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In Einstein-Gauss-Bonnet gravity, for a group of warped product spacetimes, we get a generalized
master equation for the perturbation of tensor type. We show that the “effective metric” or “acoustic metric”
for the tensor perturbation equation can be defined even without a static condition. Since this master
equation does not depend on the mode expansion, the hyperbolicity and causality of the tensor perturbation
equation can be investigated for every mode of the perturbation. Based on the master equation, we study the
hyperbolicity and causality for all relevant vacuum solutions of this theory. For each solution, we give the
exact hyperbolic condition of the tensor perturbation equations. Our approach can also applied to
dynamical spacetimes, and Vaidya spacetime have been investigated as an example.
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I. INTRODUCTION

Lovelock theories are the most general diffeomorphism
covariant theories only involving a metric tensor with
second order equations of motion [1]. In four dimension
and generic values of the coupling constants, the theory
reduces to the General Relativity with a cosmological
constant [2]. The equations of motion of such a theory
in four dimensions are the Einstein equations. However,
when the higher order terms of spacetime curvature exist,
there will be a lot of properties which are different from the
Einstein equations. For example, the gravitational propa-
gation velocity may exceed the speed of light unlike the
Einstein theories where graviton always travels slower than
light [3].
Einstein-Gauss-Bonnet gravity, whose Lagrangian con-

tains the quadratic term of spacetime curvature, as the
lowest Lovelock theory, is a simplest model to display the
difference between the general Lovelock gravity theory and
Einstein gravity theory in higher dimensions. The theory is
fascinating since it has been realized in the low-energy limit
of heterotic string theory [4–7]. Moreover, this theory is
studied in many aspects, such as black holes [8–11] and
AdS=CFT correspondence [12,13]. Also, Einstein-Gauss-
Bonnet theories with a scalar field have been broadly
studied. For example, in Refs. [14–18], the authors show
the massless graviton constraint restricts greatly the func-
tional form of the scalar potential and scalar coupling
function.

It is well known that Einstein equations are second order
quasilinear equations, i.e., the coefficients of the second
order partial derivatives of the metric in the equations of
motion only depend on the metric and the first order partial
derivatives of the metric. However, the equations of motion
of the Einstein-Gauss-Bonnet gravity do not have such a
property. In general, the equations of motion of Einstein-
Gauss-Bonnet gravity are second order full nonlinear
equations but not quasilinear equations. This reason, the
Einstein-Gauss-Bonnet gravity and more general Lovelock
gravity may have very different behaviors from the Einstein
gravity theory in the viewpoint of partial differential
equations.
Many physical systems are described by partial differ-

ential equations. The Cauchy problem is required to be
well-posed by the determinism. The basic causal properties
of a system of partial differential equations are determined
by its characteristic hypersurfaces [19]. As for the Einstein
equations, a hypersurface which is characteristic is equiv-
alent to it is null. This means that gravity travels at the
speed of light in general relativity. In Einstein-Gauss-
Bonnet theory, however, the superluminal propagation of
gravitons will arise because of the noncanonical kinetic
terms [20]. Along the characteristic hypersurfaces, one can
define the effective metric. Izumi has proved some impor-
tant conclusions by using the method of the characteristics
in the Gauss-Bonnet theory [21]. In that paper, he claims
that on an evaporating black hole where the geometrical
null energy condition is expected not to hold, classical
gravitons can escape from the black hole defined with null
curves. This kind of study has close relations to the
hyperbolicity and causality of the gravitational equations.
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In principle, to get the hyperbolicity of the equations of
motion for a given gravity theory, we have to study the
leading partial derivative terms of the equations, and get the
principle symbol which is a matrix in usual. The classi-
fication of the partial differential equations depends on the
property of this matrix. However, in gravity theory, usually,
people are interested in the propagation of a gravitational
fluctuation on a fixed background, i.e., the gravitational
perturbation theory or linearized gravity theory. Although
the linearized gravity theory is very different from the full
theory, it really provides some useful information on the
hyperbolicity and causality of the full theory [22]. So the
study of the gravitational perturbation equation provides a
practical way to investigate the hyperbolicity and causality
of the theory.
It is well known that any gravitational perturbation

theory is gauge dependence. The perturbation variables
between one gauge and another are related by a gauge
transformation. Problems of choosing gauge will be faced
when we study the perturbation of a spacetime. One way is
to find physically preferred gauges. Another way is to use
the gauge-invariant variable, for example, the Kodama-
Ishibashi gauge-invariant variables [23]. By using these
gauge-invariant variables, one can get the master equations
which have tensor, vector, and scalar parts [23–26]. Based
on these, the stability of the higher dimensional black holes
such as Gauss-Bonnet black holes are studied by Takahashi
and Soda [27–29]. A typical way to calculate the effective
metric is using the master equations. This means that one
can determine characteristics from the equations of motion
of linearized perturbations of a background [22,30,31]. In
the paper [30], Papallo and Reall work out a speed limit for
small black holes and investigate a Shapiro time delay in
the Einstein-Gauss-Bonnet theory. In the paper [22], Reall
and Takahashi generalized the result of Izumi [21] to prove
that any Killing horizon is a characteristic hypersurface for
all gravitational degrees of freedom of a Lovelock theory.
They also investigated the hyperbolicity of Ricci flat type N
spacetimes and the static, maximally symmetric black hole
solutions in the Lovelock theory. Beside the method by
gauge-invariant variables, recently, it has been shown that
(weakly coupled) Lovelock and Horndeski theories possess
a well-posed Cauchy problem base on the conventional
harmonic gauge or modified harmonic gauge [32,33].
However, unlike the Kodama-Ishibashi formalism in

Einstein gravity theory, the gauge-invariant gravitational
perturbation in Einstein-Gauss-Bonnet theory and more
general Lovelock theory is far from completed—even the
simplest tensor perturbation is still staying at the static
spacetimes [23]. So, for black hole spacetimes, the study of
the hyperbolicity and causality of the Einstein-Gauss-
Bonnet theory is mainly limited to static cases up to date
[22]. In this paper, we conquer the general master equation
of tensor perturbation for general warped product space-
times in Einstein-Gauss-Bonnet theory. Based on this new

master equation, we show that effective metric of the tensor
perturbation equation defined by Reall in [22] can be
generalized to the cases without a static condition.
Since the new master equation does not depend on

the mode expansion (For example, the expansion by
harmonic tensors on a closed manifold with integers k2 ¼
lðlþ 1Þ � � � which is proportional to the eigenvalues of
Laplacian operator), the hyperbolicity and causality can be
investigated for any mode of the perturbation. This gen-
eralized the method in [22] in which only large l mode has
been studied. Based on the master equation, we study the
hyperbolicity and causality of all relevant vacuum solutions
of the theory. For each solution, we give the exact hyper-
bolic condition of the tensor perturbation equations. For
example, we can give an analytic hyperbolic condition of
the tensor perturbation equation on D ¼ 6 dimensional
black holes background. Our approach can also be applied
to dynamical spacetimes, and Vaidya spacetimes have been
investigated as an example.
The paper is organized as follows. In Sec. II, we give a

brief review on the Einstein-Gauss-Bonnet theory, and the
effective metric defined by Reall, and explain how to get
the effective metric from the master equation of tensor part.
In Sec. III, we calculate the tensor perturbation equations
for a general warped product spacetime instead of the static
solutions. Moreover, we give the condition of keeping the
hyperbolicity of the tensor perturbation equations and give
the condition of the tensor mode which can travel faster
than light. In Secs. IV–VI, according to the classification of
the vacuum solutions in [34], we check the hyperbolicity of
the tensor perturbation equation on three types of space-
times—the Boulware-Deser-Wheeler-Cai solution, the
Nariai-type spacetime, and the dimensionally extended
constant curvature black hole. We also check whether
there are cases that the graviton travels faster than the
light. In the Sec. VII, we apply our methods to investigate
hyperbolicity of the tensor perturbation equation on Vaidya
spacetime which is not a vacuum solution any more.
Section VIII is devoted to conclusion and discussion.
We use the following notion for indices. The capital

letters fM;N; L; P � � �g are the indices for the D ¼ nþ 2-
dimensional spacetime. The lowercase letters a, b are the
indices for the manifold ðM2; gabÞ, while the lowercase
letters fi; j; k; l; � � �g are the indices for the manifold
ðNn; γijÞ. The convention of the curvature is given by
ð∇M∇N −∇N∇MÞvL ¼ RMNLPvP, which is the same as in
the reference [26].

II. BASIC THEORY

A. Einstein-Guass-Bonnet theory

Here, we start by a brief review of Einstein-Gauss-
Bonnet gravity with a cosmological constant [1,2]. The
action in theD-dimensional spacetime with a metric gMN is
given by
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S ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
1

2κ2D
ðR − 2Λþ αLGBÞ

�
þ Smatter; ð2:1Þ

where κD is the coupling constant of gravity, and R and Λ
are the D-dimensional Ricci scalar and the cosmological
constant, respectively. Smatter stands for the matter fields.
The Gauss-Bonnet term is given by

LGB ¼ R2 − 4RMNRMN þ RMNPQRMNPQ: ð2:2Þ
The symbol α is the coupling constant of the Gauss-Bonnet
term. This type of action can be derived from the low-
energy limit of heterotic string theory [4–7]. This reason, α
is considered to be positive. The equation of motion of this
theory is given by

GMN þ αHMN þ ΛgMN ¼ κ2DTMN; ð2:3Þ
where

GMN ¼ RMN −
1

2
gMNR; ð2:4Þ

and

HMN ¼ 2½RRMN − 2RMLRL
N − 2RKLRMKNLþRKLP

M RNKLP�

−
1

2
gMNLGB: ð2:5Þ

The second order tensor TMN, which can be obtained from
Smatter, is the energy-momentum tensor for matter fields. In
the four-dimensional spacetime, the Gauss-Bonnet term

does not make a contribution to the equations of motion
since it is identically a total derivative. It is worth pointing
out that the field equations (2.3) contain up to the second
derivative of the metric just as what the Lovelock theorem
said [1].
Now, we consider a D ¼ 2þ n-dimensional spacetime

ðMD; gMNÞ, which has a local direct product manifold
MD ≅ M2 × Nn and a metric,

gMNdxMdxN ¼ gabðyÞdyadyb þ r2ðyÞγijðzÞdzidzj; ð2:6Þ

where coordinates xM ¼ fy1; y2; z1;…; zng. The two
element tuple ðM2; gabÞ forms a two dimensional
Lorentzian manifold, and ðNn; γijÞ is an n–dimensional
Riemann manifold. The metric compatible covariant deriv-
atives associated with gMN , gab, and γij are denoted by ∇M,
Da, and D̂i, respectively. In the following discussion, the
Riemann manifold ðNn; γijÞ is assumed to be an Einstein
manifold, i.e.,

R̂ij ¼ ðn − 1ÞKγij; ð2:7Þ

where R̂ij is the Ricci tensor of ðNn; γijÞ, and K ¼ 0;�1.
Actually, we will consider more restrictive case in which
this Einstein manifold is a maximally symmetric space, and
K is the sectional curvature of the space.
An (nþ 2)-dimensional spacetime in GB gravity with

the metric (2.6), in which ðNn; γijÞ is an Einstein manifold,
has three groups of field equations

��
1þ 2αðn − 1Þðn − 2ÞK − ðDrÞ2

r2

�
2R − 2ðn − 1Þ

2□r
r

þ ðn − 1Þðn − 2ÞK − ðDrÞ2
r2

− 2Λ

þ 4αðn − 1Þðn − 2Þ
��

2
□r
r

�
2

−
ðDaDbrÞðDaDbrÞ

r2
þ ðn − 3Þðn − 4Þ½K − ðDrÞ2�2

4r4

−
ðn − 3Þ½K − ðDrÞ2�

r2
2
□r
r

�
þ αĈklmnĈ

klmn

r4

�
γij −

4α

r4
Ĉi

klmĈjklm ¼ −2κ2Dpγij; ð2:8Þ
�
1þ 2αðn − 1Þðn − 2ÞK − ðDrÞ2

r2

��
DaDbr −

1

2
2
□rgab

�
¼ −

r
n
κ2D

�
Tab −

1

2
Tcdgcdgab

�
; ð2:9Þ

and

−
2□r
r

þ ðn − 1ÞK − ðDrÞ2
r2

þ 2αðn − 1Þðn − 2Þ½K − ðDrÞ2�
r2

�ðn − 3Þ½K − ðDrÞ2�
2r2

−
2□r
r

�

−
2Λ
n

þ αĈijklĈ
ijkl

nr4
¼ −

κ2D
n
gabTab; ð2:10Þ

where the energy-momentum tensor TMN has been decom-
posed into TMN ¼ diagfTabðyÞ; r2pðyÞγijg. The Weyl
tensor of ðN; γijÞ is denoted by Ĉijkl. In the case of vacuum

and maximally symmetric ðN; γijÞ, i.e., TMN ¼ 0 and
Ĉijkl ¼ 0, similar equations can be found in [34]. It is
worth mentioning that the first equation (2.8) comes from
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the ðijÞ–components of Eq. (2.3), the second equation (2.9)
comes from the traceless part of the ðabÞ–components of
Eq. (2.3), and the third equation (2.10) comes from the
trace part of the ðabÞ–components of Eq. (2.3).

