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We compute the O(1/N?) correction to the critical exponent 7 in the chiral XY or chiral Gross-Neveu
model in d-dimensions. As the leading order vertex anomalous dimension vanishes, the direct application
of the large N conformal bootstrap formalism is not immediately possible. To circumvent this we consider
the more general Nambu-Jona-Lasinio model for a general non-Abelian Lie group. Taking the Abelian limit
of the exponents of this model produces those of the chiral XY model. Subsequently we provide improved
estimates for # in the three-dimensional chiral XY model for various values of N.
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I. INTRODUCTION

The Gross-Neveu model [1,2] is one of the core quantum
field theories that is on a similar level to scalar ¢* theory
since it too has a quartic self-interaction but is purely
fermionic. By contrast although it is renormalizable in two
space-time dimensions rather than four, more interestingly
it is asymptotically free [1]. It shares this feature with four-
dimensional non-Abelian gauge theories such as quantum
chromodynamics (QCD) [3,4] and, moreover, has the
property of dynamical symmetry breaking leading to non-
perturbative mass generation [1]. In more recent years the
original Gross-Neveu model of [1] and its extensions have
been studied in the context of ultraviolet completion, [5,6].
This is where the two dimensional theory is extended to
become a renormalizable one in four dimensions which is
achieved in several stages. The first is to introduce a
Hubbard-Stratonovich transformation which produces an
auxiliary scalar field. In two dimensions this field becomes
dynamical and corresponds to a bound state of two
fermions [1]. In the ultraviolet completion to four dimen-
sions, however, this auxiliary field develops a fundamental
propagator [5]. So to ensure four-dimensional renormaliz-
ability it is necessary for the scalar field to have a quartic
self-interaction. This in essence describes the structure of a
Gross-Neveu-Yukawa theory which is the ultimate point of
the ultraviolet completion exercise [5]. Indeed this particu-
lar theory has been of interest for many years due to its
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potential to model a composite Higgs field in extensions of
the Standard Model [7], for example.

Our description of this connection between two and four
dimensions is primarily for the original Gross-Neveu model
which has a discrete chiral symmetry. In this context it is
sometimes referred to as the Ising Gross-Neveu model. It is
not the only version of a Gross-Neveu model in that
alternatively one can endow the basic quartic fermion
interaction with a continuous chiral symmetry. In two
dimensions this is known as the chiral Gross-Neveu model
[1], and that has an ultraviolet completion to what is termed
the chiral XY model [6]. This model as well as the Ising
case have been the subject of considerable interest in the
last decade or so due to its underlying connection with
models of phase transitions in graphene. Stretching a sheet
of carbon atoms can change the electrical properties of the
material from a semiconductor to a Mott insulator [8,9].
Indeed the problem of evaluating the critical exponents
describing the phase transition in the dimension of interest,
which is three, has generated an immense amount of
activity. The main theoretical approaches include the
application of the functional renormalization group
[10,11], conformal bootstrap [12,13], Monte Carlo meth-
ods [14], the e expansion [15,16], and the large N
expansion [17]. We note that this is a representative set
of recent articles rather than a definitive one. The con-
nection between the € expansion and the large N approach
is quite close. For the former the renormalization group
functions are calculated to high loop order in the ultraviolet
completed four-dimensional model. Then the critical expo-
nents at the d = 4 — 2e dimensional Wilson-Fisher fixed
point are computed before the e expansion of an exponent
is summed up prior to setting ¢ = 1. In some Gross-Neveu
universality classes the same exercise has been additionally
performed in the original two-dimensional theory. In that
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case the exponents are determined at the Wilson-Fisher
fixed point in an € expansion near d = 2 + 2¢ dimensions
even though the theory is only perturbatively renormaliz-
able in strictly two dimensions. Despite these respective
theories not being in the neighborhood of three dimensions,
accurate estimates for exponents have been extracted in
certain cases. For instance, the current situation in the Ising
Gross-Neveu model has been summarized in [16].

By contrast in the large N critical point approach
pioneered in scalar O(N) models in [18-20], the first three
terms of critical exponents have been computed in d-
dimensional space-time as a function of d. The large N
expansion is renormalizable [21,22], primarily due to 1/N
being a dimensionless parameter. Using the first three terms
in the series for relatively low N, estimates of exponents in
three dimensions have been shown to be competitive with
those of the other techniques mentioned. It is these large N
exponents depending on d that drive the close connection
with the exponents determined from the e expansion of the
explicit perturbative renormalization group functions. This
is due to the general observation that the exponents depend
on both variables N and e. So expanding those in powers of
1/N and € the expressions derived using either technique
separately should be in agreement in the area where terms
in the double expansion overlap. Indeed this is the case in
many models. Moreover the large N exponents can be
expanded to all orders in ¢ at each order in 1/N thereby
providing nontrivial checks on future perturbative results.

While the main focus so far has been on the Ising and
chiral Gross-Neveu models and their connections with
graphene phase transitions, the chiral XY model itself
has been explored in relation to certain phases in matter. For
instance, the correlated symmetry protected phases were
investigated in depth in [23]. As this model clearly is of
importance to these areas it is worth summarizing the
current status of the analytic evaluation of the exponents.
For instance, the renormalization group functions of the
chiral XY model are available to four loops [6,15]. Equally
the ¢ expansion of the large N critical exponents are known
to be in agreement with those high order results. More
specifically the exponents 7, 7, and 1/v corresponding to
the fermion and scalar field dimensions as well as the
correlation length exponent respectively are each known to
O(1/N?) [17,24]. However, for 5 this means only the first
two terms in 1/N are available since the fermion has zero
canonical dimension. However the large N conformal
bootstrap formalism of [20] allows one to determine the
O(1/N?) term of 5. This has been achieved for the Ising
Gross-Neveu model in [25-27], as well as a variant known
as the chiral Heisenberg Gross-Neveu model in [28] but not
yet for the chiral XY case. This is due to a technical reason.
In the large N conformal bootstrap technique, that is
founded on the early work of [29-32], the expansion is
in powers of the vertex anomalous dimensions. In particular
in one of the amplitude variables the vertex anomalous

dimension appears in the denominator. However in the
chiral XY Gross-Neveu case the leading order large N
vertex exponent is zero. So one cannot immediately effect
the formalism at the outset. In reality one has a math-
ematically ill-defined quantity akin to 0/0. However since
the application of the original formalism of [28,29] to the
chiral XY model can indeed produce nonsingularly derived
expressions for 77 to O(1/N?) [24], there ought to be a way
of applying the general large N conformal bootstrap
technology of [20] as well.

Given the need for having as accurate as possible data on
the phase transition exponents for the chiral XY model we
have found an indirect method to determine 7 at O(1/N?)
in d-dimensions. This is the main topic of the article and it
is worth outlining our strategy at the outset. Instead of
considering the chiral XY model itself we will carry out a
computation in a generalized theory which possesses a
non-Abelian symmetry. In essence this is the Nambu-Jona-
Lasinio model, [33]. Critical exponents have been com-
puted in the large N expansion to high order in several cases
previously. For instance, the exponents of the fields for the
group SU(N ) have been determined at O(1/N?) as well as
that for the correlation length [24,34]. A calculation of # at
O(1/N?) for the SU(2) Nambu-Jona-Lasinio model was
given in [35]. However we will consider the case of a
general Lie group rather than specific unitary ones. The
reason for this is that then the exponents will depend on the
general color Casimir group invariants such as the standard
ones of C and C4 as well as higher rank ones. In this way
previous results should be accessible in various limits. En
route though we will identify several errors in earlier
results. Unlike the present situation, when the earlier
exponents were determined no high order e-expansion
perturbative results were available to check against. That
is not the case now since four loop chiral XY model results
are available, [15]. Large N exponents for that model are
subsequently deduced from the general non-Abelian
Nambu-Jona-Lasinio model by simply taking the
Abelian limit. It will be evident from the expression for
1 at O(1/N?) that there are no singularities meaning that a
smooth Abelian limit can be taken. Indeed we will be able
to show the origin of the problem in the direct large N
conformal bootstrap application to the chiral XY model. As
a corollary we will provide an improved estimate for # in
three dimensions to the same number of terms as /3, and v.

The article is organized as follows. We discuss the
Lagrangians of the various theories we will consider for
the large N analysis in Sec. II where the large N critical point
formalism is briefly reviewed. This is applied in Sec. III to
determine the fermion critical exponent at O(1/N?) in the
Nambu-Jona-Lasinio model. Subsequently we complete the
evaluation of both scalar field anomalous dimensions at
O(1/N?) in Sec. IV by computing the vertex anomalous
dimensions. These and the other exponents are necessary for
the O(1/N?) evaluation of the correlation length exponent
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1/v which is carried outin Sec. V. The focus then alters to the
large N conformal bootstrap formalism with the derivation of
the formal underlying equations provided in Sec. VI. The
details are necessary due to the presence of more than one
vertex unlike previous large N applications of the technique.
The actual evaluation of 7 at O(1/N?) is given in Sec. VII
prior to extracting the corresponding expression for the chiral
XY model in the Abelian limit in Sec. VIII. Estimates of the
exponents in three dimensions are also provided there.
Finally, we provide concluding remarks in Sec. IX.

