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We study two dimensional soliton solutions in the CP? nonlinear sigma model with a Dzyaloshinskii-
Moriya type interaction. First, we derive such a model as a continuous limit of the SU(3) tilted
ferromagnetic Heisenberg model on a square lattice. Then, introducing an additional potential term to the
derived Hamiltonian, we obtain exact soliton solutions for particular sets of parameters of the model. The
vacuum of the exact solution can be interpreted as a spin nematic state. For a wider range of coupling
constants, we construct numerical solutions, which possess the same type of asymptotic decay as the exact
analytical solution, both decaying into a spin nematic state.
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I. INTRODUCTION

In the 1960s, Skyrme introduced a (3 + 1)-dimensional
O(4) nonlinear (NL) sigma model [1,2], which is now well
known as a prototype of a classical field theory that
supports topological solitons (See Ref. [3], for example).
Historically, the Skyrme model has been proposed as a low-
energy effective theory of atomic nuclei. In this framework,
the topological charge of the field configuration is iden-
tified with the baryon number.

The Skyrme model, apart from being considered a good
candidate for the low-energy QCD effective theory, has
attracted much attention in various applications, ranging
from string theory and cosmology to condensed matter
physics. One of the most interesting developments here is
related to a planar reduction of the NLo model, the so-
called baby Skyrme model [4—6]. This (2 + 1)-dimensional
simplified theory resembles the basic properties of the
original Skyrme model in many aspects.

The baby Skyrme model finds a number of physical
realizations in different branches of modern physics.
Originally, it was proposed as a modification of the
Heisenberg model [4,5,7]. Then, it was pointed out that
skyrmion configurations naturally arise in condensed
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matter systems with intrinsic and induced chirality [8—12].
These baby skyrmions, often referred to as magnetic
skyrmions, were experimentally observed in noncentro-
symmetric or chiral magnets [13-15]. This discovery
triggered extensive research on skyrmions in magnetic
materials. This direction is a rapidly growing area both
theoretically and experimentally [16].

A typical stabilizing mechanism of magnetic skyrmions
is the existence of the Dzyaloshinskii-Moriya (DM) inter-
action [17,18], which stems from the spin-orbit coupling. In
fact, the magnetic skyrmions in chiral magnets can be well
described by the continuum effective Hamiltonian

H:/dzx[g(Vm)z—i—Km-(me)—Bm}

+A{|m|2+(m3)2}} (1.1)

where m(r) = (m',m*,m*) is a three component unit

magnetization vector which corresponds to the spin expect-
ation value at position r. The first term in Eq. (1.1) is the
continuum limit of the Heisenberg exchange interaction,
i.e., the kinetic term of the O(3) NLo model, which is often
referred to as the Dirichlet term. The second term there
is the DM interaction term, the third one is the Zeeman
coupling with an external magnetic field B, and the last,
symmetry breaking term A{|m|? + (m?)?} represents the
uniaxial anisotropy.
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It is remarkable that in the limiting case A = x*/2J,
B = 0, the Hamiltonian (1.1) can be written as the static
version of the SU(2) gauged O(3) NLc model [19,20]

. (1.2)

H = {/dzx(ﬁkm +A,xm)?, k=12,
with a background gauge field A, = (—«/J,0,0),A, =
(0,—«/J,0). Though the DM term is usually introduced
phenomenologically, a mathematical derivation of the
Hamiltonian (1.2) with arbitrary A; has been developed
recently [19]; i.e., it has been shown that the Hamiltonian
can be derived mathematically in a continuum limit of the
tilted (quantum) Heisenberg model

H ==Y (WSWHwsaw;h),  (1.3)
(i)

where the sum (i) is taken over the nearest-neighbor sites,
S¢ denotes the ath component of spin operators at site 7 and
W; € SU(2). Tt was reported that the tilting Heisenberg
model can be derived from a Hubbard model at half-filling
in the presence of spin-orbit coupling [21]. Therefore, the
background field A, can still be interpreted as an effect of
the spin-orbit coupling.

There are two advantages of utilizing the expression
(1.2) for the theoretical study of baby skyrmions in the
presence of the so-called Lifshitz invariant, an interaction
term that is linear in a derivative of an order parameter
[22,23], like the DM term. The first advantage of the form
Eq. (1.2) is that one can study a NLo model with various
forms of Lifshitz invariants which are mathematically
derived by choice of the background field A, although
Lifshitz invariants have, in general, a phenomenological
origin corresponding to the crystallographic handedness
of a given sample. The second advantage of the model (1.2)
is that it allows us to employ several analytical techniques
developed for the gauged NLo model. It has been recently
reported in Ref. [20] that the Hamiltonian (1.2) with a
specific choice of the potential term exactly satisfies the
Bogomol’'nyi bound, and the corresponding Bogomol’nyi-
Prasad-Sommerfield (BPS) equations have exact closed-
form solutions [20,24,25].

Geometrically, the planar skyrmions are very nicely
described in terms of the CP! complex field on the
compactified domain space S> [6]. Further, there are
various generalizations of this model; for example, two-
dimensional CP? skyrmions have been studied in the
pure CP> NLo model [26-28] and in the Faddeev-
Skyrme type model [29,30].