B. Effective metrics

In gravity theory, the so-called “effective metric” or
“acoustic metric” is important to determine the type of the
linearized gravitational equations which are usually second
order partial differential equations. In the following sec-
tions, this kind of discussion will be applied to the Einstein-
Gauss-Bonnet theory. By requiring that the effective metric
to be Lorentzian, the equation of the tensor perturbation is
hyperbolic in the usual sense.
Principally, to study the causality and hyperbolicity of a

gravity theory, we have to consider the full nonlinear
equations of motion of the theory. However, for some
background spacetime, the linear perturbation equations
can provide a lot of information on the hyperbolicity or
causality of the theory, see [22] for details. To understand
the effective metric, let us give a brief review on the
hyperbolicity of a second order differential equations.
Consider a second order linear differential equation for

an N -dimensional vector ϕI in a patch of a spacetime with
a coordinate system fxM;M ¼ 1;…; Dg:

PMNI
J∂M∂Nϕ

J þ PMI
J∂Mϕ

J þ VI
Jϕ

I ¼ 0; ð2:11Þ

where I; J ¼ 1;…;N , and

PMN ¼ ðPMNI
JÞ ¼ ðPNMI

JÞ ¼ PNM;

PM ¼ ðPMI
JÞ; and V ¼ ðVI

JÞ

are N ×N real matrices. For a covector ξ at a point p, the
principal symbol of the equations is given by

Pðp; ξÞ ¼ PMNðpÞξMξN: ð2:12Þ

This is an N ×N matrix and it plays an important role in
the classification of the partial differential equations in
usual theory of differential equation. The characteristic
polynomial Qðp; ξÞ is defined as

Qðp; ξÞ ¼ detPðp; ξÞ: ð2:13Þ

The hypersurface ϕ ¼ const is a characteristic hypersurface
ifQðp; dϕÞ ¼ 0, and the normal vector at each point of the
characteristic hypersurface is called a characteristic direc-
tion. The normal cone at p is defined by the equation
Qðp; ξÞ ¼ 0 at the point p, and it is important in the
discussion of the causality of the theory [19,21,22,35].
For the gravitational theories with the second order

derivatives of metrics, the linearized gravitational equations
can be put into the form (2.11). Of course, now ϕI

corresponds to hMN ¼ δgMN , and the indices I and J
now correspond to ðMNÞ and ðLPÞ respectively.
Actually, this can be realized by rearranging hMN into a
column vector.
In general, the characteristic polynomialQðp; ξÞ is quite

complicated. However, for the metric (2.6) with an max-
imally symmetric space ðNn; γijÞ (especially for a static
case), it is assumed that Qðp; ξÞ can be factorized into a
form

Qðp; ξÞ ¼ ðGM1N1

S ðpÞξM1
ξN1

Þps · ðGM2N2

V ðpÞξM2
ξN2

ÞpV

· ðGM3N3

T ðpÞξM3
ξN3

ÞpT ; ð2:14Þ

where pS, pV , and pT are the number of degrees of freedom
of scalar, vector, and tensor perturbation respectively, and
the second order tensor GMN

S , GMN
V , and GMN

T are the so-
called “effective metric” associated with the scalar, vector,
and tensor perturbation [22].
In the function space formed by hMN, the scalar, vector,

and tensor perturbation of the metric (2.6) belong to three
different subspaces which are orthogonal to each other
[23,36], so we can consider these three kinds of perturba-
tion separately. In the case only the tensor perturbation is
involved, we have

Qðp; ξÞ ¼ ðGMN
T ðpÞξMξNÞpT : ð2:15Þ

Naively speaking, one can say: since the scalar and vector
perturbation are shut down, i.e., pS ¼ 0 ¼ pV , so
Eq. (2.14) reduce to the above equation. According to
the paper [22], a hypersurface is characteristic if, and only
if, it is null with respect to the effective metric GMN

T . The
tensor perturbation equation is hyperbolic if that the
effective metric GMN

T has a Lorentzian signature.
For several static examples, it has been shown that the

factorization (2.14) or (2.15) is really a reasonable
assumption [22]. In this paper, for the tensor perturbation
of the general metric (2.6), we will show that Qðp; ξÞ can
be put into the form (2.15) even without the static condition
if ðNn; γijÞ is maximally symmetric. However, without the
condition of the maximal symmetry of ðNn; γijÞ, we have
no relation (2.15) in general.

III. HYPERBOLICITY AND CAUSALITY OF
GENERAL TENSOR PERTURBATION

EQUATIONS

A. General tensor perturbation equations

Considering a metric perturbation gMN → gMN þ hMN ,
the linear perturbation equations of Gauss-Bonnet gravity
are given by

δGMN þ ΛhMN þ αδHMN ¼ κ2DδTMN; ð3:1Þ
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where δGMN and δHMN are the perturbations of the
Einstein tensor and the Gauss-Bonnet tensor of the space-
time ðMD; gMNÞ respectively, and δTMN is the perturbation
of the energy-momentum tensor.
Here, we will get the effective metric for tensor pertur-

bations around a fixed spacetime with the metric (2.6). The
tensor perturbations around backgrounds [with the Einstein
manifold ðN; γijÞ] are transverse and traceless part of hij
[23], i.e., hij ¼ hTTij , which means that we are considering
perturbation hMN which satisfies

hab ¼ 0; hai ¼ 0; h¼ hii ¼ 0; D̂ihij ¼ 0: ð3:2Þ

It is well known that the above tensor perturbation of the
spacetime with the metric (2.6) is gauge invariant. Of
course the scalar and vector perturbations are quite differ-
ent, to get the gauge invariant perturbation variables, one
has to consider the combinations of different parts of hMN .
Substituting hMN [satisfying (3.2)] into Eq. (3.1), after

lengthy and tedious calculation, the tensor perturbation
equation has the following form

ðPab
ij
klDaDb þ Pmn

ij
klD̂mD̂n þ Pa

ij
klDa þ Vij

klÞ
�
hkl
r2

�
¼ −

2κ2D
r2

δTij; ð3:3Þ

where the detailed expressions for the coefficients Pab
ij
kl, Pmn

ij
kl, Pa

ij
kl, Vij

kl can be found in the Appendix A. When
ðN; γijÞ is maximally symmetric, the Weyl tensor Ĉijkl is vanishing, and we have

Pab
ij
kl ¼ Pabδi

kδj
l;

Pmn
ij
kl ¼ Pmnδi

kδj
l;

Pa
ij
kl ¼ Paδi

kδj
l;

Vij
kl ¼ Vδikδjl; ð3:4Þ

where Pab, Pmn, Pa, V have following forms

Pab ¼ gab þ 4αðn − 2Þ
�
DaDbr

r
þ
�
1

2
ðn − 3ÞK − ðDrÞ2

r2
−

2
□r
r

�
gab

�
; ð3:5Þ

Pmn ¼
�
1þ 2α

�
2R −

2ðn − 3Þ2□r
r

þ ðn − 3Þðn − 4ÞK − ðDrÞ2
r2

��
γmn

r2
; ð3:6Þ

Pa ¼ n
Dar
r

þ 2ðn − 2Þα
�
4
DaDbr

r
þ
�
2R − 2ðn − 1Þ

2
□r
r

þ ðn − 2Þðn − 3ÞK − ðDrÞ2
r2

�
gab

�
Dbr
r

; ð3:7Þ

and

V ¼ 2R − 2ðn − 1Þ
2□r
r

þ nðn − 3ÞK
r2

−
ðn − 1Þðn − 2ÞðDrÞ2

r2
− 2Λ

þ α

�
−4ðn − 1Þðn − 2Þ ðD

aDbrÞðDaDbrÞ
r2

þ 4ðn − 1Þðn − 2Þ
�

2
□r
r

�
2

þ 2nðn − 3ÞK · 2R
r2

− 2ðn − 1Þðn − 2Þ ðDrÞ2 · 2R
r2

− 4nðn − 3Þ2K · 2□r
r3

þ 4ðn − 1Þðn − 2Þðn − 3Þ ðDrÞ2 · 2□r
r3

− 2nðn − 3Þ2ðn − 4ÞK · ðDrÞ2
r4

þ ðn − 3Þðn − 4Þðn2 − 3n − 2ÞK
2

r4
þ ðn − 1Þðn − 2Þðn − 3Þðn − 4Þ

�ðDrÞ2
r2

�
2
�
: ð3:8Þ

So, when ðN; γijÞ is maximally symmetric, the tensor perturbation equation can written as

ðPabDaDb þ PklD̂kD̂l þ PaDa þ VÞ
�
hij
r2

�
¼ −

2κ2D
r2

δTij: ð3:9Þ
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Obviously, this equation reduces to the tensor perturbation
equation in Einstein gravity theory when α is vanishing
[23,26]. In the static case, one can check the above
equations exactly reduce to the one in Ref. [37].

B. Hyperbolicity of the tensor
perturbation equations

Comparing Eq. (3.3) and Eq. (2.11), it is easy to find
that indices I and J correspond to ðijÞ and ðklÞ. We can
rearrange hij ¼ hTTij into a column vector ϕI such that δikδjl

in Eq. (3.3) can be expressed as δIJ. So the characteristic
polynomial Qðp; ξÞ now has a form (2.15), i.e.,

Qðp; ξÞ ¼ ðPMNðpÞξMξNÞpT ;

where PMN can be put into a matrix form

ðPMNÞ ¼
�
Pab 0

0 Q
r2 γ

ij

�
: ð3:10Þ

Here Pab has been defined in Eq. (3.5), and Q is the
coefficient of γij=r2 in Eq. (3.6), i.e.,

Q¼ 1þ2α

�
2R−

2ðn−3Þ2□r
r

þðn−3Þðn−4ÞK− ðDrÞ2
r2

�
:

ð3:11Þ

Since hij ¼ hTTij , the dimension of the vector ϕI is the
number of degrees of freedom of gravitational perturbation,
i.e., we have

pT ¼ 1

2
DðD − 1Þ −D:

Thus the effective metric is nothing but PMN in Eq. (3.10),
i.e., we have

GMN
T ¼ PMN:

It should be noted here: the effective metric is not so simple
if that the Einstein manifold ðN; γijÞ is not maximally sym-
metric, see Appendix A. From now on, we only consider
the cases with maximal symmetry.
The effective metric PMN should be Lorentzian to

maintain the hyperbolicity of the theory. Therefore, we
have to set

P ¼ detðPabÞ < 0; and Q > 0: ð3:12Þ

Inequalities (3.12) are based on the following discussion.
We know the effective metric originally has two choices of
signature to maintain the hyperbolicity of the theory, one is
ð−;þ;þ; � � � ;þÞ and the other is ðþ;−;−; � � � ;−Þ. For the
second choice of signature, a wave equation can be

obtained, but it would describe some gravity theory with
ghost instability [28,29]. This situation can still be rejected
as unphysical due to propagating ghosts. Therefore, to
avoid the appearance of ghosts, we choose the first
signature ð−;þ;þ; � � � ;þÞ.
By using the equations of motion and the null frame

fla; nag, we have (see Appendix B)

P ¼ detðPabÞ

¼ −
�
1 − 2αðn − 2Þ

�
2
□r
r

− ðn − 3ÞK − ðDrÞ2
r2

��
2

þ 16α2ðn − 2Þ2κ4DðTnnTllÞ

×

�
n

�
1þ 2αðn − 1Þðn − 2ÞK − ðDrÞ2

r2

��
−2
; ð3:13Þ

where Tll ¼ Tablalb and Tnn ¼ Tabnanb are the compo-
nents for the energy-momentum tensor along the null
directions. Of course, the above equation is valid only in
the case where

1þ 2αðn − 1Þðn − 2ÞK − ðDrÞ2
r2

≠ 0:

It will be discussed separately when the above condition is
not satisfied (see Sec. VI).
Equation (3.13) suggests that P is always negative or

vanishing for vacuum solutions. When matter fields are
present and satisfy null energy condition, P might be
positive. However, for the radiation matter with a null
direction la or na, P is also nonpositive. This happens in
Vaidya spacetimes.