II. BACKGROUND

To begin with we introduce the theories we will focus on.
First the four-dimensional chiral XY model has the
renormalizable Lagrangian

NPV I 1, . . )

LXY = iy'dy' + 3 (0,6)* + 3 (0,7)* + ' (& + imy” )y
Loy

+ﬁg%(62 + #%)? (2.1)

where 1 < i < N introduces our expansion parameter. The
renormalization group functions of (2.1) are available in
[15] and the e expansion of the associated critical expo-
nents at the Wilson-Fisher fixed point can be summed up to
obtain estimates of the corresponding theory in three
dimensions. Here our convention for e is defined by
d = 4 — 2¢. Underlying the Wilson-Fisher fixed point is
a universal theory which is driven by a core interaction that
is relevant at criticality in all dimensions. It is this universal
theory that one applies the large N formalism of [18-20] to
as the expansion parameter 1/N is dimensionless in all
space-time dimensions. In the case of (2.1) the universal
Lagrangian is

o o ) |
LYY =ip'dy’ + o'y’ + imp'y oy —ﬁ(GQ +a%). (22

The scalar fields o and 7 are related to 6 and 7 of (2.1)
respectively by a coupling constant rescaling. This is
because at criticality the coupling constant is in effect
fixed and plays no role due to the scaling and conformal
symmetry. In (2.2) each field has a dimension that
comprises a canonical part and an anomalous piece. The
former is determined from ensuring the action is dimen-
sionless in d-dimensions and we define the full dimensions
of the three fields by

1
al//:l/l+7]17 ﬂo—zl_n_)(o'v ﬂnzl_n_xﬂ’ (23)

2
where 7 is the fermion anomalous dimension with y, and y,
corresponding to the anomalous dimensions of the respec-
tive o and z“ vertex operators. At this stage we assume that
the latter two are unequal prior to their determination.

The problem, however, is that at leading order in 1/N
both y, and y, are zero [24]. As the large N conformal
bootstrap program is based on an expansion in the vertex
anomalous dimension, for (2.2) the expansion cannot
begin. This is because the factor associated with the
Polyakov conformal triangle, that is at the core of each
vertex in the large N bootstrap formalism, depends on 1/y,
and 1/y, which we will demonstrate later. While previous
work produced various large N exponents to O(1/N?)
[24,27] and showed that the vertex exponents are nonzero
at O(1/N?) for (2.2), a strategy needs to be devised to
avoid the problem of this singularity in the bootstrap
construction at leading order. The direction we have chosen
to go in is to consider a more general theory which contains
the universality class (2.2) in a specific limit and this is the
non-Abelian Nambu-Jona-Lasinio model which has the
universal Lagrangian [34]

Lyt = iy + op'y! + ing !y T w
1
“og @ ) 24)

Here the fermion field has a non-Abelian symmetry which
we take to be any Lie group, classical or exceptional, with
generators T¢ and structure constants f°¢ while the index
ranges are | <a <N, and 1 <7 <N, where N. and N,
are the respective dimensions of the fundamental and
adjoint representations and z¢ is a vector in group space.
The four-dimensional equivalent to (2.1) is

) . 1 1
LNJL — l.l/_/llal//ll + 5 (8”5)2 + E (aﬂﬁa)2
+ 9 (38, + 7T, )y

1 ~ =a
+ ﬁgg (52 + 742)? (2.5)
which has a similar coupling structure to (2.1).
Comparing (2.2) and (2.4) the main difference is in the
decoration of fields with indices leading to Feynman rules
with Lie group dependence. Structurally in terms of
Feynman graphs that will arise the only difference is the
appearance of group factors. These will depend on the usual
group Casimirs which are defined by
Tr(TeT?) = T 6,

T4Ta — CFIN(. , facdfbcd — CA5ab

(2.6)

where Iy is the N, X N unit matrix. From the equations
defining Cr and C,4 we have the relation
CFNC - TFNA' (27)

However at high loop order it is known that new higher
rank Lie group Casimirs can appear. For instance, these first
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occur in a four-dimensional gauge theory in the four loop
p-function of QCD [36]. For (2.4) it transpires that the same
feature is present in higher order large N exponents and in
particular the square of the fully symmetric tensor d4<?
arises where

dghed = éTr(TaT@TCT@). (2.8)
As will be evident from our final expressions the large N
exponents of (2.4) will depend on the group entities 7, Cp,
Ca, N, N, and dP¢4d%<?_ Tn light of this and observing
that it is possible to extract (2.2) from (2.4) by formally
setting 7% — 1 then the critical exponents of (2.2) should
emerge from those of (2.4) in the Abelian limit

CF_) 1,
CA—)O,

TF—)I, NC—)I,

dgpeddabed — 1, (2.9)
This then completes our computational strategy. We will
focus in the main throughout on determining the large N
critical exponents of (2.4) before finding those of (2.2) as a
corollary via (2.9).

Having justified why our main focus will be on (2.4) we
recall the basic formalism for the large N critical point
computations [18,19]. It is centred on the asymptotic
behavior of the propagators in the limit to the Wilson-
Fisher fixed point in d-dimensions where d does not play
the role of a regulator. Representing the asymptotic scaling
form of each propagator by the name of its field, the
coordinate space forms are [37]

Al/‘x Bo’
W(X)NWU?LA{,/(XZ)A]’ U(X)Nw[lJrBZ(xz)ﬂ],
C
7(x)~ 2y 1+ BL(x*)%], (2.10)
where A,,, B, and B, are x-independent but d-dependent

amplitudes. These will appear in two combinations which
we define by

z=A,B,, y=A;B, (2.11)
and together with n and the other exponents can be
expanded in powers of 1/N through

=) 2w
n(u)—; o Z(ﬂ)—; o
y(u) = iy’;\gff) (2.12)
n=1

for example. In addition to the leading terms of (2.10) we
have included corrections to scaling corresponding to the

terms with (x?)* and associated amplitudes A/,, B, and BY,.
The exponent 4 is usually used to determine the exponent
1/v which is related to the correlation length and we will
consider it here too. In that case the canonical value of 4 is
(u—1). In order to find the first few orders of each
exponent requires the solution of skeleton Schwinger-
Dyson 2-point functions which require the asymptotic
scaling counterparts to the propagators of (2.10). They
were derived in [37] by inverting their momentum space
forms using the Fourier transform which is given by [18]

I a(a) e’k
(x2)a - 22a l (kZ)u—a (213)
in general to set notation where
_Tu—a)
ala) = Fa) (2.14)
Consequently we have
)~ T = sy — 1Y
() ~ g 1 = Bl () ()
()~ g L~ Bl Y 2.15)
where the various functions are defined by
pp) =L )=,
_a(p-p+Nap-2) . ala-pe(@)
D="apwap) " aur a1
(2.16)

for arbitrary a, f and A.

III. EVALUATION OF 7,

The asymptotic scaling forms of the propagators are
necessary in order to algebraically represent the behavior of
the Schwinger-Dyson equations in the critical region. To
determine 7 at O(1/N?) we consider the 2-point functions
of the three fields of (2.2) and to the order we are interested
the relevant graphs that contribute are provided in Figs. 1, 2
and 3. In each there are no self-energy corrections on any of
the propagators. This is because the propagator powers
include the nonzero anomalous dimensions 7, y, and y,
that account for such effects. In terms of counting with
respect to the ordering parameter 1/N, each closed fermion
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FIG. 1. Skeleton Schwinger-Dyson 2-point function for y at
O(1/N?).
1 a
0 = o + fD’G\\ oo

FIG. 2. Skeleton Schwinger-Dyson 2-point function for ¢ at
O(1/N?).

FIG. 3.
O(1/N?).