Remarkably, the two-dimensional CP?> NLs model can
be obtained as a continuum limit of the SU(3) ferromag-
netic (FM) Heisenberg model [31,32] on a square lattice
defined by the Hamiltonian

J mrrm
H:—E;Ti ™,
ij

(1.4)

where J is a positive constant, and 77" (m = 1, ..., 8) stand
for the SU(3) spin operators of the fundamental represen-
tation at site i satisfying the commutation relation

(L T7) = if T (1.5)
Here, the structure constants are given by f;,, =
—LTr(4[Am. 4,]), where 4, are the usual Gell-Mann
matrices.

The SU(3) FM Heisenberg model may play an important
role in diverse physical systems ranging from string theory
[33] to condensed matter, or quantum optical three-level
systems [34]. It can be derived from a spin-1 bilinear-
biquadratic model with a specific choice of coupling con-
stants, so-called FM SU(3) point; see, e.g., Ref. [35]. The
SU(3) spin operators can be defined in terms of the SU(2)
spin operators S (a = 1, 2, 3) as

T7 Sl
| =|-51
T2 S3
e (512 - (522
¥ L[s-S-3(5)]
" | =-] S§'s24 825! (1.6)
r $3S'+ 8183
T $283 + 5782
Using the SU(2) commutation relation [S¢, S?] = ie,.S¢

where ¢, denotes the antisymmetric tensor, one can check
that the operators (1.6) satisfy the SU(3) commutation
relation (1.5).

In the present paper, we study baby skyrmion solutions
of an extended CP?> NLs model composed of the CP?
Dirichlet term, a DM type interaction term, i.e., the Lifshitz
invariant, and a potential term. The Lifshitz invariant,
instead of being introduced ad hoc in the continuum
Hamiltonian, can be derived in a mathematically well-
defined way via consideration of a continuum limit of the
SU(3) tilted Heisenberg model. Below we will implement
this approach in our derivation of the Lifshitz invariant. In
the extended CP? NLo model, we derive exact soliton
solutions for specific combinations of coupling constants
called the BPS point and solvable line. For a broader range
of coupling constants, we construct solitons by solving the
Euler-Lagrange equation numerically.

The organization of this paper is the following: In the
next section, we derive an SU(3) gauged CP?> NLo model
from the SU(3) tilted Heisenberg model. Similar to the
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SU(2) case described as Eq. (1.2), the term linear in a
background field can be viewed as a Lifshitz invariant term.
In Sec. III, we study exact skyrmionic solutions of the
SU(3) gauged CP?> NLo model in the presence of a
potential term for the BPS point and solvable line using
the BPS arguments. The numerical construction of baby
skyrmion solutions off the solvable line is given in Sec. IV.
Our conclusions are given in Sec. V.

II. GAUGED CP?> NLo MODEL FROM
A SPIN SYSTEM

To find Lifshitz invariant terms relevant for the CP?> NLo
model, we begin to derive an SU(3) gauged CP?> NLo
model, a generalization of Eq. (1.2), from a spin system on
a square lattice. By analogy with Eq. (1.2), the Lifshitz
invariant, in that case, can be introduced as a term linear in a
nondynamical background gauge potential of the gauged
CP? model.

Following the procedure to obtain a gauged NLo model
from a spin system, as discussed in Ref. [19], we consider a
generalization of the SU(3) Heisenberg model defined by
the Hamiltonian

(2.1)

where U is a background field which can be recognized as
a Wilson hne operator along with the link from the point i
to the point j, which is an element of the SU(3) group in the
adjoint representation. As in the SU(2) case [19], the field
U, ; may describe effects originated from spin (nematic)-
orbital coupling, complicated crystalline structure, and so
on. This Hamiltonian can be viewed as the exchange
interaction term for the tilted operator 77" = W, T"W;!,
where W; € SU(3), because one can write W;T7W;! =
(R;),,,T'} where R; is an element of SU(3) in the adjoint

mn= j
representation. Clearly, U/; = =RIR; ;» where T stands for the
transposition.

Let us now find the classical counterpart of the quantum
Hamiltonian (2.1). It can be defined as an expectation value
of Eq. (2.1) in a state possessing over completeness,
through a path integral representation of the partition
function. In order to construct such a state for the spin-1
system, it is convenient to introduce the Cartesian basis

xly = \%(H 1) —|-1)),
Iﬂ:7§HU+%wx
%) = —i[0), (2.2)

where |m) =|S=1,m) (m=0, £1). In terms of the
Cartesian basis, an arbitrary spin-1 state at a site j can

be expressed as a linear combination |Z); = Z¢(r;)|x%);

where r; stands for the position of the site j, and Z =
(Z2',72,Z*)T is a complex vector of unit length [31,36].
Since the state |Z); satisfies an over-completeness relation,
one can obtain the classical Hamiltonian using the state
1) =®; 12);

—®; Z¢(r;)|x7) . (2.3)

Since Z is normalized and has the gauge degrees of freedom
corresponding to the overall phase factor multiplication, it
takes values in S°/S! ~ CP?. In terms of the basis (2.2), the
SU(3) spin operators can be defined as

m)ap XN,

where 4,, is the mth component of the Gell-Mann matrices.
One can check that they satisfy the SU(3) commutation
relation (1.5). The expectation values of the SU(3) oper-
ators in the state (2.3) are given by

(T7) = n"(r)) = (dn)apZ°(r;) Z" (1)),

where Z¢ denotes the complex conjugation of Z¢. In the
context of QCD, the field n™ is usually termed a color
(direction) field [37]. The color field satisfies the
constraints

™ = (A m=12,..8  (24)

(2.5)

nm,m

n- =

4
n —
3

3
s n :Edmpq

n’n, (2.6)
where d,,,, = 1 Tr(4,{4,.4,}). Consequently, the number
of degrees of freedom of the color field reduces to four.
Note that, combining the constraints (2.6), one can get the
Casimir identity d,,,,n"'n"n = 8/9.