C. Causality of the tensor perturbation equations

Strictly speaking, if the field equations are hyperbolic,
then a notion of causality is provided by the convex hull of
the characteristic cones of all the physical degrees of
freedom, see [38] for details. This means we should
consider not only the tensor perturbations but also the
scalar and vector perturbations because that causality of the
theory is determined by the outermost null cone among
the cones by the three perturbations [22]. In this paper, only
the tensor perturbation is considered. However, merely
with the help of studying the tensor perturbations, we can
still discuss the speed of a gravitational fluctuation. In other
words, we can check whether tensor perturbation travels
faster than light or not. For simplicity, we suppose

DaDbr −
1

2
2
□rgab ¼ 0: ð3:14Þ

This condition implies that Ka ¼ ϵabDbr corresponds to a
Killing vector field of the spacetime (where ϵab is the
volume element of ðM2; gabÞ). If gravity travels faster than
light, we have
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gMNξMξN < 0; ð3:15Þ

where ξM satisfies the following condition

PMNξMξN ¼ 0: ð3:16Þ

This means that ξM is the a characteristic direction, and
normal cone by gMN is smaller than the normal cone
by PMN [22]. Substituting the PMN in Eq. (3.10) into
Eq. (3.16), we have

�
1 − 2αðn − 2Þ

�
2
□r
r

− ðn − 3ÞK − ðDrÞ2
r2

��
× gabξaξb þQgijξiξj ¼ 0: ð3:17Þ

Since gij ¼ γij=r2 is positive defined, Eq. (3.15) implies
that

gabξaξb < 0: ð3:18Þ

Only in the case Q > 0, it makes sense of discussing the
velocity of the graviton. So we have

1 − 2αðn − 2Þ
�
2□r
r

− ðn − 3ÞK − ðDrÞ2
r2

�
> 0: ð3:19Þ

For convenience, we define

I ¼ 1 − 2αðn − 2Þ
�
2
□r
r

− ðn − 3ÞK − ðDrÞ2
r2

�
: ð3:20Þ

Therefore, from Eqs. (3.15) and (3.17), we arrive at

Q − I > 0: ð3:21Þ

From the expressions of Q and I, it is not hard to find that
Q − I is proportional to α, so we can define

Q − I ¼ 2αJ;

where J is given by

J ¼ 2R − ðn − 4Þ
2
□r
r

− 2ðn − 3ÞK − ðDrÞ2
r2

: ð3:22Þ

It is easy to find that I approaches Q if we take the limit
α → 0. So, under this limit, the gravitational wave travels at
a speed of light. In conclusion, if gravity travels faster than
light, we have the following three conditions

Q ¼ 1þ 2α

�
2R −

2ðn − 3Þ2□r
r

þ ðn − 3Þðn − 4ÞK − ðDrÞ2
r2

�
> 0; ð3:23Þ

I ¼ 1 − 2αðn − 2Þ
�
2□r
r

− ðn − 3ÞK − ðDrÞ2
r2

�
> 0;

ð3:24Þ

and

J ¼ 2R − ðn − 4Þ
2
□r
r

− 2ðn − 3ÞK − ðDrÞ2
r2

> 0: ð3:25Þ

In the following sections, we will discuss the hyperbolicity
and causality of the tensor perturbation equations for exact
solutions in Einstein-Gauss-Bonnet gravity theory. We will
investigate the above three inequalities on these exact
spacetimes.

IV. BOULWARE-DESER-WHEELER-CAI
SOLUTION

The static vacuum solution in Einstein-Gauss-Bonnet
theory has been found long time ago by Boulware and
Deser [8] and Wheeler [9]. The solutions have been
extended to the case with a cosmological constant by
Cai [10] about twenty years ago. The metric of the solution
is given by

ds2 ¼ −FðrÞdt2 þ F−1ðrÞdr2 þ r2γijdzidzj; ð4:1Þ

where

FðrÞ¼Kþ r2

2α̃

"
1∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4α̃

�
2κ2DM
nVK

n

1

rnþ1
þ Λ̃

s �#
: ð4:2Þ

In the above equation, “−” corresponds to the so-called
“general relativity branch” which reduces to the solution in
general relativity when α approaches to zero, while “þ”
corresponds to “Gauss-Bonnet branch” which has no
general relativity limit as α approaches to zero. The
thermodynamic properties of such solution, including its
energy have been studied in [10,11,39]. The parameterM is
mass parameter, and α̃ ¼ ðn − 1Þðn − 2Þα and Λ̃ ¼ 2Λ=
ðnðnþ 1ÞÞ. In the following discussion, it is convenient to
define M̃ as

M̃ ¼ 2κ2DM
nVK

n
;

where VK
n is the volume of the maximally symmetric space

ðN; γijÞ with a unit radius. Since it is a vacuum solution,
from Eq. (3.13), we always have P < 0 (excluding some
special values of P ¼ 0 which form a zero measure set).
Therefore, the hyperbolicity is determined by the sign ofQ.
Some calculation shows
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Q ¼ 1 − 2α

�
F00ðrÞ þ 2ðn − 3ÞF0ðrÞ

r

− ðn − 3Þðn − 4ÞK − FðrÞ
r2

�
: ð4:3Þ

This result is the same as the one in Ref. [31] when n ¼ 3
and n ¼ 4.
Another important thing is to study the existence of the

superluminal modes. Before the detailed discussion, we
give three useful formulas which can be expressed as

QGR þQGB ¼ 0; ð4:4Þ

IGR þ IGB ¼ 0; ð4:5Þ

JGR þ JGB ¼ 0; ð4:6Þ

where GR stands for the general relativity branch while GB
stands for the Gauss-Bonnet branch. It is easy to get the
above equations, and we will not give the proof here. These
results imply that the discussion on the GR branch is
enough. So, in this paper, we only consider the solution
which can reduce to the one in general relativity under the
limit of α → 0.
The details of the solution (4.1) is complicated. For

different values of the parameters, the solution might be a
globally regular solution, a black hole, a naked singularity,
or a branch singularity. The classification of this solution
has been done in [40] and references therein.

A. Black hole solutions

In this subsections, we show that the hyperbolicity is
broken outside the event horizon in some dimensions, for
example D ¼ 6, and this is consistent with the results in
[22]. Beside this, we give the precise conditions when the
hyperbolicity is broken outside the event horizon.
For simplicity, when the event horizon is present, we

introduce three dimensionless quantities, x, a, and λ

x ¼ rþ
r
; a ¼ α̃

r2þ
; λ ¼ r2þΛ̃; ð4:7Þ

where rþ is the radius of the outermost event horizon. Here,
we have assumed α > 0, so a is always positive. By these
definitions, Q, I, and J can be expressed as

Q ¼ 1−
2ax2

ðn− 1Þðn− 2Þ
× ½x2Fxx − 2ðn − 4ÞxFx − ðn− 3Þðn− 4ÞðK − FðxÞÞ�;

ð4:8Þ

I ¼ 1þ 2ax2

ðn − 1Þ ½xFx þ ðn − 3ÞðK − FðxÞÞ�; ð4:9Þ

J ¼ 1

r2
½−x2Fxx þ ðn − 6ÞxFx − 2ðn − 3ÞðK − FðxÞÞ�;

ð4:10Þ

where

FðxÞ ¼ Kþ 1

2ax2

×
n
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλþ ½ð1þ 2KaÞ2 − 1− 4aλ�xnþ1

q o
:

ð4:11Þ

To simplify the discussion, it is convenient to define

Ĵ ¼ r2J ¼ −x2Fxx þ ðn − 6ÞxFx − 2ðn − 3ÞðK − FðxÞÞ:
ð4:12Þ

Note that J and Ĵ have the same sign. Here the Fx denotes
the derivative of FðxÞ with respect to x. It should be noted
here that Fx is negative at x ¼ 1 because rþ is the radius of
the outermost event horizon of the black hole.

1. Λ= 0 and K = 1 case

For n ¼ 3, when M̃ > α̃, there is a black hole horizon.
For n ≥ 4, when M̃ > 0, there is a black hole horizon [40].
Here, we will investigate the sign of Q outside the (out-
most) event horizons of the black holes. In these regions of
the spacetimes, x ∈ ½0; 1�, and Q can be written as

Q ¼ ðn − 3Þðn − 5Þy4 þ 2ðnþ 1Þð2n − 3Þy2 − ðnþ 1Þ2
4ðn − 1Þðn − 2Þy3 ;

ð4:13Þ

where

y ¼ ½1þ 4að1þ aÞxnþ1�12:

Obviously, we have y ∈ ½1; 1þ 2a�. Since the denominator
of Q in Eq. (4.13) is always positive, we will focus on the
numerator of Q, denoted by Q̂, given by

Q̂ðyÞ ¼ ðn− 3Þðn− 5Þy4þ 2ðnþ 1Þð2n− 3Þy2− ðnþ 1Þ2:
ð4:14Þ

We investigate the sign of Q̂ in the following discussion.
The n ¼ 3, 4, 5 and n ≥ 6 will be discussed separately.
For n ¼ 3, it is easy to find that

Q̂ðyÞ ¼ 24y2 − 16 ≥ 24 − 16 ¼ 8 > 0:

So in D ¼ 5, the tensor perturbation is hyperbolic outside
the event horizon of the spacetime.
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For n ¼ 4, we have

Q̂ðyÞ ¼ −y4 þ 50y2 − 25:

This equation implies

(
Q̂ > 0; y ∈ ½1;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
Þ;

Q̂ < 0; y ∈ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
;þ∞Þ:

Therefore, Q̂ is positive for all y ∈ ½1; 1þ 2a� when

1þ 2a <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
:

However, Q̂ is negative if y ∈ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
; 1þ 2a�

when

1þ 2a >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
;

and Q̂ is positive if y ∈ ½1;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
Þ.

For n ¼ 5, we find

Q̂ ¼ 84y2 − 36 ≥ 84 − 36 ¼ 48 > 0:

So, in the case of D ¼ 7, the equation is always hyperbolic
outside the horizon.
For n ≥ 6, from the expression (4.14), it is not hard to

find that Q̂ðyÞ has only one zero point t in ð0;þ∞Þ, where

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5n2 − 20nþ 24

p
− ð2n − 3Þ�

ðn − 3Þðn − 5Þ

s
: ð4:15Þ

However, it is not hard to prove that t < 1. This means that
Q is positive for all y ∈ ½1; 1þ 2a�.
The above discussion shows that tensor perturbation

equation is hyperbolic outside the event horizon for all
possible parameter a if D ≠ 6. The case of D ¼ 6 or n ¼ 4
is very special, the hyperbolicity is maintained outside the
event horizon only when

a ¼ α̃

r2þ
<

1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
− 1

�
≈ 3.0176:

This suggests that the radius of the event horizon of the
black hole has to satisfy

rþ >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α̃=3.0176

p
:

So, to ensure the hyperbolicity of the equation, the black
hole cannot be too small.

2. Λ < 0 and K = 1 case

For n ¼ 3, when M̃ > α̃, there is a black hole horizon.
For n ≥ 4, when M̃ > 0, there is a black hole horizon [40].
Outside the event horizon, we have x ∈ ½0; 1�, and Q has a
form

QðyÞ ¼ ðn − 3Þðn − 5Þy4 þ 2ðnþ 1Þð2n − 3Þð1þ 4aλÞy2 − ðnþ 1Þ2ð1þ 4aλÞ2
4ðn − 1Þðn − 2Þy3 ; ð4:16Þ

where

y ¼ ½1þ 4aλþ 4að−λþ 1þ aÞxnþ1�12: ð4:17Þ

Since x ∈ ½0; 1�, we have y ∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
; 1þ 2a�.