Skeleton Schwinger-Dyson 2-point function for 7 at

loop contributes a power of N whereas a ¢ or z field has a
factor of 1/N associated with it. This is accounted for
through the N dependence of the amplitude combination
variables z and y defined in (2.12). So, for example, all the
two loop graphs differ from the respective one loop graphs
of their Schwinger-Dyson equations by a power of 1/N.
For the scalar O(N) theory of [18,19] various three loop
graphs also contribute at O(1/N?) but the corresponding
graphs are absent here. This is because the extra diagrams
have closed fermion loops with three scalars external to that
loop. Such graphs are zero because of the trace over an odd
number of y-matrices. Substituting the propagators into the
skeleton Schwinger-Dyson equation for y equates alge-
braically to

0=r(a—1)+2Zy ()2 = CpyZj ($?)+2

+ [Zz (x2)%at28 _ D Cpzy(x?)totzat2h

1
+Cr (CF ) CA))’Z(XQ)ZI”HA] %

+o()

where we have included the various group theory factors
associated with the non-Abelian symmetry, as well as the
vertex renormalization constants ZVU and ZV”, and effected
the y-algebra. These will have poles in the analytic
regularization A that is introduced through the replacement
[18,19]

(3.1)

Yo = Xo T A Xa— iz TA (32)
Such a regulator is required since the actual two loop
corrections themselves represented by X; for the y equa-
tion are divergent.

Once the group and amplitude dependence are factored
off the remaining contribution is the Feynman integral
itself. Its value is the same irrespective of which of the two
interactions are involved. Expressions for both Z; and IT;
are provided in [37] where the latter arises in Figs. 2 and 3.
The representation of the respective skeleton Schwinger-
Dyson equations analogous to (3.1) are

0= p(f,) + NN2Zj (xpr+2

N
_ E [NCZ2(X2)2)((;+2A _ CFNCYZ(XZ)Z”+X”+2A]H1

ofd)

and
0=p(B,) —NTpyZj (x*yi=t4

N 1
_ETF [)’2 (%) %28 — (CF _ZCA> )’Z(XZ)X”H”HA} I,

+0(3).

In all three cases we have not included vertex renormaliza-
tion constants in the higher order terms since those counter-
terms would contribute to the next order in the respective
expansions. Also we have cancelled off a common factor of
x* whose power is related to the canonical dimension. What
remains are factors of x> whose exponent involves a linear
combination of the regulator and the vertex anomalous
dimensions. These cannot be neglected despite being small.
This is because in the approach to criticality there is no
overall scale. For instance as x*> — 0

(3.4)
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(x2yeth =1 —l—&ln(xz) + Aln(x?) + 0<A;L2> (3.5)
N N

to the order of interest. If the In(x?) terms remain then they
would give singularities in the limit as x> — 0 or co. However
the simple pole in each of X; and I'1; is removed by the vertex
counterterm. Once this is fixed the remaining terms involve
Xo1 OT ¥ 1 as well as a term dependent on the counterterm but
where each is multiplied by In(x?). These terms are removed
by defining the respective vertex anomalous dimensions. A
consistency check on this is that the same solution for each of
Xo1 and y,; emerges from all three equations.

Eliminating z and y at successive orders in 1/N from
(3.1), (3.3) and (3.4) and expanding the scaling functions
for the 2-point functions of (2.16), we find

2T+ CeNJT(2u - 1)
= T = D)I(1 = )2 ()N, T

(3.6)

at leading order. From the O(1/N?) parts of the equation,
after renormalization we deduce

H[CeN. = Ty
[Tr+ CpN ][ = 1]’
H2TF —=2CpN, + CoN ]
2[u = 1[TF + CrN,]

Xol = —

Xnl = — (3.7)

to ensure no In(x?) terms remain resulting in

1= | 2(2n = 1)(CEN2 4 T3)

(u)
2 —1]

[CEIN? 4+ T3]

—4CpN Tp— ﬂCFCANﬂ

(2u—-1)4pu—1)
2ulp -1
(2u* —6u+1)
plu =172
3u )
_4[/4 _ ]2 CFCANc
from the finite part of the consistency equations. Here we
use the shorthand notation

Pu) =y(2u—1) —y(1) +y(2—u) —wy)

where y(z) is the Euler y function.

CpN Ty

m

[Tr + CpNJ? 3:8)

(3.9)

IV. VERTEX ANOMALOUS
DIMENSIONS AT O(1/N?)

One of the key ingredients to proceeding to higher order in
the large N expansion is the provision of the vertex
anomalous dimensions. The general approach is similar to
conventional perturbation theory in that at successive loop
orders the wave function renormalization constants are

needed first prior to renormalizing the mass and coupling
constants. While the fermion anomalous dimension is
associated with the critical exponent # those for the scalar
fields require y, and y, and we summarize their determi-
nation in this section. While y,; and y,; were deduced as a
corollary to finding 7, by excluding In(x?) terms thereby
ensuring the scaling limit could be taken smoothly, the vertex
dimensions can also be computed directly from the two
vertex 3-point functions. The leading order 1/N corrections
for the oy vertex are shown in Fig. 4. Those for z%yy> Ty
are virtually the same but with the modification that the
external o line is replaced by one representing z¢. It is for this
reason that we have not illustrated them.

To extract expressions for y,; and y,; from Fig. 4 we
follow the method of [18,19,38,39] which is the large N
critical point renormalization formalism. One uses the
asymptotic scaling forms of the propagators (2.10) but A
regularized. This produces an expansion in powers of 1/N
where at each order the terms are a Laurent series in A. The
poles corresponding to the divergences are absorbed into
the vertex renormalization constants Zy, _and Zy _in general
although the O(1/N) terms of each are already available.
Once the divergences are removed the remaining finite part
does not have a nonsingular limit to criticality. By this we
mean that in coordinate space In(x?) parts are present.
Equally carrying out the computation in momentum space
the partner In(p?) dependence remains. In each case there
are terms which involve y,; In(x?) and y,, In(x?). Thus to
ensure a scale free finite Green’s function these unknowns
are chosen to remove the residual x> or p> dependence. In
the way we have presented the larger formalism in the
previous section, the values that we extract for y,; and y
from the graphs of Fig. 4 fully agree with (3.7).

At O(1/N?) there are a considerably larger number of
diagrams to evaluate. For instance, each of the three
vertices in both graphs of Fig. 4 will gain vertex correc-
tions. These are displayed in Fig. 5 where again we will
only illustrate the graphs for the owy 3-point function.
Those for the 7%y’ Ty are obtained by swapping the
external scalar in each graph. In addition to these there will
be contributions from expanding the graphs of Fig. 4 out to
O(1/N?) due to the N dependence in the anomalous part of
the propagator exponents in each graph. More significantly
the set of graphs in Fig. 6 need to be included. These are
shown separately, partly for a reason that will become
evident later, but mainly because they can be regarded as

FIG. 4. Leading order corrections to oy 3-point function.
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FIG. 5.

primitive in the sense that the highest order of pole in A is
simple. One aspect of the evaluation of the graphs of Fig. 6
requiring care is that of determining the group theory factor
associated with the three loop light-by-light graphs. This is

particularly more involved for the Wy ’T%y vertex

+ g_/_ _§_ _\l§ + %ﬁ/_ - _\é
T

S N

Vertex corrections to oy 3-point function at O(1/N?).

function when all the scalar fields are z¢ ones. In this
instance one has to rationalize traces of the form
Tr(TeT*T¢T?) for a general Lie group. To handle this
we have used the color.h module that is written in the
symbolic manipulation language FORM, [40,41]. Indeed we

N %_ _?_\ :% n é_ o :%
E E
A

Additional corrections to oy 3-point function at O(1/N?).
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have used FORM to handle the algebra associated with
solving all the various Schwinger-Dyson self-consistency
equations. The color . h routine is an encoding of the Lie
group Casimir analysis of [42] that goes beyond the rank 2
ones of (2.6). In particular the earlier trace can be rewritten
in terms of d4¢dd4>cd and d**d*>° where

is fully symmetric. Though for all the light-by-light graphs
of Fig. 6 the combination d“*°d*‘ cancels in the final
expressions for not only y, and y,, but also all the
O(1/N?) and higher order exponents where d4?¢dq4ed
occurs.

Assembling the values of the various diagrams with their
associated group theory factor and extracting the piece

debe — lTr(T“ T(bTC)) (4.1) associated with the separate vertex exponents we find
3 .
|
R . B o W(6p7 =17+ 14)
Xo2 = H[TF_CFNCTF] (ﬂ)—mcﬂ\’c— PENE CpN Tr
pu - —p=1) ,  p¥) 2 N2 _ 72 > m
- Ts — 2(2u —1)|[CeNz = Ty = uCpCuNZ| | —/———— 4.2
LM—]P F zm_l]z[(ﬂ )[ F'Yc F] HLFCQ c] [TF+CFNC]2 ( )
from the graphs of Figs. 5 and 6 where
Ou) = y'(u) —y'(1). (4.3)
Similarly we find
= [P 0 1) (N2 = T2) = 2((3u = 1)CN, = Tr)CaN. + uC2N?
X2 = 4[)“_1]2[(/"_)(Fc_ #) —2(Bu—1)CeN. = T§)CsN, + uCiN{]
2 abed jabed 2
pO) [, didd“N, 2 onp| (HCu-1) o 3u
24 — 24T+ — C3N:| +———="CiN; + ———=CpgN_.T
i e PN P S e ap T
2 abcd jJabed 2 2
po(2u—1) [dpeddpN. | w(Tu-2) , W —bu+1) o,
- —T:| —=——= CrC,Nz — CyN:
[ — 1] CrTr FI 74—y A R2p-17 A°
8p® —20p% + 19u — 1 5u—2 ?
_ H(8u /L +3 I )T%_M( p 3)CANCTF _m (4.4)
=171 Ap = 1J [Tr+ CrN.|

Both (4.2) and (4.4) are more involved than the expression
for 5, primarily due to the light-by-light contributions with
the term involving ®(u) arising from the nonplanar ones.
We note though that similar to [24] the vertex anomalous
dimensions are equal at O(1/N?) for the SU(2) group.