In terms of the color field, the classical Hamiltonian is
given by

H = (ZHZ) = =3 S nl )0y (ry). (27)
(i)

Let us write the position of a site j next to a site i as
r; =r; + acey,, where e; is the unit vector in the kth
direction ¢ = £1, and a stands for the lattice constant.
For a < 1, the field U ijj can be approximated by the
exponential expansion

iaeA? (r))l,,

[

e
2
a

- ?A;?(r,»)A

= ]] + iaeAkm(r,-)?m Z(ri),l\m,l\n + 0(03),

(2.8)

where 1 is the unit matrix and ?m are the generators of

SU(3) in the adjoint representation, i.e., (1), = ifmpq-
In addition, since the model (2.1) is ferromagnetic, it is
natural to assume that nearest-neighbor spins are oriented
in the almost same direction, which allows us to use the
Taylor expansion
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n"(r;) = n"(r;) + aedyn™ (r;) + O(a*). (2.9)
Replacing the sum over the lattice sites in Eq. (2.7) by the
integral a=2 [d’x, we obtain a continuum Hamiltonian,

except for a constant term, of the form

H = é / @x[Tr(Dndyn) — 20Tr(Ay[n, D))

= Tr([Ag. n]?)]. (2.10)
where A; = A}’4,, and n = n"4,. Similar to its SU(2)
counterpart expressed as Eq. (1.2), this Hamiltonian can
also be written as the static energy of an SU(3) gauged CP?
NLo model

J
H :g/dszr(DknDkn), (2.11)

where D;n = Oyn — i[A;, n] is the SU(3) covariant deriva-
tive. Since the Hamiltonian is given by the SU(3) covariant
derivative, Eq. (2.11) is invariant under the SU(3) gauge
transformation

n—gng™, Ay = gAgT +igdgT. (2.12)
where g€ SU(3). Note that, however, since the
Hamiltonian (2.11) does not include kinetic terms for
the gauge field, like the Yang-Mills term, or the Chern-
Simons term, the gauge potential is just a background field,
not the dynamical one. We suppose that the gauge field is
fixed beforehand by the structure of a sample and give the
value by hand, like the SU(2) case. The gauge fixing allows
us to recognize the second term in Eq. (2.10) as a Lifshitz
invariant term.

We would like to emphasize that we do not deal with
Eq. (2.11) as a gauge theory. Rather, we deem it the CP?
NLs model with a Lifshitz invariant, and show the
existence of the exact and the numerical solutions. For
the baby skyrmion solutions we shall obtain, the color
field n approaches to a constant value n, at spatial infinity
so that the physical space R? can be topologically com-
pactified to S?. Therefore, they are characterized by the
topological degree of the map n:R? ~ §? — CP? given by

Q= d*xe; Tr(n[0;n, On]).  (2.13)

32z

Combining with the assumption that the gauge is fixed, it is
reasonable to identify this quantity (2.13) with the topo-
logical charge in our model.

'If one extends the model (2.11) with a dynamical gauge field,
the topological charge is defined by the SU(3) gauge invariant
quantity which is directly obtained by replacing the partial
difference in Eq. (2.13) with the covariant derivative.

III. EXACT SOLUTIONS OF THE SU(3)
GAUGED CP?> NLs MODEL

In this section, we derive exact solutions of the
model with the Hamiltonian (2.11) supplemented by a
potential term. We first remark on the validity of the
variational problem. As discussed in Refs. [20,25] for
the SU(2) case, a surface term, which appears in the
process of variation, cannot be ignored if the physical space
is noncompact and the gauge potential A; does not vanish
at the spatial infinity like the DM term. This problem can
be cured by introducing an appropriate boundary term,
like [20]

HBoundary = :F4p/d2x£jkajTr(nAk)7 (3-1)
where p = J/8. Here the gauge potential A; satisfies

ne.Aj] + éejk[nm, Mo AJl=0,  (32)

where n, is the asymptotic value of n at spatial infinity.
Note that Eq. (3.2) corresponds to the asymptotic form of
the BPS equation, which we shall discuss in the next
subsection. Hence, all field configurations we consider in
this paper satisfy this equation automatically.

Since Eq. (3.1) is a surface term, it does not contribute to
the Euler-Lagrange equation, i.e., the classical Heisenberg
equation. Note that the solutions derived in the following
sections satisfy Derrick’s scaling relation with the boundary
term, which is obtained by keeping the background field A,
intact under the scaling, i.e., E; +2Ey =0, where E;
denotes the energy contribution from the first derivative
terms including the boundary term (3.1) and E; from no
derivative terms.

