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Black holes of (2 +1)-dimensional f(R) gravity coupled to a scalar field
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We consider f(R) gravity theories in the presence of a scalar field minimally coupled to gravity with a
self-interacting potential in (2 4 1)-dimensions. Without specifying the form of the f(R) function, we first
obtain an exact black hole solution dressed with scalar hair with the scalar charge to appear in the f(R)
function and we discuss its thermodynamics. This solution at large distances gives a hairy Bafiados,
Teitelboim, and Zanelli (BTZ) black hole, and it reduces to the BTZ black hole when the scalar field
decouples. In a pure f(R) gravity supported by the scalar field, we find an exact hairy black hole similar to
the BTZ black hole with phantom hair and an analytic f(R) form and discuss its thermodynamics.
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I. INTRODUCTION

In three-dimensions one of the first exact black holes
with a negative cosmological constant was discussed by
Bafiados, Teitelboim, and Zanelli (BTZ) [1,2]. This sol-
ution came as a surprise in the scientific community, since
in three dimensions the Weyl tensor, describing the dis-
tortion of the shape of a body in the presence of tidal
gravitational force, vanishes by definition while the Ricci
tensor, describing how the volume of the body changes
due to this tital force, vanishes in the absence of matter.
Therefore, since Riemann = Weyl 4+ Ricci we can only
have flat spacetime. In this solution, the existence of a
cosmological constant term and the electromagnetic field
results to a nonzero Ricci tensor allowing in this way the
existence of a black hole solution.

After the discovery of this solution, scalar fields min-
imally and nonminimally coupled to gravity were intro-
duced as matter fields. In [3,4] three dimensional black
holes with a conformally coupled scalar field, being regular
everywhere, were discussed. After these first results other
hairy black holes in three-dimensions were discussed
[5-10]. In [11] three-dimensional gravity with negative
cosmological constant in the presence of a scalar field and
an Abelian gauge field was introduced. Both fields are
conformally coupled to gravity, the scalar field through a
nonminimal coupling with the curvature and the gauge field
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by means of a Lagrangian given by a power of the Maxwell
one. A sixth-power self-interaction potential, which does
not spoil conformal invariance is also included in the
action, resulting in a very simple relation between the
scalar curvature and the cosmological constant. In [12,13]
(2 + 1) dimensional charged black holes with scalar hair
where derived, where the scalar potential is not fixed ad hoc
but instead derived from Einstein’s equations. In [14] exact
three dimensional black holes with nonminimal scalar field
were discussed. Finally, in [15,16], static black holes in
three dimensional dilaton gravity and modifications of the
BTZ black hole by a dilaton/scalar were investigated.

In four dimensions, the first black hole solution with a
scalar field as a matter field was derived by Bocharova,
Bronnikov and Melnikov and independently by
Bekenstein, called BBMB black hole [17]. The scalar field
is conformally coupled to gravity, resulting to the vanishing
of scalar curvature, the metric takes the form of the
extremal Reissner-Nordstrom spacetime and the scalar
field diverges at the horizon. It was also shown at [18]
that this solution is unstable under scalar perturbations.
Later, a scale was introduced to the theory via a cosmo-
logical constant at [19] and also a quartic scalar potential
that does not break the conformal invariance of the action,
resulting at a very simple relation between the scalar
curvature and the cosmological constant. The scalar field
does not diverge at the horizon, but the solution is found
to be unstable [20]. In [21] asymptotically (anti) de Sitter
black holes and wormholes with a self-interacting scalar
field in four dimensions were discussed. Regarding the
minimal coupling case, the first exact black hole solution
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was presented at [22], the MTZ black hole. The scalar
potential is fixed ad hoc, the geometry of the solution is
hyperbolic and the scalar field remains finite at the black
hole horizons. In [23] the electrically charged case is
discussed. In [24], a potential that breaks the conformal
invariance of the action of the MTZ black hole in the Jordan
frame was considered and new black hole solutions where
derived. In [25] the scalar field is fixed ad hoc and novel
black hole solutions are investigated, letting the scalar
potential to be determined from the equations and in [26]
the electrically charged case is considered. In [27,28] black
holes with nonminimal derivative coupling were studied.
However, the scalar field which was coupled to Einstein
tensor should be considered as a particle living outside the
horizon of the black hole because it blows up on the
horizon. Finally, in [29] Plebanski-Demianski solutions in
quadratic gravity with conformally coupled scalar fields
were investigated.