V. COMPUTATION OF 4,

Having (4.2) and (4.4) now means the scalar wave
function anomalous dimensions are known at O(1/N?).
This was achieved by using the leading terms of the
asymptotic scaling forms of the propagators (2.10). To
deduce other exponents one considers the correction to
scaling terms and to find v in particular at O(1/N?) we take
A = 1/(2v) where the canonical value of 4 is (z — 1). For
(2.4) we therefore include the correction term on the
propagators in the graphs of Figs. 1, 2 and 3 retaining
only those contributions with one insertion only [19].
Unlike the scalar O(N) model of [18,19] for the

|

Gross-Neveu universality class there is a reordering of
the diagrams with corrections on the ¢ and z“ lines in both
their self-consistency equations [25,26]. This stems from
the correction term of the 2-point functions of (2.16) and in
particular ¢(f3,) and q(f3,). Specifically the leading order
large N term of a(ff — u + A) of (2.16) is O(N) for both f3,
and f3, rather than O(1) for the analogous function in the
scalar theory of [19]. Consequently to find v at O(1/N) the
two graphs of Figs. 2 and 3 with corrections on the ¢ and z¢
internal propagators have to be included.

This is evident when the self-consistency equation for A
is constructed. Clearly the correction to scaling terms in
(2.10) are of different length dimension to the leading
terms. So the leading and correction terms with regard to x?
in the algebraic representation of the Schwinger-Dyson
equations decouple. The leading term that allowed us to
deduce 7, has been dealt with but three equations are left
each involving the correction amplitudes A},, B, and B.
The three equations are combined into one equation
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involving a 3 x 3 matrix containing 4; as the only unknown
at leading order. However examining the N dependence of
the terms in the matrix it is evident that it is different in
different rows. Omitting the higher order graphs for the ¢
and z¢ Schwinger-Dyson equations would have left an
inconsistent set of equations. The final step to find 4, is to
set the determinant of this matrix to zero whence we find

Ay=—=2pu—1)n. (5.1)

The consequence of the reordering due to the singular
nature of ¢(f3,) and ¢(f3,) is that at next order the higher
order graphs of Fig. 7 have to be included where the dot on
|

dabcddabch
dy = [[8(2/4 ~1)(2u—=3)CpTy +4-1F ¢
F

a scalar line indicates the propagator with the correction to
scaling term of (2.10). Here we have introduced a shorthand
notation to compress the number of graphs that actually
contribute. In Fig. 7 the zigzag line represents both ¢ and 7¢
fields. So, for instance, this means that in reality there are
four graphs from each possible choice zigzag line in the
three loop graphs and eight for the four loop ones. In total
that is 48 graphs for each scalar field Schwinger-Dyson
equation. The values of each graph independent of the
group theory factor are available in [43]. However
appending the group values the solution to the determinant
of the self-consistency equation to next order in 1/N gives

4CpN, T3 + 2T3. 2CeN3 +2
[CF + +24CCF + T

T2 CrC3N?| u[Tr + CpN,]
+4- L 3t —eu+2)EA e ¢
N, * ) 6Tr | [u—1][u—2n
dabcddanchZ ﬂz(zﬂ _ 3)
‘ [@(n) + ¥(u)]
= 1][u - 2]

+ [ﬂ(ﬂ —1)(2p = 1) (u =2 CrCuNeTr — ( + 1) (1 = 2)*(u = 1)(2u = 1)°Ci:N?

— (207 = Su+ 1)(2u* =57 + 4> = )Ty — (= 1) (= 2)*(2u = 1)(6p* — 54— 3)CENTp
— (12u% — 924° + 251p* — 29443 + 111> + 28u — 12)CpN T2

1
+ i (= 1) (6% = 21 + 20)CRCpNE + u(p — 1) (i = 2)*(2p — 1)C,CEN?

24
dabcddabch; 1}1(//‘)
2 F F c
—uBu—-52u->5
R P e
3 3
+ |21 =3) (0 = )CrCuNETr = 52 (2 + 1) (= 2)CiN:
3
— K242 = B+ 12) T3+ 542 (2 = 3) (u = 2) CENCT
3
+ 522 + 5 = 14)CpN T — 42 ( = 2)CRCpN;
3 ) dabcddabchZ G(ﬂ)
2 (2u +5)(u—2)C4CEN? 4+ 3p2(5u —7) L——E ¢
Cu—=12 =4 =2p+1) 5 5 uBu—1)(2u~3) )
CiN CrCAN2T
2ﬂL‘4—1}2 F et 4@_1]3 F~AVcl F
(8/4 — 687 4 21240 — 2924 + 145p* + 484> — 854> + 32u — 4) 73
2ulp = 1P =2 g
24ub — 96> + 126p* — 384> — 30 21u -3
+( n W + 1264 M3 i+ 21u )C%N%TF
2ulp —1]
[24/4 = 21647 + 730p° — 11784 + 868u* — 101> — 207u> + 96u — 12] )
2 CFNCTF
2ulp = 1P -2
2 4 3 2
W (8ut —42u° + 85u° — T5u +20) 3 3,u( -1)
- C2CpN CoCEN
48[ — 1P - 27 A 4[/4 1
pP (4t — 18y 4 2642 — 151 + 7) dyddgt I N2 m (5.2)
2 = 1P[u =2 Tr [T+ CpNJ* '
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FIG. 7. Graphs for O(1/N?) correction to the & skeleton Schwinger-Dyson 2-point function to determine A, using shorthand

representation for the internal scalar fields.

The contributions from the light-by-light graphs of Fig. 7
are evident.

Finally we can note that the expressions for the exponents
to this stage are in agreement with previously determined
exponents in the Gross-Neveu model [25,26,37,43] in the
limit

CF—)O,
CA—)O,

TF—)I, NC—)O,

dgbedgabed — () (5.3)
since this excludes graphs involving the 7%y Ty vertex.
For the Gross-Neveu XY model taking the limit of (2.9) we
also find agreement with [17,24]. These provide important
checks on our exponents for (2.4).

VI. LARGE N CONFORMAL
BOOTSTRAP EQUATIONS

Before concentrating on the O(1/N?) evaluation of 7
using the conformal bootstrap we devote this section to
recalling one of the key features of the formalism. This is
the Polyakov conformal triangle [29,44] which represents
the full vertex function in the theory at criticality.
Ordinarily a vertex operator has a nonzero anomalous
dimension. In other words in coordinate space the sum of

the exponents of the propagators joining to a 3-point vertex
has a nonzero part that means the overall dimension does
not equal the canonical dimension. This is in fact the reason
why the conformal integration rule referred to as unique-
ness [19,31] cannot directly be applied to the two loop
graphs of Figs. 1, 2 and 3. The canonical dimension of each
vertex in the theory matches the value of (2u + 1) satisfied
by the uniqueness rule of [37] but y, and y, have small but
nonzero values. The Polyakov conformal triangle construc-
tion allows one to exploit uniqueness as a computational
tool by replacing the full vertex with a one loop graph
where the exponents of the internal lines are arbitrary but
are chosen to make the new internal vertices unique. For a
Yukawa vertex the most general conformal triangle is
shown in Fig. 8 [20,25,26]. Specifically

(OF]
= f(aia ai)

4 N
Qy - ~ Q2 / \
’ N a1 - as NEoD]

7 \

FIG. 8. Definition of internal indices in the Polyakov conformal
triangle of a scalar Yukawa interaction.
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FIG. 9. Schwinger-Dyson equation for y.

a1—|—a2—|—a3:2,u—|—1,
a2—|—a3—|—a1:2,u+1,

a3—|—a1—|—a2:2/4+1, (61)

where @; are the exponents of the original bare vertex of the
underlying Lagrangian and a; are the arbitrary internal
exponents. By way of orientation, for example, one could
have a; = a, = a and a3 = f3, for the oy vertex of (2.4).
The overall function f(a;, a;) represents the normalization.
While it is straightforward to solve the simultaneous
equations (6.1) to find the a; in terms of «; in general
we will leave this to its explicit use of the construction
for (2.4).