A. BPS solutions

Recently, it has been proved that the SU(2) gauged
CP' NLo model (1.2) possesses BPS solutions in the
presence of a particular potential term [20,24]. Here, we
show that BPS solutions also exist in the SU(3) gauged
CP? model with a special choice of the potential term,
which is given by

Hyy = +4p / ExTr(nF ), (3.3)

where F; = 0;A; — 0,A; — i[A;, A;]. As we shall see in
the next subsection, the potential term can possess a
natural physical interpretation for some background
gauge field. It follows that the Hamiltonian we study here
reads
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H:p/dszr(DknDkn):|:4p/d2xTr(nF12)
¥ 4p/d2xejk5‘jTr(nAk), (3.4)

where the double-sign corresponds to that of Eq. (3.1).

First, let us show that the lower energy bound of
Eq. (3.4) is given by the topological charge (2.13). The
first term in Eq. (3.4) can be written as

p/dszr(DknDkn)
_P [ Ak :
=3 | &x|Tr(DaDn) + (5 ) Tr([n. Dn]?)
P 2 J ’
:5 deI‘ Djniigjk[n’Dkn]

ip
:I:E/dzxsjkTr(n[Djn,Dkn])

ip
. / d2xe Tr(n[Dn, Dyn]). (3.5)
It follows that the equality is satisfied if
i
Djn:tisjk[n,Dkn] :0, (36)

which reduces to Eq. (3.2) at the spatial infinity. Therefore,
one obtains the lower bound of the form

H > ig/dzx[iejkTr(n[Djn,Dkn]) + 8Tr(nF,)
— 88jk8jTr(nAk>]
= i%/dzxejkTr(n[ajn,Gkn])

= Fl6zpQ, (3.7)
where the corresponding BPS equation is given by
Eq. (3.6). Note that, unlike the energy bound of the
CPV self-dual solutions [7,27], the energy bound (3.7)
can be negative, and it is not proportional to the absolute
value of the topological charge.

As is often the case in two-dimensional BPS equations
[7,20], solutions can be best described in terms of the
complex coordinates z, = x' 4 ix?. Further, we make use
of the associated differential operator and background field
defined as 0. =1(0, Fid,) and A, =1(A, FiA,).
Then, the BPS equation (3.6) can be written as

1
Din —z[n,Din] =0. (38)
Similar to the SU(2) case [20], Eq. (3.8) with a plus sign

can be solved if the background field has the form

A, =ig 'y, (3.9)
where g € SL(3, C). Note that Eq. (3.9) is not necessarily a
pure gauge. Similarly, Eq. (3.8) with the minus sign on the
right-hand side can be solved if A_ = ig~'0_g. For the
background field (3.9), one finds that the BPS equa-
tion (3.8) is equivalent to

O, il — fl=gng™', (3.10)
because, under the SL(3,C) gauge transformation, the
fields are changed as n — #i = gng™' and A, — A+ =
gA, g ' +igd,g~" = 0. In the following, we only consider
Eq. (3.9) to simplify our discussion.

In order to solve the equation (3.10), we introduce a
tractable parametrization of the color field

2 ,
n=—-——UNLU",
V3 e

with U = (Y,Y,,Z) € SU(3), where Z is the continuum
counterpart of the vector Z in Eq. (2.3) and Y, Y, are
vectors forming an orthonormal basis for C* with Z. Up to
the gauge degrees of freedom, the components Y; can be
written as

(3.11)

~2.0.2')"
y, = C202)0

/1 — |ZZ|2 ’

(_22217 1= |ZZ|2, _2223)T

/1 _ |ZZ|2

(3.12)

Therefore, the vector Z fully defines the color field n.
Accordingly, we can write

2

V3

with W = gU = (W, W,, W3) € SL(3,C). It follows that
the field Z, which is the fundamental field of the model, is
given by Z = g~!Wj3. Substituting the field (3.13) into the
equation (3.10), one finds that Eq. (3.10) reduces to the
coupled equation

fi = WasWL, (3.13)

W50, W5 =0

with W;' =Yjg™' (I=1, 2). Since the three vectors
{Y,Y,,Z} form an orthonormal basis, Eq. (3.14) implies
0,.W;3=pW; where the function f is given by
p=pW3'W; = W39, W;. Therefore, the Eq. (3.10) is
solved by any configuration satisfying

D, W5 =0, (3.15)
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where D, ® = 9, ® — (&', )P for arbitrary nonzero
vector . Moreover, we write

W3 =/ |W;]°w,

where w is a three component unit vector, i.e.,
|w|> =w'w = 1. Then, Eq. (3.15) can be reduced to

(3.16)

Dow=0,w—(woww=0, (3.17)
which is the very BPS equation of the standard CP> NLo
model. Thus, a general solution of Eq. (3.15), up to the
gauge degrees of freedom, is given by

w = %, P = (Py(z_), Py(z_). P3(z_))T,

(3.18)
where P has no overall factor, and P, is a polynomial in z_.
Therefore, we finally obtain the solution for the Z field

Z=qg'W;=yq'w=yq'P, (3.19)

where y is a normalization factor.

B. Properties of the BPS solutions

As the BPS bound (3.7) indicates, the lowest energy
solution among Eq. (3.19) with a given background
function g possesses the highest topological charge. In
terms of the explicit calculation of the topological charge,
we discuss the conditions for the lowest energy solutions.

