D 48, 5181 (1993).

[16] T.C. Yuan, Perturbative QCD fragmentation functions for
production of P wave mesons with charm and beauty, Phys.
Rev. D 50, 5664 (1994).

[17] J.P. Ma, Calculating fragmentation functions from defini-
tions, Phys. Lett. B 332, 398 (1994).

[18] J.P. Ma, Gluon fragmentation into P wave triplet quarko-
nium, Nucl. Phys. B447, 405 (1995).

[19] J.P. Ma, Quark fragmentation into p wave triplet quarko-
nium, Phys. Rev. D 53, 1185 (1996).

[20] P.L. Cho, M. B. Wise, and S. P. Trivedi, Gluon fragmenta-
tion into polarized charmonium, Phys. Rev. D 51, R2039
(1995).

[21] M. Beneke and I. Z. Rothstein, Psi-prime polarization as a
test of color octet quarkonium production, Phys. Lett. B
372, 157 (1996); Erratum, Phys. Lett. B 389, 769 (1996).

[22] E. Braaten and J. Lee, Next-to-leading order calculation of
the color octet 3S(1) gluon fragmentation function for heavy
quarkonium, Nucl. Phys. B586, 427 (2000).

[23] W.1. Sang, L.f. Yang, and Y. q. Chen, Relativistic correc-
tions to heavy quark fragmentation to S-wave heavy
mesons, Phys. Rev. D 80, 014013 (2009).

[24] G. Hao, Y. Zuo, and C. F. Qiao, The fragmentation function
of gluon splitting into P-wave spin-singlet heavy quarko-
nium, arXiv:0911.5539.

[25] Y. Jia, W. L. Sang, and J. Xu, Inclusive %, production at B
factories, Phys. Rev. D 86, 074023 (2012).

[26] G.T. Bodwin, H. S. Chung, U.R. Kim, and J. Lee, Quark
fragmentation into spin-triplet S-wave quarkonium, Phys.
Rev. D 91, 074013 (2015).

[27] Y. Q. Ma, J. W. Qiu, and H. Zhang, Heavy quarkonium
fragmentation functions from a heavy quark pair. I. S wave,
Phys. Rev. D 89, 094029 (2014).

[28] Y. Q. Ma, J. W. Qiu, and H. Zhang, Fragmentation functions
of polarized heavy quarkonium, J. High Energy Phys. 06
(2015) 021.

[29] D. Yang and W. Zhang, Relativistic corrections of the
fragmentation functions for a heavy quark to B. and B,
Chin. Phys. C 43, 083101 (2019).

[30] P. Artoisenet and E. Braaten, Gluon fragmentation into
quarkonium at next-to-leading order, J. High Energy Phys.
04 (2015) 121.

[31] R. Sepahvand and S. Dadfar, NLO corrections to c- and
b-quark fragmentation into j/y and y, Phys. Rev. D 95,
034012 (2017).

[32] P. Artoisenet and E. Braaten, Gluon fragmentation into
quarkonium at next-to-leading order using FKS subtraction,
J. High Energy Phys. 01 (2019) 227.

[33] F. Feng and Y. Jia, Next-to-leading-order QCD corrections
to gluon fragmentation into 'Sol’8 quarkonia, arXiv:
1810.04138.

[34] P. Zhang, C. Y. Wang, X. Liu, Y. Q. Ma, C. Meng, and K. T.
Chao, Semi-analytical calculation of gluon fragmentation
into 1801’8 quarkonia at next-to-leading order, J. High
Energy Phys. 04 (2019) 116.

[35] X.C. Zheng, C. H. Chang, and X. G. Wu, NLO fragmenta-
tion functions of heavy quarks into heavy quarkonia, Phys.
Rev. D 100, 014005 (2019).

[36] X.C. Zheng, C. H. Chang, T. F. Feng, and X. G. Wu, QCD
NLO fragmentation functions for ¢ or b quark to Bc or B
meson and their application, Phys. Rev. D 100, 034004
(2019).

[37] F. Feng, S. Ishaq, Y. Jia, and J. Y. Zhang, Fragmentation
function of gluon into spin-singlet P-wave quarkonium,
Phys. Rev. D 102, 014038 (2020).

[38] R. Mertig, M. Bohm, and A. Denner, FEYN CALC:
Computer algebraic calculation of Feynman amplitudes,
Comput. Phys. Commun. 64, 345 (1991).

[39] V. Shtabovenko, R. Mertig, and F. Orellana, New develop-
ments in Feyncalc 9.0, Comput. Phys. Commun. 207, 432
(2016).

[40] A.H. Mueller, Cut vertices and their renormalization: A
generalization of the Wilson expansion, Phys. Rev. D 18,
3705 (1978).