One of the reasons for determining the various exponents
for (2.4) at O(1/N?) using the skeleton Schwinger-Dyson
equations was in part to establish #, y, and y, at this order

/
0=01 4+ o QU
-1 ’/ )
0 = = + W O
FIG. 10. Schwinger-Dyson equations for ¢ and z°.
20' |
I I
I
V(") —
20° |
I I
I
V(')

FIG. 11.

for the computation of 7 at O(1/N?). Since this will use a
different formalism knowledge of 7, will serve as an
independent check while y,, and y,, are necessary to
extract 73. The main difference in the two formalisms rests
in how the class of Feynman diagrams are analyzed in the
critical region. In the conformal bootstrap the key graphs
are the primitive ones in the sense that not only are there no
self-energy corrections but there are no vertex corrections.
In the former case this was because the propagators are
dressed but now in the bootstrap approach the vertices are
also dressed. So the focus is not on 2-point functions per se
but instead on the vertex or 3-point functions which we
denote by V, and V, for the respective vertices of (2.4).
The method to construct the consistency equations for each
here has been discussed previously [25,26,37] based on the
early work of [29,30,44-46]. As that work involved
Lagrangians with a single coupling constant we have
repeated those derivations for (2.4) which has two inde-
pendent vertices and will now summarize.

The starting point is the Schwinger-Dyson equations for
the three 2-point functions of Figs. 9 and 10 where the blob
represents the full vertex which will correspond to the
Polyakov conformal triangle. Clearly the graphs in each
figure contain the explicit ones of Figs. 1, 2 and 3. The next
step in the derivation is to use the Schwinger-Dyson
equation defining each vertex function to replace the bare
vertex in each 2-point function of Figs. 9 and 10 [45,46].
These are shown in Figs. 11 and 12 where the shaded box
indicates all possible contributions to the respective 4-point
functions. The two relations illustrated in Fig. 11, for

128/ 126

194 126

&' regularized vertex functions.
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FIG. 12. 6 regularized vertex functions.

example, are used to substitute for the bare vertices in the y
Schwinger-Dyson equation of Fig. 9. In both equations for
V., and V one has to take account of the two interactions in
(2.2) rather than one as in previous Gross-Neveu bootstrap
computations. The appearance of the regularizing param-
eter & is due to the fact that in the formalism of [45,46]
there is at least one divergent graph in the final result for the
conformal bootstrap consistency equation for each field.
The regularization is introduced in the exponent of the
external line where the designation of 26 and 28 appears.
Unlike [20] we will denote the regularizing parameters by &
and & instead of ¢ and ¢’ in order to avoid confusion with

FIG. 13.

the parameter that is usually associated with the regulator of
dimensional regularization. By contrast we recall that here
the regularization is analytic.

The situation after following the procedure of [20,45,46]
is illustrated in Fig. 13. In that equation the Lorentz index
indicates that the original full Schwinger-Dyson equation
of Fig. 9 has been multiplied by the vector x,, [45,46] where
x is the location of one of the external vertices with the
other at the origin. In following the manipulations to arrive
at this equation in Fig. 13 the contribution from the graphs
involving the 4-point boxes have been eliminated. In terms
of notation the directed solid line represents a coordinate

& regularized Schwinger-Dyson equation for y consistency equation.
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space vector joining the endpoints of the respective full
3-point vertices. At this point we divide the graphs into
those with the directed line joining the external points of
one full vertex subgraph and those where there is a directed
line between two different full vertices. The former set are
divergent while the latter are finite. To see this explicitly
one replaces the full vertex by the equivalent Polyakov
triangle defined by (6.1). As each of the vertices of the
resulting three loop graphs are unique it is a simple exercise
to apply the Yukawa uniqueness relation to find explicit
expressions for all the graphs. For the graphs where the
evaluation produces a finite expression then there is a
cancellation due to the relative minus sign. This is because
the regularized vertex functions V(') and V(&) are unity
in the limit & — 0, [20,45,46]. By contrast for the divergent
graphs one has to retain the next term of the Taylor series in
&' before taking the § — 0 limit.

To assist with the evaluation we note that the distribution
of the regularizing parameters within a conformal triangle
is shown in Fig. 14 where these are added or subtracted to
the extant internal exponents. In defining the regularization
with a shift of 26 rather than 6 [20], we are merely avoiding
the appearance of %5 internally in the conformal triangle.
There is no ambiguity as ultimately the regularization will
be lifted. We note that in Fig. 11 and other figures we only
include the relevant argument of the vertex functions for
brevity. The full dependence on the various exponents and
parameters in fact is

O'(Z’ _)_];awvﬂg’ﬂﬂ;(sa 5’)’

V,=V
Ve =ViZ5:0,. Py B 8.8).

(6.2)

The parameters Z and y are similar in origin to those of
the skeleton Schwinger-Dyson equations of the earlier
approach in that they depend on the amplitude combina-
tions A2 B, and A2 B,. They differ in value, however, due to

) | 20
/7 \
/ \
— —5 // \\ —6
14 N / \
v N / \
s N
// \\ /‘—\\
, 5 .
/7 \
/ \
y ? —5/ // \\ (5/
26 // \\ // \\
s N
// \\ 261// —6, \\

FIG. 14. Distribution of regularizing parameters § and § in a
conformal triangle.

the normalization factor in the definition of the conformal
triangle shown in Fig. 8. The result of the exercise is the
conformal bootstrap equation for y which is

rla, —1)=72

9
74 Zto‘% Vﬂ(z’y;al[l’ﬂﬂ’ﬁﬂ;é’ 5/)

6=0,6'=0

)
V(Z.5 0. . fr:6.8)

— Cpyt
Fy ﬂaé/

6=0,6'=0

(6.3)

where we have included the group factors associated with
(2.4) and

[= ( 'I/|5_1>a2(ay/_1) ( ) (ﬂo)

’ ((1 —1)2(61 ylo — ) (ﬁa_b) ,
d*(ay, — 1)@ (ay, — 1)a(b,)a(p,)

" ey g atp—b) Y

These are related to the residue with respect to & of the
earlier divergent graphs of Fig. 9. In the expression for
the notation is

1 1 1 1
Ayl = ﬂ+§ Eﬁ bg ://l+§—0£,l,+§ﬁ6 (65)
while

1 1 1
Ay|r = +__ ﬂm bﬂ :ﬂ+§_aw+§ﬁn (66)

for ¢, which are the solutions to (6.1) for the internal
exponents. In arriving at (6.3) we have also made use of
another result of [20,45,46] in the derivation of the boot-
strap equations for the vertex functions which is

1 =V, (Z, 50,05, 0.,0),

1=V, (Z.50,. 5.5 0.,0). (6.7)

These reflect the sum of all the graphs with dressed
propagators and vertices contributing to the two 3-point
vertices. The 1/N leading order graphs for both V, and V,
are shown in Figs. 15 and 16 which contain the graphs of
Figs. 4 and 5. The regularization is not necessary for these
bootstrap equations since none of the contributing graphs
are divergent.

/E\ = /E\ + /E\
055000, Jervvvie}

FIG. 15. Respective O(1/N) graphs V,,,, and V. contrib-
uting to V.
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FIG. 16. Respective O(1/N) graphs V., and V., contrib-
uting to V.

The final part of the exercise in constructing the boot-
strap equations is to repeat the procedure that gave (6.3) for
the remaining two equations of Fig. 10. The process is
similar except that now in these graphs there is a &
regularization on the external ¢ and z“ fields. So the initial
part of the derivation of the equations uses the regularized
results of Fig. 12 where the 4-point boxes will contain
graphs with both ¢ and z“ fields. This is the reason for the
simpler forms compared with Fig. 11. The result of
implementing the regularized vertex of Fig. 12 is shown
in Fig. 17 for ¢ where the Lorentz index indicates that the
scaling function has been multiplied by x, too. The
corresponding graphs for z¢ are similar to Fig. 17 with
the o external legs replaced with z¢ fields in addition to the
replacement of o, with z,;'. While the four graphs of
Fig. 17 differ from the corresponding ones of Fig. 13 it is
still the case that those with the directed line connecting
two conformal triangles are finite. Evaluating the remaining
divergent graphs one arrives at the respective conformal
bootstrap consistency equation for ¢ and z¢ which are

0
:NN _t_V _7_; »HMo» 7[;5’5/ ’
p(ﬂo) cZ 95 6<Z Y &y Po:P ) 520.5=0
0
= —NTpyt,— V(2. Vs, fo. fr: 6.8 )
p(ﬂﬂ') FY 7[86 H(Z y all/ /)7 /)7 ) 5=0,8'=0
(6.8)

where the same factors 7, and ¢, occur. Eliminating these
and the amplitudes Z and ¥ finally produces the consistency
equation for # which is

ST ,
r(a, —1) = [;\E']'i[) {@ Vo(Z. 50y, o, Pr: 6.8) }
0 o Nk
%VG(L y;awvﬁavﬂn;é’é)
C - ,
?fo 55 r(& Py o fr16.8) ]
1) -1
|:65 (Z y’ayluﬁo'?ﬂjr,é 5/> :| (69)

where the restriction indicates that both regularizations
are lifted at the end of the evaluation of the underlying
graphs. At this stage (6.9) is exact and its solution
would determine # to all orders. However to achieve this
would require the explicit values from all the contributing
graphs.