(i) First, let us consider the case with 1þ 4aλ > 0. Similar to the case with Λ ¼ 0, the numerator ofQ in Eq. (4.16) can
be defined as

Q̂ðyÞ ¼ ðn − 3Þðn − 5Þy4 þ 2ðnþ 1Þð2n − 3Þð1þ 4aλÞy2 − ðnþ 1Þ2ð1þ 4aλÞ2: ð4:18Þ

For n ¼ 3, we have

Q̂ðyÞ ¼ 24ð1þ 4aλÞy2 − 16ð1þ 4aλÞ2 ≥ 8ð1þ 4aλÞ2 > 0:

For n ¼ 4, we have

Q̂ðyÞ ¼ −y4 þ 50ð1þ 4aλÞy2 − 25ð1þ 4aλÞ2:

From this equation, we get
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�
Q̂ > 0; y∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
Þ;

Q̂ < 0; y∈ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
;þ∞Þ:

Thus, we have Q̂ > 0 for all y ∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
; 1þ 2a�

when

1þ 2a <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
: ð4:19Þ

However, we have Q̂ < 0 if y ∈ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

25þ 10
ffiffiffi
6

pp
; 1þ 2a� when

1þ 2a >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
;

and Q̂>0 if y∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4aλ

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ10

ffiffiffi
6

pp
Þ.

For n ¼ 5, obviously we have

Q̂ðyÞ ¼ 84ð1þ 4aλÞy2 − 36ð1þ 4aλÞ2
≥ 48ð1þ 4aλÞ2 > 0:

Forn ≥ 6, from the expressionof Q̂ðyÞ in (4.18),we
find that Q̂ðyÞ has only one zero ponit ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p Þt in

ð0;þ∞Þ, where t is given by Eq. (4.15). Noted that
t < 1, we have ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p Þt < ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

. So, we
always have Q > 0 when n ≥ 6.
So, as the case Λ < 0 and K ¼ 1, the D ¼ 6 or

n ¼ 4 is special. If we hope the hyperbolicity is present
outside the event horizon of the black hole, we have to
impose a condition on a and λ, i.e., the inequality
(4.19), seeFig. 1.Thehyperbolicity is broken above the
solid black line.

(ii) Second, when 1þ 4aλ ¼ 0, from x ∈ ð0; 1� we have
y ∈ ð0; 1þ 2a�, and Q has a simple form

Q ¼ ðn − 3Þðn − 5Þy
4ðn − 1Þðn − 2Þ : ð4:20Þ

It is obvious thatQ ¼ 0 when n ¼ 3, 5,Q < 0 when
n ¼ 4, and Q > 0 when n ≥ 6.

(iii) Finally, in the case with 1þ 4aλ < 0, it is not hard to
find

x ∈
��

−ð1þ 4aλÞ
4að−λþ 1þ aÞ

� 1
nþ1

; 1

�
:

then y ∈ ð0; 1þ 2a�. Actually, physically, this case
is not so interesting because the solution has some
(branch) singularity when y approaches to 0. How-
ever, it is also curious to us to that the possibility of
the existence of some wave equation on this strange
background. From the expression of Q̂ðyÞ in
Eq. (4.18) and the condition 1þ 4aλ < 0, it is easy
to find we have Q̂ðyÞ < 0 for n¼3, 4, 5. SoQðyÞ<0
when n ≤ 5. The linearized gravitational wave does
not exist in when D ≤ 7.

For n ≥ 6, Q̂ðyÞ has only one zero point s in
ð0;þ∞Þ, where

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ð1þ 4aλÞ ðnþ 1Þ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5n2 − 20nþ 24

p
þ ð2n − 3Þ�

ðn − 3Þðn − 5Þ

s
: ð4:21Þ

This implies we always have Q < 0 in ð0; 1þ 2a�
when 1þ 2a < s. However, we can get Q > 0 in
ðs; 1þ 2a� when 1þ 2a > s, and Q is still negative

in ð0; sÞ. So, for this background with a branch
singularity, we can get some wave equations
when D ≥ 8.

−3.0 −2.5 −2.0 −1.5 −1.0 −0.5 0.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

FIG. 1. n ¼ 4, the case for Λ < 0 and K ¼ 1. In the shadow
region, inequalities (4.19) and 1þ 4aλ > 0 are satisfied. For a
given λ, we have an upper bound for a. The dotted line is for
a ¼ 3.0176, and this corresponds to the upper bound of a in the
case with Λ ¼ 0 and K ¼ 1.
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3. Λ < 0 and K = 0 case

For any n ≥ 3, when M̃ > 0, there is a black hole horizon
[40]. Consider the region outside the event horizon, then we
have x ∈ ½0; 1�. By defining

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ − 4aλxnþ1

p
;

the Q and Q̂ have the same forms as in Eq. (4.16)
and (4.18).

(i) In the case with 1þ 4aλ > 0, we have y ∈
½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

; 1�. Similar to the case with K ¼ 1,
n ¼ 3, 4, 5, and n ≥ 6 will be discussed separately.
For n ¼ 3, we have

Q̂ðyÞ ¼ 24ð1þ 4aλÞy2 − 16ð1þ 4aλÞ2
≥ 8ð1þ 4aλÞ2 > 0:

For n ¼ 4, we have

Q̂ðyÞ ¼ −y4 þ 50ð1þ 4aλÞy2 − 25ð1þ 4aλÞ2:

This equation implies

(
Q̂ > 0; y∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
Þ;

Q̂ < 0; y∈ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
;þ∞Þ:

So we have Q̂ > 0 for all y in ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
; 1� if

1 <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
: ð4:22Þ

However, Q̂ < 0 for y in ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ10

ffiffiffi
6

pp
;1�

if

1 >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
:

Of course, now we also have Q̂ > 0 for y in

½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
Þ.

For n ¼ 5, we have

Q̂ðyÞ ¼ 84ð1þ 4aλÞy2 − 36ð1þ 4aλÞ2
≥ 48ð1þ 4aλÞ2 > 0:

For n ≥ 6, from the expression (4.18), we find that
Q̂ðyÞ has only one zero point ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p Þt in

ð0;þ∞Þ, where t is the same as the one in
Eq. (4.15). Noted that t < 1, we have
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p Þt < ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

. So we have Q > 0.

Above discussions show thatD ¼ 6 is special, one
might get negativeQ if the condition (4.22) is broken.
The details can be found in Fig. 2. Obviously, for a
given λ, we have an upper bound of a. However, this
upper bound approaches infinity when λ approaches
zero. This is very different from the case withK ¼ 1.
Physically, this suggests: by choosing the value of λ,
the black hole can be arbitrary small without breaking
the hyperbolicity of the tensor perturbation equation.

(ii) In the case with 1þ 4aλ ¼ 0, we have x ∈ ð0; 1�,
and then y ∈ ð0; 1�. Q has a same form as in
Eq. (4.20). It is obvious that Q ¼ 0 when n ¼ 3,
5, and Q < 0 when n ¼ 4, and Q > 0 when n ≥ 6.

(iii) In the case 1þ 4aλ < 0, we have

x ∈
��

1þ 1

4aλ

� 1
nþ1

; 1

�
;

and then y ∈ ð0; 1�. From the expression (4.18) and
the condition 1þ 4aλ < 0, we have we have Q̂ðyÞ <
0 for n ¼ 3, 4, 5. Of course, this also means Q < 0
for n ≤ 5.

For n ≥ 6, Q̂ðyÞ has only one zero point s in
ð0;þ∞Þ, where s is given by Eq. (4.21). Therefore,
when 1 < s, we have Q < 0 in (0, 1]; when 1 > s,
we have Q < 0 in ð0; sÞ and Q > 0 in ðs; 1�.
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FIG. 2. n ¼ 4, the case for Λ < 0 and K ¼ 0. In the shadow
region, inequalities (4.22) and 1þ 4aλ > 0 are satisfied.
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4. Λ < 0 and K = − 1 case

For n ≥ 3, when

M̃ −
1

Λ̃ðnþ 1Þ2
(
2
3
2
−n
2

"
−
ðn − 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − 1Þ2 þ 4α̃ Λ̃ðn − 3Þðnþ 1Þ

q
ðnþ 1ÞΛ̃

#n−3
2

×
h
−1þ 4α̃ Λ̃þnþ 4nα̃ Λ̃þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − 1Þ2 þ 4α̃ Λ̃ðn − 3Þðnþ 1Þ

q i)
> 0; ð4:23Þ

there is a black hole horizon [40]. With this condition, the
outer event horizon is not degenerate. Furthermore, to
ensure the existence of the event horizon, we also have
rþ >

ffiffiffiffiffiffi
2α̃

p
, i.e., a < 1=2. Since the mass parameter M̃ is

not necessary to be positive when K ¼ −1, we will discuss
the hyperbolicity as follows.
(1) Firstly, let us consider the case with positive mass

parameter M̃, i.e., the case with M̃ > 0. M̃ > 0
implies a > 1þ λ. So we get

1þ 4aλ < ð1 − 2aÞ2:

The quantity Q and its numerator Q̂ still have forms
(4.16) and (4.18), but now y is defined as

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλþ 4að−λ − 1þ aÞxnþ1

q
:

(i) If 1þ 4aλ > 0, then y ∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
; 1 − 2a�.

For n ¼ 3 and n ¼ 5, with the same logic, we
have Q̂ > 0, and then Q > 0. For n ¼ 4, we
have

Q̂ðyÞ ¼ −y4 þ 50ð1þ 4aλÞy2 − 25ð1þ 4aλÞ2;
ð4:24Þ

and then

�
Q̂>0; y∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ4aλ
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ10

ffiffiffi
6

pp
Þ;

Q̂<0; y∈ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ10

ffiffiffi
6

pp
;þ∞Þ:

Therefore, Q̂ > 0 for all y in ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
; 1 −

2a� when

1 − 2a <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
: ð4:25Þ

We also have Q̂ < 0 for y in ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

25þ 10
ffiffiffi
6

pp
; 1 − 2a� when

1 − 2a >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
;

and Q̂ > 0 for y in ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

25þ 10
ffiffiffi
6

pp
Þ. For n ≥ 6, we find that Q̂ðyÞ

has only one zero point ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p Þt in
ð0;þ∞Þ. Noted that t < 1, we have
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p Þt < ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

. So, we haveQ > 0.
So theD ¼ 6 is special. To ensureQ > 0, the

allowed parameters have been given in the
shadow region of Fig. 3. The dashed line in
Fig. 3 is for a ¼ 1þ λ. So the region above this
line corresponds to M̃ > 0.

(ii) When 1þ 4aλ ¼ 0, x ∈ ð0; 1�, and then y ∈
ð0; 1 − 2a�. Now Q has a form in Eq. (4.20). It
is obvious that Q ¼ 0 when n ¼ 3, 5, and Q <
0 when n ¼ 4, and Q > 0 when n ≥ 6.
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FIG. 3. n ¼ 4, the case for Λ < 0 and K ¼ −1. In the shadow
region, inequalities (4.25), 1þ 4aλ > 0, a > 1þ λ, and a < 1=2
are satisfied. Above the dashed line, the mass parameter M̃ is
positive. Bellow the solid black line, the hyperbolicity is satisfied
outside the event horizon.
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(iii) When 1þ 4aλ < 0, we have

x ∈
��

−ð1þ 4aλÞ
4að−λ − 1þ aÞ

� 1
nþ1

; 1

�
;

and then y ∈ ð0; 1�. Obviously, we have
Q̂ðyÞ < 0 when n ¼ 3, 4, 5. For n ≥ 6, Q̂ðyÞ
has only one zero point s in ð0;þ∞Þ, where s is
given by Eq. (4.21). Therefore, we have Q < 0
for all y in (0, 1] when 1 − 2a < s. When
1 − 2a > s, we have Q < 0 for y in ð0; sÞ and
Q > 0 for y in ðs; 1 − 2a�.