The f(R) theories of gravity were mainly introduced in
an attempt to describe the early and late cosmological
history of our Universe [30—-40]. In particular, following the
recent cosmological observational results the f(R) gravity
cosmological models were used to explain the deceleration-
acceleration transition. This requirement imposed con-
straints on the f(R) models allowing viable choices of
f(R) [41]. These theories exclude contributions from any
curvature invariants other than R and they avoid the
Ostrogradski instability [42] which usually is present in
higher derivative theories [43]. Several black hole solutions
in these theories were found and they either are deviations
of the known black hole solutions of general relativity, or
they possess new properties that should be investigated.
Static and spherically symmetric black hole solutions were
derived in (3 + 1) and (2 + 1) dimensions [44—47], while in
[48-53] charged and rotating solutions were discussed.
Static and spherically symmetric black hole solutions were
investigated with constant curvature, with and without
electric charge and cosmological constant in [54-56]. In
[57] curvature scalarization of black holes in f(R) gravity
was discussed and it was shown that the presence of a scalar
field minimally coupled to gravity with a self-interacting
potential can generate a rich structure of scalarized black
hole solutions, while in [58] exact charged black hole
solutions with dynamic curvature in D-dimensions were
obtained in Maxwell-f(R) gravity theories.

In this work we present, to the best of our knowledge, the
first exact black hole solution in (2 + 1)-dimensions of a
scalar field minimally coupled to gravity in the context of
f(R) gravity. Without specifying the form of the f(R)
function, we first obtain an exact black hole solution
dressed with a scalar hair with the scalar charge to appear
in the metric and in the f(R) function and discuss its
thermodynamics. This solution at large distances gives a
hairy BTZ black hole, and it reduces to the BTZ black hole
when the scalar field decouples. In a pure f(R) gravity

supported by the scalar field, we find an exact hairy black
hole similar to the BTZ black hole with phantom hair and
discuss its thermodynamics.

The work is organized as follows. In Sec. II we derive the
field equations with and without a self-interacting potential
for the scalar field. In Section III we discuss hairy black
hole solutions of the field equations when we have the
Einstein-Hilbert term with curvature corrections and also
black hole solutions when the f(R) is purely supported by
the scalar field. Finally we conclude in Sec. IV.

II. THE SETUP-DERIVATION OF THE
FIELD EQUATIONS

We will consider the f(R) gravity theory with a scalar
field minimally coupled to gravity in the presence of a self-
interacting potential. Varying this action we will look for
hairy black hole solutions. We will show that if this scalar
field decouples, we recover f(R) gravity. First we will
consider the case in which the scalar field does not have
self-interactions.

A. Without self-interacting potential

Consider the action

s= | d3x¢——g{21,<f(R)—;g””8,,¢8y¢}, (1)

where « is the Newton gravitational constant x = 8zG.
The Einstein equations read

1
fRR/w - Eg/wf(R> + g;waR - vyvva = K'le, (2)

where f'(R) = fx and the energy-momentum tensor 7, is
given by

T = 0,000 = 50,070,000 ()

The Klein-Gordon equation reads
Llg = 0. (4)
We consider a spherically symmetric ansatz for the metric

1

ds* = —b(r)df* + b(r)

dr’ + r2d6”. (5)

For the metric above, the Klein-Gordon equation becomes

b(r)

r

D¢:b<r>¢"<r>+¢'<r>(b/<r>+ )=o, (6)

and takes the form of a total derivative
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b(r)¢'(r)r = C, (7)

where C is a constant of integration. In order to have
a black hole, we require at the horizon to have
r=ry — b(ry) = 0. Then, C = 0. This means that either
b(r) = 0 for any r > 0 and no geometry can be formed, or
the scalar field is constant ¢(r) = c. We indeed expected
this behavior, which cannot be cured with the addition of a
second degree of freedom in the metric (5). From the no-
hair theorem [59] we know that the scalar field should
satisfy its equation of motion for the black hole geometry,
thus if we multiply the Klein-Gordon equation by ¢ and
integrate over the black hole region we have

[ exvm0on = [ @xmgvev,e—o. @)

where ~ means equality modulo total derivative terms.
From Eq. (8) one can see that the scalar field is constant.