The topological charge (2.13) can be written in terms
of Z as

0= _ZL / dxe'/(D,Z) D}Z. (3.20)
T

We employ the constant background gauge field A, for
simplicity. Then, the matrix ¢ in Eq. (3.9) becomes

g =exp(=idiz,), (3.21)
so that the components of g~! are given by power series in

z,. It allows us to write Eq. (3.20) as a line integral along
the circle at spatial infinity

1
= — C’
0 ZHA;O

with C = —iZ%dZ [27,38], since the one-form C becomes
globally well defined. To evaluate the integral in Eq. (3.22),
we write explicitly

(3.22)

0.6
0.5
04
0.3
0.2
0.1

FIG. 1. Topological charge density of the axial symmetric
solution (3.28) with x = 1.

Gra(24)Py(z2)

X _

zZ= 920 (24)Palz2) |
\/|P1|2+|P2|2+|P3|22a: 5

34 (24)Pa(z2)

(3.23)

where g} is the (a, b) component of the inverse matrix g~'.
Let N, (K,;) be the highest power in P, (g;}). Note that
though g} are formally represented as power series in 7.,
the integers K,, are not always infinite; especially, if a
positive integer power of A, is zero, all of K,, become
finite because ¢! reduces to a polynomial of finite degree
in z,. Using the plane polar coordinates {r,8}, one can
write g, (z, )P,(z_) ~ rNetKea exp[—i(N, — K,,)0)] at the
spatial boundary and find that only the components of the
highest power in r contribute to the integral (3.22). Since
we are interested in constructing topological solitons, we
consider the case when the physical space R?> can be
compactified to the sphere S, i.e., the field Z takes some
fixed value on the spatial boundary. Such a compactifica-
tion is possible if there is only one pair {N,, K,,} giving
the largest sum N, + K, or any pairs {N,, K, }, sharing
the largest sum, have the same value of the difference. For
such configurations, the topological charge is given by

Q=-N,+K,,, (3.24)

where the combination {N,, K,,} yields the largest sum
among any pairs {N_, K,.}. This equation (3.24) indicates
that the highest topological charge configuration is given
by the choice N, = 0 for a particular value of @ which gives
the biggest K,,,.

We are looking for the lowest energy solutions with an
explicit background field. As a particular example, let us
consider

A=k + A +1s), Ay =kl +44—145), (3.25)
where « is a constant. Clearly, this choice yields the
potential term
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(s1y =n’ (52) = —n5 (§3) = n2
' ] i 0.75
5 5 5| . 050
| 0.25
x2 0 0 .. ol i 0
-0.25
5 5 5F . -0.50
. - . -0.75
-5 0 5 -5 0 5 -5 0 5
xl
FIG. 2. The expectation values (S%) for the solution (3.28) with x = 1.
V = 4Tr(nF),) = —16V3x2n8 = 16x2(2 — 3((5%)2)), (& NEos Nos Naos N30s N, N, NS
(3.26) = (0,0,-1,0,0,0,0,1//3). (3.29)

which can be interpreted as an easy-axis anisotropy, or
quadratic Zeeman term, which naturally appears in con-
densed matter physics. In this case, the solution (3.19) can
be written as

Pi(z_) + V2kz, €iP5(z.)
)( . K*Z2 3
7z = ﬁ Py(z_) + ikz Py (z-) + %63“ P3(z_)
P5(z-)
(3.27)

Therefore, the solution with the highest topological charge
is given by P = ay, P, = ayz_ + a3 with a; € C, and P;
being a nonzero constant. Choosing P; = P, = 0, one can
obtain the axially symmetric solution

V2kz, €% )
1 . K
Z = ﬁ %e% 5 A=1 + 2K2Z+Z_ +EZ%,.Z%’
1
(3.28)

which possesses the topological charge Q = 2. Note that
this configuration also satisfies the BPS equation of
the pure CP? NLo model [26,27,31]. Figure 1 shows the
distribution of the topological charge (3.20) of this solution
(3.28) with x = 1. We find that the topological charge
density has a single peak, although higher charge topo-
logical solitons with axial symmetry are likely to possess a
volcano structure, see, e.g., Ref. [39]. These highest charge
solutions give the asymptotic values at spatial infinity of the
color field

It indicates that n takes the vacuum value in the Cartan
subalgebra of SU(3). Hence, the vacuum of the model
corresponds to a spin nematic, i.e., (S') = (§?) = ($%) =0
and {(5%)%) =0, {(8")?) = {(5*)?) = 1. Unlike the pure
CP? model, there is no degeneracy between the spin
nematic state and ferromagnetic state in our model because
the SU(3) global symmetry is broken. As shown in Fig. 2,
the spin nematic state is partially broken around the soliton
because the expectation values (S*) become finite. Figure 3
shows that ((5%)?) of the solution (3.28) are axially
symmetric, although the expectation values (S¢) have
angular dependence.