(2) In the case with M̃ ¼ 0. Noted that 0 ≤ 1þ
4aλ < 1, we have

Q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
≥ 0: ð4:26Þ

(3) In the case with M̃ < 0. Obviously, we have
0 < 1þ 4aλ < 1. M̃ < 0 implies a < 1þ λ, and
we have ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

> 1 − 2a:

Consider the region outside the event horizon, i.e.,
the region with x ∈ ½0; 1�, then we can define

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλþ 4að−λ − 1þ aÞxnþ1

q
:

It is easy to find y ∈ ½1 − 2a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �, and Q̂ has
the same form as the one in (4.18). When K ¼ −1,
the black hole might have inner horizon [40]. Inner
and outer event horizons both exist when

ð2α̃Þn−32 α̃ð1þ 4α̃ Λ̃Þ þ M̃ < 0; ð4:27Þ
and only one event horizon exists when

ð2α̃Þn−32 α̃ð1þ 4α̃Λ̃Þ þ M̃ > 0: ð4:28Þ

For n ¼ 3, we have

Q̂ðyÞ ¼ 24ð1þ 4aλÞy2 − 16ð1þ 4aλÞ2:

This implies

�
Q̂ > 0; y ∈ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ 4aλÞ=3p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �;
Q̂ < 0; y ∈ ð0; ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ 4aλÞ=3p Þ:

Thus, we have Q̂ > 0 for all y in
½1 − 2a;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �when

1 − 2a >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ 4aλÞ=3

p
:

We have Q̂ < 0 for y in ½1 − 2a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ 4aλÞ=3p Þ

when

1 − 2a <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ 4aλÞ=3

p
;

and Q̂ > 0 for y in ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ 4aλÞ=3p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �.
For n ¼ 4, we have

Q̂ðyÞ ¼ −y4 þ 50ð1þ 4aλÞy2 − 25ð1þ 4aλÞ2:

This equation gives

�
Q̂ > 0; y ∈ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

·
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25 − 10

ffiffiffi
6

pp
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �;
Q̂ < 0; y ∈ ð0; ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

·
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25 − 10

ffiffiffi
6

pp
Þ:

So we have Q̂ > 0 for all y in ½1 − 2a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p � when

1 − 2a >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25 − 10

ffiffiffi
6

pq
: ð4:29Þ

However, we have Q̂ < 0 for y in ½1 − 2a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

25 − 10
ffiffiffi
6

pp
Þ when

1 − 2a <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25 − 10

ffiffiffi
6

pq
;

and Q̂ > 0 for y in ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25 − 10

ffiffiffi
6

pp
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �.
For n ¼ 5, we have

Q̂ðyÞ ¼ 84ð1þ 4aλÞy2 − 36ð1þ 4aλÞ2:

This equation tells us we have

�
Q̂ > 0; y ∈ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ð1þ 4aλÞ=7p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �;
Q̂ < 0; y ∈ ð0; ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ð1þ 4aλÞ=7p Þ:

So we have Q̂ > 0 for all y in ½1 − 2a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p � when

1 − 2a >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1þ 4aλÞ=7

p
:

We have Q̂ < 0 for y in ½1 − 2a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1þ 4aλÞ=7p Þ when

1 − 2a <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1þ 4aλÞ=7

p
;

and Q̂ > 0 for y in ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð1þ 4aλÞ=7p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �.
For n ≥ 6, we have

Q̂ðyÞ ¼ ðn − 3Þðn − 5Þy4 þ 2ðnþ 1Þð2n − 3Þð1þ 4aλÞy2
− ðnþ 1Þ2ð1þ 4aλÞ2:

It is obvious that Q̂ðyÞ has only one zero point ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p Þt
in ð0;þ∞Þ, where t is given by Eq. (4.15). Noted that
t < 1, we have ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p Þt < ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

. Therefore, we
have Q̂ > 0 for y in ½1 − 2a;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p � when
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1 − 2a > ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p Þt:

We also have Q̂ < 0 for y in ½1 − 2a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
tÞ when

1 − 2a < ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p Þt;

and Q̂ > 0 for y in ðð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p Þt; ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p �.
So the situation is complicated when M̃ < 0. In this case,

hyperbolicity can be broken outside the event horizon for
all dimensionD ≥ 5. Here, as an example, Fig. 4 forD ¼ 6
or n ¼ 4 has been given to show the details of the range of
the parameters. The dotted line in the shadow region of
Fig. 4 is for the conditions (4.27) and (4.28). When
condition (4.27) is satisfied, the solution has two event
horizon. To ensure rþ is the radius of outer event horizon,
we have to impose a condition FxðxÞ < 0 at x ¼ 1 (noted
that x ¼ rþ=r), and this gives

a > 5λþ 3:

This corresponds to the dot-dashed line in Fig. 4.

5. Λ > 0 and K = 1 case

Although cosmological horizon exists when Λ > 0, the
discussion on the hyperbolicity is similar to the case with
K ¼ 1 and Λ < 0. Maybe the most significant difference is
the existence conditions for the black hole solutions.

For n ¼ 3, when M̃ > α̃ and

1þ 4α̃Λ̃ − 4α̃M̃ > 0;

there is a black horizon. For n ≥ 4

M̃ −
1

Λ̃ðnþ 1Þ2

×

(
2

3
2
−n
2

"ðn− 1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn− 1Þ2 þ 4α̃ Λ̃ðn− 3Þðnþ 1Þ

q
ðnþ 1ÞΛ̃

#n−3
2

×
h
−1þ 4α̃ Λ̃þnþ 4nα̃ Λ̃

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn− 1Þ2 þ 4α̃ Λ̃ðn− 3Þðnþ 1Þ

q i)
< 0; ð4:30Þ

with M̃ > 0, black hole solution exists [40]. The above
inequality suggests a bound on the black hole, i.e., the
radius of black hole horizon must be less than the radius of
cosmological horizon. Outside the event horizon of this
solution, we have x ∈ ½0; 1�. let

y ¼ ½1þ 4aλþ 4að−λþ 1þ aÞxnþ1�12;

then y ∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
; 1þ 2a�. By this definition, the numer-

ator ofQ is the same as the one in Eq. (4.16). ExceptΛ > 0,
all of the discussion and results are the same as the case
with K ¼ 1 and Λ < 0.
For n ¼ 3, n ¼ 5, and n ≥ 6, Q is always positive

outside the black hole horizon. Actually, Q is positive
for x ∈ ½0;þ∞Þ, where þ∞ corresponds to r ¼ 0, i.e., the
singularities of the spacetimes.
D ¼ 6 or n ¼ 4 is also special, the numerator ofQ is still

given by (4.19), so we have

�
Q̂ > 0; y ∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4aλ
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
Þ;

Q̂ < 0; y ∈ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
;þ∞Þ:

Thus, we have Q > 0 for all y ∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
; 1þ 2a� when

1þ 2a <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
: ð4:31Þ

However, we have Q < 0 if y ∈ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

25þ 10
ffiffiffi
6

pp
; 1þ 2a� when

1þ 2a >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pq
;

and Q > 0 if y ∈ ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aλ

p
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 10

ffiffiffi
6

pp
Þ.

It should be point out here: There are two horizons in this
case, i.e., black hole horizon and cosmological horizon.
The parameter x is defined by the radius of black hole
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FIG. 4. n ¼ 4, the case for Λ < 0 and K ¼ −1. In the shadow
region, inequalities (4.23), (4.29), a > 5λþ 3, and a < 1þ λ are
satisfied. Above the dotted line in the shadow region, the black
hole has only one horizon. Bellow this dotted line, the black hole
has two horizons. The dot-dashed line is for a > 5λþ 3. The
solid black line is for the hyperbolicity.

LI-MING CAO and LIANG-BI WU PHYS. REV. D 103, 064054 (2021)

064054-14



horizon, i.e., x ¼ rþ=r, so we have FxðxÞ < 0 at x ¼ 1. For
n ¼ 4, FxðxÞ < 0 at x ¼ 1 gives a constraint

a > 5λ − 3: ð4:32Þ
Above discussion show that D ¼ 6 is special, we have to
impose a condition (4.31) on the parameter a and λ to
ensure the positiveness of Q outside the event horizon. The
allowed range of the parameters have been depicted in
Fig. 5. The black solid line in Fig. 5 is for the condition
(4.31). The region below this line has a positive Q. The
dotdashed line in Fig. 5 is for (4.32).

B. Regular solution

A globally regular solution of the theory only happens
when M̃ ¼ 0 (The case withM ¼ 0, K ¼ −1, and Λ < 0 is

an exception, which has a horizon and has been discussed
in the previous part of the paper). For M̃ ¼ 0, we have

Q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8ðn − 1Þðn − 2ÞαΛ

nðnþ 1Þ

s
: ð4:33Þ

So, for the regular solution, we always have Q ≥ 0. Of
course, the above result also implies

1þ 8ðn − 1Þðn − 2ÞαΛ
nðnþ 1Þ ≥ 0: ð4:34Þ

For Λ ≥ 0, this inequality is obviously right. However, for
Λ < 0, the Gauss-Bonnet coupling α has an upper bound
which can be read out from the above immediately.

C. The existence of superluminal mode

When the tensor perturbation equation is hyperbolic,
there are travel modes in the theory, and we can discuss the
speed of a gravitational fluctuation. In this subsection, we
study the causality of this kind of tensor perturbation.
We investigate the possible superluminal modes by

solving the inequalities (3.23)–(3.25). Actually from these
inequalities, we can get the precise conditions for the
existence of a superluminal mode. For the black hole
solutions of the theory, we find that the superluminal mode
is allowed only in the case with M̃ > 0. Further, the
superluminal mode could exist near the infinity of the
spacetime. These can be found as follows.
Now, we find that I and Ĵ can be expressed as

I ¼ 2aðn − 3ÞðK þ aK2 − λÞxnþ1 þ ðn − 1Þð1þ 4aλÞ
ðn − 1Þ½1þ 4aλþ 4aðK þ aK2 − λÞxnþ1�12 ;

ð4:35Þ

and

Ĵ ¼ 2ðnþ 1ÞðK þ aK2 − λÞxn−1½−aðn − 3ÞðK þ aK2 − λÞxnþ1 þ 1þ 4aλ�
½1þ 4aλþ 4aðK þ aK2 − λÞxnþ1�32 : ð4:36Þ

First, we consider the cases with 1þ 4aλ > 0. With this
condition, we discuss n ¼ 3, n ≥ 4 separately.

(i) For n ¼ 3, we have I > 0. When M̃ > 0, i.e.,
K þ aK2 − λ > 0, we have Ĵ > 0. Therefore,
there is always superluminal mode outside the
black hole horizon if M̃ > 0. When M̃ ≤ 0, i.e.,
K þ aK2 − λ ≤ 0, we always have Ĵ ≤ 0. So the
superluminal mode is absent when M̃ < 0.

(ii) For n ≥ 4, when M̃ > 0, i.e., K þ aK2 − λ > 0, we
have I > 0. By solving Ĵ > 0, we obtain

0 ≤ x <

�
1þ 4aλ

aðn − 3ÞðK þ aK2 − λÞ
� 1

nþ1

: ð4:37Þ

This is the condition for the existence of super-
luminal mode. When M̃ ¼ 0, i.e., K þ aK2 − λ ¼ 0,

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0

20

40

60

80

100

FIG. 5. n ¼ 4, the case for Λ > 0 and K ¼ 1. In the shadow
region, inequalities (4.30), (4.31), and a > 5λ − 3 are satisfied.
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the superluminal mode is absent. Actually, in this
case, we have I > 0 and Ĵ ¼ 0. When M̃ < 0, i.e.,
K þ aK2 − λ < 0, we always have Ĵ < 0 no matter
whether I is positive or not. Therefore, there is no
superluminal mode when M̃ < 0.

In the case with 1þ 4aλ ≤ 0, we always have
K þ aK2 − λ ≥ 0. This suggests that Ĵ ≤ 0. So there is
no superluminal mode in this case.
At the end of this section, based on the exact range in

(4.37), we list the detailed conditions for the existence of
superluminal modes when K ¼ 1, λ ¼ 0, a ¼ 24. When
r > rc, where rc is determined by the rightmost term in the
inequality (4.37), there will be superluminal mode. This
result is consistent with the one in [22].