B. With self-interacting potential

We shown that if the matter does not have self-
interactions then there are no hairy black holes in the
f(R) gravity. We then have to introduce self-interactions
for the scalar field. Consider the action

s= [ @xvmal 3 s ) - 30000 - V) ). ©

The scalar field and the scalar potential obey the following
conditions

¢(r— 0)=0, V(r— o0)=0, V|(/,:0 =0. (10)

Varying the action (9) using the metric ansatz (5) we get the
tt, rr,00 components of Einstein’s equations (for x = 1)
and the Klein-Gordon equation

r(b'(r)fr(r) = fr(r)b"(r) = f(r) + b(r)(2fk(r)
+ @' (r)?) +2V(9)) = fr(r)b'(r) 4 2b(r) f(r) = O,
(11)
b(r)(r(=b'(r)fR(r) + fr(r)b"(r) + f(r) + b(r)@'(r)?
= 2V(@)) + fr(r)b'(r) = 2b(r)f(r)) =0, (12)
— r(2b'(r) fir(r) + b(r)(2f}(r) + @' (r)?) +2V(9))
+ 2fr(r)b'(r) + rf(r) =0,

(rb'(r) + b(r))#'(r) Vi(r)
+b(r)g"(r) -
r ¢'(r)

The Ricci curvature for the metric (5) reads

(13)

—0. (14)

R(r) = _2r) b"(r). (15)

r

From (11) and (12) equations we obtain the relation
between fr(r) and ¢(r)

R(r)+4'(r)? =0, (16)

while the (11) and (13) equations yield the relation between
the metric function b(r) and f(r)

(2b(r) = rb'(r)) fr(r) + fr(r)(b'(r) = rb"(r)) = 0. (17)
Both equations (16), (17) can be immediately integrated
to yield
fr(r)=ci +cor— //¢’(r)2drdr, (18)
K
b(r) =c3r* =12 /7r3fR(r) dr (19)

where ¢, ¢,, c3 and K are constants of integration. We can
also integrate the Klein-Gordon equation

v(r)
=Vo+ / b/ () (r)? + rb(r)' (r)¢" (r) + b(r)(r)?

r

dr.

(20)

Equation (18) is the central equation of this work. First of
all, we recover general relativity for the vanishing of scalar
field and for ¢; = 1, ¢, = 0. We stress the fact that in f(R)
gravity we are able to derive nontrivial configurations for
the scalar field with one degree of freedom as can be seen in
the metric (5). This is not the case in the context of general
relativity, as it is discussed in [16]. There we can see that a
second degree of freedom (Eq. (4) in [16]) must be added
for the existence of nontrivial solutions for the scalar field.
Here, the fact of nonlinear gravity makes fp # const, and
therefore we can have a one degree of freedom metric. The
integration constants c¢; and ¢, have physical meaning. c; is
related with the Einstein-Hilbert term, while ¢, is related to
possible (if ¢, # 0) geometric corrections to general rela-
tivity that are encoded in f(R) gravity. The last term of this
equation is related directly to the scalar field. This means
that the matter not only modifies the curvature scalar R but
also the gravitational model f(R).

III. BLACK HOLE SOLUTIONS

In this section we will discuss the cases where ¢; = 1,
¢, =0 and ¢; = ¢, = 0 for a given scalar field configu-
ration. For the second case to satisfy observational and
thermodynamical constraints we will introduce a phantom
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scalar field and we will reconstruct the f(R) theory, looking
for black hole solutions.