074004-10


https://doi.org/10.1142/ASDHEP
https://doi.org/10.1142/ASDHEP
https://doi.org/10.1016/0550-3213(82)90021-9
https://doi.org/10.1103/PhysRevD.72.114012
https://doi.org/10.1016/j.nuclphysbps.2011.03.054
https://doi.org/10.1016/j.nuclphysbps.2011.03.054
https://doi.org/10.1103/PhysRevLett.108.102002
https://doi.org/10.1103/PhysRevLett.108.102002
https://doi.org/10.1103/PhysRevD.86.094012
https://doi.org/10.1103/PhysRevD.87.074022
https://doi.org/10.1103/PhysRevD.51.1125
https://doi.org/10.1103/PhysRevD.55.5853
https://doi.org/10.1103/PhysRevD.55.5853
https://doi.org/10.1103/PhysRevD.46.3845
https://doi.org/10.1103/PhysRevD.50.6013
https://doi.org/10.1103/PhysRevD.50.6013
https://doi.org/10.1103/PhysRevD.48.R5049
https://doi.org/10.1103/PhysRevD.48.4230
https://doi.org/10.1103/PhysRevD.48.4230
https://doi.org/10.1103/PhysRevLett.71.1673
https://doi.org/10.1103/PhysRevD.50.3176
https://doi.org/10.1103/PhysRevD.52.6627
https://doi.org/10.1103/PhysRevD.48.5181
https://doi.org/10.1103/PhysRevD.50.5664
https://doi.org/10.1103/PhysRevD.50.5664
https://doi.org/10.1016/0370-2693(94)91271-8
https://doi.org/10.1016/0550-3213(95)00270-3
https://doi.org/10.1103/PhysRevD.53.1185
https://doi.org/10.1103/PhysRevD.51.R2039
https://doi.org/10.1103/PhysRevD.51.R2039
https://doi.org/10.1016/0370-2693(96)00030-5
https://doi.org/10.1016/0370-2693(96)00030-5
https://doi.org/10.1016/S0370-2693(96)80022-0
https://doi.org/10.1016/S0550-3213(00)00396-5
https://doi.org/10.1103/PhysRevD.80.014013
https://arXiv.org/abs/0911.5539
https://doi.org/10.1103/PhysRevD.86.074023
https://doi.org/10.1103/PhysRevD.91.074013
https://doi.org/10.1103/PhysRevD.91.074013
https://doi.org/10.1103/PhysRevD.89.094029
https://doi.org/10.1007/JHEP06(2015)021
https://doi.org/10.1007/JHEP06(2015)021
https://doi.org/10.1088/1674-1137/43/8/083101
https://doi.org/10.1007/JHEP04(2015)121
https://doi.org/10.1007/JHEP04(2015)121
https://doi.org/10.1103/PhysRevD.95.034012
https://doi.org/10.1103/PhysRevD.95.034012
https://doi.org/10.1007/JHEP01(2019)227
https://arXiv.org/abs/1810.04138
https://arXiv.org/abs/1810.04138
https://doi.org/10.1007/JHEP04(2019)116
https://doi.org/10.1007/JHEP04(2019)116
https://doi.org/10.1103/PhysRevD.100.014005
https://doi.org/10.1103/PhysRevD.100.014005
https://doi.org/10.1103/PhysRevD.100.034004
https://doi.org/10.1103/PhysRevD.100.034004
https://doi.org/10.1103/PhysRevD.102.014038
https://doi.org/10.1016/0010-4655(91)90130-D
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1103/PhysRevD.18.3705
https://doi.org/10.1103/PhysRevD.18.3705

FRAGMENTATION FUNCTIONS FOR A QUARK INTO A SPIN- ... PHYS. REV. D 103, 074004 (2021)

[41] E.J. Eichten and C. Quigg, Mesons with beauty and charm: [43] V.N. Gribov and L. N. Lipatov, Deep inelastic ep scattering

Spectroscopy, Phys. Rev. D 49, 5845 (1994); and references in perturbation theory, Yad. Fiz. 15, 781 (1972); [Sov. J.
therein. Nucl. Phys. 15, 438 (1972)]

[42] Y.L. Dokshitzer, Calculation of the structure functions [44] G. Altarelli and G. Parisi, Asymptotic freedom in parton
for deep inelastic scattering and e*e~ annihilation by language, Nucl. Phys. B126, 298 (1977).
perturbation theory in quantum chromodynamics, Zh. Eksp. [45] M. Hirai and S. Kumano, Numerical solution of Q2
Teor. Fiz. 73, 1216 (1977) [Sov. Phys. JETP 46, 641 evolution equations for fragmentation functions, Comput.
(1977)]. Phys. Commun. 183, 1002 (2012).

074004-11


https://doi.org/10.1103/PhysRevD.49.5845
https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/j.cpc.2011.12.022
https://doi.org/10.1016/j.cpc.2011.12.022