Dimensions Critical value rc (rþ ¼ 1)

D ¼ 6, n ¼ 4 3.5944
D ¼ 7, n ¼ 5 3.2598
D ¼ 8, n ¼ 6 2.9177
D ¼ 9, n ¼ 7 2.6456

V. NARIAI-TYPE SPACETIME

When r ¼ r0 ¼ constant, equations of motion imply that
2R is a constant. It means that ðM2; gabÞ is a two-dimen-
sional constant curvature spacetime. This kind solution is
called the Nariai-type spacetime [34], and the metric in the
standard coordinates is given by

ds2 ¼ −ð1 − σρ2Þdt2 þ dρ2

1 − σρ2
þ r20γijdz

idzj; ð5:1Þ

where

σ ¼
�ðn − 1Þ þ 2ðn − 1Þðn − 2Þðn − 3ÞαKr−20

r20 þ 2ðn − 1Þðn − 2ÞαK
�
K: ð5:2Þ

From Eq. (2.10), we know that r20 is the real and positive
root of the following algebraic equation

2Λ ¼ nðn − 1ÞK
r20

þ nðn − 1Þðn − 2Þðn − 3ÞαK2

r40
: ð5:3Þ

Of course, this equation does not always exist a real and
positive root r20. The simplest case is the solution with
K ¼ 0. Obviously, Λ and σ have to be vanishing when
K ¼ 0, and r20 is an arbitrary positive constant. So the
solution (5.1) reduces to a very simple form. In the case
with K ≠ 0, the condition for real and positive r20 depends
on the dimension n. For n ¼ 3, this condition is KΛ > 0.
For n ≥ 4, the condition becomes [34]

8<
:

Λ > 0; K ¼ �1;

Λ ¼ 0; K ¼ −1;
−nðn − 1Þ=½8ðn − 2Þðn − 3Þα� < Λ < 0; K ¼ −1:

From the metric (5.1), it is easy to find

2R ¼ 2σ; 2
□r ¼ 0; ðDrÞ2 ¼ 0:

Therefore, P, Q, I, and J have following forms

P ¼ −
�
1þ 2αðn − 2Þðn − 3ÞK

r20

�
2

; ð5:4Þ

Q ¼ r40 þ 4ðn2 − 4nþ 6ÞKr20αþ 4ðn − 1Þðn − 2Þ2ðn − 3ÞK2α2

r20½r20 þ 2αðn − 1Þðn − 2ÞK� : ð5:5Þ

I ¼ 1þ 2αðn − 2Þðn − 3ÞK
r20
; ð5:6Þ

and

J ¼ 4K
r20 þ 2ðn − 1Þðn − 2Þα : ð5:7Þ

Obviously, P can be vanishing only in the case with
negative K. Roughly speaking, we find that the super-
luminal modes appear in the cases K ¼ �1 with some
special α and Λ. Details can be found in the following
subsections.

A. K = 1 case

From the expression (5.4), one has P < 0. It is also easy
to find that (5.5) implies

Q ¼ r40 þ 4ðn2 − 4nþ 6Þr20αþ 4ðn − 1Þðn − 2Þ2ðn − 3Þα2
r20½r20 þ 2αðn − 1Þðn − 2Þ�

> 0; ð5:8Þ

It is easy to find that I and J are both positive when K ¼ 1.
Therefore, there is always superluminal modes in this case.

B. K = 0 case

When K ¼ 0, we have σ ¼ 0 and Λ ¼ 0. The metric can
be represented as
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ds2 ¼ −dt2 þ dρ2 þ r20δijdz
idzj: ð5:9Þ

In this case, P,Q, I, J have very simple forms i.e., P ¼ −1,
Q ¼ 1, I ¼ 1, J ¼ 0. Therefore, there is no superluminal
modes in this case.

C. K = − 1 case

This case is a little bit complicated. However, Eq. (5.4)
implies that P is always nonpositive. Now Q has a form

Q¼ r40 − 4ðn2 − 4nþ 6Þr20αþ 4ðn− 1Þðn− 2Þ2ðn− 3Þα2
r20½r20 − 2αðn− 1Þðn− 2Þ� :

ð5:10Þ

So Q might be negative. From the expressions (5.6) and
(5.7), we find that the signs of I and J depend on the

parameters and dimensions. We will discuss the cases with
Λ ¼ 0, Λ > 0, and Λ < 0 separately.

1. Λ= 0 case

In the case with n ¼ 3, there is a contradiction in
Eq. (5.3). For n ≥ 4, we have r20 ¼ ðn − 2Þðn − 3Þα. In
this case,

Q ¼ −
n2 − n − 10

ðnþ 1Þðn − 2Þ < 0: ð5:11Þ

Since Q < 0 in this case, the discussion of the causality is
meaningless.

2. Λ > 0 case

In this case, Eq. (5.3) gives

r20 ¼
n
4Λ

�
−ðn − 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − 1Þ2 þ 8Λ

n
ðn − 1Þðn − 2Þðn − 3Þα

r �
: ð5:12Þ

It is not hard to find that there is no α and Λ satisfying the condition P < 0 and Q > 0. So Q is always negative, the tensor
perturbation equation is not hyperbolic.

3. Λ < 0 case

In this case, Eq. (5.3) tells us

r20 ¼
n
4Λ

�
−ðn − 1Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − 1Þ2 þ 8Λ

n
ðn − 1Þðn − 2Þðn − 3Þα

r �
: ð5:13Þ

Solving the condition P < 0, Q > 0, I > 0 and J > 0, we have the following results:

Dimenion Hyperbolicity condition Causality condition

n ¼ 3 αΛ < − 3
4
or − 1

4
< αΛ < 0 − 1

4
< αΛ < 0

n ≥ 4 (þ) − nðn−1Þ
8ðn−2Þðn−3Þ < αΛ < MðnÞ − nðn−1Þ

8ðn−2Þðn−3Þ < αΛ < MðnÞ
n ≥ 4 (−) − nðn−1Þ

8ðn−2Þðn−3Þ < αΛ < − nðnþ1Þ
8ðn−2Þðn−1Þ or NðnÞ < αΛ < 0 NðnÞ < αΛ < 0

In the above table, (þ) and (−) correspond to the sign � in (5.13), and

MðnÞ ¼ −nðn4 − 6n3 þ 7n2 þ 16n − 36Þ − 2nðn − 4Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5n2 − 20nþ 24

p

8ðn − 1Þðn − 2Þ3ðn − 3Þ ; ð5:14Þ

NðnÞ ¼ −nðn4 − 6n3 þ 7n2 þ 16n − 36Þ þ 2nðn − 4Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5n2 − 20nþ 24

p

8ðn − 1Þðn − 2Þ3ðn − 3Þ : ð5:15Þ

In the “ðþÞ” case of n ≥ 4, it is easy to find that the range of αΛ become narrower and narrower when n increases. It is also
not hard to find that MðnÞ and NðnÞ are both monotonically increase when n ≥ 5. Therefore, if

−
1

8
< αΛ < 0;

the hyperbolicity and causality will be satisfied in all dimensions.
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VI. DIMENSIONALLY EXTENDED CONSTANT
CURVATURE BLACK HOLE

Consider the equations of motion, especially the
Eq. (2.9), when

1þ 2α̃
K − ðDrÞ2

r2
¼ 0;

one gets a solution with 1þ 4α̃Λ̃ ¼ 0. This corresponds to
the dimensionally extended constant curvature black hole
given by Banados, Teitelboim and Zanelli [34,41]. This
kind of solution is given by

ds2 ¼ −hðrÞe2δðt;rÞdt2 þ h−1ðrÞdr2 þ r2γijdzidzj; ð6:1Þ

where

hðrÞ ¼ K þ r2

2α̃
; ð6:2Þ

and δðt; rÞ is an arbitrary function. For this spacetime, we
find that P is always vanishing, and

Q¼−2α
�
3h0δ0 þ 2hδ00 þ 2hðδ0Þ2þ 2ðn− 3Þhδ

0

r

�
; ð6:3Þ

where 0 stands for ∂=∂r. Obviously,Q is also vanishing if δ
does not depend on r, i.e., δ ¼ δðtÞ. So the principle
symbol for the tensor perturbation equation in this back-
ground is totally degenerated.
Here we show why that P is always vanishing. From the

solution, it is not hard to find

DaDbrDaDbr ¼ 1

2
½ðh0Þ2 þ 2hh0δ0 þ 2h2ðδ0Þ2�: ð6:4Þ

By using

2
□r ¼ h0 þ hδ0; ð6:5Þ

we get

DaDbrDaDbr ¼ 1

2

�
ð2□rÞ2 þ 1

2
h2ðδ0Þ2

�
: ð6:6Þ

Therefore, substituting this result into the expression (B5)
in Appendix B, we obtain

P ¼ 4ðn − 2Þ2
r2

α2h2ðδ0Þ2

−
�
1 − 2αðn − 2Þ

�
2
□r
r

− ðn − 3ÞK − ðDrÞ2
r2

��
2

:

ð6:7Þ

Consider that function h is given by (6.2), we obtain P ¼ 0.
With the above relations, we also get the expression of Q,
i.e., Eq. (6.3).
The above calculation shows the tensor perturbation

equation is not hyperbolic in this case, and there is no
gravitational wave on this dimensionally extended constant
curvature black hole spacetime.

VII. VAIDYA SPACETIMES

A Vaidya spacetime is a solution of the theory with
radiation matter, the metric of the spacetime can be
expressed as

ds2 ¼ −Fðv; rÞdv2 þ 2dvdrþ r2γijdzidzj: ð7:1Þ

In general, the energy-momentum tensor of the radiation
matter satisfy

Tll ≠ 0; and Tnn ¼ 0;

or

Tll ¼ 0; and Tnn ≠ 0:

Therefore, from Eq. (3.13), we have P ≤ 0. From the above
metric, we have

2R ¼ −F00; 2
□r ¼ F0; ðDrÞ2 ¼ F; ð7:2Þ

where 0 stands for ∂=∂r as before. Substituting the
quantities in (7.2) into Eq. (3.11), we can get

Q ¼ 1þ 2α

�
−F00 − 2ðn − 3ÞF

0

r
þ ðn − 3Þðn − 4ÞK − F

r2

�
;

ð7:3Þ

where

Fðv; rÞ ¼ K þ r2

2α̃

"
1 ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8κ2Dα̃MðvÞ

nVK
n rnþ1

þ 4α̃Λ̃

s #
: ð7:4Þ

The trapping horizon or apparent horizon of Vaidya
spacetime is given by Fðv; rÞ ¼ 0, and we can get the
radius of the apparent horizon rAðvÞ. Instead of the radius
of event horizon rþ in Eq. (4.7), in the untrapped region of
the spacetime, the radius of the apparent horizon rAðvÞ can
be used to define x, a, and λ, i.e., we have

x ¼ rA
r
; a ¼ α̃

r2A
; λ ¼ r2AΛ̃:

Although these quantities depend on v, in the discussion of
the hyperbolicity and causality, the algebraic structure is the
same as the case of the static, and we can get nearly the
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same conclusions as the static cases. We will not repeat this
kind of discussion here.

VIII. SUMMARY AND DISCUSSION

In this paper, we have obtained the general master
equations of tensor type for the warped spacetimes with
the metric (2.6), i.e., Eq. (3.3) or Eq. (3.9). These new
master equations do not depend on the mode expansion. Of
course, one can introduce the harmonic tensor T ij on the
maximally symmetric space ðN; γijÞ [42], i.e., the functions
satisfying

Δ̂T ij ¼ ð−k2 þ 2nKÞT ij;

and expand hij ¼ hTTij as hij=r2 ¼ hTT ij (the summation on
k implied), then we can get the equation for each mode hT .
Actually, in Appendix A, we have get the more general
master equations (A30) for the D ¼ mþ n dimension
warped spacetimes in which ðN; γijÞ is an Einstein
manifold.
Based on the master equation, especially the effective

potential in [37], Reall has provided a smart way to study
the hyperbolicity and causality of the perturbation equa-
tions in Einstein-Gauss-Bonnet theory [22]. This method is
focused on the large k limit in the mode expansion. Now,
from our formula (3.9), it is obvious this limit can help
people extract the information about PijD̂iD̂j from the
effective potential. However, this also implies the method is
only valid for the large kmodes. This is not necessary in the
discussion based on our new master equations.
Furthermore, by using this new master equation, we

show that effective metric or acoustic metric of the tensor
perturbation equation defined by Reall in [22] can be
generalized to the cases without a static condition. In fact,
we have get the effective metric PMN in Eq. (3.10). With
this effective metric in hand, we can study the hyperbolicity
and causality of the tensor perturbation on all vacuum
solutions of the theory. We have given the explicit con-
ditions that PMN is Lorentzian, i.e., Q > 0 in Eq. (3.23).
Under the assumption (3.14), when condition (3.24) and
(3.25) are satisfied, the causality is broken, and super-
luminary mode exists.
For each vacuum solution which can be written in the

form of Eq. (2.6), the exact hyperbolic condition of the
tensor perturbation equations has been given. Among
the black hole solutions, when M̃ > 0 and 1þ 4α̃ Λ̃ > 0,
D ¼ 6 or n ¼ 4 is very special because the hyperbolicity
might be an issue outside the event horizon only in this
case. We have found the analytic hyperbolic condition of
the tensor perturbation equation on this background. In the
case Λ ¼ 0, only K ¼ 1 solution exists, and we find that
hyperbolicity can be broken outside the event horizon,
when the black hole is small enough, i.e.,

rþ <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α̃=3.0176

p
¼ 1.4101

ffiffiffi
α

p
:

This point has been noticed by Reall in [22]. Here, we have
found the precise value of rþ in the hyperbolic condition. In
the case of Λ < 0, K ¼ 1, we find the constraint by the
hyperbolicity becomes tighter when jΛj increases.
However, in the case of Λ < 0, K ¼ 0, the situation is
quite different: the radius of the black hole can be arbitrary
small without breaking the hyperbolicity outside the event
horizon if we turn down the abstract value of the cosmo-
logical constant. For the positive Λ, the hyperbolic con-
dition also provide constraint of the parameter α, and
detailed constraints have been depicted in the figures of the
paper. It should be noted here, for Λ < 0 and K ¼ −1, in
the case where mass parameter M̃ < 0, the situation is
complicated, and the hyperbolicity of the tensor perturba-
tion might be broken for all D ≥ 5. Although the case of
1þ 4α̃Λ̃ < 0 is not so physically attractive, for the com-
pleteness of the paper, we have also studied this situation
with a very short discussion. For this background space-
time, some wave equations exist when the spacetime
dimension is greater than seven, i.e., D > 7.
Nariai type solutions and dimensionally extended con-

stant curvature black hole solutions are also considered in
this paper, and the constraints by the hyperbolicity and
causality on the tensor perturbation have been given
explicitly. Our approach can also applied to dynamical
spacetimes, and Vaidya spacetime have been investigated
as an example.
We have discussed the case m ¼ 2, but from the

Eq. (A30) in Appendix A, we can also discuss the cases
with m ¼ 1, and m > 2. For instance, the case with m ¼ 4,
which is interested for many people. For example, our
formulas can be used to the special Kaluza-Klein compac-
tification in [43,44], in which the topology of the spacetime
is locally MD ≅ M4 × Nn with a maximally symmetric
space Nn with negative sectional curvature.
On the other hand, the approach of using the effective

metric to study the hyperbolicity and the causality can be
applied to other gravity theories, for example, scalar-tensor
gravity and FðRÞ gravity theories.
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APPENDIX A: MORE GENERAL TENSOR
PERTURBATION EQUATIONS

1. Background spacetimes

In this Appendix, we derive the perturbation equation for
a general warped spacetime MD ≅ Mm × Nn with metric
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gMNdxMdxN ¼ gabðyÞdyadyb þ r2ðyÞγijðzÞdzidzj; ðA1Þ

where coordinates xM ¼ fy1; � � � ym; z1;…; zng. The tuple
ðMm; gabÞ forms a m−dimension Lorentzian manifold, and
ðNn; γijÞ is an n–dimensional Riemann manifold. This
Riemann manifold ðNn; γijÞ is also assumed to be an
Einstein manifold, i.e., the Ricci tensor is given by
Eq. (2.7). As in Sec. II, the metric compatible covariant
derivatives associated with gMN , gab, and γij are denoted by
∇M, Da, and D̂i, respectively.
According to the metric (A1), we get the nontrivial

components of Riemann tensor RMNL
K as follows:

Rabc
d ¼ mRabc

d;

Raib
j ¼ −

DaDbr
r

δji ;

Rijk
l ¼ R̂ijk

l − ðDrÞ2ðδljγki − δliγkjÞ: ðA2Þ

Here, mRabc
d and R̂ijk

l are the Riemann tensors of
ðMm; rabÞ and ðNn; γijÞ, respectively, and ðDrÞ2 ¼
gabDarDbr. Utilizing Eqs. (A2), we obtain the nonvan-
ished components of the Ricci tensor of the spacetime
ðMD; gMNÞ, which are given by

Rab ¼ mRab − n
DaDbr

r
;

Rij ¼
�
−

m
□r
r

þ ðn − 1ÞK − ðDrÞ2
r2

�
r2γij: ðA3Þ

Then the scalar curvature of the spacetime has a form

R ¼ mR − 2n
m
□r
r

þ nðn − 1ÞK − ðDrÞ2
r2

: ðA4Þ

In the above Eqs. (A2)–(A4), mR and mRab are the scalar
curvature and the Ricci tensor of the manifold ðMm; gabÞ,
respectively. The symbol 2

□ ¼ gabDaDb is the
d’Alembertian in ðMm; gabÞ. With the metric (A1), any
energy-momentum tensor TMN can be decomposed into

TMN ¼ diagfTabðyÞ; r2pðyÞγijg;

in which both Tab and p only depend on the coordi-
nates fyag.

2. General tensor perturbation equations

For the background spacetime with the metric (A1), we
discuss the tensor perturbation by setting

hab ¼ 0; hai ¼ 0;

δTab ¼ 0; δTai ¼ 0; ðA5Þ

and the tensor hij is transverse trace free i.e., D̂
ihij ¼ 0, and

h ¼ gMNhMN ¼ gijhij ¼
γijhij
r2

¼ r2γijhij ¼ 0: ðA6Þ

As a result, in Einstein-Gauss-Bonnet gravity theory, the
nontrivial components of the perturbation equation (3.1)
are

δGij þ Λhij þ αδHij ¼ κ2DδTij: ðA7Þ

To get the detailed forms of these equations, we have to
calculate the perturbation of the geometric quantities
associated to the spacetime. Consider the perturbation of
the metric gMN → gMN þ hMN , one can get

δRMNL
P ¼ −

1

2
½ð∇M∇N −∇N∇MÞhLP þ ð∇M∇LhNP

−∇N∇LhMPÞ − ð∇M∇PhNL −∇N∇PhMLÞ�;
ðA8Þ

and

δRMNLP ¼ gSPδRMNL
S þ RMNL

ShSP:

By using Eq. (A5) and Eq. (A8), we find that the
perturbation of the Riemann tensor satisfies

δRabcd ¼ 0; ðA9Þ

δRaibj ¼
2DarDbr

r2
hij −

1

2

�
DarDbhij

r
þDbrDahij

r
þ r2DaDb

�
hij
r2

��
−
DaDbr

r
hij; ðA10Þ

and

δRijkl ¼
r2γml

2
ðR̂ijn

mhkn þ R̂ijk
nhnmÞ −

r2γml

2

�
D̂iD̂khjm − D̂jD̂khjm −

1

r2
D̂iD̂

mhjk þ
1

r2
D̂jD̂

mhik

�

−
r2γml

2
Dar

�
rγikDahjm − rγjkDahim −

δmi
r
ðDahjkÞ þ

δmj
r
ðDahikÞ

�
þ ðDrÞ2ðγkjhil − γkihjlÞ: ðA11Þ
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The perturbation of the Ricci tensor can be put into forms

δRab ¼
2DarDbrðγijhijÞ

r4
−

γij

2r3
ðDarDbhij þDbrDahijÞ −

1

2
DaDbh; ðA12Þ

and

δRij ¼ −
r2

2
m
□

�
hij
r2

�
−
n
2

Dar
r

Dahij þ
1

2r2
ðD̂iD̂

khjk þ D̂jD̂
khikÞ −

1

2r2
Δ̂hij

þ
�
ðn − 1ÞK

r2
þ ðDrÞ2

r2
−

m
□r
r

�
hij −

1

r2
R̂i

k
j
lhkl −

1

2
D̂iD̂jh −

r
2
DarDahγij: ðA13Þ

By these, one can get the perturbation for the scalar curvature

δR ¼ −m
□h −

1

r2
Δ̂hþ 1

r4
D̂iD̂jhij −

1

2
ðnþ 2ÞD

ar
r3

γijDahij

−
n
2r

DarDahþ ðnþ 2ÞðDrÞ2
r2

h −
Kðn − 1Þh

r2
; ðA14Þ

where Δ̂ ¼ γijD̂iD̂j denotes the Laplace-Beltrami operator of ðNn; γijÞ. Furthermore, by using Eqs. (A9)–(A14) and
considering that the tensor hij is transverse trace free, we obtain the necessary terms to calculate the perturbation of the
Gauss-Bonnet tensor Hij:

RδRij ¼
�
mR − 2n

m□r
r

þ nðn − 1ÞK − ðDrÞ2
r2

��
−
r2

2
m□

�
hij
r2

�
−
n
2

Dar
r

Dahij

−
1

2r2
Δ̂hij þ

�
ðn − 1ÞK

r2
þ ðDrÞ2

r2
−

m
□r
r

�
hij −

1

r2
R̂i

k
j
lhkl

�
; ðA15Þ

RM
jδRiM ¼

�
−

m
□r
r

þ ðn − 1ÞK − ðDrÞ2
r2

��
−
r2

2
m
□

�
hij
r2

�
−
n
2

Dar
r

Dahij −
1

2r2
Δ̂hij

þ
�
ðn − 1ÞK

r2
þ ðDrÞ2

r2
−

m
□r
r

�
hij −

1

r2
R̂i

k
j
lhkl

�
; ðA16Þ

RiMδRM
j ¼ −

�
−

m
□r
r

þ ðn − 1ÞK − ðDrÞ2
r2

�
2

hij þ
�
−

m
□r
r

þ ðn − 1ÞK − ðDrÞ2
r2

��
−
r2

2
m
□

�
hij
r2

�

−
n
2

Dar
r

Dahij −
1

2r2
Δ̂hij þ

�
ðn − 1ÞK

r2
þ ðDrÞ2

r2
−

m
□r
r

�
hij −

1

r2
R̂i

k
j
lhkl

�
; ðA17Þ

RMNδRiMjN ¼
�

mRab − n
DaDbr

r

��
2DarDbr

r2
hij −

1

2

�
DarDbhij

r
þDbrDahij

r
þ r2DaDb

�
hij
r2

��

−
DaDbr

r
hij

�
þ
�
−

m
□r
r

þ ðn − 1ÞK − ðDrÞ2
r2

��
Kðn − 1Þhij

r2
−

1

2r2
Δ̂hij

þ r
2
γkjDarDahik −

n − 1

2r
DarDahij þ

ðDrÞ2
r2

hij

�
; ðA18Þ

RiMjNδRMN ¼ −
2

r2

�
−

m□r
r

þ ðn − 1ÞK − ðDrÞ2
r2

�
½R̂i

m
j
nhmn þ ðDrÞ2hij� þ

1

r2
R̂i

k
j
l

�
−
r2

2
m
□

�
hkl
r2

�

−
n
2

Dar
r

Dahkl −
1

2r2
Δ̂hkl þ

�
ðn − 1ÞK

r2
þ ðDrÞ2

r2
−

m
□r
r

�
hkl −

1

r2
R̂k

m
l
nhmn

�

þ ðDrÞ2
r2

�
−
r2

2
m
□

�
hij
r2

�
−
n
2

Dar
r

Dahij −
1

2r2
Δ̂hij þ

�
ðn − 1ÞK

r2
þ ðDrÞ2

r2
−

m
□r
r

�
hij −

1

r2
R̂i

k
j
lhkl

�
;