A.c 1= 1, Cr= 0
Equations (18), (19) and (20) are three independent
equations for the four unknown functions of our system,

fr-¢,V,b, hence we have the freedom to fix one of
them and solve for the others. We fix the scalar field

configuration as
A
=4/— 21
) == @)

where A and B are some constants with unit [L], the scalar
charges. We now obtain from Eq. (18) f(r)
A

[ — (22)

fr(r) = SBEr)

where we have set ¢, =0 and ¢, = 1. Therefore, we
expect that, at least in principle, a pure Einstein-Hilbert
term will be generated if we integrate f» with respect to the
Ricci scalar. Now, from Eq. (19) we obtain the metric
function

4BK 8AKr
A—8B (A-8B)?
_ O4AKP <8(B +7) - A)
(A —8B) :

b(r) = c3r* —

23
’ (23)
The metric function is always continuous for positive r
when the scalar charges satisfy 0 < A < 8B. Here we show
its asymptotic behaviors at the origin and space infinity

4BK  8AKr ,

b(r—0) = - -
(r=0=-2"%5 A—sBy
64AK 2 r
T a—ssp " <_A—8B>+O(r3)’ 2
K AK
b(}" o 00) = E ‘I‘E - I‘ZAeff + O(r—Z)’ (25)

where the effective cosmological constant of this solution is
generated from the equations can be read off

1

) = AB A 8B (B 1

192AK In(2)

Mgt = —C3 + —— 2
off = —C3+ (A—8B)°

(26)

It is important to discuss the asympotic behaviors of the
metric function. At large distances, we can see that we
obtain the BTZ black hole where the scalar charges appear
in the effective cosmological constant of the solution.
Corrections in the structure of the metric appear as
O(r™) (where n > 1) terms and are completely supported
by the scalar field. At small distances we can see that the
metric function has a completely different behavior from
the BTZ black hole. Besides the constant and O(r?) terms
there are present O(r) and O(r*In(r)) terms that have an
impact on the metric for small r. Our findings are in
agreement with the work [57] where in four dimensions
Schwarzchild black holes are obtained at infinity with a
scalarized mass term while at small distances a rich
structure of black holes is unveiled. This is expected since
at small distances the Ricci curvature becomes strong and
therefore changing the form of spacetime. The Ricci scalar
and the Kretschmann scalar are both divergent at the origin

16AK
128K>A? 1
K(r—)o):r‘z(th)z‘»‘l’O(rln r), (28)

indicating a singularity at = 0. As a consistency check for
A = 0 we indeed obtain the BTZ [1] black hole solution

K
b(r) :C3r2+5, (29)

which means that for vanishing scalar field we go back to
general relativity. Hence the solution (23) can be regarded
as a scalarized version of the BTZ black hole in the context
of f(R) gravity.

Now we solve the expression of the potential from the
Klein-Gordon equation

(B(4A4(—BZ(K— 18¢5r%) +36B3c3r+12B*c; —4BKr—2Kr*) —64A°B(r*(9B%c; +K)

+Br(18B%c3+ K) +6B*c3) +256A2B(B(6r*(B*c3 + K) +2Br(6B%c; + 5K ) + 4B*c3 + 3B’K)

+30K1In(2)(B+r)*)—A’Bc;(2B*+6Br+3r?) + 64BK (—A*(2B? +6Br+3r2)ln<

)

—8(5A2=32AB+64B2)(B+r)*In(8(B+r)—A)) —4096AB2K (B+ r)*(12In(2)(B+r) + B)

+98304B°K1n(2)(B+r)*) —8A2K(A>=32AB+64B%)(B+7r)*In(r) + 8K(A—8B)*(B+r)’In(B+ r)) . (30)
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the asymptotic behaviors of which are

V(r—-0)=

Kln(r)
 B*(A—38B)

3A(24A%Bcsy — A3cy — 192A(B%cs — KIn(2)) + 512B%¢c5)

+ O(rY), (31)

V(r - o) =

8r(A —8B)3

+0 (%) . (32)

To ensure that the potential vanishes at space infinity, we need to set the integration constant V, at (20) equal to

192K 1n2(5A% — 32AB + 64B%)

0

In addition, there is a mass term in the potential that has the same sign with the effective cosmological constant

= V'(h=0)=

A(A - 83)3 (33)
i <%81;§32) - C3> = %Aefﬁ (34)

which satisfies the Breitenlohner-Freedman bound in three dimensions [60,61], ensuring the stability of AdS spacetime

under perturbations if we are working in the AdS spacetime.