The consistency equation (6.9) can be refined though by
recalling the observation given in [20]. For the moment we
consider a general situation and denote a regularized
n-point function by T',)(A;,8,8") where each vertex is
represented by a conformal triangle, the jth vertex has
anomalous dimension y; =2A; and two of the external
legs have & and & regularizations. Then the Green’s
function will have a simple structure. In the unregularized
case it will formally be I'(A;,0,0)/( A;) but in the

regularized case

I'(4;,0.5)
(A1 =6)(A = 8)(II}5 4))

T (A:1,6,68) = (6.10)

where legs 1 and 2 are chosen to have the respective
regularizations & and &' and ', (A;, 8, &) is analytic in all
the A; and both regulators. Then

8 1 1 0
8.8,8) = 1=+ e 5T (4,.5.6 :
g5t 820 = Ayt At
8 1 1 0
Lo (A6.8) = +7 T(A.6.8
08 o )= A, ( A;) 08 I ) 6=0,5=0
(6.11)

20 < 20 &
~ Vo(8) 70000  COuon — Va(8)
FIG. 17. 6 regularized Schwinger-Dyson equation for ¢ consistency equation.
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for instance. The first term depends only on A; and A,
respectively since the equivalent of (6.7) has been
employed and the relation can be written more compactly
as [20]

9 1 I ()
F A‘y 5’ 5/ 1 A ’
o) w4 )= Al { A 96 resx‘i—ov“y—J
8 61“ (n)
A, 6.8) = L+ A 6.12
85 ( ) |: T8 a8 res;50,5’0:| ’ ( )

where res indicates the contribution from the derivative of
the residue of I',)(A;,8,8") only. This was for a general
scenario but returning to (2.4) and applying this procedure
to (6.9) we have

r(a, —1) =

P(B;) ov,
NN, {1 A g

res;6=0,5’=0:|

" [ v, ]—1
706 res;6=0,6'=0
C . v,
+ FP(ﬂ ) [1 1A, : }
NTF 06 res;6=0,8'=0
ov -1
X [ —— } (6.13)
o res;6=0,6'=0
where we have now set
Yo = 2A,, X =24, (6.14)
,56955% + ,563556\(3/\0\

FIG. 18.

and the arguments of the two vertex functions have been
suppressed for brevity but are the same as the correspond-
ing terms in (6.13).

For practical purposes it is best to expand the two vertex
functions by setting

® v ® v
2w Vel

i=1 i=1

<

(6.15)

although we will only need Vi, V,, V, and V,, to
determine #5. If one focuses on the leading order large N
piece of (6.13) it is equivalent to that which produced 7,
earlier. So, for instance, a contribution to the O(1/N?) part
from the first term on the right-hand side of (6.13) can be
simplified to

[avdz av(,z] (6.16)

08 06

res;6=0,6'=0

for the V, vertex while the contribution from the second
term involving V is similar.

VIL. EVALUATION OF 73

Having derived the key equation (6.13) satisfied by 13
we now turn to details of its determination. This entails
computing the corrections to the vertex functions of the
conformal bootstrap equations (6.7) and (6.13). The lead-
ing order contributions are shown in Figs. 15 and 16 and
correspond to V; and V, respectively where

O(1/N?) graphs contributing to V.
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Vo1 = Vicos + Vienrs Vi = Vizoo + Vigzr- (71)
At next order the graphs that comprise V5, and V,, are
illustrated in Figs. 18 and 19 and are clearly primitive.
While the leading order 1/N terms of both V; and V; are
needed to verify 7, the next term in the series is required for
13- This N dependence arises through the exponents a,,, f,
and f,. Therefore what are sometimes termed 3-gamma
graphs, which are illustrated in Figs. 15 and 16, have to be
computed. This is achieved via the method developed in
[20] using the properties of the Polyakov conformal
triangle.

For instance, the explicit designation of the exponents on
the lines of both V,,,, and V,,,, are shown in Figs. 20 and
21 where

2
FO'O‘D‘(575/’AU) = |:5B}’ _2Baw—1 _3BO -
<al/1_
1

+ {cy +Co=2Cq 1 + 5

2 }A o+=
(ay/_1>2 ’

y=1-n (7.2)

is set for shorthand due to S, and f, differing only in the
piece involving the respective vertex anomalous dimen-
sions. The factor of 2 associated with A, and A, is a
consequence of (6.5) and (6.6). The graph of Fig. 20 was
evaluated in [27]. If we set

Q3
8)(A,; = &)

Vlaao‘ =~ exp[Fo-aa((s’ 5/’ Aa)] (73)

AG(AO' -

which is consistent with the general form of I'(,) then we
recall that

71)} A,—[B,—BoJs+ [BO—B%_I (%1_ 1)] 5+ |:Ca,,,—1 _ﬁ] 58

=

av,—l - C0:| 5/2
7
2

2 1 SN Py
+ {CO—C —2C,,-1 +m} A6 — [C +Cylé* + [C 1—3C, - 2C0 @ - 1)2} Az (7.4)
[
with the shorthand notation [20] and
B, =y(u—-z2)+y(z), By =y(1) +y(u), 0- ma*(a, — 1)a(y) (7.6)
C.=v'(R)—v'(u-2), Co=y'(w-v'(1) (7.5) (a4, = 1)T(w) '

.
H
1N
; H

g4

FIG. 19.
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O(1/N?) graphs contributing to V.
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FIG. 20. Regularized one loop 3-gamma graph denoted by
V1666 contributing to V,, containing a ¢ propagator and including
the conformal triangles.

We note that in [27] not all the terms quadratic in
combinations of the parameters § or § were recorded.
We have included them here for completeness and as an aid
to an interested reader although they do not contribute to
the consistency equation.

We have rederived (7.4) that appeared in [27] for V{,, in
order to extend it for V... The latter is more general than
the former since it will depend on y, as well as y,. This

|

me'(é’ 6/7 Ao" An’) = [BO - 87]5 + |:BO - Baw—] -

+ {43 —2By—2B, | ———
! v (al//_l)

+2 [Caw_l - 2} A A, + [

_
(ay/ - 1)

+ |:C0 - Ca,,,—l - Cy +

(
w7

+2Lm— j

Clearly this is consistent with (7.4) since F,,,(5,d,
Ay, Ay) = Fupy(8,8,A,). These two expressions are suf-
ficient to calculate the contribution to (6.13) from V.
For the second term of (6.13) involving V ,; the expressions
for the corresponding 3-gamma graphs can be deduced
from those of V; by formally swapping A, and A in (7.4)
and (7.8).

To complete the evaluation of 73 requires the contribu-
tion to (6.13) from V5, and V,,. The values of the four

1
a, — 1)

1 1 1
JA, — 3 [C, + Col6* + = {

1
b ca,,_l}rm,, - {c(, r ——} 5’
1)2 v v (o, — 1)?

FIG. 21.
V 162z contributing to V, containing a  propagator and including
the conformal triangles.

Regularized one loop 3-gamma graph denoted by

leads to a check in that formally taking the limit y, — y, in

V 6zz Should produce the expression for V. If we define
Q3

An(Ao‘ - 5)<Aﬂ - 6/)

Flmm = - CXp[me(é, 5/7 Ao’? Aﬂ)]
(7.7)

and repeat the procedure that resulted in (7.4) we find

(al,,—l)] & + [B, — BylA,

2 1
Jan- 516+ claz

2

—Cq1 = 3C, — CO} Az +[C, + ColoA,

- cav,_l] 54,

7—6‘ — —C 5/2
2 ( ” 1)2 &y 1 0
1

topologies underlying the graphs in Figs. 18 and 19 have
been computed previously [25-27]. Strictly though it is the
combination of (6.16) and the z¢ counterpart that have been
calculated. The values of the individual terms cannot be
extracted as the underlying three loop integral does not
have unique vertices to allow the integration to proceed.
While it would appear from the figures that there are three
distinct topologies this would be the case if there was no
regularization. With nonzero § and & through specified
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external legs there are two independent contributions from
the three loop nonplanar graphs. Indeed the contribution to
(6.7) from these nonplanar graphs is the same but not for
(6.13). For each of the graphs of Figs. 20 and 21 we have
computed the associated group factor by again using the
color.h package based on [42]. The higher rank color
Casimir will arise in the graphs of Fig. 19 where four z¢
fields connect to the fermion loop.