C. Exact solutions off the BPS point

Note that the Hamiltonian (1.1) with B = 2A admits
closed-form analytical solutions [40]. Further, the CP' BPS
truncation corresponds to the restricted choice of the
parameters, B = 2A = k?. The relation B = 2A is referred
to as the solvable line, whereas the restriction B = 24 = x?
is called the BPS point [25]. Here we show that similar
restrictions occur in our model. For this purpose, we
consider the generalized Hamiltonian

H :HD+HL+HBoundary+l/2Hani+/"2Hp0t7 (330)
where v and p are real coupling constants. Here, Hp
indicates the CP? Dirichlet term, i.c., the first term in the
right-hand side (r.h.s.) of Eq. (2.10), and H; does the
Lifshitz invariant term which is the second term of that.
Explicitly, these and other terms read

Hp = p / ExTr(9,ndym), (331)
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Hy = —2ip/d2xTr(Ak[n,8kn]), (3.32)

Hus == [ @alTe((Ap ) = Te(Ag naP). (333)

Hyy = 4p / EA[Tr(nF ) = Tr(noFr)l,  (3.34)

where A, is a constant background field, as before. Finally,
the boundary term Hgyngary is defined by Eq. (3.1) with the
negative sign in the r.h.s., the same as before. Note that we
also introduced constant terms in Egs. (3.33) and (3.34) in
order to guarantee the finiteness of the total energy. Clearly,
the Hamiltonian (3.30) is reduced to Eq. (3.4) as we
set 2 = p?> = 1.

The existence of exact solutions of the Hamiltonian
(3.30) with > = p? can be easily shown if we rescale
the space coordinates as X — ryX, where r, is a positive
constant, while the background gauge field A; remains
intact. By rescaling, the Hamiltonian (3.30) becomes

H = HD + rO(HL + HBoundary) + r%(l/zHani +M2Hp0t>'

(3.35)

Setting 1> = u? and choosing the scale parameter r, = 172,

one gets
HY™) =Hp+v2(H, +H + Hy + Hp)
=l D L Boundary ani pot/-
(3.36)

Notice that since the solutions (3.19) with P; being
arbitrary constants are holomorphic maps from $° to
CP?, they satisfy not only the variational equations
6Hyz=Mz=1 = 0, but also the equations 6Hp = 0, where
denotes the variation with respect to n with preserving
the constraint (2.6). Therefore, the solutions also satisfy

r():y'2

the equations 6H = 0. This implies that, in the limit

P=2 T

The expectation values ((S%)?) for the solution (3.28) with x = 1.

u? = 1%, the Hamiltonian (3.30) supports a family of exact
solutions of the form

Z(?) = exp[ir*A,z e, (3.37)

where ¢ is a three-component complex unit vector.

Since the solution (3.37) is a BPS solution of the pure
CP? model with the positive topological charge Q, one gets
HplZ(1?)] = 16zpQ. In addition, the lower bound at
the BPS point (3.7) indicates that H,.__[Z(v? = 1)] =
—16zpQ. Combining these bounds, we find that the total
energy of the solution (3.37) is given by

2
Hypop [Z(1?)] = 167rp<1 - —2> 0. (3.38)
1%
Since the energy becomes negative if > < 2, we can expect
that for small values of the coupling 22, the homogeneous
vacuum state becomes unstable, and then separated 2D
skyrmions (or a skyrmion lattice) emerge as a ground state.

IV. NUMERICAL SOLUTIONS

A. Axial symmetric solutions

In this section, we study baby skyrmion solutions of the
Hamiltonian (3.30) with various combinations of the
coupling constants. Apart from the solvable line, no exact
solutions could find analytically, and then we have to solve
the equations numerically. Here, we restrict ourselves to the
case of the background field given by Eq. (3.25).

For the background field (3.25), by analogy with the case
of the single CP' magnetic skyrmion solution, we can look
for a configuration described by the axially symmetric
ansatz

sin F(r) cos G(r)e'® ()
Z = | sinF(r)sin G(r)e'®?)
cos F(r)
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where F' and G (@, and ®,) are real functions of the plane
polar coordinates r ().

The exact solution on the solvable line 2> = y? with axial
symmetry can be written in terms of the ansatz with the
functions

8 4 4
F:tan‘l\/Zz/‘Kzrz—l—y 1<2r ,

some properties of numerical solutions in the extended
model (3.30).

For our numerical study, it is convenient to introduce
the energy unit 8p and the length unit x~!, in order
to scale the coupling constants. Then, the rescaled
components of the Hamiltonian with the ansatz (4.1)
become

Hp = / d’x {F’z + sin’ FG"

3
O =0+, @,=20+2. (4.2)
4 4 sin’F ., <5
+ —5—{®7cos’G + D3sin*G}
Further, the solution (3.28) is given by Eq. (4.2) . r4F
with 2 = 1. This configuration is a useful reference - sm2 (D,c0s2G + D,sinG)? |,  (4.3)
point in the configuration space as we discuss below r
|
d? G P
Hy = _2/_x [\/Ecos <t9 +§— <I>1> {r(cosGF’ - sin2FsinG7> + sin2FcosG7'
r
. . 1 . .
— sin 2Fsin’F cos G(cos>’G®, + sinzG(I)z)} —sin (0 + @, — (I)z){rsinzFG’ + EsinzF sin2G(®; + ®,)
— sin*F sin 2G(cos?G®, + sin?Gd,) H , (4.4)
1 5 . ) ) 1 T\ . . e 0
H, = 3 d“x | 16sin“Fcos~ G4 cos F—Ecos 20, - 0, +Z sin2F sin G + sin“F'sin G
+ sin?2F (1 + 2sin?G) + 8(cos?F — cos’>Gsin’F)? + 4cos?2Gsin*F — 4] , (4.5)
Hpo = 2/ d?x(1 —/3n8) = 6/d2x cos’ F, (4.6)