Substituting the obtained configurations into one of the Einstein equations we can solve for f(r)

1
AB?’r(A—8B)*(A—8(B+7))

f(r) =

[B(l92BKrln(2)(5A2 —32AB + 64B%)(A — 8(B + 1))

+ A(A — 8B)?(16Bc3r*(A — 8B) — 2Bc3r(A — 8B)? + 8Kr(A + 8B) — AK(A — 8B)))
+ A2Kr(—(A%* = 32AB + 64B2)) In(r)(A — 8(B + 1))

+Kr(8(B+7r)—A) <64B2 ((SA2 —32AB + 64B2) In(8(B + r) — A) + 2A%In (W))

— (A—8B)*In(B + r))] :

On the other side, the Ricci scalar can be calculated from
the metric function

_ 16AK(=36r(A - 8B) + (A —8B)* + 192r°)
B r(A—8B)*(A—8(B +r))?

384AK 8B+r)—A
(A_8BY ln( p ) — 6c3.

R(r)

(36)

As one can see it is difficult to invert the Ricci scalar and
solve the exact form of f(R), though we have the
expressions of R(r), f(r) and fx(r). Nevertheless we
can still obtain the asymptotic f(R) forms by studying
their asymptotic behaviors

_ AK(A-8B) . 768AKIn(2)
Jlr= o) = =g (A —8B)?
- 4C3 + O <rl5> s (37)

(35)
|
R(r — co) = ~AK(A=8B) | 11524K1n(2)
12874 (A—8B)
— 6C3 + O<l5> s (38)
-
2AK
f(r_’o)—_m-l-@(lnr), (39)
16AK
R(r—0) =gy T Olnn). 40
(r—0) r(A—8B)2+O(nr) (40)
which leads to
384AK In(2
f(R)zR+2C3_(A—783)(3):R—2Aeff, r— 00,
(41)

f(R)zR(]—i) r—0. (42)
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The fact that the Ricci scalar contains logarithmic terms
prevents us from obtaining the nonlinear corrections near the
origin, where we expect the modified part of the f(R) model
to be stronger, since it is supported by the existence of the
scalar field and the scalar field takes its maximum value for
r=0- ¢(0) = \/A/B. To avoid the tachyonic instability,
we check the Dolgov-Kawasaki stability criterion [47] which
states that the second derivative of the gravitational model
frr must be always positive [30-32]. Using the chain rule

7 _de(R)_de(”)ﬂ_fse(")
RR™ 4R — dr dR  R(r)
r’(A-8(B+r))?

" T 128K(A—8B)(B+r)?’

(43)

we can see that the above expression is always positive
for K <0 when the continuity condition 0 < A < 8B is
considered. So far we have not imposed any condition on c3,
therefore the spacetime might be asymptotically AdS or dS
depending on the value of parameter c;

192AK In(2
3> (/\_73;153) >0 asymptotically AdS,  (44)
192AK In(2
c3 < (14—78;53) asymptotically dS. (45)

We can prove that the metric function has at most one root,
which cannot describe a dS black hole. For the asymptoti-
cally AdS spacetime, the condition K < 0 gives an AdS
black hole solution while the condition K > 0 gives the pure
AdS spacetime with a naked singularity at origin. For the
asymptotically dS spacetime, the condition K > 0 gives a
pure dS spacetime with a cosmological horizon. Therefore
pure AdS or dS spacetime described by this solution suffers
from the tachyonic instability, only AdS black holes can
survive from this instability. We plot all the physical
quantities of the AdS black holes in Figs. 1 and 2. In
Fig. 1 we plot the metric function, the potential, the scalar
field, the Ricci scalar, the f(r) and fr functions along
with the A = 0 (BTZ black hole) case in order to compare
them. In Fig. 2 we plot the f(R) model along with
f(R) =R —2A, in order to compare our model with
Einstein’s gravity. For Fig. 2 we used the expression for
the Ricci scalar (36) for the horizontal axes and the
expression for f(r) (35) for the vertical axes.