The next stage is to assemble all the components
contributing to (6.7) and (6.13). The purpose of the two
equations of (6.7) is to fix the values of 7 and ¥ at O(1/N?).
While these were eliminated to arrive at (6.13) combina-
tions of them are present as factors in each of the graphs of
Figs. 15, 16, 18 and 19. However we can now illuminate the
difficulties with a direct evaluation in the U(1) case. The
formal solution for 7 in (2.4) at leading order is

_ 1
71 = [[2CF — C4 A3, + 2Cp A2 A,] N (7.9)

abced jJabed Nj2
dabed gabed N2

n = Hﬂz(ﬂ +8) T,

While C, vanishes in the Abelian limit producing a
singularity, when the leading order values for the vertex
dimensions are included these are proportional to C4. So
that overall the leading order variable 7 is finite in the
Abelian limit. For a direct evaluation one could not
determine Z; since it would equate to the mathematically
ill-defined quantity of 0/0. The situation for y; is similar. It
was this that forced us to consider the more general
Lagrangian. For (2.4) we find

(CpN, —Tp)T3(2u—1)

(i — D (1 - p)NITS

(2CpN, = 2Ty - CANC)2F3(2M -1
A (= (1 = p)NCT;

| = -

I\l

yi=- (7.10)

for instance which is finite in the Abelian limit. With these
values and those for the next order we ultimately arrive at
our main result for (2.2) which is

1
+§M(3ﬂ + 1)C4CrTEN; - 5/4(5/4 — 1)CEC4N?

1
— (U —4)CprCAN? + (4 + 10> + pu — 1)T3 — (24® + 224> — Tu + 3)CpN T2

Y

O(u)

—(6p% = Tu + 3)CENTr + (2 = 1) (u + l)C%NE} T

A -1

— [4u(2p — 1)CLCAN? — 4uCy CpTpN — ,uZCFCiNg —4(2u - 1)2T3F

D(u)

+4(4u —3)CpN T% + 4(4u — 3)CaN2Tp — 4(2u — 1)’ CIN3 | —~=

3 1
+ §T3F —3CpN_.T% - 1—6C§CFN2 +

+ [24dabed qabed N2 + 24T% — 48CpN Ty — CRCpNET]

- [4(4/4 - 3)CFNCT% - 4,“CACFTFN3 -

3 d?;ded?;deN%
2

8l —1]?
(=)
T H“”*w—qu—u
1O (u)¥ (1)
8l — 1Ty

urCrCIN? — 4(2u — 1)*T5,

392 (u)

+4u(2u — 1)CoCyN? + 4(4u — 3)CEN?Tr — 4(2u — 1)?CoLN3] ———=

(244 — 524+ 9)

(1247 = 234 + 2)

8lu— 12

D

199 -2)2u—1

A — 1]

(2w = 3u* — 46p + 56u> — 23u + 3)

CaCrTEN;

T

A — 17

(1245 = 34u* + 20> + 76p% — 61 +9)

2ulp — 1]

(1p=3)2u=1)
CiN} —

P22+ 1) (p = 2) diPeddiP'N?

2pfu — 1P

p(u+2)(u = 5)

CpN.T% -
FRetr 12y — 1]

CrCiN?

2ulp — 1P

20u—1F Tr

P (u)
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3(112 — 12 +2)

2(8u — 10p%> — 17u — 32)

7
C4CrTpN? — CrC2N3
8[/4—1]4 A“FL FiVe 96[[4—1]4 F~aAtVce
3(du—1)(2u—1 2u— 1) (O — p* =183 + 2142 —8u + 1
_3(4u )(/f1 )C%CANg—(” ) —u - ut W= 8u+ )T3F
A —1] 2p7 = 1]
(1247 — 14u8 — 2445 + 11p* + 108> — 99u* + 30u — 3) 5
- 2 4 CFNL‘TF
2p* = 1]
3(15p* = 36p° + 33> — 10u + 1) (Bu—1)*2u—1)?
CIN?Ty + CiN?
2 [p— 11 et 2p7[u— 11 g
P (p+ 1)(2u = 1) diPdiPIN? Ui (7.11)
2p—1P° Tk [Tr + CpN.J .

which is considerably more involved than the other
exponents. We note that electronic versions of (7.11)
and all the large N exponents of (2.4) are available in
the Supplemental Material [47].

Like the 73 result of [20] (7.11) contains the function
E(u) which is related to the function /(u) of that paper via

(7.12)

The € expansion of /(u) around d = D — 2¢ is known for
integer D. In the case of D = 2 and 4 this was derived in

8[CFNC + TF}

Ma=s = 322N T;N

+ [28C2N? = 9C,CpN2 = 16CN, T + 28T2]

[48] and built on the earlier expansion provided in [20].
When D = 3 the expansion was provided in [49] where the
leading order term is

1(%) :2ln2—72[—1cj(3) (7.13)

which was derived in [20] using uniqueness methods. So,
for instance, we can record the first three terms of the large
N expansion of each exponent in three dimensions for (2.4)
which are

64
272*N?TZN

+ [25927° In(2)d4b<ddeb<d N2 — 1087° In(2) C3CpN3Ty — 51847 In(2)CpN T
+ 259277 In(2)T% + 1134¢(3)CACpN3T - + 54432 (3)CpN T3
—27216£(3)dedsbedN? — 272164 (3) T — 35122 CZCp NI T
+2916C3CpN3Ty + 13687 C4CENZT - — 17568C4CENT
—36072C,CpN2T% — 35712C4,CpN2T% — 2112722 CIN3 T + 33536 C3N3T
+ 115227 CEN?TT 4 94848CEN2TE — 53287>CpN T4 — 65856CpN T,

+ 324072 dgPeddgPeIN? — 544324521 dPeIN? + 11287° T}

—20896T%

32[CyN, — 2T]

=14+
Pola=s 3n*N.TyN

— 4+ 0(—),
]243716N3T‘;N3+ (N‘*)

N 64[45C,CrN2 — 92C2N2 + 277*CpN Ty — 16CpN T — 277 T% + 304T%]
277*N?T%N?

1
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8[3C4N,. —8CpN, + 4T

3n*N . TpN
+ [9722CECpN2Ty — 252C5CpN2Tp + 864C4C+N?T . + 936C,CpN T%
— 1024C3N?Ty — 2336CEN T% + 2167 Cp T3 + 992Cr T3

Brelas =1+

8 1
2 jabed jabed abed jabed
~ HOm AN+ 336dEd N”]W‘LO(F)’

1 32[CpN.+ T4
V0ys 32*N . TyN
+ [324C3CpN3T — 272> C3CpN3T 4 10872 C4,CaN3T
—1260C,CiN3Tp — 72C,CpN2T% — 10872 CyN3Tp + 1264C3N3 T
+ 624CEN2T% + 1087>CpN T3 — 240CpN T3 + 16272 deddsbed N2
32

1
547°T% + 1264T* o) 7.14
sl NI CN, + TN <N3> (7.14)

from which we will be able to deduce the analogous expressions for the chiral XY model. Finally we note that (7.11) agrees
with known expressions in the limit of (5.3).

VIII. XY MODEL EXPONENTS

Having established the critical exponents for the non-Abelian Nambu-Jona-Lasinio model, (2.4), we can now derive
those for the chiral XY model in the Abelian limit. It is clear that there are no singular color group factors for the results of
(3.6), (3.7), (3.8), (4.2), (4.4), (5.1), (5.2) and (7.11). Therefore it is safe to take the Abelian limit of (2.9) giving

P AT(2u—1)
! U1 = )T (= 1) ()
X =xm =0

Y = =2u =) (8.1)

at leading order which clearly illustrates the issue surrounding the vanishing leading order vertex anomalous dimension for
both Yukawa interactions. At next order we have

XY (Su—-1) ] XY?
=5 —nt¥W|n.

’ [2,“(/4—1) 2k

o (4p* = 10 +7) XY?

XY _ XY
/}//a :),/;7 = - 7’] ’
2 2 -1y 1
Y = [ Su(p—1)  (8ub —52u° + 108u* — 68> — 21p% + 24u — 4)
(=2 2up—1)(u—2)

2(2u® = 13p° + 31u* — 324% + 9u® + 64 —2)

B (u—1)2(u—2)? (u)
o =3 24 HCE=4) o] e
(= 1)(u—2) [@(u) + P> ()] +2(ﬂ C)(r=2) O(u)|nt™. (8.2)

We have checked that these expressions are in agreement with earlier work [17,24]. Finally we obtain the main result for this
model which is
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(2u* = 3u® — 15> + 18u —3)

P = |5 00 + 392 ()] -

(4u” — 4p — Tp® — 26p* + 84p° — 68p% + 20u — 2)

¥(u) - 316(#)

2u(p—1)

4y (u -

The expression is considerably simpler than its non-Abelian
counterpart similar to the O(1/N?) exponents. One aspect of
this is that the function Z(x) is absent which is not unrelated
to the vanishing of y, and y, at leading order.