where the prime ' and the dot " stands for the derivatives with respect to the radial coordinate r and angular coordinate 6,
respectively. The system of corresponding Euler-Lagrange equations for ®@; can be solved algebraically for an arbitrary set

of the coupling constants, and the solutions are

/3
O =0+,
1 +4

3
@2:29-1-7”—1—11175,

(4.7)

where m is an integer. Without loss of generality, we choose m = 0 by transferring the corresponding multiple windings of
the phase @, to the sign of the profile function G. Then, the system of the Euler-Lagrange equations for the profile functions

with the phase factor (4.7) reads

5HD 6HL 25Hani 261—1190t
:0’
5F + 5F—|—1/ 3 +u SF
0Hp OH 25Hani 26HP°t
—o. 4.8
56 T e V56 THsG 9
with
SH 1 +3sin’G  2sin’F
_5FD: 2rF”+2F’—sin2F{rG’2+ L (1+sinzG)2H, (4.9)
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v2 =0.1
v2 =03
v2 =028
Exact solution
(v? =1.5)
r
0.5 1.0 15 2.0 25 3.0

FIG. 4. Plot of the profile functions {F, G} (left) and the topological charge density (right) of numerical solutions for changing the
coupling constant 2 at y*> = 1.5. The gray line indicates the quantities of the exact solution (4.2) on the solvable line.

oH
TFL = —2|2V/2sin2F{—rsin GG’ + cos G + cos G(1 + sin?G)(4cos*F — 1)}
3
— rsin2FG’ — > sin 2F sin 2G + 4 cos Fsin®F sin2G(1 + sin’G) |, (4.10)
OH ani ; 2(ein2 02 i3 2
SE 2r[4+/2 sin Geos?Gsin?F (3 — 4sin?F) — 4 cos Fsin® Fcos?2G
+ 45sin2F{cos’F — sin’ Fcos’G(1 + sin’G)} — sin 2F cos 2F (1 + 2sin’G)], (4.11)
oH
—P% — 67 sin2F, (4.12)
oF
oH in’F sin 2G
S = |2rsinF2G" 4 2r sin2FF'G' + 25in’ FG' ST SINZY 13 osinF(1 + sinG) |, (4.13)
5HL P . / . )
~ = —2[V/2sin?F sin G{2rF' + sin 2F(1 — 3sin’G)}
+ rsin2FF' + sin? F(1 — 3 cos 2G) + sin*F(1 4 3 cos 2G — 2c0s?2G)], (4.14)
6Hani -3 2 : 4 3 . () .
G r[8+v/2 cos Fsin®F cos G(1 — 3sin®G) + 16sin*Fcos?G sin G — sin®2F sin 2G], (4.15)
|
SH where cy and c; are some constants implicitly depending
5 Gp =0. (4.16)  on the coupling constants of the model. To see the behavior

We solve the equations for v # p?> numerically with the
boundary condition

F(0) = G(0) =0, limF(r) = imG(r) = 7/2, (4.17)

which the exact solution (4.2) satisfies. This vacuum
corresponds to the spin nematic state (3.29).

Let us consider the asymptotic behavior of the solutions
of the equations (4.8). Near the origin, the leading terms in
the power series expansion are
(4.18)

X Cpl, G=cgr,

of solutions at large r, we shift the profile functions as
(4.19)

Then, one obtains linearized asymptotic equations on the
functions F and G of the forms

(]:” +}—7—£) +2\/§<Q’ —g) =22 +3u*)F =0,

}"2

(g”+gr—g2> —2\/§<}"’+2f:) =0.

r

(4.20)
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TABLE I

The Hamiltonian and topological charge for the numerical solutions with x> = 1.5 where “Derrick” denotes the value

(Hy, + Hpoundary)/ (W2 H ani + > H 1), which is expected to be —2 by the scaling argument. For? = 1.5, we used the exact solution (4.2)
so that the Derrick and topological charge for 1> = 1.5 are exact values.

Vz H HD HL UzHani ,qupot HBoundary Derrick Q
0.1 -117.47 13.51 —136.48 125.49 5.67 —-125.67 -2.00 2.00
0.3 -34.02 13.41 -53.60 41.37 6.69 —41.89 -1.99 2.00
0.8 —-8.46 13.06 -29.37 14.73 8.82 —15.71 -1.91 2.00
1.5 -4.19 12.57 —16.76 1.09 15.66 —16.76 -2 2

Unfortunately, Egs. (4.20) may not support an analytical
solution. However, these equations imply that the
asymptotic behavior of the profile functions is similar to
that of the functions (4.2), by a replacement 1’k with
(1?4 3u?)/4. Indeed, the asymptotic equations (4.20)
depend on such a combination of the coupling constants,
and there may exist an exact solution on the solvable line
with the same character of asymptotic decay as the
localized soliton solution of the equation (4.8).

To implement a numerical integration of the coupled
system of ordinary differential equations (4.8), we intro-
duce the normalized compact coordinate X € (0, 1] via

1-X
r=—.