From Figs. 1 and 2 we can see that the existence of scalar
charge A makes the solution deviate from the GR solution,
and the stronger the scalar charge is, the larger it deviates.
The figure of the metric function shows that the hairy
solution with stronger scalar charge has larger radius of the
event horizon, while its influence on the curvature is
qualitative, from constant to dynamic, with a divergence
appearing at origin. The scalar charge also modifies the

f(R) model and the potential to support such hairy
structures, where the potential develops a well near the
origin to trap the scalar field providing the right matter
concentration for a hairy black hole to be formed. For the
f(R) model, the scalar charge only sets aside a small
distance with the Einstein gravity while the slope changes
little, indicating our f(R) model is very close to Einstein
gravity. We can see that even slight deviations from
general relativity can support hairy structures. The asymp-
totic expressions (41) (42) tell us that at large scale the
scalar field only modifies the effective cosmological con-
stant while at small scale the slope of f(R) can also be
modified, which agrees with the figure of f(R).

Next we study the thermodynamics of this solution. The
Hawking temperature and Bekenstein-Hawking entropy are
defined as [62,63]

_b(ry) _ 2K(B+ry)
T(ry) = 4 ar (A=8(B+r.))’ (46)
S(r) = Z5 Falr)
— d4r, fr(r,) = dnr, (1 - —8(8144— m))’ (47)

where r, is the radius of the event horizon of the AdS black
hole and A = 2zr, is the area of the event horizon, where
the gravitational constant G equals 1/87 since we’ve set
87G = 1. Here in the first expression we have already used
r, to replace the parameter c3. It is clear that the Hawking
temperature and Bekenstein-Hawking entropy are both
positive for K <0 and 0 <A < 8B. We present their
figures in Fig. 3. Figure 3 shows that for the same radius
of the event horizon, the hairy black hole solution owns
higher Hawking temperature but lower Bekenstein-
Hawking entropy. However, with fixed parameters B, c3
and K, the hairy black hole solution has larger radius of the
event horizon, therefore, we plot the entropy inside the
event horizon as a function of the scalar charge A in Fig. 4
to confirm if the hairy solution is thermodynamically
preferred or not. The fact is that hairy black hole solution
is thermodynamically preferred, which owns higher
entropy than its corresponding GR solution, BTZ black
hole, and the entropy grows with the increase of the scalar
charge A. It can be easily understood that the participation
of the scalar field gains more entropy for the black hole.

B. Exact black hole solution with phantom hair

In the previous section, we have set ¢; = 1 and ¢, = 0,
therefore the f(R) model consists of the pure Einstein-
Hilbert term and corrections that arise from the existence of
the scalar field. We have shown that with the vanishing of
scalar field, we obtain the well known results of general
relativity, the BTZ black hole [1].
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FIG. 1. All the physical quantities of the AdS black holes are plotted with different scalar charges A, where other parameters have been
fixed as B=1, K= -5 and ¢5 = 1.

We will now discuss the possibility that the scalar field, n > 0) nature of the scalar field and the double integration,
purely supports the f(R) model by setting ¢, = ¢, =0.  there will be regions where fr < 0. For example for our
From Eq. (18) we can see that due to the O(r™") (where scalar profile (21) the f turns out to be

-20F S

///
///
-25¢
— /// =0
€ _30} ~ T =
= A
= A=0.1
Z
Z -
a5l P A=0.2
dl A=03
z
A=0.4
-40¢
-40 -35 -30 -25 -20
R R

FIG.2. The f(R) function. The black dashed line represents the Einstein gravity f(R) = R — 2A., where other parameters have been
fixedas B=1, K=-5and ¢3 = 1.
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FIG. 3. The Hawking temperature and Bekenstein-Hawking entropy are plotted with different scalar charges A, where other

parameters have been fixed as B =1 and K = -5.
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FIG. 4. The Bekenstein-Hawking entropy as a function of the
scalar charge A, where other parameters have been fixed as
B=1,K=-5and ¢5 = 1.

falr) =g (48)

(B+r)’

which is always negative for A, B > 0. With this form of f
one can derive an exact hairy black hole solution similar to
a hairy BTZ black hole which however has negative
entropy as can be seen from the relation (47).