ðA19Þ
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Ri
MNPδRjMNP ¼ −

2DaDbr
r

�
2DarDbr

r2
hij −

1

2

�
DarDbhij

r
þDbrDahij

r
þ r2DaDb

�
hij
r2

��
−
DaDbr

r
hij

�

þ 1

r4
R̂i

mkl

�
r2

2
γplðR̂jmn

phkn þ R̂jmk
nhnpÞ −

r2γpl
2

�
D̂jD̂khmp − D̂mD̂khjp −

1

r2
D̂jD̂

phmk

þ 1

r2
D̂mD̂

phjk

��
−
r2γpl
2

Dar

�
rγjkðDahmpÞ − rγmkðDahjpÞ −

δpj
r
ðDahmkÞ þ

δpm
r
ðDahjkÞ

þ ðDrÞ2ðγkmhjl − γkjhmlÞ
�
−
2ðDrÞ2

r4
Kðn − 1Þhij þ

ðDrÞ2
r4

Δ̂hij þ
ðn − 2Þ½ðDrÞ2�2

r4
hij

þ ðDrÞ2Dar
2r2

ðn − 2Þ
�
rγmiDahjm þDahij

r

�
; ðA20Þ

RjMNPδRi
MNP ¼ −

2DaDbr
r

�
2DarDbr

r2
hij −

1

2

�
DarDbhij

r
þDbrDahij

r
þ r2DaDb

�
hij
r2

���

þ 1

r4
R̂j

mkl

�
r2

2
γplðR̂imn

phkn þ R̂imk
nhnpÞ −

r2γpl
2

�
D̂iD̂khmp − D̂mD̂khip −

1

r2
D̂iD̂

phmk

þ 1

r2
D̂mD̂

phik

��
−
r2γpl
2

Dar

�
rγikðDahmpÞ − rγmkðDahipÞ −

δpi
r
ðDahmkÞ

þ δpm
r
ðDahikÞ þ ðDrÞ2ðγkmhil − γkihmlÞ

�
−
2ðDrÞ2

r4
Kðn − 1Þhij þ

ðDrÞ2
r4

Δ̂hij

þ ðDrÞ2Dar
2r2

ðn − 2Þ
�
rγmjDahim þDahij

r

�
þ ð4 − nÞ½ðDrÞ2�2hij

r4

− R̂jmnpR̂istuðhmsγntγpu þ hntγmsγpu þ hpuγmsγntÞ

þ 4ðDrÞ2
r4

½2R̂i
s
j
thst þ Kðn − 1Þhij�; ðA21Þ

and

δLGB ¼ −
2R̂ijklR̂ijk

nhnl
r6

−
R̂ijkl

r6
ðD̂iD̂khjl − D̂jD̂khil − D̂iD̂lhjk þ D̂jD̂lhikÞ: ðA22Þ

From Eq. (2.5), we have

δHij ¼ 2ðRδRij þ RijδRÞ − 4ðRM
jδRiM þ RiMδRM

jÞ − 4ðRMNδRiMjN þ RiMjNδRMNÞ

þ 2ðRi
MNPδRjMNP þ RjMNPδRi

MNPÞ − 1

2
hijLGB −

1

2
gijδLGB: ðA23Þ

For the Einstein manifold, the relation between the Weyl tensor and the Riemann tensor is given by

Ĉijkl ¼ R̂ijkl − Kðγikγlj − γilγkjÞ: ðA24Þ

Substituting Eqs. (A15)–(A22), and Eq. (A24) into Eq. (A23), after lengthy calculation, we finally obtain the exact formula
of δHij:

2δHij

r2
¼ 4

�
mGab − ðn − 2ÞD

aDbr
r

−
�
1

2
ðn − 2Þðn − 3ÞK − ðDrÞ2

r2
− ðn − 2Þ

m□r
r

�
gab

�
DaDb

�
hij
r2

�

þ 8

�
mGab − ðn − 2ÞD

aDbr
r

−
1

4
ðn − 2Þ

�
mR − 2ðn − 1Þ

m
□r
r

þ ðn − 2Þðn − 3ÞK − ðDrÞ2
r2

�
gab

�
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×
Dbr
r

Da

�
hij
r2

�
þ 2

�
−

mR
r2

þ 2ðn − 3Þm□r
r3

− ðn − 3Þðn − 4ÞK − ðDrÞ2
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�
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�
hij
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�
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�
−mR ·
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□r
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�m

□r
r

�
2

þ nmR ·
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− ðn − 1ÞmR ·
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·
m
□r
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·
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□r
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�
2
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·
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× 2

�
mRab − ðn − 1ÞD

aDbr
r

�
DaDbr

r
−
1

4
LGB

��
hij
r2

�
þ 2Wij

r2
: ðA25Þ

Here

LGB ¼ mLGB þ 8nmGab DaDbr
r

− 4nðn − 1Þðn − 2Þ
m□r
r

·
K − ðDrÞ2

r2

þ nðn − 1Þðn − 2Þðn − 3Þ
�
K − ðDrÞ2

r2

�
2

− 4nðn − 1Þ ðDaDbrÞðDaDbrÞ
r2

þ 2nðn − 1ÞmR ·
K − ðDrÞ2

r2
þ 4nðn − 1Þ

�m□r
r

�
2

þ ĈijklĈ
ijkl

r4
; ðA26Þ

where mLGB is the Gauss-Bonnet term in the Lorentizan manifold ðMm; gabÞ. TheWij in Eq. (A25) contains the terms about
the Weyl tensor Ĉijkl, and it can be expressed as

Wij ¼ 2Ĉi
k
j
lm
□

�
hkl
r2

�
þ 2n − 4

r
Ĉi

k
j
lDarDa

�
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�
þ 2
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Ĉi

k
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�
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−
Ĉj
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r4
½D̂iD̂khml − D̂mD̂khil − D̂iD̂lhmk þ D̂mD̂lhik�

þ Ĉpqkl

2r4
½D̂pD̂khql − D̂qD̂khpl − D̂pD̂lhqk þ D̂qD̂lhpk�γij

þ 4

r4
Ĉi

k
j
lĈk

m
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2

r4
Ĉj

k
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mĈm

n
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lhkl þ

γij
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ĈpqklĈpqk
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þ 2

�
−mRþ 2ðn − 3Þ

m
□r
r

− ðn2 − 7nþ 16ÞK
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þ ðn − 3Þðn − 4Þ ðDrÞ2
r2

�
Ĉi

k
j
l

�
hkl
r2

�
: ðA27Þ

At the same time, we can also get the perturbation of the Einstein tensor δGij

2δGij

r2
¼ −m

□

�
hij
r2

�
− n

Dar
r

Da

�
hij
r2

�
þ Δ̂L

r2

�
hij
r2

�
−
�
mR − 2ðn − 1Þ

m
□r
r

þ nðn − 1ÞK
r2

− ðn − 1Þðn − 2Þ ðDrÞ2
r2

��
hij
r2

�
; ðA28Þ

where Δ̂L is the Lichnerowicz operator acting on the symmetric rank-2 tensor on ðNn; γijÞ. The relation between this
operator and usual Laplace operator is given by the following formula,
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Δ̂Lsij ¼ −Δ̂sij þ R̂i
kskj þ R̂j

ksik − 2R̂i
k
j
lskl; ðA29Þ

where sij is an arbitrary symmetric tensor field tensor on ðNn; γijÞ. When ðNn; γijÞ is maximal symmetry manifold, it should
be noted here that

Δ̂Lsij ¼ ð−Δ̂þ 2nKÞsij:
From Eqs. (A25), (A27), (A28), and (A29), we find that Eq. (A7) becomes

ðPab
ij
klDaDb þ Pmn

ij
klD̂mD̂n þ Pa

ij
klDa þ Vij

klÞ
�
hkl
r2

�
¼ −

2κ2D
r2

δTij; ðA30Þ

where

Pab
ij
kl ¼ Pabδi

kδj
l −

4α

r2
gabĈi

k
j
l; ðA31Þ

Pa
ij
kl ¼ Paδi

kδj
l − 4αðn − 2ÞD

ar
r

Ĉi
k
j
l

r2
; ðA32Þ

Pmn
ij
kl ¼ Pmnδi

kδj
l þ 4α

r2
ðĈj

knlδi
m þ Ĉi

knlδj
m þ Ĉj

mlnδi
k þ Ĉi

mlnδj
k − Ĉmknlγij − Ĉi

k
j
lγmnÞ; ðA33Þ

Vij
kl ¼ Vδikδjl þ

2Ĉi
k
j
l

r2
þ α

�
4

�
mR − 2ðn − 3Þ

m
□r
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þ ðn2 − 7nþ 16ÞK
r2

− ðn − 3Þðn − 4Þ ðDrÞ2
r2
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Ĉi

k
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l
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−
8

r4
ĈimjnĈ
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Ĉmnj

kĈmn
i
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2

r4
ĈmnplĈmnp

kγij þ
ĈmnpqĈmnpq

r4
δi

kδj
l

�
: ðA34Þ

In the above equations

Pab ¼ gab þ 2ðn − 2Þα
�
2
DaDbr

r
þ
�
ðn − 3ÞK − ðDrÞ2

r2
− 2

m
□r
r

�
gab

�
− 4α · mGab; ðA35Þ

Pmn ¼
�
1þ 2α

�
mR −

2ðn − 3Þm□r
r

þ ðn − 3Þðn − 4ÞK − ðDrÞ2
r2

��
γmn

r2
; ðA36Þ
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Dar
r

þ 2ðn − 2Þα
�
4
DaDbr

r
þ
�
mR − 2ðn − 1Þ

m
□r
r

þ ðn − 2Þðn − 3ÞK − ðDrÞ2
r2

�
gab

�
Dbr
r

− 8α · mGab Dbr
r

; ðA37Þ

and

V ¼ mR − 2ðn − 1Þ
m
□r
r

þ nðn − 3ÞK
r2

−
ðn − 1Þðn − 2ÞðDrÞ2

r2
− 2Λ

þ α

�
mLGB þ 8ðn − 1Þ · mGab DaDbr

r
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aDbrÞðDaDbrÞ
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�m□r

r

�
2
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r2
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r3

þ 4ðn − 1Þðn − 2Þðn − 3Þ ðDrÞ2 · m□r
r3

− 2nðn − 3Þ2ðn − 4ÞK · ðDrÞ2
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þ ðn − 3Þðn − 4Þðn2 − 3n − 2ÞK
2
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�ðDrÞ2
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�
2
�
: ðA38Þ
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Equation (A30) is the most general master equation of
tensor type for the warped spacetime with the metric (A1).
In general, the components of hij ¼ hTTij are coupled to
each other if ðN; γijÞ is not maximally symmetric. If we
restrict to the case with m ¼ 2, we have 2Gab ¼ 0,
2LGB ¼ 0, and the above equations reduce to Eqs. (3.5),
(3.6), (3.7), (3.8) in Sec. III. If we further restrict to the case
that ðN; γijÞ is maximally symmetric, Eq. (A30) reduces to
Eq. (3.9) in Sec. III.

APPENDIX B: THE DETERMINANT
OF TENSOR PAB

In two-dimensional Lorentz manifold, the volume
element ϵab and the metric gab can be related by

ϵacϵbd ¼ gadgcb − gabgcd: ðB1Þ

Hence, the determinant of Pab can be expressed as

P ¼ 1

2
ϵacϵbdPabPcd ¼ 1

2
PabPab −

1

2
½TrðPÞ�2; ðB2Þ

where TrðPÞ ¼ gabPab is the trace of the tensor Pab. Simple
calculations show

TrðPÞ ¼ 2þ α

�
4ðn − 2Þðn − 3ÞK − ðDrÞ2

r2
− 4ðn − 2Þ

2□r
r

�
; ðB3Þ

and

PabPab ¼ 2þ 2α
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− 4ðn − 2Þ

2
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− 4ðn − 2Þ

2
□r
r

�
2

þ 16ðn − 2Þ2 ðDaDbrÞðDaDbrÞ
r2

�
: ðB4Þ

By using expressions of TrðPÞ and PabPab in the above equations, we arrive at

P ¼ −1 − α

�
4ðn − 2Þðn − 3ÞK − ðDrÞ2

r2
− 4ðn − 2Þ

2
□r
r

�

þ α2
�
8ðn − 2Þ2 ðDaDbrÞðDaDbrÞ
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2
□r
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□r½K − ðDrÞ2�
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− 4ðn − 2Þ2ðn − 3Þ2 ½K − ðDrÞ2�2
r4

�
: ðB5Þ

Consider Eq. (2.9), we obtain

DaDbr −
1

2
2□rgab ¼

r
n
κ2D

�
1

2
gcdTcdgab − Tab

�
·

�
1þ 2αðn − 1Þðn − 2ÞK − ðDrÞ2

r2

�
−1
: ðB6Þ

and

ðDaDbrÞðDaDbrÞ − 1

2
ð2□rÞ2 ¼ r2

n2
κ4D

�
1

2
gcdTcdgab − Tab

��
1

2
gefTefgab − Tab

�

×

�
1þ 2αðn − 1Þðn − 2ÞK − ðDrÞ2

r2

�
−2
: ðB7Þ

HYPERBOLICITY AND CAUSALITY OF … PHYS. REV. D 103, 064054 (2021)

064054-25



We can choose null frame fna;lag such that

gab ¼ −lanb − nalb;

where

lala ¼ 0 ¼ nana; lana ¼ −1:

Tab can be expressed as

Tab ¼ Tllnanb þ Tnnlalb þ
1

2
Tgab; ðB8Þ

where

Tll ¼ Tablalb; Tnn ¼ Tabnanb;

and

T ¼ gabTab ¼ −2nalbTab:

Finally, by using Eq. (B7) and Eq. (B8), one gets
Eq. (3.13).
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