< (4.21)

The integration was performed by the Newton-Raphson
method with the mesh point Nygsy = 2000.

In Fig. 4, we display some set of numerical solutions for
different values of the coupling v* at y> = 1.5 and their
topological charge density Q defined through Q =
2z f rQdr. The solutions enjoy Derrick’s scaling relation
and possess a good approximated value of the topological
charge, as shown in Table I. One observes that as the value
of the coupling > becomes relatively small, the function G
is delocalizing while the profile function F is approaching
its vacuum value everywhere in space except for the origin.
This is an indication that any regular nontrivial solution
does not exist 2? = 0.

B. Asymptotic behavior

Asymptotic interaction of solitons is related to the
overlapping of the tails of the profile functions of well-
separated single solitons [3]. Bounded multisoliton con-
figurations may exist if there is an attractive force between
two isolated solitons.

Considering the above-mentioned soliton solutions of
the gauged CP> NLo model, we have seen that the exact
solution (4.2) has the same type of asymptotic decay as any
solution of the general system (4.8). Therefore, it is enough
to examine the asymptotic force between the solutions
on the solvable line (4.2) to understand whether or not
the Hamiltonian (3.30) supports multisoliton solutions of

higher topological degrees. Thus, without loss of general-
ity, we can set y> = 1.

Following the approach discussed in Ref. [3], let us
consider a superposition of the two exact solutions
above. This superposition is no longer a solution of the
Euler-Lagrange equation, except for in the limit of infinite
separation, because there is a force acting on the solitons.
The interaction energy of two solitons can be written as

Ein(R) = Hsp(R) = 2H exaets (4.22)
where Hg,(R) is the energy of two BPS solitons separated
by some large but finite distance R from each other, and
H ... Stands for the static energy of a single exact solution.
Notice that the lower bound of the Hamiltonian (3.30) with
> =12 is given
H=v"H,

vi=pu

o +(1=2)Hp>22(1-2072)Q,  (4.23)
where the equality is enjoyed only by holomorphic sol-
utions. Therefore, we immediately conclude

Hsp(R) Z 2Hexactﬂ (424)
where the equality is satisfied only at the limit R — oo.
It follows that the interaction energy is always positive
for finite separation, and the interaction is repulsive. Since
the exact solution has the topological charge Q = 2, it
implies that there are no isolated soliton solutions with the
topological charge Q > 4 in this model. Note that, however,
as the BPS solution (3.19) suggests, there can exist soliton
solutions with an arbitrary negative charge, which are
topological excited states on top of the homogeneous
vacuum state.

V. CONCLUSION

In this paper, we have studied two-dimensional sky-
rmions in the CP? NLo model with a Lifshitz invariant term
which is an SU(3) generalization of the DM term. We have
shown that the SU(3) tilted FM Heisenberg model turns out
to be an SU(3) gauged CP?> NLo model in which the term
linear in a background gauge field can be viewed as a
Lifshitz invariant. We have found exact BPS-type solutions
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of the gauged CP? model in the presence of a potential term
with a specific value of the coupling constant. The least
energy configuration among the BPS solutions has been
discussed. We have reduced the gauged CP? model to the
(ungauged) CP? model with a Lifshitz invariant by choos-
ing a background gauge field. In the reduced model, we
have constructed an exact solution for a special combina-
tion of coupling constants called the solvable line and
numerical solutions for a wider range of them.

For numerical study, we chose the background field,
generating a potential term that can be interpreted as
the quadratic Zeeman term or uniaxial anisotropic term.
One can also choose a background field generating the
Zeeman term,; if the background field is chosen as A; =
—kA; and A, = kls, the associated potential term is
proportional to (S*). The Euler-Lagrange equation for
the extended CP? model with this background field is
not compatible with the axial symmetric ansatz (4.1).
Therefore, a two-dimensional full simulation is required
to obtain a solution with this background field. This
problem, numerical simulation for nonaxial symmetric
solutions in the CP? model with a Lifshitz invariant, is
left to future study. In addition, the construction of a CP?
skyrmion lattice is a challenging problem. The physical
interpretation of the Lifshitz invariants is also an impor-
tant future task. The microscopic derivation of the SU(3)
tilted Heisenberg model [21] may enable us to understand
the physical interpretation and physical situation where
the Lifshitz invariant appears. Other future work would
be the extension of the present study to the SU(3)

antiferromagnetic Heisenberg model where soliton or
sphaleron solutions can be constructed [41-43].

We restricted our analysis on the case that the additional
potential term yszot is balanced or dominant against the
anisotropic potential term 1?H,;, i.e., > < u>. We expect
that a classical phase transition occurs outside of the
condition, and it causes instability of the solution. At the
moment, the phase structure of the model (3.30) is not clear,
and we will discuss it in our subsequent work.

Moreover, it has been reported that in some limit of a
three-component Ginzburg-Landau model [44,45], and of a
three-component Gross-Pitaevskii model [46,47], their
vortex solutions can be well described by planar CP?
skyrmions. We believe that our result provides a hint to
introduce a Lifshitz invariant to the models, and that our
solutions find applications not only in SU(3) spin systems
but also in superconductors and Bose-Einstein condensates
described by the extended models, including the Lifshitz
invariant.
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