It is clear that a sign reversal of f(R) can fix the
negative entropy problem. As a result, the sign reversal of
other terms in the action is also required, which leads to a
phantom scalar field instead of the regular one. This
comes in agrement with recent observational results
which they require that at the early universe to explain
the equation of state w < —1 phantom energy is needed to
support the cosmological evolution [64—66]. As it will be
shown in the following, in the pure f(R) gravity theory
the curvature acquires nonlinear correction terms which
makes the curvature stronger as it is expected in the early
universe.

Hence, we consider the following action

S = / d3x\/—_g{%< f(R) + %gﬂ”aﬂrﬁayr/) - V(¢)}’ (49)

which is the action (9) but the kinetic energy of the scalar
field comes with the positive sign which corresponds to a
phantom scalar field instead of the regular one. Under the
same metric ansatz (5), Eq. (16) now becomes

fr(r) =¢'(r)> =0, (50)
and by integration

1) = [ [ #yarar (1)

having set ¢; = 0 and ¢, = 0. With the same profile of the
scalar field, the solution of this action becomes

A
0 =5 (52)
A
fR(r):m, (53)
4BK 8K
b(r) ===+ Tr — AP, (54)
R(r) = 6A — lj—f, (55)
iy _ BABA+4K) 3ABA+8K K (B+tr
()= 8(B+r)?  8B(B+r) _?n<7)’
(56)
2K 2K (B +
flr) ==+ n (%) (57)
_AR_3AA 2K (6ABA—ABR + 16K
/ )_83_43+an< 16K )
(58)
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V) = — K¢* 3A¢*  B’A¢g°  BK¢° m?> =V"(¢p=0) = —%A. (63)
AB 8 8A? 243
+ LS In (L> (59) ~ : 2 ~
B \A-B¢*) The metric function for A = —1/1* (AdS spacetime) and

for A, B > 0 has a positive root, since K < 0. For A = 1/[?

The f(R) model avoids the aforementioned tachyonic ~ (dS spacetime) the metric function is always negative
instability when frr >0, and for the obtained f(R) provided for A, B > 0 and K < 0, therefore we will discuss
function we have only the AdS case.

The horizon is located at

A2r2

frR =g > 0= K <0. (60)
128K(B +7) 21(\/K(4KZ = AB) - 2KI) )
r. = ,
For a particular combination of the scalar charges: " A
B = A/8, the f(R) model is simplified and takes the form:
where we have set A = —1/1>. As we can see, in this f(R)

F(R) =R —6A + 1282K In <1 _ A*(R - 6/\)) (61) gravity theory we have a hairy black hole supported by a
A 128K phantom scalar field.

In Fig. 5 we show the behavior of the metric function

The metric function (54) as we can see, is similar to the b(r), the potential V(r), the dynamical Ricci scalar R(r)

BTZ black hole with the addition of a O(V) term because of and the f(R) function. As can be seen in the case of

the presence of the scalar field, and this term gives Ricci B = A/8, the scalar charge A plays an important role on the

scalar its dynamical behavior. The potential satisfies the  behavior of the above functions. For example if the scalar

conditions charge A is getting smaller values the radius of the horizon
of the black hole is getting larger. This means that even a
V(r— o) =V($—0)=0, (62)  small distribution of phantom matter can support a hairy
black hole.
and also V'(¢ =0) =0. It has a mass term which is Looking at the thermodynamic properties of the model
given by the Hawking temperature at the horizon is given by
80 ‘
0.10
60 A=0.1
A=0.2
_ % A=0.3 1 o008
= — A=04 s
20 1
0.00
0
-20 . -0.05
0 2 4 6 8 10 0 2 4 6 8 10
4
A=0.1
2 A=0.2
A=03
c 0 3
s 2
-2
-4
0.00 [
-6

FIG.5. We plot the metric function, the potential, the Ricci scalar and the f(R) function of the phantom black hole for different scalar
charge A, where other parameters have been fixed as B=A/8, K = —1 and A = —1.
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FIG. 6. The temperature and the entropy at the horizon of the black hole, as functions of the scalar charge A while changing scalar

charge B.