While the exponents to O(1/N?) agree with previous
derivations, it is possible to check them against perturbative
computations in four dimensions. In [15] the f-function
|

1) !

XY?3
.

(8.3)

and anomalous dimensions of the chiral XY model were
determined to four loops in the MS scheme. Moreover the €
expansion of the corresponding critical exponents were
computed to O(e*). Therefore if we expand our expressions
in the same e expansion they ought to be in agreement.
Setting d = 4 — 2¢ in (8.1), (8.2) and (8.3) we find

3 3 3 1 23 43 19 1
;/]XY|d:4_2€: |:€—2€2—4€3+ |:2§3—:|€4+0(€5):|]vl+ |:—€+4€2—8€ - |:8C3 4:|€4+0(€5):|]\712
43 77 39 581 1 1
+ [676” s { 53*%]6 +0(65>} N3+0<N4>
XY — et | 24312+ |24 o) :
My | gy = 2€ e+3e +5¢ 2 {sle € N
1 101 51 1 1
) _ e 4 5
[e—kze ) +[6C3 2:|€ +0(€)}N2+0<N3>
1 3 3 497 453
e —2-2 1B -2-|2+12 N — 4 |78 = 2L 4 |22 12
i €+ { 6¢ + 13¢? 2(:' L—l— C3]€ + O(e >]N + { 8¢ 5 + [ ) 04’3]

205
+ {24055 —180¢, + 7445 + 7} et + 0(65)}

where the combination

Ny =4—2u—2n—2y, (8.5)
tallies with the definition used in [15,16]. We have also set
N =4N, to adjust for the different trace and group
conventions used here in the underlying master integrals
for the skeleton Dyson-Schwinger and conformal bootstrap
equations. So N, corresponds to the N used in [15,16]. It is
straightforward to verify that each expansion is in full
agreement with [15] after allowing for a different con-
vention in the definition of d in terms of €. In light of this
agreement with high order perturbation theory we can
obtain expressions for the exponents in three dimensions.
Analytically we have

<y 4 160 80[37% + 20] 1
a3 = STV a2 6 N3 Oz
372°N, 27z*N?  243z2°N; N}
8 544 1
XY =loss—t " —s+0(—
T lims 32N, 2PN (N?)’
1 16 [2167% + 2912 1
| =1- o) 86
XY, 37°N, 277°N? * N3} (8.6)

1 1
N2+0 N2

[
or

1 1 1
Y|, = 0.135095 N, -+ 0.060835 i 0'016988F

7 1
1
e <N4>

XY o
131y = 1= 0270190 5+ 02068405 + O (N_?> ,
A 05403801 + 10177751 40 1
Lz N, N? N3
(8.7)
numerically.

The next stage is to extract estimates for the three-
dimensional exponents for the case of interest in [15] which
corresponds to N, = 2 here. To improve the convergence of
the expansion we have followed a similar approach to [28]
and evaluated several Padé approximants for each of the
exponents. These have been plotted in Figs. 22, 23 and 24
for N,=2, 4, 6 and 8 for 2 <d <4 for ¥, n}¥

and 1/0XY respectively with numerical values for three
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Pade approximants for eta with N_t = 2
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0.014- / \
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0.010 / \
0.008 / \\
0.006 / '
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0.0204

0.0184

0.002+

FIG. 22. Padé approximants of #XY for N, = 2, 4, 6 and 8.

dimensions recorded in Table I. The latter three values of N,
are selected to gauge the effect the higher order 1/N
corrections have. In the case of # it is worth noting that we
can plot the behavior of 775 unlike [28]. This is because Z(u)
is absent from 73 and it was not possible to write the
function in an analytic form that could be passed to the
plotting routine in that case. For #XY the [2, 1] Padé
had a singularity at around d = 3.6. Equally for N, = 2
the [0, 2] Padé of 1/vXY had a maximum near a similar
value of d. We have omitted plots of both Padé’s for each
exponent.

What is evident in the plots of #*XY for various N, is that
there is convergence of the O(1/N?) values down to
N,=4. For N, =2 there is a difference between the
O(1/N?) and O(1/N?) curves but the latter is bounded
by the leading two orders. This is similar to higher values of
N,. Given this it might not be unreasonable to give 0.083 as

a rough estimate of XY for N, = 2 being the average of the
two Padé estimates. This is not inconsistent with the N, = 2
estimates from other approaches which are summarized in
Table I1. In the case of 773 ¥ it is clear from Fig. 23 that there
is very little difference for the value of the exponent
between successive orders in 1/N. Indeed comparing the
values for N, = 2 with other estimates there is a degree of
consistency. Finally the situation for 1/0XY does not appear
to be as good especially at leading order for low values of
N, due to the kink that is evident in Fig. 24 in its behavior
across d-dimensions. Although it appears that this feature
washes out for larger values of N,, it is not clear whether
this would be the case for N, = 2 if an O(1/N?) expression
were available. Again one could assume that the two large
N Padé approximants for 1/0XY were bounds of the true
result. In this instance one would arrive at an estimate of
around 0.845 which is not dissimilar to the perturbative
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Pade approximants for eta_phi with N_t = 2
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Pade approximants for eta_phi with N_t = 4
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Pade approximants for eta_phi with N_t = 8
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FIG. 23. Padé approximants of " for N, =2, 4, 6 and 8.

Padé or functional renormalization group estimates
of [11,15].

IX. DISCUSSION

We have provided the large N critical exponents for the
Nambu-Jona-Lasinio universality class with Lagrangian
(2.4) for a general Lie group using the large N critical
point formalism pioneered in [18-20]. This included the
large N conformal bootstrap formalism that allowed us to
extract 73. To achieve this we had to extend the formalism
to the situation where there are two independent 3-point
interactions. By independent we mean the vertex anoma-
lous dimensions of the separate vertices were inequivalent.
The derivation of the underlying bootstrap equations was
straightforward but was discussed at length. Indeed from
that it is evident that they can be readily generalized to the
case of more independent 3-point interactions. Taking the

more general approach with a general Lie group means that
results for exponents in various models can be extracted in
certain limits. Previously #; was calculated for a limited
number of fermionic models including the SU(2) Nambu-
Jona-Lasinio model [35], as the anomalous dimensions of
each vertex were the same. To produce the general Lie
group results we were able to benefit from the FORM
encoded color.h package which was based on [42] that
allowed us to express our exponents in terms of the general
group Casimir invariants. This was particularly important
for the light-by-light graphs that contribute to several
exponents at O(1/N?) and 73. One of the main conse-
quences was that the Abelian limit could be taken smoothly
to deduce exponents for the chiral XY model. This circum-
vented the application of the bootstrap formalism directly
to (2.2) due to an ill-defined intermediate quantity that
formally obstructs the direct derivation in the Abelian case.
The ultimate general expressions are analytic in the color
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FIG. 24. Padé approximants of Dx% for N, =2, 4, 6 and 8.

TABLE IL

Exponent estimates in chiral XY model for N, = 2

from [2, 2] and [3, 1] Padé approximants of four-dimensional e
expansion [15] and the functional renormalization group [11].

TABLEI. Padé approximants for exponents in chiral XY model _
for N, = 2, 4, 6 and 8. Exponent Reference Method N, =2
Y [15] [2, 2] Padé 0.117
Exponent Padé N, =2 N,=4 N,=6 N, =38 [15] [3, 1] Padé 0.108
Y [1,1] 0.087176 0.038058 0.024343 0.017894 [11] functional RG 0.062
[1,2] 0.078821 0.037198 0.024104 0.017797 ;ﬁ;Y [15] [2, 2] Padé 0.810
nfﬁ(Y [0,1] 0.880984 0.936726 0.956909 0.967330 [15] [3, 1] Padé 0.788
[1,11 0.902301 0.943303 0.960064 0.969176 [11] functional RG 0.88
[0,2] 0.907741 0.944124 0.960325 0.969290 1 [15] [2, 2] Padé 0.840
Dx% [0,11 0.787284 0.880984 0.917378 0.936726 ’ [15] [3, 1] Padé 0.841
[1,11 0.902616 0.928416 0.943409 0.953210 [11] functional RG 0.862
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group invariants allowing the chiral XY model exponents to
emerge smoothly. Finally this more general group approach
for the large N formalism offers a more compact way of
extracting critical exponents for other universality classes.
One benefit for instance is that it gives access to additional
information on the terms in the explicit perturbative series
of the underlying renormalization group functions.
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