() 2K LT K(4KI* — AB)
r = — =
Y xA 2z nAl ’

(65)

which is always positive for A, B > 0 and K < 0, while the
Bekenstein-Hawking entropy is given by

A
S(ry) = EfR(r-‘r) =4zr fr(ry)
B Ar*ry . n*AKI = 0. (66)
2(B+r.)  \/K@KE—AB)

For the thermodynamic behavior of the hairy black hole
we can see from Fig. 6 that for larger scalar charge A we are
getting smaller temperatures, while the entropy has the
opposite behavior.

IV. CONCLUSIONS

In this work, we considered (2 + 1)-dimensional f(R)
gravity with a self interacting scalar field as a matter
field. Without specifying the form of the f(R) function
we derived the field equations and we showed that
the f(R) model has a direct contribution from the scalar
field. At first we considered the case, where fr(r) =
1 — [ [¢'(r)>drdr, which indicates that if we integrate
with respect to the Ricci scalar we will obtain a pure
Einstein-Hilbert term and another term that depends on the
scalar field. The asymptotic analysis of the metric function
unveiled the physical meaning of our results. At infinity we
obtain a scalarized BTZ black hole. The scalar charges
appear in the effective cosmological constant that is
generated from the equations. Corrections in the form of
spacetime appear as O(r™") (where n > 1) terms that
depend purely on the scalar charges. At the origin we
obtain a different solution from the BTZ black hole, where
O(r) and O(r? In(r)) terms change the form of spacetime.

The scalar curvature is dynamical and due to its com-
plexity it was difficult to obtain an exact form of the f(R)
function. Using asymptotic approximations, we show that
the scalar charges make our theory to deviate form

Einstein’s Gravity. In the obtained results we considered
the Dolgov-Kawasaki stability ctiterion [47] to ensure
that our theory avoids tachyonic instabilities [30-32].
We then calculated the Bekenstein-Hawking entropy and
the Hawking temperature of the solution and we showed
that the hairy solution is thermodynamically preferred since
it has higher entropy.

We then considered a pure f(R) theory supported by the
scalar field. We showed that thermodynamic and observa-
tional constraints require that the pure f(R) theory should
be builded with a phantom scalar field. The black hole
solution we found has a metric function which is similar to
the BTZ solution with the addition of a O(r) term. The
scalar charge is the one that determines the behavior of the
solution. For bigger scalar charge, the horizon radius is
getting smaller meaning that the black hole is formed closer
to the origin. The O(r) term is the one that gives to the
Ricci scalar its dynamical behavior. The obtained f(R)
model is free from tachyonic instabilities. We computed
the Hawking temperature and the Bekenstein-Hawking
entropy to find out that they are both positive, with the
temperature getting smaller with the increase of the scalar
charge while the entropy behaves the opposite way, grow-
ing with the increase of the scalar charge.

In the f(R) gravity theories if a conformal transforma-
tion is applied from the original Jordan frame to the
Einstein frame then, a new scalar field appears which is
coupled minimally to the conformal metric and also a scalar
potential is generated. The resulted theory can be consid-
ered as a scalar-tensor theory with a geometric (gravita-
tional) scalar field. Then it was shown in [67,68], that this
geometric scalar field cannot dress a f(R) black hole with
hair. On the other hand on cosmological grounds, it was
shown in [41] that dark energy can be considered as a
geometrical fluid that adds to the conventional stress-
energy tensor, which means that the determination of the
dark energy equation of state depends on the understanding
of which f(R) theory better fits current data. In our study
we have introduced real matter parametrized by a scalar
field coupled to gravity, therefore, it would be interesting to
study the interplay of the geometric scalar field with the
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matter scalar field and see what are their implications to
cosmology. However, to study this effect we have to extend
this work to a study of (3 + 1)-dimensional f(R) gravity
theories. The main difficulty of constructing such theories
is the complexity of their resulting equations. Nevertheless,
even numerically we can get important information of how
matter is coupled to f(R) gravity and what are the
cosmological implications.

It would be interesting to extent this theory including an
electromagnetic field. In three dimensions the electric
charge makes a contribution to the Ricci scalar, therefore

we expect, like in the BTZ black hole, to find a charged
hairy black hole in f(R) gravity. One could also study the
properties of the boundary CFT, consider a rotationally
symmetric metric anstaz to find rotating hairy black holes
or study hairy axially symmetric solutions from hairy
spherically symmetric solutions [69].
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